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ABSTRACT

Despiteits usefulnessn mary applicationsthe medialaxistrans-
form (MAT) is very sensitve to the changeof the boundaryin the
sensdhat,evenif ashapds perturbednly slightly, the Hausdorf

distancebetweerthe MATs of the original shapeandthe perturbed
onemaybelarge. However, it is known thatMATSs of 2D domains
are stableif we view this phenomenomwith the one-sidedHaus-
dorff distance Thisresultdepend®nthefactthatMATs arestable
if the differencedetweerthemaremeasuredvith therecentlyin-

troducedhyperbolicHausdorf distance.In this paper we extend
the resultfor the one-sidedstability of the MAT to a classof 3D

domainscalled weakly injective, which containsmary important
3D shapedypically appearingn solid modeling. Especially the
weakly injective 3D domainscanhave sharpfeaturedike corners
or edges.In fact, by usingthe stability of the MAT underthe hy-

perbolic Hausdorf distance,we obtain an explicit boundfor the
one-sidedHausdorf distanceof the MAT of aweaklyinjective 3D

domainwith respecto that of a perturbeddomain,whichis linear
with respecto the domainperturbation.We discusssomeconse-
quence®f this resultconcerninghe computatiorandthe approxi-
mationof themedialaxistransformof 3D objects.
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1. INTRODUCTION

For a givena shapein a Euclideanspace jts medialaxis (MA)
is de ned asthe setof the centersof maximalinscribedballs con-
tainedin theshapeandthemedialaxistransform(MAT) is de ned
asthesetof all the pairsof medialaxis pointandthe radiusof the
correspondingnscribedball. While the MA captureshe overall
featureof ashapean acompacform, MAT hasthefull information
abouta shapewhich is enoughto reconstrucit. More precisely
themedialaxistransformMA T () andthemedialaxisMA ()
of ann-dimensionadomain is de ned by

MAT() =f(pr)2R" [0;1)]j
B (p) isamaximalball containedn g;

MA () =fp2R"jor O st(p;r)2MAT() g:

Sinceits introduction[3], MAT hasbeenone of the mostin-
tensvely investigatedand widely usedobjectsin shapeanalysis.
Someof its applicationgnclude: biologicalshapeaecognition20],
characterecognitionandrepresentatiof24], ngerprint classi ca-
tion [17], andvisual analysisof circuit boards[25]. In general,it
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shrinksthe dimensionof a given shapeby 1, while preservinghe
thetopologyin a homotopicallyequivalentway [3, 4, 23]. It also
hasa naturalde nition closelyconnectedo the Voronoidiagram,
which canin factbe utilized in someapplicationg1].

The analysisof the MAT in 2D concernamostly aboutdealing
with theimages,andhencehasa largeimpactin elds like image
processingpatternrecognition,andcomputewision. Onthe other
hand,3D MAT is becomingmoreimportantin elds suchasCAD,
computegraphicsandmechanicaéngineeringywhich shouldnat-
urally dealwith 3D objects. But comparedo the vastamountof
works on the MAT in 2D, the correspondingvorksin 3D arestill
in a prematurestatein view of their importance. This is in part
causeddy the factthattherearefew existing theoreticalbasedor
the 3D MAT. In fact, the exact geometryof the 3D MAT hasnot
beenunderstoodcompletelyyet[12, 13, 14,15,16, 22, 23]. Thus
basictheoreticalanalysison the geometryof the 3D MAT is much
in needat present.

In themeanwhilepnenuisancen usingthe MAT is its notorious
instability: In general MAT is not stableunderthe perturbatiorof
domains[2, 19]. SeeFigurel: Evenwhenthe upperdomainis
slightly perturbedo the lower domain,their correspondindATs
(MAs) have adrasticdifference.

Figure 1: Instability of MAT: A small perturbation (under the
Hausdorff distance)of the domain on the upper left to the one
on the lower left leadsto a drastic changein their correspond-
ing MATSs (upper right and lower right, resp). But the one-
sided Hausdorff distance of the original MAT (upper right)
with respectto the perturbed one (lower right) still remains
small.

Combinedwith the well-known dif culty of computingthe me-
dial axis transform,this phenomenortancausea lot of problems
in realapplicationssince,in mary casesshapesn problemscome
with inevitable noises. In 2D, therehave beenmary attemptsto



overcomethis dif culty by reducingthecompleity of theMAT by
“pruning” out the lessimportantparts[10, 18, 21]. Also in 3D,
therehave beenattemptsto approximatea more stablepart of the
MAT ratherthanto computehewholecomplex MAT [1]. Butmost
of theseattemptscomewithout preciseerroranalysisthuslacking
in rm theoreticaguarantegwith somenotableexceptionsnclud-
ing [1]).

While the instability of the MAT is inherentfrom its de nition,
we still can have one importantobseration from Figure 1; The
original MAT (upperright) is containedapproximatelyin the per
turbed MAT (lower right). More precisely the one-sidedHaus-
dorff distanceof the original MAT with respectto the perturbed
onestill changedittle. In this paper we will closelyanalyzethis
phenomenonand shav that this is in fact a generalproperty of
the MAT regardingits stability. In particular for a classof the
3D domainscalled weaklyinjective we will shav that the one-
sidedHausdorf distanceof a given original MAT with respecto
aperturbedbnecanbeboundedinearly with the magnitudeof the
perturbatioron thedomain.

Weaklyinjective domainsaredomainswithout degenerateéypes

of endpointsin their MATs so thatthey satisfysomesmoothness

condition. They includemary domainsthatnaturallyarisein solid

modelingandCAD applicationsand,especiallythey canstill have

sharpcornersor edges.In fact, the weaklyinjective domainsform

thelargestclassof 3D domainswith linearboundfor theone-sided
Hausdorf distanceof the MAT, and the constantfor this linear

boundcansene asa new indicatorof thelevel of detailfor a given

3D shape.

