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Outline

• brief review of single-field local-type nG on LSS

• effect of multi-field local-type nG on scale-dependent bias

• bispectrum & trispectrum parametrized by (fnl, gnl, τnl)

• more general cases with scale dependence



single-field local-type nG



Local-type NG and Large Scale Structure

WMAP7(Komatsu+10)Gaussian

local-type primordial Non-Gaussianity

change is relatively 
large at the high 

density tail!! 
→ halos (galaxies)

perturbation

Gaussian

Non-Gaussian
Probability

（fNL>0）
         

biasing changes things dramatically!

・halo mass function
・halo power spectrum

Understanding of the halo/galaxy 
biasing is the key!

We observe ``galaxy”, 
not ``matter” density fluctuations

・halo bispectrum

：

ζ(x) = ζG(x) +
3
5
fnl[ζ2

G(x) − 〈ζ2
G〉]

−10 < fnl < 74 (95% CL)



Scale-dependent bias

Theory calibration by simulations

Dalal+08
Slosar+08
Matarrese,Verde08
Afshordi,Tolley08
McDonald08
Taruya+09
Giannantonio,Porciani10
Desjacques,Jeong,Schmidt11a,b
and more ...

Desjacques+09
Grossi+09
Pillepich+10

peak-background split
and/or peak(local) bias

-29 < fnl < 69 (QSOs+more)
Slosar+08

Dalal+08
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signature of fnl in bispectrum TN, Taruya, Koyama & Sabiu ‘10



Peak-Background Split prediction
Baldauf, Seljak & Senatore’10peak-background split

Giannantonio,Porciani10

power spectrum

b10, b01, b20, b11, b02

bispectrum

relevant bias parameters:

Ph(k) = b2
10Pδ(k) + 2b10b01Pδζ(k) + b2

01Pζ(k)

coefficients bmn are given as derivatives of mass function

δs

ζG,l

Gaussian non-Gaussian

δ = δ! + δsζG = ζG,! + ζG,s

responsible for halo formation

δh(x) =
∑

m,n

bmn

m!n!
δm(x)ζn

G(x)
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Preliminary results

power spectrum bispectrum

TN in prep.recovery of fnl ?



Preliminary results

fitting params.: b10, fnl fitting params.: b10, b20, fnl

recovery of fnl ? TN in prep.



multi-field nG?



①local-type scale-independent nG

• (scale-independent) local models are parametrized by (fnl, gnl, τnl) in general

• This can be realized by employing 2 Gaussian fields:

• What we observe in halo clustering when Bispectrum & Trispectrum 
exist at the beginning?

• We already have both B & T in Φ = φ + fnl φ2 τnl = (36/25) fnl2

τnl ≧ (36/25) fnl2

Suyama-Yamaguchi inequality

TN in prep.

Suyama+’10

fnl

τnl

fnl

gnl



PBS prediction
• “long mode”,  “short mode” decomposition for 2 Gaussian fields:

i = 1, 2

•“local” moments are modulated by long mode

variance

skewness

final expression

See also Desjacques,Jeong,Schmidt’11

where the approximation is valid when the second term in the brackets is small. Similarly,
the skewness, µ3 = 〈δ3(R)〉c, is rescaled when χi,! is specified. At lowest order, this is written
as

µ3 # µ̄3 + ∆µ3, (3.16)
µ̄3 ≡ fnlµ̂3, (3.17)

∆µ3 ≡ 1
60

(
25τnl

36f2
nl

)
(27gnl + 25τnl)µ̂3χ2,!, (3.18)

where µ̂3 is the skewness per fnl, µ̄3 ≡ fnl µ̂3

The halo density contrast in Lagrangian space can be calculated through the halo mass
function:

δL
h =

f(µ2, µ3, · · · ; δc − δ!)
f(µ̄2, µ̄3, · · · ; δc)

− 1. (3.19)

