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ABSTRACT
Despiteits usefulnessin many applications,themedialaxis trans-
form (MAT) is very sensitive to thechangeof theboundaryin the
sensethat,evenif a shapeis perturbedonly slightly, theHausdorff
distancebetweentheMATsof theoriginal shapeandtheperturbed
onemaybelarge.However, it is known thatMATs of 2D domains
arestableif we view this phenomenonwith the one-sidedHaus-
dorff distance.This resultdependsonthefactthatMATsarestable
if thedifferencesbetweenthemaremeasuredwith therecentlyin-
troducedhyperbolicHausdorff distance.In this paper, we extend
the result for the one-sidedstability of the MAT to a classof 3D
domainscalledweakly injective, which containsmany important
3D shapestypically appearingin solid modeling. Especially, the
weakly injective 3D domainscanhave sharpfeatureslike corners
or edges.In fact,by usingthestability of theMAT underthehy-
perbolic Hausdorff distance,we obtain an explicit boundfor the
one-sidedHausdorff distanceof theMAT of a weaklyinjective 3D
domainwith respectto thatof a perturbeddomain,which is linear
with respectto the domainperturbation.We discusssomeconse-
quencesof this resultconcerningthecomputationandtheapproxi-
mationof themedialaxistransformof 3D objects.

Keywords
medialaxis transform,skeleton,stability, Hausdorff distance,hy-
perbolicHausdorff distance,weaklyinjective domain

1. INTRODUCTION
For a given a shapein a Euclideanspace,its medialaxis (MA)

is de�ned asthesetof thecentersof maximalinscribedballscon-
tainedin theshape,andthemedialaxistransform(MAT) is de�ned
asthesetof all thepairsof medialaxispoint andtheradiusof the
correspondinginscribedball. While the MA capturesthe overall
featuresof ashapein acompactform,MAT hasthefull information
abouta shape,which is enoughto reconstructit. More precisely,
themedialaxistransformMA T (
) andthemedialaxisMA (
)
of ann-dimensionaldomain
 is de�ned by

MA T (
) = f (p; r ) 2 Rn � [0; 1 ) j

B r (p) is a maximalball containedin 
 g ;

MA (
) = f p 2 Rn j 9r � 0; s.t. (p; r ) 2 MA T (
) g :

Sinceits introduction[3], MAT hasbeenone of the most in-
tensively investigatedand widely usedobjectsin shapeanalysis.
Someof its applicationsinclude:biologicalshaperecognition[20],
characterrecognitionandrepresentation[24], �ngerprint classi�ca-
tion [17], andvisualanalysisof circuit boards[25]. In general,it

shrinksthedimensionof a givenshapeby 1, while preservingthe
the topologyin a homotopicallyequivalentway [3, 4, 23]. It also
hasa naturalde�nition closelyconnectedto theVoronoidiagram,
whichcanin factbeutilized in someapplications[1].

The analysisof the MAT in 2D concernsmostly aboutdealing
with the images,andhencehasa large impactin �elds like image
processing,patternrecognition,andcomputervision. On theother
hand,3D MAT is becomingmoreimportantin �elds suchasCAD,
computergraphics,andmechanicalengineering,whichshouldnat-
urally dealwith 3D objects. But comparedto the vastamountof
workson theMAT in 2D, thecorrespondingworks in 3D arestill
in a prematurestatein view of their importance. This is in part
causedby the fact that therearefew existing theoreticalbasesfor
the 3D MAT. In fact, the exact geometryof the 3D MAT hasnot
beenunderstoodcompletelyyet [12, 13, 14, 15, 16, 22, 23]. Thus
basictheoreticalanalysison thegeometryof the3D MAT is much
in needatpresent.

In themeanwhile,onenuisancein usingtheMAT is its notorious
instability: In general,MAT is not stableundertheperturbationof
domains[2, 19]. SeeFigure1: Even when the upperdomainis
slightly perturbedto the lower domain,their correspondingMATs
(MAs) have a drasticdifference.

Figure 1: Instability of MAT: A small perturbation (under the
Hausdorff distance)of the domain on the upper left to the one
on the lower left leadsto a drastic changein their correspond-
ing MATs (upper right and lower right, resp.). But the one-
sided Hausdorff distance of the original MAT (upper right)
with respectto the perturbed one (lower right) still remains
small.