Theseesultsgeneralizehecorrespondingnesin 2D [7], which
will bereviewedin Section4. We mentionthat the proofs given
herefor the 3D casecan olviously be generalizedo ary higher
dimension.As well asthe theoreticalimportanceof theseresults,
we will alsopoint out somepossibleeffectsthey will have on the
generakcomputatiorof the3D MAT.

2. GEOMETRY OF MAT

In this section,we explore somefactsaboutthe geometryof the
MAT in 2D and3D, which arerelevantto our furtheranalysis.

2.1 Situationin 2D

For 2D domainsmuchaboutthegeometryof theMAT areknown.
Themostbasicandfundamentafactis thefollowing:

PropPOsITION 1. [4]

Let beanormaldomainin 2D. ThenMA () andMA T ()
have nite graphstructues,andMA () is homotopicallyequiv-
alentto

Here,thecondition ’normal'is important.We call acompact2D
domain normal if itsboundary@ consistof nitely mary sim-
ple closedcurves, eachof which in turn consistsof nitely mary
real-analyticcurve pieces.Thoughthereal-analycityseemgather
strongMA T () andMA () maynotbegraphswith nite struc-
ture, unlessthe original domain  satis es the normality condi-
tion [4]. Furthermoremostdomainsin applicationsfall into the
categgory of normaldomains. Soit is naturalto consideronly the
normaldomains.

Normal domainsalsohave the following nice properties:Let
beanormaldomain.Thenexceptfor some nite numberof special
points,themaximalball B, (p) for everyP = (p;r) 2 MA T ()
hasexactly two contactpointswith theboundary@ . SeeFigure2.
Aroundsuchp andP, MA () andMA T() areC?! curesin
R? andinR? R o respectiely. Here,we denoteR o = fx 2

@

Figure2: Local geometryof 2D MA and MAT around a generic
point: MA and MAT are C! curvesaround a genericpoint.

(b) (©)
Figure 3: Threetypesof 1-prong points for 2D MAT

Rjx  0g. Foreverypin thesetof suchgenericpointsin MA ()
(denotedby G() ), wedenetheangleO < (p) 5 tobethe
anglebetweerptr (or equialently pcg) andMA () atp, where
01, G arethetwo contactpoints(SeeFigure?2 (a)). We alsode ne
theangleO (p) < 5 tobetheanglewhichMA T () males
with thepoint planeR? atP (SeeFigure2 (b)). Thenit is easyto
seethefollowing generarelation:

cos (p) = tan (p); 1

foreveryp2 G() .
Now, for every normaldomain (exceptfor the specialcaseof
circulardisks),we de ne

inff (p):p2G() g
supf (p):p2G() @

Note that 0 5,0 7. and,from (1), we have
cos = tan . When isacirculardisk, we de ne =3
and = 0.Wealsodene = minfr:(p;r)2 MAT() g,

whichis the smallestradiusof themaximalballs containedn

We call anendpoint of MA a 1-prong point Thereareexactly
threetypesof 1-prongpointsin MA. SeeFigure3: Type (a) is a
1-prongpoint with a contactarc, Type (b) is a sharpcorner and
Type (c) is a degeneratecasewhenit is the centerof a maximal
circle with only onecontactpoint at which the circle osculateghe
boundary Especiallythecenterof acirculardiskis a1-prongpoint
of Type(a). ltiseasytoseethat = O, if andonlyif MA () has
a 1-prongpoint of Type(c), and = 0, if andonly if MA ()
hasa 1-prongpointof Type(b).

We call a normaldomain injective if > 0and > 0,
andweaklyinjective if > 0. Thus, isinjective,if andonly
if every 1-prongpointof MA () is of Type (a), andit is weakly
injective, if andonly if MA () doesnot have a 1-prongpoint of
Type (c). Note that a weakly injective domainmay have a sharp
corner(i.e., Type (b)), while aninjective domainmay not.

2.2 Situationin 3D



Figure 4: MA (MAT) can be decomposedinto nitely many
patchescalled elements Each patch has tri vial topology, and
according to its dimension, it is either called a surfaceelement
or aline element Notethat sucha decompositionis not unique.

Comparedo the 2D casethe geometryof the 3D MAT is not
well understoodyet. In fact, therestill doesnot exist a resultin
3D which is analogoudo Propositionl. In general MAs (resp,
MATSs) of 3D domainswould be (2-dimensionallCW-compleesin
R® (resp, R®® R o), whichmeanshatthey canbe decomposed
into simpler2D and 1D patches.SeeFigure 4 for an exampleof
suchdecompositionBut, of course they arenotthe mostgeneral
typesof CW-complees,sincethey areMAs andMATSs of speci ¢
3D domains.In view of the 2D situation,we introducethe follow-
ing reasonableonditionsfor MA andMAT in our analysis:

1. They canbedecomposeihto a nite numberof partscalled
elements

2. An elementhasoneof thefollowing two forms:

(a) Surface Element (Figure5 (a)): A 2-dimensionalC?
manifold with boundary embeddedn R® (or R®
R o), which is homeomorphido a closeddisk, and
whoseboundaryconsistof nitely mary C! curve
pieces.

(b) Line Element (Figure5 (b)): A C* curve piece(with-
outselfintersectionspmbeddedn R® (orR® R o)
includingits two endpoints.

3. Eachpair of two different elementscan meetonly at their
boundaries.

4. If aMAT pointP = (p;r) isin theinterior of a surfaceel-
ementthenthemaximalball B, (p) hasexactly two contact

(b)

Figure 5: Two typesof the elementsin MA: (a) A surface ele-
ment (left), and (b) aline element(right). Both canbeextended
slightly at their boundariesin the C' manner (sothat the re-
sulting extensionsare locally C* manifolds at the boundaries),
with possibleexceptionsat someboundary points of a surface
element(c.f,, the top corner point in (a)).

pointswith the domainboundary If P is in theinterior of a
line elementthe contactpointsform acircle.

