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- Galactic rotational curves
- Mass of galaxy cluster from Gravitational lensing 

- Acoustic peak in Cosmic microwave Background (CMB)
- Power spectrum of matter perturbation
- .....

* All the evidences has gravitational origin in astrophysical and 
cosmological observation.

1. Why Dark Matter?

“Anomalies” observed in large astrophysical systems without dark matter,
 with sizes ranging from galactic to cosmological scales 

The existence of a large amount of unseen dark matter

- Bullet cluster
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Modification of Gravity?
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Modification of Gravity?

Massive Compact Halo Objects?
(MACHOs)
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Modification of Gravity?

Dark Matter as non-baryonic particles!

Massive Compact Halo Objects?
(MACHOs)
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Composition of Universe

Radiation : 0.005 %

Neutrinos : less than 5 %

: ordinary baryonic matters

ρc = 3H2
0M

2
P = 1.88× 10−29g cm−3 ΩDM =

ρDM

ρc
∼ 0.22 (1)

τDM > τage ∼ 1018 sec τDM > τ26 sec Z2 e+, p̄, γ, . . . (2)

SU(3)C × SU(2)L × U(1)Y (3)

(T # m) (T $ m) n ∝ a−3 (4)

φ χ (5)

ζ = α
δΓ

Γ
(6)

Pζ = (1− r)2Pinf + r2Pχ (7)

Ωh2
WIMP =' 〈σann〉 ' 10−10 GeV−2 ' 10−38 cm2 (8)

Ωh2 = mn ' 0.28

(

Y

10−11

)

( m

100 GeV

)

(9)

dn

dt
+ 3Hn = −n2〈σannv〉 Y ' H

s〈σannv〉
(10)

n ∝ a−3 Y ≡ n

s
s ≡ 2π2

45
g∗T

3 sa3 = constant (11)

H =
ȧ

a
(12)

3Hn $ (Collision terms) 3Hn # (Collision terms) (13)

dn

dt
+ 3Hn = (Collision terms) (14)
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[Komatsu et al., 2011]
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2. neutral : NO electromagnetic interaction 

  Only upper bounds on the interaction

3. 22% of the present energy density of the universe

      stable or lifetime longer than the age of universe

4. cold (or warm) : non-relativistic to seed the structure formation

1. exist around galaxies, clusters

Then how about the interaction is much weaker? They decouple earlier
and the abundance increases. However after inflation epoch there is a highest
temperature, reheating temperature, and the decoupling temperature is higher
than TR, they cannot be in the thermal equilibrium, which means that Y is much
smaller than that in TE. However they can give correct Y for dark matter. That
is E-WIMP for dark matter, and the Y depends on the Tr after inflation. Even
though interaction is extremely weak, still they can be dark matter without any
problem.

The popular example of E-WIMP is gravitino and axino.

m ! T σ/m ! 10−24 cm2/GeV (1)

Ωh2
WIMP =" 〈σann〉 " 10−10 GeV−2 " 10−38 cm2 (2)

Ωh2 = mn " 0.28

(

Y

10−11

)

( m

100 GeV

)

(3)

dn

dt
+ 3Hn = −n2〈σannv〉 Y " H

s〈σannv〉
(4)

n ∝ a−3 Y ≡ n

s
s ≡ 2π2

45
g∗T

3 sa3 = constant (5)

H =
ȧ

a
(6)

3Hn ( (Collision terms) 3Hn ! (Collision terms) (7)

dn

dt
+ 3Hn = (Collision terms) (8)

σ∗ ∼ v

σ∗ ! v
(9)

λ, v andσ∗ (10)

3 +A2 *= 0 fNL ∼
1

f
(11)

2

No lower bound down to gravity!
from bullet cluster

In fact all the evidences are gravitational.

Dark Matter as a particle must (be)
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The Standard Model of Particle Physics
: accounted for all the observed particles and interactions based 
on gauge symmetry

Matters : quarks, leptons

Force carriers : gauge bosons of SM gauge groups

SU(3)C × SU(2)L × U(1)Y (1)

φ χ (2)

ζ = α
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Γ
(3)
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dn

dt
+ 3Hn = (Collision terms) (11)
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1

f
(14)

1

Through these interactions, the particles can have scattering, 
annihilations and decay to lighter particles.

Higgs : the origin of mass and electroweak symmetry breaking
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Dark matter within the standard model?

The only EM neutral and stable particles, neutrino, was a candidate
for hot dark matter.

Neutrinos decouple from a relativistic thermal bath at T~ 1 MeV in the 
early Universe with a relic density today as 

30

A. Types of dark matter

1. Hot Dark Matter

If the dark matter particle is collisionless, then they
can damp the fluctuations from higher to lower density
regions above the free-streaming scale. This hot dark
matter consists of particles which are relativistic at the
time of structure formation and therefore lead to large
damping scales (Bond and Szalay, 1983).
The SM neutrinos are the simplest examples of hot

dark matter. In the early universe they can be decoupled
from a relativistic bath at T ∼ 1 MeV, leading to a relic
abundance today that depends on the sum of the flavor
masses:

Ωνh
2 =

∑
i mνi

90 eV
. (188)

Various observational constraints combining Ly-α for-
est, CMB, SuperNovae and Galaxy Clusters data leads
to (Fogli et al., 2008; Seljak et al., 2006):

∑
mν <

0.17 eV (95 % CL). Similar limits can be applied to
any generic hot dark matter candidate, such as ax-
ions (Hannestad et al., 2010) or to hot sterile neutri-
nos (Dodelson et al., 2006; Kusenko, 2009). The free-
streaming length for neutrinos is (Kolb and Turner,
1988):

λFS ∼ 20

(
30 eV

mν

)
Mpc. (189)

For instance, the universe dominated by the eV neutri-
nos would lead to suppressed structures at 600 Mpc scale,
roughly the size of supercluster. Furthermore, hot dark
matter would predict a top-down hierarchy in the forma-
tion of structures, with small structures forming by frag-
mentation of larger ones, while observations show that
larger galaxies have formed from the mergers of the ini-
tially small galaxies.

2. Cold Dark Matter

The standard theory of structure formation requires
cold dark matter (CDM), whose free-streaming length is
such that only fluctuations roughly below the Earth mass
scale are suppressed (Bertschinger, 2006; Green et al.,
2004, 2005; Hofmann et al., 2001; Loeb and Zaldarriaga,
2005). The CDM candidates are heavy and non-
relativistic at the time of their freeze-out from thermal
plasma. The current paradigm of ΛCDM is falsifiable
whose predictive power can be used to probe the struc-
tures at various cosmological scales, such as the abun-
dance of clusters at z ≤ 1 and the galaxy-galaxy corre-
lation functions have proven it a successful and widely
accepted cosmological model of large scale structure for-
mation.
The N-body simulations based on ΛCDM provide a

strong hint of a universal dark matter profile, with the

same shape for all masses, and initial power spectrum.
The halo density can be parametrized by:

ρ(r) =
ρ0

(r/Rs)γ [1 + (r/Rs)α]
(β−γ)/α

, (190)

where ρ0 and the radius Rs vary from halo to halo. the
parameters α, β and γ vary slightly from one profile to
other. The four most popular ones are:

• Navarro, Frenk and White (NFW) pro-
file (Navarro et al., 1997), where α = 1, β =
3, γ = 1, and Rs = 20 Kpc.

• Moore profile (Moore et al., 1999), where α =
1.5, β = 3, γ = 1.5, and Rs = 28 Kpc.

• Kra profile (Kravtsov et al., 1998), where α =
2, β = 3, γ = 0.4, and Rs = 10 Kpc.

• Modified Isothermal profile (Bergstrom et al.,
1998), where α = 2, β = 3, γ = 0, and Rs =
3.5 Kpc.

Amongst all the four profiles, the scales where devia-
tions are most pronounced (the inner few kiloparsecs) are
also the most compromised by numerical uncertainties.
The power-law index value, γ, in the inner most regions is
part of the numerical uncertainties and still under debate,
as all four simulations provide different numbers. The
simulations hint towards a cuspy profile, as the density in
the inner regions becomes large, while from the rotation
curves of low surface brightness (LSB) galaxies point to-
wards uniform dark matter density profile with constant
density cores (Gentile et al., 2004). In our own galaxy
the situation is even more murky, as the observations
of the velocity dispersion of stars near the core suggests
a supermassive black hole at the center of our Galaxy,
with a mass MSMBH ≈ 2.6×106M" (Ghez et al., 1998).
Many galaxies have been found to host supermassive
blackholes of 106 − 108M". It has been argued that
if supermassive blackhole exists at the galactic center,
the accretion of dark matter by the blackhole would
enhance the dark matter density (Peebles, 1994). To
alleviate some of these problems, dark matter with a
strong elastic scattering cross section (Dave et al., 2001;
Spergel and Steinhardt, 2000), or large annihilation cross
sections (Kaplinghat et al., 2000) have been proposed.
There are further discrepancies between observations

and numerical simulations. The number of satellite ha-
los as predicted by simulations exceeds the number of
observed Dwarf galaxies in a typical galaxy like Milky-
Way (Klypin et al., 1999; Moore et al., 1999). However
recent hydrodynamical simulations with ΛCDM, includ-
ing the supernovae induced outflows suggest a fall in the
dark-matter density to less than half of what it would
otherwise be within the central Kpc.

With observational constraints

[Komatsu et al., 2011]

The fluctuations are damped smaller than the neutrino free streaming scale 
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The standard theory of structure formation prefers to cold dark matter. 

It is too small!

It is too hot! 