We can expand this by δ! and χ2,! which gives at linear order

δL
h # bL

δ δ + bL
χ2

χ2, (3.20)

where we dropped the subscript “$” for simplicity. The two coefficients can be calculated
when the mass function is given:

bL
δ = −∂ ln f

∂δc
, (3.21)

bL
χ2

=
∞∑

i=2

∂ ln f

∂µi

∂µi

∂χ2,!
,

=
5
3

τnl

fnl
µ̄2

∂ ln f

∂µ2
+

1
60

(
25
36

τnl

f2
nl

)
(27gnl + 25τnl)µ̂3

∂ ln f

∂µ3
+ · · · , (3.22)

We can convert the halo density contrast to Eulerian space by replacing bL
δ → bδ = bL

δ +1
and bL

χ2
→ bδ = bL

χ2
:

δh = bδ δ + bχ2 χ2, (3.23)

bδ = 1 − ∂ ln f

∂δc
, (3.24)

bχ2 =
∞∑

i=2

∂ ln f

∂µi

∂µi

∂χ2,!
,

=
5
3

τnl

fnl
µ̄2

∂ ln f

∂µ2
+

1
60

(
25
36

τnl

f2
nl

)
(27gnl + 25τnl)µ̂3

∂ ln f

∂µ3
+ · · · . (3.25)

We finally obtain the halo power spectrum:

Ph(k) = b2
δ Pδ(k) + 2 bδ bχ2 Pδχ2(k) + b2

χ2
Pχ2(k), (3.26)

= b2
δ Pδ(k) + 2 α bδ bχ2 Pδζ(k) + α b2

χ2
Pζ(k). (3.27)

– 4 –

Ph(k) = b2
δPδ(k) +

[
12
5

fnlδcbδ(bδ − 1) +
1
30

(27gnl + 25τnl)bδµ̂3
∂ ln f

∂µ3

]
Pδζ(k)

+

[
τnlδ

2
c (bδ − 1)2 +

τnl

fnl

(
27gnl + 25τnl

72
µ̂3

∂ ln f

∂µ3

)2
]

Pζ(k)

µ̄i(R) ≡ 〈δi
s(R)〉c µi(x;R) ≡ 〈δi

s(x;R)〉c|χi,!(x)



N-body simulations and analysis

where the approximation is valid when the second term in the brackets is small. Similarly,
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− 1. (3.19)

We can expand this by δ! and χ2,! which gives at linear order

δL
h # bL

δ δ + bL
χ2

χ2, (3.20)

where we dropped the subscript “$” for simplicity. The two coefficients can be calculated
when the mass function is given:

bL
δ = −∂ ln f

∂δc
, (3.21)

bL
χ2

=
∞∑

i=2

∂ ln f

∂µi

∂µi

∂χ2,!
,

=
5
3

τnl

fnl
µ̄2

∂ ln f

∂µ2
+

1
60

(
25
36

τnl

f2
nl

)
(27gnl + 25τnl)µ̂3

∂ ln f

∂µ3
+ · · · , (3.22)

We can convert the halo density contrast to Eulerian space by replacing bL
δ → bδ = bL

δ +1
and bL

χ2
→ bδ = bL

χ2
:

δh = bδ δ + bχ2 χ2, (3.23)

bδ = 1 − ∂ ln f

∂δc
, (3.24)

bχ2 =
∞∑

i=2

∂ ln f

∂µi

∂µi

∂χ2,!
,

=
5
3

τnl

fnl
µ̄2

∂ ln f

∂µ2
+

1
60

(
25
36

τnl

f2
nl

)
(27gnl + 25τnl)µ̂3

∂ ln f

∂µ3
+ · · · . (3.25)

We finally obtain the halo power spectrum:

Ph(k) = b2
δ Pδ(k) + 2 bδ bχ2 Pδχ2(k) + b2

χ2
Pχ2(k), (3.26)

= b2
δ Pδ(k) + 2 α bδ bχ2 Pδζ(k) + α b2

χ2
Pζ(k). (3.27)

– 4 –

• N=10243 particles in a L=4096Mpc/h box

• 2LPT @ z=19 → output @ z=1

• fnl=100, τnl=(36/25)fnl2

• fnl=100, τnl=2x(36/25)fnl2

• gnl=1x106

“propagator”
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bL
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∞∑
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∂ ln f
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3