5. A line elementanbeextendedslightly attheirboundariesn
theC! manne(SeeFigure5 (b)). A surfaceelementanalso
be extendedslightly at their boundariedo becomean em-
beddedC®-manifold, exceptpossiblyat some nitely mary
boundarypoints(SeeFigure5 (a)).

We will call acompactsetin R® pseudonormalif its MA and
MAT satisfytheabore conditions.In fact,the nitenessof thenum-
berof elementswhichis connectedo thecompactnessf MA and
MAT, is quite importantandsubtlein proving our results. On the
domainside, the notion correspondingo MA and MAT decom-
positioninto patcheswould be the domaindecomposition See
Figure6 for anexampleof domaindecompositiorior 3D domain.

Now, following the de nition in 2D, we call a compactset
in R® normal if its boundary@ consistsof nitely mary (mu-
tually disjoint) piecavise real-analyticcompac®2-manifolds(with-
out boundary). Note that we can easily cook up non-normalex-
amplesof 3D domains(analogougo the onesin [4]) whoseMAs
andMATs inevitably have in nitely mary patchesthusnot being
pseudonormal.But in view of Propositionl, we canjusti ably
conjecturethefollowing:

CONJECTURE 1. If a compactsetin R® is normal, thenit is
pseudonormal.

Fortherestof ouranalysiswewill con ne oursehesto pseudonor
mal domains.Let beapseudonormatlomain.LetP = (p;r)
be a pointin MA T () , which is not on the boundariesof ele-
mentsof MA T () . Therearetwo typesof suchgenericpointsin
MA T () . Oneis onasurfaceelementandtheotheris onaline
element.SeeFigure?. If P is onasurfaceelementthenthe max-
imal ball B, (p) hasexactly two contactpointswith the boundary
@ . In thiscasewe de ne anangle0 < (p) 5 bytheangle
2\ upcp, whereqi;p 2 @ \ @B (p) arethe contactpoints. If
P isonaline elementthenthecontactpointsform acircle. In this
case,we de ne (p) to betheinnerangleof the conegenerated
by p andthe circle of contactpoints. For bothcaseswe de ne an
angle0 (p) < 7 by

tan (p) = cos (p): @



Figure 6: Domain decompositionfor 3D Domain: Corr espond-
ing to their MAT decomposition,3D domains can also be de-
composednto simpler ones.

Analogouslyto 2D, we de ne (exceptwhen
= inff (p):p2G() g
= supf (p):p2G() g

whereG() denoteghesetof all suchgenericpointsin MA () .
Then,from (2), we have

is asphericaball)

cos =tan 3)
NotethatO 7 and0 7+ When is aspherical
ball,thenwedene = 5 and = 0. Wecallapseudonormal

domainweaklyinjective if > 0, or equivalently, < 7.

Like the 2D case,we call an end point of MA (or MAT) a 1-
prongpoint Butin 3D, we have moretypesof 1-prongpointsthan
in 2D, someof which aredepictedn Figure8. Here,the centerof
asphericaball correspondso Type(al). It is easyto seethat,if a
pseudonormalomainis weaklyinjective, thenits MA cannothave
1-prongpointsof Type (cl) and(c2)in Figure8. In generalthere
occursa principalcunaturemaximumattheboundarypoint corre-
spondingto an MA point of Type (c), althoughthe corverseis not
alwaystrue. Thisis a usefulcriterionwhendeterminingwhethera
givenshapds weaklyinjective or not.

Notethataweaklyinjective 3D domainmay have sharpcorners
or edgeqType(b1l)and(b2) in Figure8). SeeFigure9 for an ex-

Figure 7: Two kinds of generic points in MA T() : (Up)
Generic point in a surface element. The maximal ball has ex-
actly two contact points with the domain boundary. (Below)
Generic point in a line element. The contact points form a cir-
cle, which, togetherwith the MA point, makesa cone.

ample of weakly injective 3D domain,and anotherwhich is not
weaklyinjective.

3. DISTANCES

3.1 Hausdorff Distances

We will usethe Hausdorf distancein our analysis sinceit is a
mostnaturaldevice to measurehe differencebetweenshapes.n
fact, we will usethreedifferenttypesof Hausdorf distancesthe
one-sidedthetwo-sidedandthe hyperbolic,wherethelastonehas
recentlybeenintroducedspeci cally for MAT. Let A andB betwo
(compact)setsin a Euclideanspaceof arbitrarydimensionandlet
d( ; ) betheusualEuclideandistance.

One-sidedHausdorff distance H(AjB)
The one-sidedHausdorf distanceof A with respectto B, de-
notedby H (AjB), is de ned by

H(AjB) = maxd(p;B):
p2A

Note thatH(AjB) < , if andonly if A is containedin the -

neighborhoodf B (SeeFigure 10). Sothe one-sidedHausdorf

distancemeasurefiowv approximatelya setis containedn another
set,andhenceour resultson the one-sidedstability of MAT (The-
orem1l) will beconcernedvith boundingthis distancefor MAT.

(Two-sided)Hausdorff distance H(A; B)
The two-sidedHausdorf distance(or just the Hausdorf dis-
tancg betweem andB, H(A; B), is de ned by

H(A; B) = maxfH (AjB);H(BjA)g:



(a2

(b2)

(c2) (c1)

Figure 8: Typesof 1-prong points in 3D MAT: In addition to
these,there are other typeswhich are more 3D speci c.

This is the one usually called the Hausdorf distancein the liter-

ature. It hasmary nice propertiesincluding thatit is a complete
metricon the classof all compactsetsin the Euclideanspaceg11].

Sinceit is de ned by symmetrizingthe one-sidedHausdorf dis-
tance,it measuresiowv similar two setsare. Laterin Section6, we

will obtaina bound(Corollary 1) for the two-sidedHausdorf dis-

tancebetweentwo differentMAT approximations.SeeFigurell

for anillustration of the two-sidedHausdorf distance.