τX ∼ 1 sec−1012 sec (1)

Ωãh
2 =

mã

mX
ΩXh2 (2)

U(1)Y SU(2)L G̃ ã fa ∼ 1010 GeV (3)

xf ∼ 20− 25 (4)

τa ∼ 64π

g2aγγm3
a
# 1040

(
fa

1010GeV

)5

sec (5)

∑
mν < 1.3 eV (95%CL) (6)

ρc = 3H2
0M

2
P = 1.88× 10−29g cm−3 ΩDM =

ρDM

ρc
∼ 0.22 (7)

τDM > τage ∼ 1018 sec τDM > 1026 sec Z2 e+, p̄, γ, . . . (8)

SU(3)C × SU(2)L × U(1)Y (9)

(T % m) (T & m) n ∝ a−3 (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

Pζ = (1− r)2Pinf + r2Pχ (13)

Ωh2
WIMP =# 〈σann〉 # 10−10 GeV−2 # 10−38 cm2 (14)

Ωh2 = mn # 0.28

(
Y

10−11

)( m

100 GeV

)
(15)

dn

dt
+ 3Hn = −n2〈σannv〉 Y # H

s〈σannv〉
(16)

1

top-down structure formation
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Beyond Standard Model
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Dark Matter in the beyond standard model

2. neutral : no electromagnetic charge

    the interactions from weak to gravitational depending on model

3. 22% of universe : relic density of DM from early Universe

    stability : new symmetry to protect decay or it is slightly broken

4. cold (warm) dark matter : the generation mechanism and intrinsic 
property of DM

1. existence : new particles in the beyond Standard Model

10

5. cosmological and astrophysical constraints
  : BBN, CMB, stellar evolution, gamma-ray, direct detection, ....
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Stability of Dark Matter

Dark Matter is astonishingly stable

τDM > τage ∼ 1018 sec τDM > τ26 sec Z2 (1)

SU(3)C × SU(2)L × U(1)Y (2)

(T # m) (T $ m) n ∝ a−3 (3)

φ χ (4)

ζ = α
δΓ

Γ
(5)

Pζ = (1− r)2Pinf + r2Pχ (6)

Ωh2
WIMP =' 〈σann〉 ' 10−10 GeV−2 ' 10−38 cm2 (7)

Ωh2 = mn ' 0.28

(

Y

10−11

)

( m

100 GeV

)

(8)

dn

dt
+ 3Hn = −n2〈σannv〉 Y ' H

s〈σannv〉
(9)

n ∝ a−3 Y ≡ n

s
s ≡ 2π2

45
g∗T

3 sa3 = constant (10)

H =
ȧ

a
(11)

3Hn $ (Collision terms) 3Hn # (Collision terms) (12)

dn

dt
+ 3Hn = (Collision terms) (13)

σ∗ ∼ v

σ∗ # v
(14)

1

exists in the present Universe

not to produce     τDM > τage ∼ 1018 sec τDM > τ26 sec Z2 e+, p̄, γ, . . . (1)

SU(3)C × SU(2)L × U(1)Y (2)

(T # m) (T $ m) n ∝ a−3 (3)

φ χ (4)

ζ = α
δΓ

Γ
(5)

Pζ = (1− r)2Pinf + r2Pχ (6)

Ωh2
WIMP =' 〈σann〉 ' 10−10 GeV−2 ' 10−38 cm2 (7)

Ωh2 = mn ' 0.28

(

Y
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)

( m
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)

(8)

dn

dt
+ 3Hn = −n2〈σannv〉 Y ' H

s〈σannv〉
(9)

n ∝ a−3 Y ≡ n

s
s ≡ 2π2

45
g∗T

3 sa3 = constant (10)

H =
ȧ

a
(11)

3Hn $ (Collision terms) 3Hn # (Collision terms) (12)

dn

dt
+ 3Hn = (Collision terms) (13)

σ∗ ∼ v

σ∗ # v
(14)

1

larger than observed

In many particle physics models, the stability of dark matter is assumed
by ad hoc symmetry, e.g.        symmetry ....τDM > τage ∼ 1018 sec τDM > τ26 sec Z2 e+, p̄, γ, . . . (1)
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ȧ
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1

The origin of the stability is related to the basic structure of the model
with specific phenomenology and detectability.
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exact symmetry or slightly broken
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Particle Physics Model Beyond Standard Model:
 motivated to solve problems of SM

New particle as DM?
Stability : symmetry?
Weak interaction
Relic density

Detection of DM?

Direct detection
Indirect detection
Collider
Cosmological test

Distinguish among BSM
12
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Axions, gravitinos, axinos, WIMPs, Axion-like light bosons, Q-balls,
WIMPzillas, Elementary BHs, scalar DM from inert doublet model, 
sterile neutrinos, light volume moduli, Majorons, Dilatons, Techni-
dilatons, ...

Dark Matter Candidates

WIMPs: Neutralinos, Kaluza-Klein particles, scalar neutrinos,...

[Jungman et al., 1996]

[Taoso et al., 2008]
[Kusenko, 2009]

[Bergstrom, 2000]Reviews : 
[Bertone, Hooper, Silk, 2005]
[Carr et al., 2006]
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Axion

Chiral U(1) symmetry, Peccei-Quinn symmetry, which anomalous, 
is spontaneously broken and the pseudo Goldstone boson is the axion. 

Due to the very weak interactions,  the very light axion’s lifetime is 
much longer than the age of the Universe.

To solve the strong CP problem in the standard model

!"#$%ma =
√

z

1 + z

mπfπ

fa
= 6

(
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fa

)
eV (1)
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)7/6
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µνF̃µν
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√

2π2fa

ΦWαWα (7)
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)2 (αS

0.1

)−3
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√
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0.1

)−3
(23)
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(
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g∗S(TD)

)
(26)

Ωah2 " ma
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(27)

dn
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0.1

)−3
(23)

TR > Tf (24)

TR < Tf (25)

Ωah2 =
ma

131 eV

(
10

g∗S(TD)

)
(26)

Ωah2 " ma

keV

(
230
g∗

)
(27)

dn

dt
+ 3Hn =

∑
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τ (τ̃ → ãγ) # 25 sec
(

100 GeV
mτ̃

) (
100 GeV

mB̃

)2 (
fa

1011 GeV

)2

(9)
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H % Γ ã (13)

dn

dt
+ 3Hn = n〈σannv〉 (14)

T ∼ 1 MeV (t ∼ 1 sec) T ∼ 100 MeV T ∼ 100 GeV (15)

ma =
√

z

1 + z

mπfπ

fa
= 6

(
106 GeV

fa

)
eV (16)

109 GeV ! fa ! 1012 GeV (17)

6× 10−3 eV " ma " 6× 10−6 eV (18)

z =
mu

md
= 0.3− 0.6 (19)

Ωah2 # 0.3
(

fa

1012 GeV

)7/6

(20)

1

ma =
√

z

1 + z

mπfπ

fa
= 6

(
106 GeV

fa

)
eV (1)

1010 GeV ! fa ! 1012 GeV (2)

10−2 eV " ma " 10−5 eV (3)

z =
mu

md
= 0.3− 0.6 (4)

Ωah2 # 0.3
(

fa

1012 GeV

)7/6

(5)

L =
g2

32π2fa
aF a

µνF̃µν
a (6)

W =
g2

16
√

2π2fa

ΦWαWα (7)

Tf = 109 GeV
(

fa

1011 GeV

)2 (αS

0.1

)−3
(8)

TR > Tf (9)

TR < Tf (10)

Ωah2 =
ma

131 eV

(
10

g∗S(TD)

)
(11)

Ωah2 # ma

keV

(
230
g∗

)
(12)

dn

dt
+ 3Hn =

∑
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in a first order phase transition, and during preheat-
ing (Green and Malik, 2001).
The abundance of PBH contains many uncertainties,

as the details of the initial gravitational collapse and
the initial number density of n

PBH
depends on many

physical circumstances. These uncertainties can how-
ever be encoded in terms of the ratio determined by
the initial time, ti; ρPBH

(ti)/ρ(ti) = Mn
PBH

(ti)/ρ(ti) =
4Mn

PBH
/3Tis(Ti), by assuming ρ = 3sT/4,

β′(M) ≈ 7.98× 10−29

(
M

M#

)3/2 (n
PBH

(t0)

1 Gpc−3

)
. (232)

where t0 corresponds to present time. In terms of this
fraction β′, the PBH abundance is given by (Carr, 1975;
Green and Liddle, 1999)

Ω
PBH

h2 ≈ 0.5

(
β′(M)

1.15× 10−8

)(
M

M#

)−1/2

. (233)

The value of β′(M) can be constrained from
Ω

PBH
≤ ΩCDM , which yields β′(M) < 2.04 ×

10−18(ΩCDM/0.25)(M/1015 g)1/2, for mass M ≥ 1015 g.
A tighter constrain on β′ arises from a range of astro-
physical observations, such as BBN, CMB anisotropy,
and γ-ray backgrounds for M ≤ 1015 g, the bound
weakens for larger mass blackholes (Carr et al., 2010).

2. Axions

The axions were introduced to solve the strong CP
problem (Peccei and Quinn, 1977a,b) which requires a
new global chiral symmetry U(1)PQ that is broken spon-
taneously at the Peccei-Quinn (PQ) scale fa (for reviews,
see (Kim, 1987; Raffelt, 1990; Sikivie, 2008; Turner,
1990)). The corresponding pseudo-Nambu-Goldstone
boson is the axion a (Weinberg, 1978; Wilczek, 1978),
which couples to the gluons

L =
a

fa/N

g2s
32π2

Ga
µνG̃

aµν , (234)

where N is the color anomaly of the PQ symmetry de-
pends on the interactions. This interaction term compen-
sates the vacuum contribution in the QCD Lagrangian
LΘ = Θ(g2s/32π

2)Ga
µνG̃

aµν , in a way that Θ → Θ̄ +
Arg (detM) < 10−9 (Nakamura et al., 2010), in order to
match the electric dipole moment of the neutron. The
dynamical solution yields when 〈a〉 = −Θ̄fa/N , at which
the effective potential for the axion has its minimum.
The axion can interact via heavy quark while all other

SM fields do not carry any PQ charge, in which case
N = 1 (Kim, 1979; Shifman et al., 1980). The axion
can directly couple to the SM, and at the lowest order it
will induce non-renormalizable coupling with the gluons,
where N = 6 (Dine et al., 1981; Zhitnitsky, 1980).
The axion searches, various astrophysical and

cosmological observations suggest that the PQ

scale (Nakamura et al., 2010; Raffelt, 2008; Sikivie,
2000) must be large,

fa/N >∼ 6× 108 GeV , (235)

and the axion mass must be very small, ma ≤ 0.01 eV.
The cosmological constraints on fa > 2 × 107 GeV
(ma ≤ 0.3 eV) arises from BBN, accounting for the
current bound on the relativistic species, Neff =
3.1+1.4