τnl

fnl
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∂ ln f

∂µ2
+

1
60

(
25
36

τnl
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nl
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We can convert the halo density contrast to Eulerian space by replacing bL
δ → bδ = bL

δ +1
and bL

χ2
→ bδ = bL

χ2
:

δh = bδ δ + bχ2 χ2, (3.23)

bδ = 1 − ∂ ln f

∂δc
, (3.24)

bχ2 =
∞∑

i=2

∂ ln f

∂µi

∂µi

∂χ2,!
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5
3

τnl

fnl
µ̄2
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1
60

(
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36

τnl

f2
nl

)
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We finally obtain the halo power spectrum:

Ph(k) = b2
δ Pδ(k) + 2 bδ bχ2 Pδχ2(k) + b2

χ2
Pχ2(k), (3.26)

= b2
δ Pδ(k) + 2 α bδ bχ2 Pδζ(k) + α b2

χ2
Pζ(k). (3.27)

We define propagators:

〈δh(k)χi(k′)〉 = Mi→h(k)〈χi(k)χi(k′)〉. (3.28)

– 4 –
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We finally obtain the halo power spectrum:
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We define propagators:

〈δh(k)χi(k′)〉 = Mi→h(k)〈χi(k)χi(k′)〉. (3.29)

M1→h(k) = bδM(k), (3.30)
M2→h(k) = bδM(k) + bχ2 , (3.31)
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at lowest order:

c.f., matter transfer function
δ(k) =M(k)ζ(k) ∝ k2T (k)ζ(k)

2 fitting params



Pδ

Pδζ

Pζ

Mζ→h(k) = bδM(k) + bζ → k0

fnl + τnl Ph(k) = b2
δPδ(k) +

12
5

fnlδcbδ(bδ − 1)Pδζ(k) + τnlδ
2
c (bδ − 1)2Pζ(k)

single field



Pδ

Pδζ

Pζ

M1→h(k) = bδM(k) → k2

M2→h(k) = bδM(k)+bχ2 → k0

multi field

fnl + τnl Ph(k) = b2
δPδ(k) +

12
5

fnlδcbδ(bδ − 1)Pδζ(k) + τnlδ
2
c (bδ − 1)2Pζ(k)



gnl

Mζ→h(k) = bδM(k) + bζ → k0

Pδ
Pζ

Pδζ

Ph(k) = b2
δPδ(k) +

9
10

gnlbδµ̂3
∂ ln f

∂µ3
Pδζ(k) +

[
9
20

gnlµ̂3
∂ ln f

∂µ3

]2

Pζ(k)



fnl? gnl? Mass dependence
• halo P(k) shows the same k-dependence in fnl 
model and gnl model.

• the nG correction comes from different origins
• fnl: modulation in the local variance

•gnl: modulation in the local skewness

• Detection of nG signal from different tracers is a 
key to distinguish the 2 models

bζ =
9
20

gnlµ̂3
∂ ln f

∂µ3

bζ =
12
5

fnlµ̄2
∂ ln f

∂µ2
=

6
5
fnlδc(bδ − 1)

assume universal mass function



②local-type scale-dependent nG

• More general 2 field local-type nG:

• Observation indicates an almost Gaussian almost adiabatic initial condition

→ (Perfectly) Gaussian adiabatic field + (strongly) non-Gaussian non-adiabatic field ?

or

field 1 field 2 cross correlation

TN Taruya Koyama in prep.

• parameters:  Aχ1, nχ1, Aχ2, nχ2, fnl, β, transfer function of X2
~



PBS prediction
• “long mode”,  “short mode” decomposition for 2 Gaussian fields:

i = 1, 2

•“local” moments are modulated by long mode

variance

final expression

µi(x) ≡ 〈δi(x;R)〉c

One interesting finding here is that the factors (σ2
12+Alinσ2

2)/σ2 and (σ2/σ)2 are usually
scale (or equivalently, halo mass) dependent, and that makes halos with different masses
to “feel” the strength of the primordial non-Gaussianity differently. See [2] for a similar
discussion on the scale-dependent fnl model. We will discuss about the relation of our work
and ref. [2] in section 6.1.