Hyperbolic Hausdorff distance Hy (M 1jM2), Hh (M 1; M)

In spiteof its intuitive appealtheHausdorf distancecannotcap-
ture the unstablebehaiour of MAT underthe boundaryperturba-
tion. The hyperbolicHausdorf distancehasrecentlybeenintro-
ducedin [8], sothatMAT becomestableif thedifferencebetween
two MATsis measuredby this distancgSeeProposition2 below).

SinceMAT is the setof pairsof centergpointsin the usualEu-
clideanspace)and radii (nonngative real numbers),the natural
spacewhereMAT livesis the productspaceR” R . Thehy-

Figure 9: Examplesof 3D domains: (left) weakly injective and
(right) not weakly injective.
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Figure 10: One-sided Hausdorff distance measuies how ap-
proximately asetA is containedin asetB . Here, A is contained
in the -neighborhoodof B, whichisequivalenttoH (AjB) <

perbolicHausdorf distancemeasureshe differencebetweentwo
setsin this space.lt is de ned in a similar way to the usualHaus-
dorff distanceput useghehyperbolicdistancebetweertwo points
inR" R j insteadof the usualEuclideandistance.Let P; =
(p1;r1);P2 = (p2;r2) beinR" R o. Thenthehyperbolicdis-
tancedy (P1jP2) fromP; to P, is de ned by

dn (P1jP2) = maxf0O;d(p1;p2) (r2 ri)g: (4)

SeeFigurel?2.

Note that this is not a real distance sinceit is not symmetric
(i.e., dn (P1jP2) 6 dn(P2jP1) in general).But, analogouslyto the
usual Euclideandistance,the hyperbolic distancehassomenice
propertiedik e thefollowing triangularinequality[8]:

dn(P1jP3)  dn(P1jP2) + dn(P2jP3); (%)

forary P1;P2;P3s 2 R" R .

Now let M1, M, becompactsetsin R” R . Thentheone-
sidedhyperbolicHausdorf distanceH r (M 1jM 2) of M1 with re-
spectto M, is de ned by

Hh(M1jM2) = pmax pﬂ'{a‘zdh(P“Pz) ; (6)

andthe(two-sidedhyperbolicHausdorf distancebetweerM 1 and
M isde ned by

Hh(Ml;Mz): max fH h(Mlez);Hh(szMl)gZ (7)

The following fact saysthat the hyperbolicHausdorf distance
betweertwo MATSs s almostthe samewith the Hausdorf distance
betweenthe correspondingriginal shapes.This implies that the
hyperbolicHausdorf distanceis a mostnaturaldevice to measure
thedifferencebetweerMATS.
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Figure 12: The hyperbolic distance dn(P1jP2) from Py =
(p1;r1) to P2 = (p2;r2) is the samewith the one-sidedHaus-
dorff distanceH (B, (p1)jBr, (p2)).

PROPOSITION 2. [8]
For anycompactsets 1; » R" (n = 1,2
MA T( 1), MA T( ) arecompactwehave

maxfH ( 1; 2);H(@ 1;@ 2)9

Hh(MAT( 1)iMAT( 2));
Hh(MA T( 1);MA T( 2))

3 maxfH ( 1; 2);H(@ 1;@ 2)0:

) sudc that

In this paperthesecondnequalityof Proposition2 will beused
in a crucial way to shav the main resultsregardingthe one-sided
stability of MATSs of weaklyinjective 3D domains.

3.2 DistancebetweenTwo Points

Now we will exploresomerelationsbetweerthe hyperbolicdis-
tanceandthe Euclideandistancebetweertwo MAT points(hence,
two pointsin R" R ), whichis importantfor understandinghe
further analysis. For concretenessye will restrictto R® R o,
thoughthe relationshold in every dimension.Let P; = (pi;ri),
i = 1;2, betwo differentpointsin R® R ,. Wewill denote

by 5 (P1;P2) 7, theanglefrom R® fOg (thespace
for centersfo P1P, inR® R . Morespecically, (P1;P)is
givenby

I
P1P,

sin (Pl,Pz) = |Er m,

Whereler = ((0;0;0);1). Hered(P1;P2) denoteghe usualEu-
clideandistance

p
d(P1;P2) = d(p1;p2)2+ (r1  r2)?;
R . SeeFigurel3

with P1; P, regardedaspointsin R*  R®
for anillustration.

e - — =

| (T -

Figure13: Twopointsin R® R

SupposeP,, P, aretwo differentpointsin the MAT of a 3D
domain . Thenwe have thefollowing basicobserationfrom the
maximality of thetwo ballsB, (p1), Br, (p2) iInMA T() :

j (P1;P2)j< Z:
Now from (4), it is clearthat
dn (P1jP2) = fcos (P1;P2)
Sowe have

d(P1;P2) _ 1 _ -
dn (P1jP2)  cos (P1;P2) sin (P1;P2)’

4. PREVIOUS RESULTSIN 2D

Recently therehasbeena seriesof resultson the one-sidedsta-
bility of theMAT in 2D. Letusbrie y review theseresults.Chrono-
logically, they weredevelopedin the orderof the restrictvenesof
thedomainsdealtwith: theinjective, the weaklyinjective, andthe
generahormal.The rst resultwasfor injective domains.

sin (P1;P2)g d(P1;P2):

PrRoPOSITION 3. (One-sided Stability for Injective 2D Do-
main) [6, 7]
Let beaninjective2D domain.Thenwehave
H(MA () jMA ( 9)
2
1 cos
H(MA T() jMAT( 9)
4+ (3 cos )2
1 cos

+0();

+o();
for everynormal 2D domain °sud that
max H( ; )H(@:@"

After the introductionof the hyperbolicHausdorf distancein
[8], this resultwas extendedto the weakly injective caseandthe
generahormalcase.