−1.2 (Iocco et al., 2009). Another interesting bound
arises from isocurvature perturbations from CMB. At
best one can allow less than 10% of the total pertur-
bations to arise from sources other than the inflaton
fluctuations–the axions being massless during inflation
can account for such fluctuations, which limits fa ≥
1012 − 1013 GeV, however, it depends on the scale of
inflation (Beltran et al., 2007; Steffen, 2009).
The axion life time depends on the axion-photon

interaction, which gives a long life time compared
to the age of the universe, i.e., τa = Γ−1

a→γγ =
64π/(g2aγγm

3
a) ∼ 1040(faN−1/1010 GeV)5 s for

mu/md ∼ 0.56 (Kolb and Turner, 1988).
Axion is massless for T ≥ 1 GeV ≥ ΛQCD and

it acquires mass only through instanton effects for
T ≤ ΛQCD. For fa/N ≤ 3 × 107 GeV (correspond-
ing to ma ≥ 0.2 eV), the axion is a thermal relic
that decouples after the quark–hadron transition, Tf ≤
150 MeV. The axion is kept in thermal equilibrium with
ππ ↔ πa. The relic thermal abundance is given by
Ωah2 = 0.077 (10/g∗(Tf )) (ma/10 eV), where g∗ denotes
the number of effectively massless degrees of freedom.
In an opposite limit, when fa/N is very large, the ax-

ions are never in thermal equilibrium, and in particular
when TR < fa the PQ symmetry is never restored. The
main production mechanism is due to the coherent os-
cillations of the axion due to the initial misalignment
angle Θi of the axion. At T ∼ ΛQCD, the axion ob-
tains a temperature dependent effective mass and oscil-
late coherently around its minimum when ma(Tosc) +
H(T ). These oscillations of the axion condensate be-
haves as cold dark matter (Abbott and Sikivie, 1983;
Dine and Fischler, 1983; Preskill et al., 1983) with a relic
density that is governed by the initial misalignment angle
−π < Θi ≤ π (Beltran et al., 2007; Sikivie, 2008):

Ωah
2 ∼ 0.15 ξ f(Θ2

i )Θ
2
i

(
fa/N

1012GeV

)7/6

(236)

with ξ = O(1) parametrizing theoretical uncertainties
related to details of the quark–hadron transition and
f(Θ2

i ) accounting for anharmonicity in Θi – f(Θ2
i ) → 1

for Θ2
i → 0. For 1010GeV ≤ fa/N ≤ 1013 GeV, this

“misalignment mechanism” can provide the correct dark
matter abundance.

D. SUSY WIMP

The most general gauge invariant and renormalizable
superpotential would also include baryon number B or
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in a first order phase transition, and during preheat-
ing (Green and Malik, 2001).
The abundance of PBH contains many uncertainties,

as the details of the initial gravitational collapse and
the initial number density of n

PBH
depends on many

physical circumstances. These uncertainties can how-
ever be encoded in terms of the ratio determined by
the initial time, ti; ρPBH

(ti)/ρ(ti) = Mn
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4Mn
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/3Tis(Ti), by assuming ρ = 3sT/4,
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where t0 corresponds to present time. In terms of this
fraction β′, the PBH abundance is given by (Carr, 1975;
Green and Liddle, 1999)
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The value of β′(M) can be constrained from
Ω

PBH
≤ ΩCDM , which yields β′(M) < 2.04 ×

10−18(ΩCDM/0.25)(M/1015 g)1/2, for mass M ≥ 1015 g.
A tighter constrain on β′ arises from a range of astro-
physical observations, such as BBN, CMB anisotropy,
and γ-ray backgrounds for M ≤ 1015 g, the bound
weakens for larger mass blackholes (Carr et al., 2010).

2. Axions

The axions were introduced to solve the strong CP
problem (Peccei and Quinn, 1977a,b) which requires a
new global chiral symmetry U(1)PQ that is broken spon-
taneously at the Peccei-Quinn (PQ) scale fa (for reviews,
see (Kim, 1987; Raffelt, 1990; Sikivie, 2008; Turner,
1990)). The corresponding pseudo-Nambu-Goldstone
boson is the axion a (Weinberg, 1978; Wilczek, 1978),
which couples to the gluons
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where N is the color anomaly of the PQ symmetry de-
pends on the interactions. This interaction term compen-
sates the vacuum contribution in the QCD Lagrangian
LΘ = Θ(g2s/32π

2)Ga
µνG̃

aµν , in a way that Θ → Θ̄ +
Arg (detM) < 10−9 (Nakamura et al., 2010), in order to
match the electric dipole moment of the neutron. The
dynamical solution yields when 〈a〉 = −Θ̄fa/N , at which
the effective potential for the axion has its minimum.
The axion can interact via heavy quark while all other

SM fields do not carry any PQ charge, in which case
N = 1 (Kim, 1979; Shifman et al., 1980). The axion
can directly couple to the SM, and at the lowest order it
will induce non-renormalizable coupling with the gluons,
where N = 6 (Dine et al., 1981; Zhitnitsky, 1980).
The axion searches, various astrophysical and

cosmological observations suggest that the PQ

scale (Nakamura et al., 2010; Raffelt, 2008; Sikivie,
2000) must be large,

fa/N >∼ 6× 108 GeV , (235)

and the axion mass must be very small, ma ≤ 0.01 eV.
The cosmological constraints on fa > 2 × 107 GeV
(ma ≤ 0.3 eV) arises from BBN, accounting for the
current bound on the relativistic species, Neff =
3.1+1.4

−1.2 (Iocco et al., 2009). Another interesting bound
arises from isocurvature perturbations from CMB. At
best one can allow less than 10% of the total pertur-
bations to arise from sources other than the inflaton
fluctuations–the axions being massless during inflation
can account for such fluctuations, which limits fa ≥
1012 − 1013 GeV, however, it depends on the scale of
inflation (Beltran et al., 2007; Steffen, 2009).
The axion life time depends on the axion-photon

interaction, which gives a long life time compared
to the age of the universe, i.e., τa = Γ−1

a→γγ =
64π/(g2aγγm

3
a) ∼ 1040(faN−1/1010 GeV)5 s for

mu/md ∼ 0.56 (Kolb and Turner, 1988).
Axion is massless for T ≥ 1 GeV ≥ ΛQCD and

it acquires mass only through instanton effects for
T ≤ ΛQCD. For fa/N ≤ 3 × 107 GeV (correspond-
ing to ma ≥ 0.2 eV), the axion is a thermal relic
that decouples after the quark–hadron transition, Tf ≤
150 MeV. The axion is kept in thermal equilibrium with
ππ ↔ πa. The relic thermal abundance is given by
Ωah2 = 0.077 (10/g∗(Tf )) (ma/10 eV), where g∗ denotes
the number of effectively massless degrees of freedom.
In an opposite limit, when fa/N is very large, the ax-

ions are never in thermal equilibrium, and in particular
when TR < fa the PQ symmetry is never restored. The
main production mechanism is due to the coherent os-
cillations of the axion due to the initial misalignment
angle Θi of the axion. At T ∼ ΛQCD, the axion ob-
tains a temperature dependent effective mass and oscil-
late coherently around its minimum when ma(Tosc) +
H(T ). These oscillations of the axion condensate be-
haves as cold dark matter (Abbott and Sikivie, 1983;
Dine and Fischler, 1983; Preskill et al., 1983) with a relic
density that is governed by the initial misalignment angle
−π < Θi ≤ π (Beltran et al., 2007; Sikivie, 2008):
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with ξ = O(1) parametrizing theoretical uncertainties
related to details of the quark–hadron transition and
f(Θ2

i ) accounting for anharmonicity in Θi – f(Θ2
i ) → 1

for Θ2
i → 0. For 1010GeV ≤ fa/N ≤ 1013 GeV, this

“misalignment mechanism” can provide the correct dark
matter abundance.

D. SUSY WIMP

The most general gauge invariant and renormalizable
superpotential would also include baryon number B or
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in a first order phase transition, and during preheat-
ing (Green and Malik, 2001).
The abundance of PBH contains many uncertainties,

as the details of the initial gravitational collapse and
the initial number density of n
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physical circumstances. These uncertainties can how-
ever be encoded in terms of the ratio determined by
the initial time, ti; ρPBH
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where t0 corresponds to present time. In terms of this
fraction β′, the PBH abundance is given by (Carr, 1975;
Green and Liddle, 1999)
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The value of β′(M) can be constrained from
Ω
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≤ ΩCDM , which yields β′(M) < 2.04 ×

10−18(ΩCDM/0.25)(M/1015 g)1/2, for mass M ≥ 1015 g.
A tighter constrain on β′ arises from a range of astro-
physical observations, such as BBN, CMB anisotropy,
and γ-ray backgrounds for M ≤ 1015 g, the bound
weakens for larger mass blackholes (Carr et al., 2010).