Now we are in position to compute the halo number density fluctuation. In Lagrangian
space, it can be related to the halo mass function as

δh
L =

f ((δc − δ!)/σloc)
f(δc/σ)

− 1. (3.14)

where f is defined through the halo mass function as n(M) = (ρ̄/M)f(δc/σ)|d lnσ/dM |
assuming universality, ρ̄ is the cosmic mean density and δc is the linear critical density for
a collapse. One usually adopts δc = δsc = 1.686 from spherical collapse model, but, instead,
we introduce a nuisance parameter q, and set δc = q δsc to allow any non-sphericity.

Expanding eq. (3.14) by δ! and χ2,! and keeping only the linear terms, we obtain the
bias relation for linear model and quadratic model with significant cross-correlation between
χ1 and χ2:

δL
h = bL

δ δ + bL
χ2

χ2, (3.15)

bL
χ2

= 2 f̃nl
σ2

12 + Alin σ2
2

σ2
δc bL

δ . (3.16)

On the other hand, as it is clear from eq. (3.13), the leading-order correction to δL
h from χ2

appears as a quadratic term in uncorrelated quadratic model:

δL
h = bL

δ δ + bL
χ2

2
(χ2

2 − 〈χ2
2〉), (3.17)

bL
χ2

2
= 2

(σ2

σ

)2
δc bL

δ . (3.18)

In the above expressions, we replace δ! (χ2,!) with δ (χ2), thus these formulae are valid only
at sufficiently large scales. We can convert δL

h to its counterpart in Eulerian space, δh, by the
following replacements: bL

δ → bδ ≡ bL
δ + 1, bL

χ2
→ bχ2 ≡ bL

χ2
and bL

χ2
2
→ bχ2

2
≡ bL

χ2
2
.

It is now straightforward to calculate the halo-matter and halo-halo power spectrum.
In linear model, we have

Phm(k) = bδ M2
1 (k)Pχ1(k) + M1(k) [2 bδ M2(k) + bχ2 ] Pχ1χ2(k)

+M2(k) [bδ M2(k) + bχ2 ] Pχ2(k), (3.19)
Ph(k) = b2

δ M2
1 (k)Pχ1(k) + 2 bδ M1(k) [bδ M2(k) + bχ2 ] Pχ1χ2(k)

+ [bδ M2(k) + bχ2 ]
2 Pχ2(k), (3.20)

while in quadratic model we obtain

Phm(k) = bδ M2
1 (k)Pχ1(k) + bχ2M1(k)Pχ1χ2(k), (3.21)

Ph(k) = b2
δ M2

1 (k)Pχ1(k) + 2 bδ bχ2M1(k)Pχ1χ2(k) + b2
χ2

Pχ2(k), (3.22)

when there is correlation between χ1 and χ2, and

Phm(k) = bδ M2
1 (k)Pχ1(k) + M2(k)

[
bδ M2(k) + bχ2

2

]
Pχ2

2
(k), (3.23)

Ph(k) = b2
δ M2

1 (k)Pχ1(k) +
[
bδ M2(k) + bχ2

2

]2
Pχ2

2
(k). (3.24)

without correlation.