PrROPOSITION 4. (One-sided Stability for Weakly Injective
2D Domain) [7]



Let beaweaklyinjective2D domain.Thenwehave
HIMA T() iMAT( %) gC ) +o();
H(MA () iMA ( %) gC ) +o();
for everynormal2D domain °sud that
max H( ; 9;H(@:@ 9
Here,
-3 14 2p 1+ cog
9( )= 1 cos
for 2 (0; =2]. SeeFigurel4for thegraphof g.
a()
l0g,0 9( ) 60\
5 50 ;
4 40
A\ \
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2 20
1 e 10 ]
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(@) (b)
Figure 161: The graph

2 1+cos 2
3 1+ 1 cos

wholeinterval (0; 5], (b) the (normal) graph of g ontheinterval
[5: 3]

of the coefcient function g( ) =

; (a) the logarithmic graph of g on the

Theboundsarelinearin the weakly injective case.But it turns
outthatthislinearity doesnothold in thegenerataseof thenormal
domainsin 2D.

PrRoPOSITION 5. (One-sidedStability for Normal 2D Domain)
[9]

Let bea normal 2D domainwhich is not weaklyinjective
Thenwehave

H(MA () iMA ( 9)

N1 N1
K N+ g N

HMAT() iMAT( 9

N1 N1
K N+ g N

for everynormal2D domain °sud that
max H( ; 9;H(@:;@ 9

Herethe constantN is the degreeof contactof maximalballs
of Type(c) in Figure3 with thedomainboundary SoN cantake
aninteger value greateror equalto 2, andhencewe have bounds
like ® 7 IO_; $: . In theworstcasewe have Qp_, and,when
the boundarycurvesare quadraticsplines,we have ™ ~. Thecon-
stantK  depend®n the maximalcunatureof the boundarynear
1-prongpointsof Type(c) in Figure3. Thisimpliesthat,in contrast
totheconstant intheweaklyinjective casewe cancomputeK
directly from thedomainboundary

5. RESULT IN 3D

We now shaw that,theone-sidedHausdorf distanceof the MAT
(andthe MA) of aweaklyinjective 3D domainis boundedinearly
by the magnitudeof the boundaryperturbation.For theseresults,
we will needthefollowing key lemmas:

LEMMA 1. Let beaweaklyinjective3D domainwhichis not
a sphericalball. Thenwehave

d(P1;P2) . . .

sup 7dh(P1ng) P16 P22 MA T;) ; dn (P1jP2)
1+ cod )

1 cos + ol):

SeeAppendixA for the proof of Lemmal.

LEMMA 2. LetPy;P2;P3 beinR?
anddp (P2jP3) for some

d(Pl;Pz) d(Pl;P3) +

R 0. Supposel (P1jP2)
0. Thenwehave

SeeAppendixB for the proof of Lemmaz2.
THEOREM 1. (One-sidedStability for Weakly Injective 3D

Domain)
Let beaweaklyinjective3D domain.Thenwehave
HMAT() IMAT( 9) o ) +o();
H(MA () JMA ( 9) o ) +o()

for everypseudonormadD domain °sudithatmaxfH( ; 9;

H(@ ;@ 99

PROOF OF THEOREM 1. First,it is easyto seethat
H(MA () jMA ( 9 H(MAT() jMAT( 9). Soweonly
needto boundthe H(MA T() jMA T( 9). Assume isnota
sphericalball. LetP 2 MA T() . By Proposition2, we have
Hh (MAT() ;MAT( 9 3. Soby(6)and(7), thereexists
P%2 MA T( 9 suchthatd,(PjP% 3 ,and,againthereexists
P%2 MA T() suchthatd,(P%P% 3. Sﬁdh(PjPO() 6

by (5). FromLemmal, we have d(P; P% e gy

1 cos
1+cos 2

o( ). So,byLemma2,d(P;P% 3 + /= 6 +o()=
g( ) + o(). SinceP is takenarbitrarilyin MA T () , this
impliesthedesiredresult.

For thecasewhen is asphericaball, seethe agumentin Ex-
ample5. O

In fact,we have a globally linearbound:

THEOREM 2. Let be a weaklyinjective 3D domain. Then
therisaconstank < 1 sud that

HMAT() iMAT( 9 K
H(MA () jMA ( %) k

for everypseudonormaBD domain °sudthatmaxfH( ; 9;

H(@:@ 99

PrRoOF. FromLemmal andthefactthatMA T () iscompact,
it is easyto seethat
d(P1iP2) b g p,2 MA T() :dn(PijP2) k ;

SUP g PP

for somek < 1 . Now therestof the proof follows usingthe
sameargumentasin the proof of Theoreml. [



Notetheessentiatole of thehyperbolicHausdorf distancgPropo-

sition 2) in the proofsof Theoremsl and?2.

In the 2D result[7], it wasshavn thatthe boundcorresponding

to thatin Theoreml is tight up to constantThisis alsotruein 3D,
which canbe seenfrom the following example.

EXAMPLE 1. Let be a weaklyinjective 3D domainwith a
sharpcornerp; depictedasin Figure 15. Let ° be the domain
obtainedoy smoothing with a sphee nearp; sothatMA () =
P2ps. LetPi = (pi;ri) bethecorrespondingointsin MA T ()
fori = 1;2; 3. Notethat

H(; 9=H@;@9%= ;

and
H(MA () JMA ( %) = d(p;p2) = ———
’ 1 cos '
H(MA T() jMA T( 9) = d(P1;P,) = p“&
J - L2l T cos
P1
P2
P3 P3

Figure 15: Example showing the tightnessof the bound in The-
oreml1.

This example shaws that the factor ——-— in g( ), which

blows up as I 0, is indeedunavoidable. In fact, it canbe
shavn thatthe classof weaklyinjective 3D domainsis the largest
possibleclassfor which we have linear boundfor the one-sided
Hausdorf distanceof MAT (andMA) with respecto theboundary
perturbation.