2. Axions

The axions were introduced to solve the strong CP
problem (Peccei and Quinn, 1977a,b) which requires a
new global chiral symmetry U(1)PQ that is broken spon-
taneously at the Peccei-Quinn (PQ) scale fa (for reviews,
see (Kim, 1987; Raffelt, 1990; Sikivie, 2008; Turner,
1990)). The corresponding pseudo-Nambu-Goldstone
boson is the axion a (Weinberg, 1978; Wilczek, 1978),
which couples to the gluons
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aµν , in a way that Θ → Θ̄ +
Arg (detM) < 10−9 (Nakamura et al., 2010), in order to
match the electric dipole moment of the neutron. The
dynamical solution yields when 〈a〉 = −Θ̄fa/N , at which
the effective potential for the axion has its minimum.
The axion can interact via heavy quark while all other

SM fields do not carry any PQ charge, in which case
N = 1 (Kim, 1979; Shifman et al., 1980). The axion
can directly couple to the SM, and at the lowest order it
will induce non-renormalizable coupling with the gluons,
where N = 6 (Dine et al., 1981; Zhitnitsky, 1980).
The axion searches, various astrophysical and

cosmological observations suggest that the PQ

scale (Nakamura et al., 2010; Raffelt, 2008; Sikivie,
2000) must be large,

fa/N >∼ 6× 108 GeV , (235)

and the axion mass must be very small, ma ≤ 0.01 eV.
The cosmological constraints on fa > 2 × 107 GeV
(ma ≤ 0.3 eV) arises from BBN, accounting for the
current bound on the relativistic species, Neff =
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can account for such fluctuations, which limits fa ≥
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it acquires mass only through instanton effects for
T ≤ ΛQCD. For fa/N ≤ 3 × 107 GeV (correspond-
ing to ma ≥ 0.2 eV), the axion is a thermal relic
that decouples after the quark–hadron transition, Tf ≤
150 MeV. The axion is kept in thermal equilibrium with
ππ ↔ πa. The relic thermal abundance is given by
Ωah2 = 0.077 (10/g∗(Tf )) (ma/10 eV), where g∗ denotes
the number of effectively massless degrees of freedom.
In an opposite limit, when fa/N is very large, the ax-

ions are never in thermal equilibrium, and in particular
when TR < fa the PQ symmetry is never restored. The
main production mechanism is due to the coherent os-
cillations of the axion due to the initial misalignment
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tains a temperature dependent effective mass and oscil-
late coherently around its minimum when ma(Tosc) +
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with ξ = O(1) parametrizing theoretical uncertainties
related to details of the quark–hadron transition and
f(Θ2

i ) accounting for anharmonicity in Θi – f(Θ2
i ) → 1

for Θ2
i → 0. For 1010GeV ≤ fa/N ≤ 1013 GeV, this

“misalignment mechanism” can provide the correct dark
matter abundance.

D. SUSY WIMP

The most general gauge invariant and renormalizable
superpotential would also include baryon number B or

anharmonicity
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WIMP :  Weakly Interacting Massive Particle

Initially the particles are in the thermal equilibrium and decoupled 
when it is non-relativistic in the expanding Universe.
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3. Warm Dark Matter

Besides hot and cold dark matter, the early uni-
verse can also provide warm dark matter (WDM) can-
didates whose velocity dispersion lies between that of
hot and CDM. The presence of WDM reduces the
power at small scales due to larger free-streaming
length compared to that of a CDM (Bode et al., 2001;
Sommer-Larsen and Dolgov, 2001).

The origin of WDM can be found within ster-
ile states. For instance, the see-saw mechanism
for the active neutrino masses from the SM singlet
states (Gell-Mann and Slansky, 1980; Minkowski, 1977;
Mohapatra and Senjanovic, 1981; Yanagida, 1979) would
naturally generate masses to the active m(ν1,2,3) ∼
y2〈H〉2/MN , and sterile neutrinos m(νa) ∼ MN (a > 3)
in Eq. (152), if we take i, j = 1, · · ·n + 3. The typi-
cal mixing angles in this case are: θai ∼ y2ai〈H〉2/M2

N .
In order to explain the neutrino masses from atmo-
spheric and solar neutrino data, n = 2 is sufficient, how-
ever for pulsar kicks (Kusenko, 2006; Kusenko and Segre,
1996, 1999), supernovae explosion (Fryer and Kusenko,
2006; Hidaka and Fuller, 2006, 2007), as well as sterile
neutrino as a dark matter candidate (Abazajian et al.,
2001; Asaka et al., 2005; Dodelson and Widrow, 1994;
Dolgov and Hansen, 2002; Petraki and Kusenko, 2008;
Shi and Fuller, 1999), we require at least n = 3, so in
total 6 sterile Majorana states, for a review on all these
effects, see (Kusenko, 2009). The presence of such extra
sterile neutrinos is also supported by ν̄µ → ν̄e oscillations
observed at LSND (Aguilar et al., 2001), and the recent
results by MiniBoone (Aguilar-Arevalo et al., 2010).

A sterile neutrino with a KeV mass can be an ideal
WDM candidate which can be produced in the early
universe by oscillation/conversion of thermal active neu-
trinos, with a momentum distribution significantly sup-
pressed from a thermal spectrum (Abazajian et al., 2001;
Dodelson and Widrow, 1994). A typical free-streaming
scale is given by, see (Abazajian and Koushiappas, 2006)

λFS ≈ 840 Kpc h−1

(
1 KeV

ms

)(
< p/T >

3.15

)
, (191)

wherems is the mass of the sterile flavor eigenstate, 0.9 ≥
〈p/T 〉/3.15 ≥ 1 is the mean momentum over tempera-
ture of the neutrino distribution and ranges from 1 (for a
thermal) to ∼ 0.9 (for a non-thermal) distribution. Very
stringent bounds on the mass of WDM particles have
been obtained by different groups. Typically, the bounds
range from ms ≥ 10 − 20 KeV (95 % CL) (mWDM ≥
2− 4 KeV), see (Kusenko, 2009). It is quite plausible to
imagine a mixed dark matter scenario, where more than
one species contributed to the total dark matter abun-
dance. If there is a fraction of sterile neutrinos or WDM,
then the above bounds can even be relaxed.

B. WIMP production

1. Thermal relics

At early times it is assumed that the dark matter parti-
cle, denoted by X is in chemical and kinetic equilibrium,
i.e. in local thermodynamic equilibrium. The dark mat-
ter will be in equilibrium as long as reactions can keep
X in chemical equilibrium and the reaction rate can pro-
ceed rapidly enough as compared to the expansion rate
of the universe, H(t). When the reaction rate becomes
smaller than the expansion rate, then the particle X can
no longer be in its equilibrium, and thereafter its abun-
dance with respect to the entropy density becomes con-
stant. When this occurs the dark matter particle is said
to be “frozen out.”
The equilibrium abundance of X relative to the en-

tropy density depends upon the ratio of the mass of
the particle to the temperature. Let us define the vari-
able Y ≡ nX/s, where nX is the number density of
X with mass mX , and s = 2π2g∗T 3/45 is the en-
tropy density, where g∗ counts the number of relativistic
d.o.f. The equilibrium value of Y , YEQ ∝ exp(−x) for
x = mX/T * 1, while YEQ ∼ constant for x + 1.
The precise value of YEQ can be computed exactly

by solving the Boltzmann equation (Kolb and Turner,
1988):

ṅX + 3HnX = −〈σv〉(n2
X − (neq

X )2) , (192)

where dot denotes time derivative, σ is the total annihila-
tion cross section, v is the velocity, bracket denotes ther-
mally averaged quantities, and neq is the number density
of X in thermal equilibrium:

neq = g (mT/2π)3/2 e−mX/T , (193)

where T is the temperature. In terms of Y = nX/s and
x = mX/T , and using the conservation of entropy per
comoving volume (sa3 = constant), we rewrite Eq. (192)
as:

dY

dx
= −〈σv〉s

Hx

(
Y 2 − (Y eq)2

)
. (194)

In the case of heavyX , the cross section can be expanded
with respect to the velocity in powers of v2, 〈σv〉 = a +
b〈v2〉 + O(〈v4〉) + ... ≈ a + 6b/x, where x = mX/T and
a, b are expressed in GeV−2. Typically a ,= 0 for s-wave
annihilation, and a = 0 for p-wave annihilation. We
can rewrite Eq. (194) in terms of a new variable: ∆ =
Y − Y eq,

∆′ = −Y eq′ − f(x)∆(2Y eq +∆) , (195)

where prime denotes d/dx, and

f(x) =
πg∗
45

mXMP(a+ 6b/x)x−2 . (196)

annihilation cross section

=n/s
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WIMP :  Weakly Interacting Massive Particle

Initially the particles are in the thermal equilibrium and decoupled 
when it is non-relativistic in the expanding Universe.
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3. Warm Dark Matter

Besides hot and cold dark matter, the early uni-
verse can also provide warm dark matter (WDM) can-
didates whose velocity dispersion lies between that of
hot and CDM. The presence of WDM reduces the
power at small scales due to larger free-streaming
length compared to that of a CDM (Bode et al., 2001;
Sommer-Larsen and Dolgov, 2001).

The origin of WDM can be found within ster-
ile states. For instance, the see-saw mechanism
for the active neutrino masses from the SM singlet
states (Gell-Mann and Slansky, 1980; Minkowski, 1977;
Mohapatra and Senjanovic, 1981; Yanagida, 1979) would
naturally generate masses to the active m(ν1,2,3) ∼
y2〈H〉2/MN , and sterile neutrinos m(νa) ∼ MN (a > 3)
in Eq. (152), if we take i, j = 1, · · ·n + 3. The typi-
cal mixing angles in this case are: θai ∼ y2ai〈H〉2/M2

N .
In order to explain the neutrino masses from atmo-
spheric and solar neutrino data, n = 2 is sufficient, how-
ever for pulsar kicks (Kusenko, 2006; Kusenko and Segre,
1996, 1999), supernovae explosion (Fryer and Kusenko,
2006; Hidaka and Fuller, 2006, 2007), as well as sterile
neutrino as a dark matter candidate (Abazajian et al.,
2001; Asaka et al., 2005; Dodelson and Widrow, 1994;
Dolgov and Hansen, 2002; Petraki and Kusenko, 2008;
Shi and Fuller, 1999), we require at least n = 3, so in
total 6 sterile Majorana states, for a review on all these
effects, see (Kusenko, 2009). The presence of such extra
sterile neutrinos is also supported by ν̄µ → ν̄e oscillations
observed at LSND (Aguilar et al., 2001), and the recent
results by MiniBoone (Aguilar-Arevalo et al., 2010).