– 5 –

bχ2 = 2 f̃nl
σ2

12 + σ2
2

σ2
δc [bδ − 1]

where the approximation is valid when the second term in the brackets is small. Similarly,
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µ̄3 ≡ fnlµ̂3, (3.17)
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36f2
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)
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function:

δL
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f(µ2, µ3, · · · ; δc − δ!)
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We finally obtain the halo power spectrum:

Ph(k) = b2
δ Pδ(k) + 2 bδ bχ2 Pδχ2(k) + b2

χ2
Pχ2(k), (3.26)

= b2
δ Pδ(k) + 2 α bδ bχ2 Pδζ(k) + α b2

χ2
Pζ(k). (3.27)

– 4 –

The unconditional variance of short mode, σ2, defined as an ensemble average of δ2
s can be

evaluated as

σ2 ≡ 〈δ2
s〉 $ σ2

1 + 2 Alin σ2
12 + Alin σ2

2, (3.6)
σ2

i ≡ 〈(Mi ∗ χi,s)2〉, (3.7)
σ2

12 ≡ 〈(M1 ∗ χ1,s)(M2 ∗ χ2,s)〉, (3.8)

where we omitted higher order terms in the approximated form of σ2. Since we relate the
short mode to halos with mass M = 4πR3ρ̄/3, we treat χs,i as smoothed fields:

χi,s = χi,s(x; R) =
∫

d3yWR(x − y)χi(y), (3.9)

where WR is a top-hat smoothing filter with radius R. As a result, we can rewrite the above
variances as a function of scale (or, equivalently, mass of halos), and they are given by

σ2
i = σ2

i (R) =
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where W̃R is the Fourier transform of WR.
We next define the local variance, σ2

loc, when long modes, χi,", are kept fixed at that
position. This quantity can be written as
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∣∣
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12 + Alinσ

2
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2
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2(χ
2
2," − 〈χ2

2,"〉). (3.12)

The second line means that the local variance is modulated by the presence of the long
mode, χ2,". We do not expect this kind of correlation between short and long modes when
the initial condition is Gaussian. Thus the modulation can be ascribed to the primordial
non-Gaussianity which gives a correlation between modes at different scales. In some special
cases, eq. (3.12) can be approximated as:

σloc

σ
$






1 + 2 f̃nl
σ2

12 + Alinσ2
2

σ2
χ2,", for linearmodel&quadraticmodel (|β| ∼ 1),

1 + 2
(σ2

σ

)2 (
χ2

2," − 〈χ2
2,"〉

)
, for quadratic model (β = 0).

(3.13)

This can be understood as follows. In linear model, the leading-order correction to σ when
χ2," is given at that position appears as a linear term in χ2,", and is proportional to the
coupling constant, f̃nl. The correction also becomes larger when the variance of χ2 (i.e., σ2)
is larger, and the cross-correlation between χ1 and χ2 (i.e., σ12) can also contribute to this
modulation to the local variance. This cross-correlation, if significant (i.e., |β| ∼ 1), leads to a
linear modulation with respect to χ2," also in quadratic model. This is a similar consequence
as the single-field local-type non-Gaussianity. In quadratic model, however, when β = 0,
there is no source for linear χ2," modulation, and thus the leading-order correction comes
from a quadrature of χ2," (second line of eq. 3.13).
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σ2 ≡ µ̄2 ≡ σ2
1 + 2σ2

12 + σ2
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µ2 ! µ̄2

[
1 + 4

σ2
12 + σ2

2

σ2
χ2,!

]



N-body simulations and analysis
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We finally obtain the halo power spectrum:
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• N=10243 particles in a L=4096Mpc/h box

• 2LPT @ z=19 → output @ z=1

• nχ2 = 1.5

• M2(k) = Miso(k) (CDM isocurvature)

• β = -1

“propagator”
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We finally obtain the halo power spectrum:

Ph(k) = b2
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We define propagators:

〈δh(k)χi(k′)〉 = Mi→h(k)〈χi(k)χi(k′)〉. (3.28)
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We finally obtain the halo power spectrum:

Ph(k) = b2
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We define propagators:

〈δh(k)χi(k′)〉 = Mi→h(k)〈χi(k)χi(k′)〉. (3.29)