Now we calculateexplicitly theconstants andg( ) for afew
simplebut illustrative examples.

ExAMPLE 2. When is a hexahedon (Figure 16) or a cylin-
der(FigHre 17),ibis easytoseethat = ;. Sowehaveg( )=
31+ 2 3(1+ 2)) = 28089243:::.

ExampPLE 3. Let be a regular tetrahedon shownin Fig-
ure 18. Herewehavecos = pl—g,andso = 54:73561::: .

Hencewehaveg( )= 9+ 6p 3= 19:3923:::.

EXAMPLE 4. Let bea torus shownin Figure 18. Here we
have = 5.Hencewehaveg( )= 9.

Figure16: Hexahedon: = z,g( )= 28089243::..

Figure 17: Cylinder: = z.0( )= 28089243::..

EXAMPLE 5. Let bethe unit sphericalball centeed at the
origin O. (SeeFigure 20 (left).) For > 0, let be a domain
sud that

MAT( )=f((x00);1)j0 x g

SeeFigure 20 (right). Notethat, for every > 0,
injective = z,and

is weakly

maxfH ( ; )H(@;@ )g= :

Suppose ’is a pseudonormatiomainsud that
maxfH ( ; %;H(@ ;@ %g

Thenby the triangular inequality for the Hausdorf distance it is
easyto seethat

D QH@ ;@%  +

By Theoem1 for non-sphericataseswe have

max fH (

HMAT( )MAT(Y)) g 5 (+ )+o( + );
HMA ()IMA () g 5 (+ )+o( + )
SinceMA T () MA T( ) (andMA () MA ( )) for
every > 0, wehave
H(MA T() iMAT( %) HMA T( )MAT( 9);
H(MA () jMA (%) H(MA ( )iMA ( 9);
forevery > 0. Thus,
HMA () IMA (%) g 5 +o();
HMAT() IMAT( D) 9 5 +o();



Figure 18: Regular tetrahedron:
19:3923:::.

= 5473561::: ,9( )=

Figurel19: Torus: = 5,9( )= 9.

which completesghe proof of Theoem1 for the sphericalcases.

EXAMPLE 6. Forn = 2;3; ,let , bethepolyhedal do-
main as depictedin Figure 21 (top left), which appioximatesthe
unit sphericalball centeed at theorigin asn ! 1 . Thevertex
pointsof @ , are givenby

(cosi n cOSj n;coSi nsSiNj n;sini n);

fori= n; (n 1) ;nandj = 1;2; :4n, whee , =
5. TheMAT of , hasa comple shapeconsistingof manypoly-
gonsjoining theedgesof @ , andpoints(or line sggmentspnthe
z-axisneartheorigin. SeeFigure 21 (top right). By an elementary
geometricanalysis,it canbeshownthat

cog n+4cos o+ 1
cos2 = ; 9
. co? o+ 3 ©)

and | isrealizedattheMAT pointswhich havefootpointsonthe
triangular boundarypiecesaroundthepoles(0; 0; 1) (Figure 21
(bottom)). Thus,we canseefrom(9)that , & Oasn! 1
(i.e.,as n appmoadestheunit sphericalball closerandcloser).

6. CONSEQUENCES

Now we discussafew consequencemndapplicationsof theone-
sidedstability of 3D MAT. The importanceof Theoreml lies not
only in thatit con rms theintuition of the one-sidedstability of the

(; 0;0)

Figure 20: Spherical ball and = =50 )=
g( ) = 9. The sphericalball canberegardedasthe limit
of as ! 0.

MAT, but alsoin thatit providesa quantitatve boundof the MAT
deviationswhichis linearin theweaklyinjective case.

In mary situations,a given 3D domainhassmall noisesin its
boundary Yet anothersituationis that the boundaryis given by
the popularpolygonalmeshwhich inevitably hasnumeroussmall
sharpedges. In thesecasesit is often morereasonabldéo com-
pute a simplerapproximateMAT, insteadof the exact one which
containsmary unilluminating partscausedy the noiseor the lo-
cal sharpfeatures.A traditionalapproacho this would be to cut
away somepartsof the exact MAT accordingto variousexisting
importanceneasuref21]. While this approachyuaranteethatthe
resultingsimplerMAT lies completelyinsidethe exact MAT, one
disadwantageis thatonestill shouldcomputethe proliferousexact
MAT in adwance.

Theoreml providesa differentstrat@y: First approximatethe
given domainwith a simpler weakly injective domain and then
computedirectly the MAT of this simplerdomain.Thentheresult-
ing simplerMAT is guaranteedo approachto a part of the exact
MAT astheHausdorf distancebetweertheapproximatingdomain
andthe original oneshrinks. Furthermorewe have a quantitatve
boundfor the amountof the deviation of the approximatingMAT
from theexactone.

We canalsoseethattheapproximatingAT containgheimpor-
tantglobalfeaturesof theoriginal one.

COROLLARY 1. (Independenceof Approximations)
Let beapseudonormaBD domain,andlet 1 and  betwo
weaklyinjective3D domainssud that
maxfH( i;) ;H(@i,@) g
fori = 1;2.Let = minf ,; ,g. Thenwehave
H(MAT( 1);MAT( 2)) 29( )
H(MA ( 1);MA ( 2)) 29( )

+0();
+0( ):

ProoF. This follows by applying Theorem1 symmetricallyto

1 and 2, andfrom the factthatH( 1; 2) H( 1;) +
H( 2;) 2,H@1,@2) H(@1,@ +H(@ 2 @
2. 0

Note that the Hausdorf distancesn Corollary 1 are the two-
sidedones. Corollary 1 tells the following: Supposeve have two
differentapproximatingweakly injective domains ; and » to
a given pseudonormatomain Then the differencebetween
MA T( 1) andMA T( 2) underthe two-sidedHausdorf dis-
tanceis alsoboundedinearly. This meanghat,evenif we choose



N
N

P P
n
n (0]
n MA ( n)
iy I
P
A
©

Figure 21: (Top left) the polyhedral domain , approximating
the unit spherical ball centered at the origin, and (Top right)
its MA. The vertices of @ , are distrib uted regularly on the
unit sphere with the angle » = 5. Actually, the origin is
slightly outside of the MA pieces(exceptthe oneson the xy-
plane). (Bottom) The angle , isrealizedby a point A on an
MA piecebetweentwo triangular boundary piecesaround the
north poleP.

only oneapproximationjt is guaranteedo containapproximately
a commonpartof theexact MAT which is (approximatelyshared
by all the otherapproximations.