A sterile neutrino with a KeV mass can be an ideal
WDM candidate which can be produced in the early
universe by oscillation/conversion of thermal active neu-
trinos, with a momentum distribution significantly sup-
pressed from a thermal spectrum (Abazajian et al., 2001;
Dodelson and Widrow, 1994). A typical free-streaming
scale is given by, see (Abazajian and Koushiappas, 2006)

λFS ≈ 840 Kpc h−1

(
1 KeV

ms

)(
< p/T >

3.15

)
, (191)

wherems is the mass of the sterile flavor eigenstate, 0.9 ≥
〈p/T 〉/3.15 ≥ 1 is the mean momentum over tempera-
ture of the neutrino distribution and ranges from 1 (for a
thermal) to ∼ 0.9 (for a non-thermal) distribution. Very
stringent bounds on the mass of WDM particles have
been obtained by different groups. Typically, the bounds
range from ms ≥ 10 − 20 KeV (95 % CL) (mWDM ≥
2− 4 KeV), see (Kusenko, 2009). It is quite plausible to
imagine a mixed dark matter scenario, where more than
one species contributed to the total dark matter abun-
dance. If there is a fraction of sterile neutrinos or WDM,
then the above bounds can even be relaxed.

B. WIMP production

1. Thermal relics

At early times it is assumed that the dark matter parti-
cle, denoted by X is in chemical and kinetic equilibrium,
i.e. in local thermodynamic equilibrium. The dark mat-
ter will be in equilibrium as long as reactions can keep
X in chemical equilibrium and the reaction rate can pro-
ceed rapidly enough as compared to the expansion rate
of the universe, H(t). When the reaction rate becomes
smaller than the expansion rate, then the particle X can
no longer be in its equilibrium, and thereafter its abun-
dance with respect to the entropy density becomes con-
stant. When this occurs the dark matter particle is said
to be “frozen out.”
The equilibrium abundance of X relative to the en-

tropy density depends upon the ratio of the mass of
the particle to the temperature. Let us define the vari-
able Y ≡ nX/s, where nX is the number density of
X with mass mX , and s = 2π2g∗T 3/45 is the en-
tropy density, where g∗ counts the number of relativistic
d.o.f. The equilibrium value of Y , YEQ ∝ exp(−x) for
x = mX/T * 1, while YEQ ∼ constant for x + 1.
The precise value of YEQ can be computed exactly

by solving the Boltzmann equation (Kolb and Turner,
1988):

ṅX + 3HnX = −〈σv〉(n2
X − (neq

X )2) , (192)

where dot denotes time derivative, σ is the total annihila-
tion cross section, v is the velocity, bracket denotes ther-
mally averaged quantities, and neq is the number density
of X in thermal equilibrium:

neq = g (mT/2π)3/2 e−mX/T , (193)

where T is the temperature. In terms of Y = nX/s and
x = mX/T , and using the conservation of entropy per
comoving volume (sa3 = constant), we rewrite Eq. (192)
as:

dY

dx
= −〈σv〉s

Hx

(
Y 2 − (Y eq)2

)
. (194)

In the case of heavyX , the cross section can be expanded
with respect to the velocity in powers of v2, 〈σv〉 = a +
b〈v2〉 + O(〈v4〉) + ... ≈ a + 6b/x, where x = mX/T and
a, b are expressed in GeV−2. Typically a ,= 0 for s-wave
annihilation, and a = 0 for p-wave annihilation. We
can rewrite Eq. (194) in terms of a new variable: ∆ =
Y − Y eq,

∆′ = −Y eq′ − f(x)∆(2Y eq +∆) , (195)

where prime denotes d/dx, and

f(x) =
πg∗
45

mXMP(a+ 6b/x)x−2 . (196)
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Then how about the interaction is much weaker? They decouple earlier
and the abundance increases. However after inflation epoch there is a highest
temperature, reheating temperature, and the decoupling temperature is higher
than TR, they cannot be in the thermal equilibrium, which means that Y is much
smaller than that in TE. However they can give correct Y for dark matter. That
is E-WIMP for dark matter, and the Y depends on the Tr after inflation. Even
though interaction is extremely weak, still they can be dark matter without any
problem.

The popular example of E-WIMP is gravitino and axino.
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[Benjamin W. Lee and Steven Weinberg, PRL 1977]

Then how about the interaction is much weaker? They decouple earlier
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ȧ

a
(6)

3Hn ( (Collision terms) 3Hn ! (Collision terms) (7)

dn

dt
+ 3Hn = (Collision terms) (8)

σ∗ ∼ v

σ∗ ! v
(9)

λ, v andσ∗ (10)

3 +A2 *= 0 fNL ∼
1

f
(11)

2

dn

dt
+ 3Hn = −n2〈σannv〉 Y $ H

s〈σannv〉
(1)

n ∝ a−3 Y ≡ n

s
s ≡ 2π2

45
g∗T

3 sa3 = constant (2)

H =
ȧ
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=
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Supersymmetric WIMP

Supersymmetry is a symmetry between bosons and fermions.
It is motivated to solve the theoretical problems such as hierarchy 
problem and allows gauge coupling unification, electroweak symmetry 
breaking and dark matter.

R-parity is assumed to protect the decay of proton, which makes the
lightest supersymmetric particle (LSP) stable.

LSP can be neutralino, gravitino, axino, scalar neutrino, ....

TeV scale new particles (SUSY) particles are predicted corresponding
to all the SM particles.
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Neutralino dark matter as WIMP
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FIG. 6: The plot shows the reheating temperature TR

with respect to the axion mass for fa/N = 1011 GeV.
The gray band indicates Ωãh2 = 0.113+0.016

−0.018. Thermally
produced axinos can be classified as hot, warm, and

cold dark matter (Covi et al., 2001) as indicated in the
plot. The plot is taken from (Brandenburg and Steffen,

2004).

Covi et al., 2001)

Ωãh
2 ! 5.5g6s(TR) ln

(
1.108

gs(TR)

)(
1011 GeV

fa/N

)2

×
( mã

0.1 GeV

)(
TR

104 GeV

)
(242)

with the axion-model-dependent color anomaly N of the
PQ symmetry breaking scale fa. Thermally produced ax-
inos can be hot, warm, and cold dark matter (Covi et al.,
2001) as shown in Fig. 6.
Non-thermal production of ã has many uncertainties.

The ã can be created from the decay of the NLSP, direct
decay from the inflaton or moduli, or any other hidden
sector. The expression for the final abundance is similar
to that of Eq. (241), where 3/2 −→ ã. In this regard ã
faces similar challenges as that of a gravitino dark matter.
The ã LSP is inaccessible in direct/indirect dark

matter searches if R-parity is conserved. Their direct
production at collider is strongly suppressed. Never-
theless, quasi-stable τ̃ ’s could appear in collider de-
tectors (and neutrino telescopes (Ahlers et al., 2006;
Albuquerque et al., 2007)) as a possible signature of the
ã LSP.

3. Neutralino

In the MSSM the binos B̃ (superpartner of B), winos

W̃ (superpartner of W ) and Higgsinos (H̃0
u and H̃0

d)
mix into 4 Majorana fermion eigenstates, called neu-
tralinos with 4 mass eigenstates: χ̃0

1, χ̃0
2, χ̃0

3, χ̃0
4, or-

dered with increasing mass. The LSP is thus denoted
by χ̃0

1 = N11B̃ + N12W̃ + N13H̃0
u + N14H̃0

d . The gaug-
ino fraction, fG = N2

11 + N2
12, and Higgsino fraction,
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FIG. 7: On the left hand panel the co-annihilation band
is shown for (m0 −m1/2) plane for tanβ = 40. The

constraints are shown in Figure, see (Nath et al., 2010).
On the right hand panel the overlapping contours

between MSSM inflation and neutralino dark matter for
different values of (ns. δH) within 95%c.l. are shown for
the same parameter region (Allahverdi et al., 2007a).

fH = N2
13 + N2

14, are determined by the mixing ma-
trix, N , which diagonalizes the neutralino mass ma-
trix (Jungman et al., 1996; Kane et al., 1994).
The χ̃0

1’s were in thermal equilibrium for primordial
temperatures of T > Tf ∼ mχ̃0

1
/20. At Tf , the annihi-

lation rate of the (by then) non-relativistic χ̃0
1’s becomes

smaller than the Hubble rate so that they decouple from
the thermal plasma, see Sect. IV.B.1.
It is easy to work with a limited set of parameters, the

mSUGRA model is a simple model which contains only
five parameters:

m0, m1/2, A0, tanβ and sign(µ). (243)

m0 is the universal scalar soft breaking parameter, m1/2

is the universal gaugino mass, A0 is the universal cu-
bic soft breaking mass, measures at MGUT, and tanβ =
〈H̃0

u〉/〈H̃0
d〉 at the electroweak scale.

The model parameters are already constrained by dif-
ferent experimental results. (i) the light Higgs mass
bound of Mh0 > 114 GeV from LEP (Barate et al.,
2003), (ii) the b → sγ branching ratio bound of 1.8 ×
10−4 < B(B → Xsγ) < 4.5×10−4 (we assume here a rela-
tively broad range, since there are theoretical errors in ex-
tracting the branching ratio from the data) (Alam et al.,
1995), (iii) the 2σ bound on the dark matter relic den-
sity: 0.095 < ΩCDMh2 < 0.129 (Komatsu et al., 2009),
(iv) the bound on the lightest chargino mass of Mχ̃±

1
>

104 GeV from LEP (Nakamura et al., 2010) and (v) the
muon magnetic moment anomaly aµ, where one gets a
3.3σ deviation from the SM from the experimental re-
sult (Bennett et al., 2004).
The allowed mSUGRA parameter space, at present,

has mostly three distinct regions: (i) the stau-neutralino
(τ̃1 − χ̃1

0), coannihilation region where χ̃1
0 is the lightest

fermion

superpartner of gauge boson, BU(1)Y SU(2)L (1)

xf ∼ 20− 25 (2)

τa ∼ 64π

g2aγγm
3
a
# 1040

(

fa
1010GeV

)5

sec (3)

∑

mν < 0.17 eV (95%CL) (4)

ρc = 3H2
0M

2
P = 1.88× 10−29g cm−3 ΩDM =

ρDM

ρc
∼ 0.22 (5)

τDM > τage ∼ 1018 sec τDM > 1026 sec Z2 e+, p̄, γ, . . . (6)

SU(3)C × SU(2)L × U(1)Y (7)

(T % m) (T & m) n ∝ a−3 (8)

φ χ (9)

ζ = α
δΓ

Γ
(10)

Pζ = (1− r)2Pinf + r2Pχ (11)

Ωh2
WIMP =# 〈σann〉 # 10−10 GeV−2 # 10−38 cm2 (12)