Combinedwith thewell-known dif�culty of computingtheme-
dial axis transform,this phenomenoncancausea lot of problems
in realapplications,since,in many cases,shapesin problemscome
with inevitable noises. In 2D, therehave beenmany attemptsto



overcomethisdif�culty by reducingthecomplexity of theMAT by
“pruning” out the lessimportantparts[10, 18, 21]. Also in 3D,
therehave beenattemptsto approximatea morestablepartof the
MAT ratherthanto computethewholecomplex MAT [1]. But most
of theseattemptscomewithoutpreciseerroranalysis,thuslacking
in �rm theoreticalguarantee(with somenotableexceptionsinclud-
ing [1]).

While the instability of theMAT is inherentfrom its de�nition,
we still can have one importantobservation from Figure 1; The
original MAT (upperright) is containedapproximatelyin theper-
turbedMAT (lower right). More precisely, the one-sidedHaus-
dorff distanceof the original MAT with respectto the perturbed
onestill changeslittle. In this paper, we will closelyanalyzethis
phenomenon,and show that this is in fact a generalpropertyof
the MAT regardingits stability. In particular, for a classof the
3D domainscalled weakly injective, we will show that the one-
sidedHausdorff distanceof a given original MAT with respectto
a perturbedonecanbeboundedlinearly with themagnitudeof the
perturbationon thedomain.

Weaklyinjective domainsaredomainswithoutdegeneratetypes
of endpointsin their MATs so that they satisfysomesmoothness
condition.They includemany domainsthatnaturallyarisein solid
modelingandCAD applications,and,especially, they canstill have
sharpcornersor edges.In fact,theweakly injective domainsform
thelargestclassof 3D domainswith linearboundfor theone-sided
Hausdorff distanceof the MAT, and the constantfor this linear
boundcanserve asa new indicatorof thelevel of detailfor a given
3D shape.

Theseresultsgeneralizethecorrespondingonesin 2D [7], which
will be reviewed in Section4. We mentionthat the proofsgiven
herefor the 3D casecan obviously be generalizedto any higher
dimension.As well asthe theoreticalimportanceof theseresults,
we will alsopoint out somepossibleeffectsthey will have on the
generalcomputationof the3D MAT.

2. GEOMETRY OF MAT
In this section,we exploresomefactsaboutthegeometryof the

MAT in 2D and3D, whicharerelevantto our furtheranalysis.

2.1 Situation in 2D
For2Ddomains,muchaboutthegeometryof theMAT areknown.

Themostbasicandfundamentalfactis thefollowing:

PROPOSITION 1. [4]
Let 
 bea normaldomainin 2D. ThenMA (
) andMA T (
)

have�nite graphstructures,andMA (
) is homotopicallyequiv-
alentto 
 .

Here,thecondition`normal' is important.Wecall acompact2D
domain
 normal, if its boundary@
 consistsof �nitely many sim-
ple closedcurves,eachof which in turn consistsof �nitely many
real-analyticcurve pieces.Thoughthereal-analycityseemsrather
strong,MA T (
) andMA (
) maynotbegraphswith �nite struc-
ture, unlessthe original domain
 satis�es the normality condi-
tion [4]. Furthermore,mostdomainsin applicationsfall into the
category of normaldomains.So it is naturalto consideronly the
normaldomains.

Normaldomainsalsohave the following niceproperties:Let 

beanormaldomain.Thenexceptfor some�nite numberof special
points,themaximalball B r (p) for every P = (p; r ) 2 MA T (
)
hasexactly two contactpointswith theboundary@
 . SeeFigure2.
Around suchp andP , MA (
) andMA T (
) areC1 curves in
R2 andin R2 � R� 0 respectively. Here,we denoteR� 0 = f x 2

� (p)

� (p) p

r
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Figure2: Local geometryof 2D MA and MAT around a generic
point: MA and MAT are C1 curvesaround a genericpoint.