SeeFigure 22 which illustratesthe overall strategy. By The-
orem 1, we can get a bound from the constant  on how ap-
proximatelyMA () is containedin MA ( 9, or haw faithfully
MA () approximategartsof MA ( 9. By Corollaryl, MA ()
canbeconsideredstheessentiapartof MA (% uptothebound
in Corollary 1. Thus,by computingthemuchsimplerMA () ,we
cangetthe essentiapart (within the bounds)of MA (% without
ever computingthe morecomplex MA (9 atall.

Of course therestill remainsthe problemof how to effectively
approximate/smootithe original noisy boundary But we claim
that, whatever methodis usedfor suchapproximationour bounds
cansere asa theoreticalguarantedor the correctnes®f the ap-
proximation/pruningwhich is absenin mostof the existing prun-
ing schemes.

As yet anothersituation, supposehat, insteadof approximat-
ing only animportantpartof the MAT, we wantto approximatehe
wholepartof theexactMAT of anoiselesslygivenweaklyinjective
domain,which often appearsn CAD applications. For example,
this wasnicely achieved in 2D by successiely nding the impor
tantmaximalballs,andinterpolatingthemwith splines[5]. In this
type of approachCorollary 1 canalsobe senedfor boundingthe

© (d)

Figure 22: Pruning strategy: (a) The original normal domain
Ywith its MA . (b) The approximating weakly injective do-
main  with its MA . (c) The Hausdorff distance between
and % Here, = maxfH ( ; 9;H(@ ;@ 9g. (d) Compar-
isonof MA () and MA ( 9. Notethat MA () capturesan
essentialpart of MA (9, while simplifying MA ( 9).

differencebetweertheinterpolatedVIAT andthe exactone.

Eventhoughthe boundwe obtainedn Theoreml is tight aswe
canseefrom Examplel, it is still truethatthe boundis quitelarge
especiallywhentheangle is small(SeeFigure14). Thiswould
be a problemin applyingour resultto practicalpruningproblems.
Onepossibleapproactwould beto seekprobabilisticbhoundsf we
aregiventheprobabilistictypesof boundarynoiseinvolved. These
averageboundswould be more t to practicalestimateghanthe
analyticworstcaseboundwe obtainedn this paper

Finally, we obsere from Theoreml andExamplesl and6 that
theangle is animportantquantityre ecting the degreeof the
“detailed-ness’of a weakly injective domain ; Supposewe are
approximatinga givenpseudonormalomainby aweaklyinjective
domain . Then,in generalthevalueof  getssmallasthe ap-
proximationgets ner. Thus,theangle canbeusedasa new
indicatorof thelevel-of-detailfor 3D domainsin theweaklyinjec-
tive class.
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APPENDIX
A. PROOF OF LEMMA 1

Beforewe proceedwe mentionthatthecompactnessf theMAT,
whichis connectedo the nitenessof thenumberof elementsis a
key ingredientin the proof. Let

A = supf (P1;P2):P16 P22 MAT() ;dn(P1jP2) o

NotethatjA j  z forary > 0,sincej (Pi;P2)j < 7 forary
P16 P, 2 MA T() Wewill shaw thatlim sup , 0A
Thenthe proofwould follow, since

1

B -
sin(tan )

cos(tan )

1+ co®
1 cos

by (3) and(8), where

d(P1; P2) .

B = sup 7dh(P1 P,)

P18 P22 MA T() ;dn(P1jP2)

Notethat < £,since isweaklyinjective. Suppose
lim supA >
o

Thenthereexist sequenceéP1.m = (p1m ;rim )g andf Pom =
(p22m ;r2:m )ginMA T() suchthatPi.m 6 P2.m, dh (P1:m jP2:m)
1=2", andlimmi (P1:m;P2m) >  .SinceMA T() is
compactwe canassumel(P1.m ;P1) ! Oandd(Pam;P2) ! O

asm! 1 forsomePi;P2 2 MA T() . Sincedh(P1m jP2:m) !
Oasm ! 1, it followsthatP: = P», which we denoteP =
(pr)-

We canassumea 1;m < ram for every m, for, otherwise,we
would have lim 11 m = 0,where n = (P1im;P2m) for
m=1,2; . Forthemomentwe alsoassume > 0. Since is
weakly injective, this implies thatthereexist at leasttwo different
contactpointsgum ; tm 2 @ \ @Bry,, (P1m). Let 1m =
%\ Gm Prm Gm (0 < 1m 5). SeeFigure23. Fromthe

Figure23: Two spheresB: ., (P1;m ) andBr,,,, (pz2m ): Since
is weakly injective, there existtwo differ ent contact points gi:m
and op:m for eachPim .



de nition of , we canseethat

1;m ) (10)

for everym.