Ωh2 = mn # 0.28

(

Y

10−11

)

( m

100 GeV

)

(13)

dn

dt
+ 3Hn = −n2〈σannv〉 Y # H

s〈σannv〉
(14)

n ∝ a−3 Y ≡ n

s
s ≡ 2π2

45
g∗T

3 sa3 = constant (15)
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1

Higgs boson, Hu and Hd

EM neutral and stable when it is LSP with R-parity.
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FIG. 3: The axino abundance Y TP
ã as a function of TR for

two specific KSVZ models: Qem = 0 (CaY Y = 0) and Qem =
2/3 (CaY Y = 8/3), and for a DFSZ model with the (dc, e)
unification, for which we used µ = 200GeV and the higgsino
mass, mh̃ = 200GeV. The horizontal lines show the values
of axino mass for which the corresponding axino abundance
gives the correct DM relic density.

typical relic abundance is

Yχ ! (1 ∼ 10)× 10−12
( mχ

100GeV

)
, (42)

for a bino-dominated neutralino, and

Yτ̃ ! 0.01× 10−12
( mτ̃

100GeV

)
, (43)

for the stau. Note that in the stau case the NTP can
produce sufficient axino abundance to explain the whole
DM density only for stau masses above 1.9TeV, which
may thermalise at only accordingly higher temperatures.
These two choices for the NLSP were considered in the

Constrained Minimal Supersymmetric Standard Model
(CMSSM) in [4], for fa < 1012GeV, for which even
the stau lifetime is of order 1 sec. Recently, the case
of stau NLSP, including four-body hadronic decays, was
discussed in [8] also for larger values of fa.
In conclusion, for neutralino NLSP, which decays

mainly into an axino and a photon or Z-boson, the NTP
production is usually more efficient. For the stau NLSP,
which can decay to an axino and a tau-lepton through a
coupling of the type given in Eq. (37), the contribution
is smaller, but can still be substantial.

10
0

10
1

10
2

10
3

10
4

10
5

10
6

10
7

10
8

10
9

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
2

T
R

 (
G

eV
)

maxino (GeV)

Choi, Covi, Kim, Roszkowski 
,
11

fa=10
11

 GeV

EXCLUDED

(!
TP

a > !
TP

DM) 

(I)

(II)(III)

too warm
(TP)

too warm
(NTP from 

Neutralino NLSP)

10
0

10
1

10
2

10
3

10
4

10
5

10
6

10
7

10
8

10
9

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
2

T
R

 (
G

eV
)

maxino (GeV)

Choi, Covi, Kim, Roszkowski 
,
11

fa=10
11

 GeV

EXCLUDED

(!
TP

a > !
TP

DM) 

(I)

(II)(III)

too warm
(TP)

too warm
(NTP from 

Neutralino NLSP)

10
0

10
1

10
2

10
3

10
4

10
5

10
6

10
7

10
8

10
9

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
2

T
R

 (
G

eV
)

maxino (GeV)

Choi, Covi, Kim, Roszkowski 
,
11

fa=10
11

 GeV

EXCLUDED

(!
TP

a > !
TP

DM) 

(I)

(II)(III)

too warm
(TP)

too warm
(NTP from 

Neutralino NLSP)

10
0

10
1

10
2

10
3

10
4

10
5

10
6

10
7

10
8

10
9

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
2

T
R

 (
G

eV
)

maxino (GeV)

Choi, Covi, Kim, Roszkowski 
,
11

fa=10
11

 GeV

EXCLUDED

(!
TP

a > !
TP

DM) 

(I)

(II)(III)

too warm
(TP)

too warm
(NTP from 

Neutralino NLSP)

10
0

10
1

10
2

10
3

10
4

10
5

10
6

10
7

10
8

10
9

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
2

T
R

 (
G

eV
)

maxino (GeV)

Choi, Covi, Kim, Roszkowski 
,
11

fa=10
11

 GeV

EXCLUDED

(!
TP

a > !
TP

DM) 

(I)

(II)(III)

too warm
(TP)

too warm
(NTP from 

Neutralino NLSP)

10
0

10
1

10
2

10
3

10
4

10
5

10
6

10
7

10
8

10
9

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
2

T
R

 (
G

eV
)

maxino (GeV)

Choi, Covi, Kim, Roszkowski 
,
11

fa=10
11

 GeV

EXCLUDED

(!
TP

a > !
TP

DM) 

(I)

(II)(III)

too warm
(TP)

too warm
(NTP from 

Neutralino NLSP)

FIG. 4: TR versus mã for fa = 1011 GeV in the KVSZ mod-
els. The bands inside like curves correspond to a correct relic
density of DM axino with both TP and NTP included. To
parameterise the non-thermal production of axinos we used
YNLSP = 0 (I), 10−10 (II), and 10−8 (III). The upper right-
hand area of the plot is excluded because of the overabun-
dance of axinos. The regions disallowed by structure forma-
tion are marked with vertical blue dashed lines and arrows
for, respectively, TP (mã ∼

< 5 keV, see text below Eq. (45))
and NTP (mã ∼

< 30MeV, with a neutralino NLSP).

Regarding other NLSPs, colored relics (or even a wino-
like neutralino lighter than 1.8TeV) usually remain in
thermal equilibrium so long that their number density
after freeze-out becomes negligible and therefore cannot
produce any substantial axino population after freeze-
out [32, 33].

IV. COSMOLOGICAL CONSTRAINTS

A. The relic density of dark matter

For the total axino DM relic density, we apply the 3σ
range derived from WMAP-7 data [34]

0.109 < Ωãh
2 < 0.113. (44)

This produces a stripe in the parameter space and also
plays a role of the upper bound on the relic density when
there are additional DM components.
This can be seen in Figs. 4 and 5, where we present

the reheating temperature versus the axino mass plane

100 GeV neutralino can give correct abundance for DM naturally

It is possible to detect in the direct and indirect experiments.
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Gravitino dark matter as E-WIMP (Super-WIMP)

fermion
superpartner of 

Graviton

EM neutral and stable when it is LSP with R-parity.

(spin 3/2)
U(1)Y SU(2)L G̃ (1)

xf ∼ 20− 25 (2)

τa ∼ 64π

g2aγγm
3
a
# 1040

(
fa

1010GeV

)5

sec (3)

∑
mν < 0.17 eV (95%CL) (4)

ρc = 3H2
0M

2
P = 1.88× 10−29g cm−3 ΩDM =

ρDM

ρc
∼ 0.22 (5)

τDM > τage ∼ 1018 sec τDM > 1026 sec Z2 e+, p̄, γ, . . . (6)

SU(3)C × SU(2)L × U(1)Y (7)

(T % m) (T & m) n ∝ a−3 (8)

φ χ (9)

ζ = α
δΓ

Γ
(10)

Pζ = (1− r)2Pinf + r2Pχ (11)

Ωh2
WIMP =# 〈σann〉 # 10−10 GeV−2 # 10−38 cm2 (12)

Ωh2 = mn # 0.28

(
Y

10−11

)( m

100 GeV

)
(13)

dn

dt
+ 3Hn = −n2〈σannv〉 Y # H

s〈σannv〉
(14)

n ∝ a−3 Y ≡ n

s
s ≡ 2π2

45
g∗T

3 sa3 = constant (15)

1

Interaction is gravitational suppressed by Planck scale.
Mass can be in the wide range depending on the way of SUSY breaking,

from eV to TeV

Heavy gravitino ~ GeV cannot be in the thermal equilibrium, however
they can be produced through the scattering of the thermal particles.
That makes the relic abundance depend on the reheating temperature 
after inflation.
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Gravitino dark matter as E-WIMP
•  Heavy Gravitinos : nevr in the thermal equilibrium in the early Universe

Thermal production is proportional to the reheating temperature

•  Thermal production : the gravitinos are produced from the 2->2 scatterings

                                      after inflation 

+

g
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g
a +

g
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b

g
a

g
b

g
c

G

ga + gb → g̃c + G̃

[Ellis, Kim, Nanopoulos 1984]

[Bolz, Brandenburg, Buchmuller 2000]

! Including electroweak contribution, enhancement by abount 30 %

! Production by 1-> 2 decays allowed by thermal masses, factor 2 enhancement

[Pradler, Steffen 2007]

[Rychkov, Strumia 2007]

ΩTP
G̃

h2 ! 0.27

(
100GeV

mG̃

)( mg̃

1TeV

)2
(

Treh

1010 GeV

)
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• Thermal production of Dark Matter
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• Thermal production of Dark Matter

I
N
F
L
A
T
I
O
N

1 10 100 x=m/T

Y(x)

0

m/Treh

weaker interactionE-WIMP

(I) depends on the reheating temperature
and we can get the same amount of abundance for dark matter.

(I)

(II) E-WIMP(FIMP)
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• Thermal production of Dark Matter
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0

m/Treh

weaker interactionE-WIMP

(I) depends on the reheating temperature
and we can get the same amount of abundance for dark matter.

(I)

(II)

(II) does not depend on the reheating temperature and we can get the same 
amount of abundance for dark matter.

E-WIMP(FIMP)
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Y(x)

0

m/Treh

thermal production

•  Non-thermal production : all supersymmeric particles decay to NLSP and 

later NLSP decay to gravitino. By R-parity conservation the number densities 

of R odd particles are conserved

hi

Y ≡ n

s
T = Treh YEQ ∝ e−m/T (1)

Y ∝ Treh Ωh2 ∝ Treh (2)

Ωh2 ∝ 1

〈σv〉 Y ∝ λ2MPl

T
(3)

mG̃ = 〈WeK/2〉 = FX

MP
(4)

L =
imλ

8
√
6mG̃MP

ψ̄[γµ, γν ]λF
µν +

m2
χ −m2

φ√
3mG̃MP

(ψ̄χL)φ
∗ + h.c. (5)

ψµ ∼ i

√
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3

1

mG̃

∂µψ (6)

(φ,χ) (Aµ,λ) (7)

Tf ( 1TeV
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230
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mg̃
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m
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(
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)( m
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Treh < Tf Treh > Tf (15)

MPl ∼ 1018 GeV fa ∼ 1011 GeV (16)

ga + gb → g̃c + G̃ (17)

ΩTP
G̃

h2 ( 0.27

(
100GeV

mG̃
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(

Treh
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(18)

ΩG̃ ∝ Treh Treh < 109 ∼ 1010 GeV Treh ! 106 ∼ 108 GeV (19)

ΩNTP
G̃

h2 =
mG̃

mNLSP
ΩNLSPh

2 (20)

1

! Also there are model dependent non-thermal productions (inflaton decay, moduli decay ...)