(a) (b) (c)

Figure3: Thr eetypesof 1-prongpoints for 2D MAT

R j x � 0g. For everyp in thesetof suchgenericpointsin MA (
)
(denotedby G(
) ), we de�ne theangle0 < � (p) � �

2 to be the
anglebetweenpq1 (or equivalently pq2) andMA (
) at p, where
q1 , q2 arethetwo contactpoints(SeeFigure2 (a)). We alsode�ne
theangle0 � � (p) < �

2 to be theanglewhich MA T (
) makes
with thepoint planeR2 at P (SeeFigure2 (b)). Thenit is easyto
seethefollowing generalrelation:

cos� (p) = tan � (p); (1)

for every p 2 G(
) .
Now, for every normaldomain
 (exceptfor thespecialcaseof

circulardisks),we de�ne

� 
 = inf f � (p) : p 2 G(
) g;

� 
 = supf � (p) : p 2 G(
) g:

Note that 0 � � 
 � �
2 , 0 � � 
 � �

4 , and, from (1), we have
cos� 
 = tan � 
 . When
 is a circulardisk, we de�ne � 
 = �

2
and� 
 = 0. We alsode�ne � 
 = min f r : (p; r ) 2 MA T (
) g,
which is thesmallestradiusof themaximalballscontainedin 
 .

We call anendpoint of MA a 1-prongpoint. Thereareexactly
threetypesof 1-prongpoints in MA. SeeFigure3: Type (a) is a
1-prongpoint with a contactarc, Type (b) is a sharpcorner, and
Type (c) is a degeneratecasewhen it is the centerof a maximal
circle with only onecontactpoint at which thecircle osculatesthe
boundary. Especially, thecenterof acirculardiskis a1-prongpoint
of Type(a). It is easyto seethat� 
 = 0, if andonly if MA (
) has
a 1-prongpoint of Type (c), and� 
 = 0, if andonly if MA (
)
hasa 1-prongpointof Type(b).

We call a normaldomain
 injective, if � 
 > 0 and� 
 > 0,
andweaklyinjective, if � 
 > 0. Thus,
 is injective, if andonly
if every 1-prongpoint of MA (
) is of Type(a), andit is weakly
injective, if andonly if MA (
) doesnot have a 1-prongpoint of
Type (c). Note that a weakly injective domainmay have a sharp
corner(i.e., Type(b)), while aninjective domainmaynot.

2.2 Situation in 3D



Figure 4: MA (MAT) can be decomposedinto �nitely many
patchescalled elements. Each patch has tri vial topology, and
according to its dimension, it is either called a surfaceelement
or a line element. Note that sucha decompositionis not unique.

Comparedto the 2D case,the geometryof the 3D MAT is not
well understoodyet. In fact, therestill doesnot exist a result in
3D which is analogousto Proposition1. In general,MAs (resp.,
MATs)of 3D domainswouldbe(2-dimensional)CW-complexesin
R3 (resp., R3 � R� 0), which meansthat they canbedecomposed
into simpler2D and1D patches.SeeFigure4 for an exampleof
suchdecomposition.But, of course,they arenot themostgeneral
typesof CW-complexes,sincethey areMAs andMATsof speci�c
3D domains.In view of the2D situation,we introducethefollow-
ing reasonableconditionsfor MA andMAT in our analysis:

1. They canbedecomposedinto a �nite numberof partscalled
elements.

2. An elementhasoneof thefollowing two forms:

(a) SurfaceElement (Figure5 (a)): A 2-dimensionalC1

manifold with boundary, embeddedin R3 (or R3 �
R� 0), which is homeomorphicto a closeddisk, and
whoseboundaryconsistsof �nitely many C1 curve
pieces.

(b) Line Element (Figure5 (b)): A C1 curve piece(with-
out self intersections)embeddedin R3 (or R3 � R� 0)
includingits two endpoints.

3. Eachpair of two different elementscan meetonly at their
boundaries.

4. If a MAT point P = (p; r ) is in the interior of a surfaceel-
ement,thenthemaximalball B r (p) hasexactly two contact

(a) (b)

Figure 5: Two typesof the elementsin MA: (a) A surface ele-
ment (left), and (b) a line element(right). Both canbeextended
slightly at their boundaries in the C1 manner (so that the re-
sulting extensionsare locally C1 manifolds at the boundaries),
with possibleexceptionsat someboundary points of a surface
element(c.f., the top corner point in (a)).

pointswith thedomainboundary. If P is in theinterior of a
line element,thecontactpointsform a circle.