Fix m. We assumavith nolossof generalitythatpi.m = (0; 0; 0),
p2:m = (dm;0; 0), wheredm = d(pim ;p2:m ) > 0. Notethat

tan = 2m__Tim, (12)
dm

Dene0 < n =2 asfollows: Whend2, + r,, 2,
we have the situationshavn in Figure24 (a). Letq = (o;qy)
(qy > 0) be the point wherethe two circlesintersect. Here n
is de ned by the anglebetweenO(ax; ;) andthe x-axis. When

d2 + ri, > r3, (Figure24(b)),dene m = =2.Itiseasyto
seefrom Figure23 that
m 1m - (12)
y
X

3 r_IB

(b)

Figure 24: Two spheres B, (ptm) and Br,,, (p2m) pro-
jected onto the xy -plane

Supposerst d2, + rZ, < r3, forinnitely mary m's,in
which case we canassumenith no lossof generalitythatd?, +
r2., < r, foreverym. Now we have

@ dn)’+q = rin:
Fromthesewe caneasilyget
_ dr, + r%;m Mim .
2dm '

andhence
dh  rim + i
COS m = : — 13
m 2dmr1;m ( )
From(11)and(13) we have
dy rim *3m Tam  Tim
cos tan : . . .
m m 2dmr1;m dm
- (frtm  ram )2 da,
2dmr]_;m
- dm (rz;m l1;m )2 1
2r]_;m drzn
Sowe have
cos m tan m = On 7 an? m o (14)
2r]_;m
From (14), we get
tan m cosm! O
asm! 1 . Soit followsfrom (3), (10),and(12) that
lim tan n lim cos 1m cos =tan ;
m!l mll
andhence
lim ;
m!l

which is a contradiction. So thereshouldbe in nitely mary m's
suchthatd?, +r2.., > r3.. ,andwecanassumel?, +r2.,. > r2.,
for everym. In this case notethat

2
Iro2; r;
tan? , = (2m > m)
d#
_ r%;m 2r2:m fim + r:%;m
dz
2 2
_ I'gm M1:m 2 I2:m Ftm  im
dz, dm dm
2 2
fzm  I'm M:m
= ' : 2tan .
dz, dm
Sowe have
2 2
) . I5 rs. . tan
lim tan® , = lim 2" 2 |im ™. (15)
m i1 mi1 dz, m!l m
Sincewe assumedhatd?, + r,, > rZ, , wehae
2 2
. I35 ri
0 Im -&m_—tm g
mil dz,
Sofrom (15),it follows that
lim tan =0
m!l
sincelimmn dm = 0,0 limmn tan n 1, andr > 0.

Sowe againhave the contradictiornthat
im m=0
m!l
Fromthe above agumentswe musthaver = 0. Now let °be
thedomainobtainedby in ating bysmall > 0,i.e,
°= +B (O):
Thenis is easyto seethat

MAT( %=MAT() +(0;00); ):



Obviously, s a pseudonormatiomain,andit is also weakly
injective. Moreover, it is also easyto seethat ° = . Let
Pam = (Bfm iTim ) = (Pim itim + ), P°= (p%r% = (p; ),
d% = d(plm ;p3m).and & = (PP P2y)fori = 1;2and
m = 1;2 . Thenitisclearthatd®, = dm, & = m for
i = 1,2andm = 1;2; . Now we canapply the sameargu-
mentsas above to shov that limmn m 0o = , since
limmn 2y = limmu 9, =r°= > 0. Thuswehaea
contradictionandthe proofis complete.

B. PROOF OF LEMMA 2
Fromtheassumptionand(4), we have
d(ps; p2) ra2 ri+ (16)
d(pz; ps) rs ra+ : 17)

LetD, = d(P1;P2) andD3 = d(P1;P3). Suppose¢heresultdoes
nothold,i.e.,

D, > D3+ : (18)

NotethatD, > , andhenceD, > 0. Choose - 2,3 3
suchthat

d(p1; p2) = D2 cos »; r ri=Dzsin 2
d(pz;ps) = D3 cos 3; rs ri= Dssin 3
Notethatcos , 0. From(16),we have
Dy(cos 2 sin 2) (19)

SinceD, > , we have cos »
impliesthatsin , > 0. So

sin » < 1 from (19), which

cos 2+ sin 2> 0: (20)

Note that d(pz; ps) jd(p1;p2)  d(pi;ps)j by the triangular
inequalityfor the Euclideandistance Sofrom (17), we have

d(p1;p2)  d(p1;ps) (rs ri) (r2 ri)+;

d(pi;ps)  d(p1;p2) (rs r1) (r2 ri)+;
which areequivalentrespectiely to

D2(cos 2 + sin 2) Ds(cos 3+ sin 3) + ; (22)

Dy(cos 2 sin 2) Dgs(cos 3 sin 3) (22)

From(19),(20), (21),and(22), we have

0< Dz(cos 2 + sin )
Ds(cos 3 sin 3)

D3(cos 3+ sin 3) + ;
D2(cos 2 sin 2)

andso

fD3(cos 3+ sin 3)+ o°;
2. fDs(cos 3 sin 3) ¢

D3(cos 2 + sin 2)?
D3(cos 2 sin ;)? max

By addingtheabove two inequalitieswe get

2D3 fDs(cos 3+ sin 3)+ ¢

+ max 2;fDs(cos 3 sin 3) o® : (23)

If D3 = 0, thenit follows thatD» , contradicting(18). Sowe
assuméd; > 0. Now from (23) and(18), we have

2(Ds+ )? < fDs(cos 3+ sin 3)+ ¢

+ max 2 fDs(cos 3 sin 3) o¢® : (24)

SupposgD3z(cos 3 sin 3) ] . Then(24) becomes
2(Ds+ )®> < fDs(cos s+ sin 3)+ ¢°+ 2
— 2
P 2D + + 2

whichreducego thecontradictiorthatp 2 < 1. Sowe musthave

jDs(cos 3 sin 3) j> :

Now (24) becomes
2(Ds+ )* < fDs(cos 3+ sin 3)+ ¢
+fDs(cos 3 sin 3) ¢
= 2D3+ 4 sin 3Dz + 2 %
which reducedo the contradictionl < sin 3. Thuswe conclude

that the assumptior(18) is false,and hence,we have the desired
result.