M1→h(k) = bδM(k), (3.30)
M2→h(k) = bδM(k) + bχ2 , (3.31)
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at lowest order:

c.f., matter transfer function
δ(k) =M(k)ζ(k) ∝ k2T (k)ζ(k)



scale-independent nG

M2→h(k) = bδMadi(k) + bχ2 → k0

M1→h(k) = bδMadi(k) → k2

Pδ1δ1 = Pδ2δ2

Pχ2χ2

Pδ2χ2

• nχ2 = 0.963

• M2 = Madi

• β = 0



Effect of scalar spectral index

M2→h(k) = bδMadi(k) + bχ2 → k0

M1→h(k) = bδMadi(k) → k2 Pδ1δ1

Pχ2χ2

Pδ2χ2

Pδ2δ2

• nχ2 = 1.5

• M2 = Madi

• β = 0



Effect of transfer function

• nχ2 = 1.0

• M2 = Miso

• β = 0

Pδ1δ1

Pχ2χ2

Pδ2χ2

Pδ2δ2

M1→h(k) = bδMadi(k) → k2

M2→h(k) = bδMiso(k) + bχ2 → k0



Effect of cross correlation

• nχ2 = 1.0

• M2 = Miso

• β = -1

Pδ1δ1

Pχ2χ2

Pδ2χ2

Pδ1δ2
Pδ1χ2

M1→h(k) = bδ Madi(k) 
+ bδ [Miso(k) + bχ2] Pχ1χ2(k) / Pχ1(k)

M1→h(k) & M2→h(k) are identical



mass dependence of nG correction

PBS prediction: f eff
nl (M) = f̃nl

σ2
12(M) + σ2

2(M)
σ2(M)

bχ2 ≡ 2 f eff
nl (M) δc [bδ − 1]

scale-independent fnl & τnl

f
eff n
l
(M

)/
f̃ n

l nχ2 = 1.5
f

eff n
l
(M

)/
f̃ n

l M2 = Miso

f
eff n
l
(M

)/
f̃ n

l β = -1

f
eff n
l
(M

)/
f̃ n

l
See also Shandera, Dalal & Huterer ’11



discussion: stochasticity btwn halo/matter 

• Can we get info from the cross-correlation of galaxies and cosmic shear?

See also Tseliakhovich, Hirata & Slosar’10, Smith & LoVerde’10
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Summary and future directions

• the 2nd term yields the scale dependence in bias

We have examined the effects of multi-field local-type 
primordial non-Gaussianities on the halo clustering:

• fnl controls the amplitude of Pδζ(k)

• 　　　　　　　　is a quite general consequence

• τnl controls the amplitude of Pζ(k)

• the nG correction becomes halo mass-dependent when 2 fields have different 
power spectra/transfer functions

where the approximation is valid when the second term in the brackets is small. Similarly,
the skewness, µ3 = 〈δ3(R)〉c, is rescaled when χi,! is specified. At lowest order, this is written
as

µ3 # µ̄3 + ∆µ3, (3.16)
µ̄3 ≡ fnlµ̂3, (3.17)

∆µ3 ≡ 1
60

(
25τnl

36f2
nl

)
(27gnl + 25τnl)µ̂3χ2,!, (3.18)

where µ̂3 is the skewness per fnl, µ̄3 ≡ fnl µ̂3

The halo density contrast in Lagrangian space can be calculated through the halo mass
function:

δL
h =

f(µ2, µ3, · · · ; δc − δ!)
f(µ̄2, µ̄3, · · · ; δc)

− 1. (3.19)

We can expand this by δ! and χ2,! which gives at linear order

δL
h # bL

δ δ + bL
χ2

χ2, (3.20)

where we dropped the subscript “$” for simplicity. The two coefficients can be calculated
when the mass function is given:

bL
δ = −∂ ln f

∂δc
, (3.21)

bL
χ2

=
∞∑

i=2

∂ ln f

∂µi

∂µi

∂χ2,!
,

=
5
3

τnl

fnl
µ̄2

∂ ln f

∂µ2
+

1
60

(
25
36

τnl

f2
nl

)
(27gnl + 25τnl)µ̂3

∂ ln f

∂µ3
+ · · · , (3.22)

We can convert the halo density contrast to Eulerian space by replacing bL
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We finally obtain the halo power spectrum:

Ph(k) = b2
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• gnl gives a similar correction as fnl, but it has a different mass dependence