5. A line elementcanbeextendedslightly at theirboundariesin
theC1 manner(SeeFigure5 (b)). A surfaceelementcanalso
be extendedslightly at their boundariesto becomean em-
beddedC1-manifold,exceptpossiblyat some�nitely many
boundarypoints(SeeFigure5 (a)).

We will call a compactset in R3 pseudonormal, if its MA and
MAT satisfytheaboveconditions.In fact,the�nitenessof thenum-
berof elements,which is connectedto thecompactnessof MA and
MAT, is quite importantandsubtlein proving our results.On the
domainside, the notion correspondingto MA andMAT decom-
position into patches,would be the domaindecomposition. See
Figure6 for anexampleof domaindecompositionfor 3D domain.

Now, following the de�nition in 2D, we call a compactset 

in R3 normal, if its boundary@
 consistsof �nitely many (mu-
tually disjoint)piecewisereal-analyticcompact2-manifolds(with-
out boundary). Note that we caneasilycook up non-normalex-
amplesof 3D domains(analogousto theonesin [4]) whoseMAs
andMATs inevitably have in�nitely many patches,thusnot being
pseudonormal.But in view of Proposition1, we can justi�ably
conjecturethefollowing:

CONJECTURE 1. If a compactset in R3 is normal, then it is
pseudonormal.

For therestof ouranalysis,wewill con�ne ourselvesto pseudonor-
mal domains.Let 
 be a pseudonormaldomain. Let P = (p; r )
be a point in MA T (
) , which is not on the boundariesof ele-
mentsof MA T (
) . Therearetwo typesof suchgenericpointsin
MA T (
) . Oneis on a surfaceelement,andtheotheris on a line
element.SeeFigure7. If P is on a surfaceelement,thenthemax-
imal ball B r (p) hasexactly two contactpointswith theboundary
@
 . In this case,we de�ne anangle0 < � (p) � �

2 by theangle
1
2 \ q1pq2 , whereq1 ; q2 2 @
 \ @B r (p) arethecontactpoints. If
P is ona line element,thenthecontactpointsform acircle. In this
case,we de�ne � (p) to be the inner angleof the conegenerated
by p andthecircle of contactpoints. For bothcases,we de�ne an
angle0 � � (p) < �

4 by

tan � (p) = cos� (p): (2)



+

Figure6: Domain decompositionfor 3D Domain: Corr espond-
ing to their MAT decomposition,3D domains can also be de-
composedinto simpler ones.

Analogouslyto 2D,wede�ne (exceptwhen
 is asphericalball)

� 
 = inf f � (p) : p 2 G(
) g;

� 
 = supf � (p) : p 2 G(
) g;

whereG(
) denotesthesetof all suchgenericpointsin MA (
) .
Then,from (2), wehave

cos� 
 = tan � 
 : (3)

Note that0 � � 
 � �
2 and0 � � 
 � �

4 . When
 is a spherical
ball, thenwe de�ne � 
 = �

2 and� 
 = 0. We call apseudonormal
domainweaklyinjective, if � 
 > 0, or equivalently, � 
 < �

4 .
Like the 2D case,we call an endpoint of MA (or MAT) a 1-

prongpoint. But in 3D, wehavemoretypesof 1-prongpointsthan
in 2D, someof which aredepictedin Figure8. Here,thecenterof
a sphericalball correspondsto Type(a1). It is easyto seethat,if a
pseudonormaldomainis weaklyinjective,thenits MA cannothave
1-prongpointsof Type(c1) and(c2) in Figure8. In general,there
occursaprincipalcurvaturemaximumat theboundarypointcorre-
spondingto anMA point of Type(c), althoughtheconverseis not
alwaystrue. This is a usefulcriterionwhendeterminingwhethera
givenshapeis weaklyinjective or not.