• Total relic density of gravitino : TP+NTP

ΩG̃h
2 = ΩTP
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h2 + ΩNTP
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h2 (21)
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(24)
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mG̃ = 10GeV mG̃ = 100GeV (26)

m0,m1/2, A, tanβ , sgn(µ) and mG̃
(27)
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2 ΩG̃h
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τX (29)

1 Talk

The weakly interacting massive particle, WIMP, is a attractive dark matter candidate. However even though

the interaction is extremely weaker than that of WIMP, it still can be a good dark matter candidate.

In this talk I will present the general properties of this E-WIMP and especially give focus on the heavy

gravitino as a dark matter candidate with the constraints from cosmology and astrophysics.

Assumnig the inflation, the standard big bang universe begins with the highest temperature, reheating

temperature, which is not determined yet. Tf is the freeze-out temperature of the fields, in other words, above

this temperature, the particles can be thermalised with backgrounds. In the case of the WIMP and neutrinos,

Treh is bigger than Tf and they freeze-out from thermal equilibrium. However the interaction too small, they

could not. This corresponds to E-WIMPs and also the FIMP

This figure is the time evolution of the abundance after inflation. The WIMPs are frozen out from the

thermal equilibrium in the early Universe. But E-WIMPs cannot be thermalised and thus do not follow the

equilibrium line. Only small amounts of them are created from the particles in the thermal plasma. However

as we will later, this amount is enough to explain dark matter energy density.

For FIMP with renormalisable interactions, the dominant creation occurs at low temperature around the

mass of that particle, which makes the UV physics independent.

However another kinds with non-renormalisable interactions below reheating temperature, the dominant

production occurs at the hightest temperature, the reheating temperature. This kinds of E-WIMPs enables

us to probe the earliest time of the Universe after inflation.

The famous example is the gravitino and axino. In this talk I will focus on the Gravitinos, the axinos have

many common features and will be discussed tomorrow by Prof. Kim.

Gravitino is a supersymmetirc particle of Graviton in the theory of supergravity. They become massive

when the supersymmery is broken, and the mass is highly depends on the SUSY breaking mechanism, which

varies between eV and TeV.

2

 If gravitino is LSP with R-parity, they are stable and DM candidate

                           (or small R-parity violation and have long lifetime)

- However the Next LSP (NLSP) decay very late and have problems with 

light nuclei element

Wednesday, June 29, 2011

non-thermal 
production

decay of heavier 
particle X to DM
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•  Non-thermal production : all supersymmeric particles decay to NLSP and 

later NLSP decay to gravitino. By R-parity conservation the number densities 

of R odd particles are conserved
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! Also there are model dependent non-thermal productions (inflaton decay, moduli decay ...)

• Total relic density of gravitino : TP+NTP
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1 Talk

The weakly interacting massive particle, WIMP, is a attractive dark matter candidate. However even though

the interaction is extremely weaker than that of WIMP, it still can be a good dark matter candidate.

In this talk I will present the general properties of this E-WIMP and especially give focus on the heavy

gravitino as a dark matter candidate with the constraints from cosmology and astrophysics.

Assumnig the inflation, the standard big bang universe begins with the highest temperature, reheating

temperature, which is not determined yet. Tf is the freeze-out temperature of the fields, in other words, above

this temperature, the particles can be thermalised with backgrounds. In the case of the WIMP and neutrinos,

Treh is bigger than Tf and they freeze-out from thermal equilibrium. However the interaction too small, they

could not. This corresponds to E-WIMPs and also the FIMP

This figure is the time evolution of the abundance after inflation. The WIMPs are frozen out from the

thermal equilibrium in the early Universe. But E-WIMPs cannot be thermalised and thus do not follow the

equilibrium line. Only small amounts of them are created from the particles in the thermal plasma. However

as we will later, this amount is enough to explain dark matter energy density.

For FIMP with renormalisable interactions, the dominant creation occurs at low temperature around the

mass of that particle, which makes the UV physics independent.

However another kinds with non-renormalisable interactions below reheating temperature, the dominant

production occurs at the hightest temperature, the reheating temperature. This kinds of E-WIMPs enables

us to probe the earliest time of the Universe after inflation.

The famous example is the gravitino and axino. In this talk I will focus on the Gravitinos, the axinos have

many common features and will be discussed tomorrow by Prof. Kim.

Gravitino is a supersymmetirc particle of Graviton in the theory of supergravity. They become massive

when the supersymmery is broken, and the mass is highly depends on the SUSY breaking mechanism, which

varies between eV and TeV.

2

 If gravitino is LSP with R-parity, they are stable and DM candidate

                           (or small R-parity violation and have long lifetime)

- However the Next LSP (NLSP) decay very late and have problems with 

light nuclei element

Wednesday, June 29, 2011
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• Cosmological constraints on Gravitino DM

Due to the very small interactions, the next LSPs decay to Gravitino
very late in the early Universe with a cosmic time around

τX ∼ 1 sec−1012 sec (1)

Ωãh
2 =

mã

mX
ΩXh2 (2)

U(1)Y SU(2)L G̃ ã fa ∼ 1010 GeV (3)

xf ∼ 20− 25 (4)

τa ∼ 64π

g2aγγm3
a
# 1040

(
fa

1010GeV

)5

sec (5)

∑
mν < 0.17 eV (95%CL) (6)

ρc = 3H2
0M

2
P = 1.88× 10−29g cm−3 ΩDM =

ρDM

ρc
∼ 0.22 (7)

τDM > τage ∼ 1018 sec τDM > 1026 sec Z2 e+, p̄, γ, . . . (8)

SU(3)C × SU(2)L × U(1)Y (9)

(T % m) (T & m) n ∝ a−3 (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

Pζ = (1− r)2Pinf + r2Pχ (13)

Ωh2
WIMP =# 〈σann〉 # 10−10 GeV−2 # 10−38 cm2 (14)

Ωh2 = mn # 0.28

(
Y

10−11

)( m

100 GeV

)
(15)

dn

dt
+ 3Hn = −n2〈σannv〉 Y # H

s〈σannv〉
(16)

1

This corresponds to the epoch of Big Bang Nucleosynthesis, kinetic 
decoupling of photns, and the structure formation of small sales.

Cosmological constraints!
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Axino dark matter as E-WIMP

fermion
superpartner of 

axion

EM neutral and stable when it is LSP.

(spin1/2)

Interaction is suppressed by PQ scale                        .

Mass can be in the wide range depending on the way of SUSY breaking,

from keV to TeV

U(1)Y SU(2)L G̃ ã (1)

xf ∼ 20− 25 (2)

τa ∼ 64π
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3
a
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mν < 0.17 eV (95%CL) (4)

ρc = 3H2
0M

2
P = 1.88× 10−29g cm−3 ΩDM =

ρDM

ρc
∼ 0.22 (5)

τDM > τage ∼ 1018 sec τDM > 1026 sec Z2 e+, p̄, γ, . . . (6)

SU(3)C × SU(2)L × U(1)Y (7)

(T % m) (T & m) n ∝ a−3 (8)

φ χ (9)

ζ = α
δΓ

Γ
(10)

Pζ = (1− r)2Pinf + r2Pχ (11)

Ωh2
WIMP =# 〈σann〉 # 10−10 GeV−2 # 10−38 cm2 (12)
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s ≡ 2π2

45
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3 sa3 = constant (15)
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U(1)Y SU(2)L G̃ ã fa ∼ 1010 GeV (1)

xf ∼ 20− 25 (2)
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∼ 0.22 (5)

τDM > τage ∼ 1018 sec τDM > 1026 sec Z2 e+, p̄, γ, . . . (6)
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45
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3 sa3 = constant (15)

1

Axinos can be produced thermally and also non-thermally.

30

Thursday, June 30, 2011
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τ (χ̃ → ãγ) ! 0.33 sec
(

100 GeV
mχ̃

)3 (
fa

1011 GeV

)2

(37)

ΩNTP
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• Thermal production
1. From thermal scatterings (KSVZ model)

2. From decays of the thermal particles

• Non-thermal production
3. From decays of the particles which is out-of-equilibrium

Ωãh
2 =

mã
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where G is the decay width in the rest frame and K1
Ž .is the Bessel function. Inserting these into 12 and

changing the order of integration, we obtain
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Maxwell-Boltzmann distribution is used for the sim-

plicity of calculation, which gives the correct result

up to a factor of order 1.

For T )m, Y is well approximated byR decay
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For Y , we present two typical examples. First,scat
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is given by

gs M T0 P R
Y s .scat 4p
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Reheating temperature dependent!

Not depend on the reheating temperature

It happens usually before BBN and does not make cosmological problems.
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We need to construct theoretical models containing dark matter
by modifying and/or extending the standard model

(1) Hot Relic

(3) E-WIMP

(2) WIMP

[Roszkowski]
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Thermal production of dark matter

• Thermal production of Dark Matter
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Thermally produced particles have a Boltzmann velocity distribution
at the moment of production (or freeze-out)  and sufficiently cold
if the mass is much larger than keV.

KeV thermal relics have velocity dispersion 

[Boyarsky, lesgourgues, Ruchaiskiy, Viel, 2009]
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discuss the robustness of these simulations, especially as far as the issue of initial velocities
is concerned.

4 Thermal velocities in ICs

In N-body or hydrodynamical simulations, the difference between Initial Conditions (ICs) for
CDM and WDM does not reside entirely in a modification of the power spectrum, but also in
non-negligible thermal velocities for the warm component. For Thermal Relics (TR) assumed
to decouple from thermal equilibrium when they are still relativistic, and characterized by a
Fermi-Dirac distribution with temperature Ttr, the average velocity is given by

〈vtr〉 =
3.151 Ttr(z)

mtr

=

(

1 + z

100

)(

1 keV

mtr

)(

Ttr

1 K

)

8.07 km.s−1. (4.1)

However, in this paper, we assume that WDM consists in sterile neutrinos produced through a
Non-Resonant Production (NRP) mechanism, namely, non-resonant oscillations with active
neutrinos [15, 80, 82]. In this case the distribution can be roughly approximated by the
renormalized Fermi-Dirac distribution of eq. (2.1), corresponding to an average velocity

〈vnrp〉 =
3.151Tν (z)

mnrp

=
3.151(4/11)1/3(1 + z)Tcmb

mnrp

=

(

1 + z

100

)(

1 keV

mnrp

)

15.7 km.s−1.

(4.2)
If the mass and the relic density Ωwdmh2 are specified, the parameter Ttr (for TR) or χ (for
NRP) can be inferred from (Ttr/Tν)3 = χ = Ωwdmh2(94 eV/m). Thermal relics and sterile
neutrinos sharing the same mass and density correspond to different initial velocities. For
instance, assuming that Ωwdmh2 = 0.12, we find the following velocity dispersion at z = 99
in each of the two cases:

m = 10 keV 〈vnrp〉 ≈ 1.6 km/sec 〈vtr〉 ≈ 0.16 km/sec

m = 5 keV 〈vnrp〉 ≈ 3.1 km/sec 〈vtr〉 ≈ 0.41 km/sec (4.3)

m = 0.5 keV 〈vnrp〉 ≈ 31 km/sec 〈vtr〉 ≈ 8.8 km/sec

These velocities should be compared with the peculiar velocities which particles acquire
when clustering. In most codes, the latter are initialized using the so-called Zel’dovich pre-
scription [109–111]: so, later, we will make the distinction between thermal velocities and
Zel’dovich velocities. Whenever the thermal velocities are negligible with respect to the
Zel’dovich ones, the final result is expected to be insensitive to the proper implementation
of thermal velocities, which can then be omitted from ICs. In a typical simulation, the
Zel’dovich velocities are of below or around 20 km/s at z = 99. Hence, for the NRP case,
we roughly expect. Hence, for the NRP case, we roughly expect that thermal velocities are
unimportant for m ≥ 5 keV.

This can be checked explicitly. Our numerical simulations are performed with the
gadget-ii code [112], extended in order to compute the Ly-α flux power spectrum [60].
First, we address the case of pure ΛWDM models with Ωcdm = 0. We fix initial conditions
at z = 99. The initial power spectrum is computed with camb, and for each warm particle
a random thermal velocity is eventually added to the Zel’dovich velocity. Thermal velocities
are distributed with a Fermi-Dirac probability.

Notice, however, that a particle in the simulated ICs represents a region with size
l = Lbox/N1/3 (where N is the number of particles) . Therefore, a huge amount of DM

– 16 –

can be warm and well constrained by Ly alpha. 
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Ωãh
2 =

mã
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Non-thermally produced particles have a different velocity distribution.

When DM is produced from the decay of heavy particles,
the free-streaming velocity is gained due to the kinetic energy from
the rest mass energy of mother particle
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initial momentum redshifts with scale factor

gives a present free-streaming velocity (if non-relativistic today)
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eg) For gravitino DM produced from the decay of NLSP
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Mixed dark matter with thermal + non-thermal production
: cold + warm dark matter

68% CL
95% CL

[Boyarsky, lesgourgues, Ruchaiskiy, Viel, 2009]
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particles are represented as one body in N-body simulations. Formally, the velocity of such
a collection of particles is zero, as the velocities of real DM particles are random and they
average to zero. The assignment of a Fermi-Dirac thermal velocity to such a simulation
particle is justified provided that l is smaller than the smallest scale probed by our data set,
and larger than the extra distance traveled by the particle, due to thermal velocities, when
it moves along Zel’dovich trajectories. In our simulation, we take N = 4003 = 6.4 × 107

particles in a box of comoving size Lbox = 60 Mpc/h, so each resolution element in the ICs
measures l ∼ 0.15 Mpc in comoving units, while the smallest scale probed by our Ly-α flux
power spectrum corresponds to a comoving wavelength of the order of 1 Mpc. In addition,
the extra distance travelled by the particle can be estimated conservatively by multiplying
the velocity v ∼ 10 km/s by the amount of time between z = 99 and z = 2, t ∼ 3 Gyr: this
gives 0.04 Mpc,which is smaller than the resolution element probed by the particle in the ICs.
Hence, our approach is justified. A similar way to include velocities in the WDM simulations
was used e.g. in [113]. Note that the simulated flux power has been corrected for resolution
using exactly the same procedure described in [66], so even if most of the simulations have
been ran at somewhat low resolution we corrected for it using the higher resolution runs.

In figure 5, we show the ratio of the ΛWDM flux power spectrum to the ΛCDM one at
k = 0.14h/Mpc and z = 2.2 for 3 masses (0.5, 5, 10keV), with and without thermal velocities
in ICs. One can see that for masses above ∼ 5keV, the influence of velocities is below the 1%
level, which is smaller than the error bars of the SDSS data points (in case of the VHS dataset,
the influence of velocities is unimportant also for smaller masses due to the larger error bars).
For smaller masses, including thermal velocities in the initial conditions becomes essential.

This suggest that also in the case of a mixed ΛCWDM, we can perform simulations
without thermal velocities provided that the mass of the WDM NRP component is above
∼ 5 keV. This simplifies considerably the issue of initial conditions, because in this case
we can treat the mixed CDM+WDM components as a single cold fluid with negligible ther-
mal velocities, and a proper initial power spectrum (equal to the total linear matter power
spectrum at high redshift, as computed by camb).

5 Results for VHS data

We performed a Bayesian parameter estimation for the ΛCWDM model, using the following
data set: VHS Ly-α data; WMAP5 [114] and small-scale CMB experiments (ACBAR [115],
CBI [116], Boomerang [117–120]); galaxy power spectrum from the SDSS LRGs [121]; super-
novae from the SNLS [122]. We take flat priors on six cosmological parameters describing
the ΛCDM model (Ωdmh2,Ωbh2, θ, τ, ns, As),5 on two extra parameters describing the warm
sector (see below), and we marginalize over nuisance parameters associated with the data
sets, in the way implemented in the public version of CosmoMC (compiled with the file
lya.f90). The two extra parameters are chosen to be:

• first, the warm fraction of dark matter,

Fwdm ≡
Ωwdm

Ωcdm + Ωwdm

, (5.1)

which differs from the quantity fwdm defined in eq. (2.4) by (Ωdm/ΩM ) since the de-
nominator accounts for dark matter instead of total matter; indeed, in the analytical

5See e.g. [100] and http://cosmologist.info/cosmomc/readme.html for explanation of this parameter
choice.
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Figure 12. (Left) Preferred region for the parameters (Fwdm, 〈v〉wdm) of the ΛCWDM model, using
SDSS Ly-α and WMAP5 data sets. The black lines represent the 68%CL and 95%CL contours
of the two-dimensional probability marginalized over other parameters (as defined in the Bayesian
approach), while the colors show the likelihood averaged over other parameters. (Right) Same plot
with the horizontal axis translated in terms of (1keV/mnrp) = 〈v〉wdm/(157 m/s), see equation (4.2).

One can see that as Fwdm approaches one, the 95%CL limit on (Fwdm, (1 keV/mnrp)) tends
towards (1keV/mnrp) = 0.1, i.e. mnrp = 10 keV. This bound is weaker than the 12.1 keV
limit obtained in the pure ΛWDM analysis, because it is derived from a joint two-dimensional
probability.10 There is a number of models with Fwdm < 1 and masses of the order of 5keV to
10keV which lie in the region preferred by the data. In particular, for Fwdm lower than 35%,
the data is compatible with the smallest mass included in our prior range (mnrp = 5 keV).
We did not include smaller masses in the analysis for the reasons explained at the end of
section 6.1.1, but it is interesting to see that for mnrp ∼ (5 − 7) keV the bound on Fwdm

reaches a flat asymptote; this suggests that for such a small WDM fraction, the amplitude
of the suppression in the small-scale flux power spectrum is so small that the Ly-α data is
compatible with any arbitrary value of the free-streaming scale. In this case, considerably
smaller masses are likely to be allowed, and we would in fact need to add data on larger scale
(like galaxy redshift surveys) in order to better constrain the free-streaming scale and the
mass. This would lead to mass limits corresponding to hot dark matter rather than warm
dark matter particles.

6.2.2 Comparison with frequentist approach

Similarly to section 6.1.2 we have performed a number of CosmoMC runs on a grid of points
with mnrp = 5, 10 keV and Fwdm = 0.2, 0.5, 0.9, 1.0, varying the same parameters as in the
pure ΛCDM case. For each of these runs, we report in table 2 the value of − log(Lbest) in
our chains, which plays the role of χ2/2. The dependence of χ2 on Fwdm for mnrp = 5 keV is
presented in figure 13. We see that if the mass is assumed to take this particular value, the
2σ confidence limit (∆χ2 = 4) becomes Fwdm % 40%, while the 2σ limit (∆χ2 = 9) allows
for about 60% of WDM. We can try to compare this case with the results of our Bayesian
analysis, for which the joint 95% CL limit on (Fwdm, (1 keV/mnrp)) reaches Fwdm = 0.35 in
the limit mnrp = 5 keV. In the frequentist approach, the joint 95% CL on a pair of parameters
is approximated by ∆χ2 = 6.2. This corresponds to an upper bound Fwdm % 0.50, less

10The 95%CL limit in figure 12 contains 95% of the posterior probability in the full (Fwdm, (1 keV/mnrp))
plane. It is clearly different to look for the restriction of this limit to Fwdm = 1, and to compute the range
containing 95% of the posterior probability along the Fwdm = 1 axis.

– 27 –

For mixed model, the WDM is compatible if the composition is less than
around 35 % of the total dark matter.
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Discussion

1. What is the consistent theory with dark matter?

2. Different predictions for different dark matter models

3. What is the creation mechanism for dark matter?

4. Cold, warm or cold+warm?
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