Notethata weaklyinjective 3D domainmayhave sharpcorners
or edges(Type(b1)and(b2) in Figure8). SeeFigure9 for anex-

p

r � (p)

� (p)

p

r
� (p)

Figure 7: Two kinds of generic points in MA T (
) : (Up)
Generic point in a surface element. The maximal ball has ex-
actly two contact points with the domain boundary. (Below)
Generic point in a line element.The contact points form a cir-
cle,which, togetherwith the MA point, makesa cone.

ampleof weakly injective 3D domain,and anotherwhich is not
weaklyinjective.

3. DISTANCES

3.1 Hausdorff Distances
We will usetheHausdorff distancein our analysis,sinceit is a

mostnaturaldevice to measurethedifferencebetweenshapes.In
fact, we will usethreedifferenttypesof Hausdorff distances:the
one-sided,thetwo-sidedandthehyperbolic,wherethelastonehas
recentlybeenintroducedspeci�cally for MAT. Let A andB betwo
(compact)setsin a Euclideanspaceof arbitrarydimension,andlet
d(�; �) betheusualEuclideandistance.

One-sidedHausdorff distance: H (AjB )
The one-sidedHausdorff distanceof A with respectto B , de-

notedby H (AjB ), is de�ned by

H (AjB ) = max
p2 A

d(p;B ):

Note that H (AjB ) < � , if and only if A is containedin the � -
neighborhoodof B (SeeFigure10). So the one-sidedHausdorff
distancemeasureshow approximatelya setis containedin another
set,andhenceour resultson theone-sidedstability of MAT (The-
orem1) will beconcernedwith boundingthisdistancefor MAT.

(Two-sided)Hausdorff distance: H (A; B )
The two-sidedHausdorff distance(or just the Hausdorff dis-

tance) betweenA andB , H (A; B ), is de�ned by

H (A; B ) = max fH (AjB ); H (B jA)g:



(a2) (a1)

(b2) (b1)

(c2) (c1)

Figure 8: Typesof 1-prong points in 3D MAT: In addition to
these,thereare other typeswhich are more 3D speci�c.

This is the oneusuallycalled the Hausdorff distancein the liter-
ature. It hasmany nice propertiesincluding that it is a complete
metricon theclassof all compactsetsin theEuclideanspace[11].
Sinceit is de�ned by symmetrizingthe one-sidedHausdorff dis-
tance,it measureshow similar two setsare.Later in Section6, we
will obtaina bound(Corollary1) for thetwo-sidedHausdorff dis-
tancebetweentwo differentMAT approximations.SeeFigure11
for anillustrationof thetwo-sidedHausdorff distance.

Hyperbolic Hausdorff distance: H h (M 1 jM 2), H h (M 1 ; M 2)
In spiteof its intuitiveappeal,theHausdorff distancecannotcap-

ture theunstablebehaviour of MAT undertheboundaryperturba-
tion. The hyperbolicHausdorff distancehasrecentlybeenintro-
ducedin [8], sothatMAT becomesstableif thedifferencebetween
two MATs is measuredby thisdistance(SeeProposition2 below).

SinceMAT is thesetof pairsof centers(pointsin theusualEu-
clideanspace)and radii (nonnegative real numbers),the natural
spacewhereMAT livesis the productspaceRn � R� 0 . The hy-

Figure 9: Examplesof 3D domains: (left) weakly injective and
(right) not weakly injective.

�

A
B

� -neighborhood
of B

Figure 10: One-sidedHausdorff distance measures how ap-
proximatelya setA is containedin a setB . Here,A is contained
in the � -neighborhoodof B , which is equivalent to H (AjB ) < � .

perbolicHausdorff distancemeasuresthe differencebetweentwo
setsin this space.It is de�ned in a similar way to theusualHaus-
dorff distance,but usesthehyperbolicdistancebetweentwo points
in Rn � R� 0 insteadof the usualEuclideandistance.Let P1 =
(p1 ; r 1); P2 = (p2 ; r 2) bein Rn � R� 0 . Thenthehyperbolicdis-
tancedh (P1 jP2) fromP1 to P2 is de�ned by

dh (P1 jP2) = max f 0; d(p1; p2) � (r 2 � r 1)g: (4)

SeeFigure12.
Note that this is not a real distance, sinceit is not symmetric

(i.e., dh (P1 jP2) 6= dh (P2 jP1) in general).But, analogouslyto the
usualEuclideandistance,the hyperbolicdistancehassomenice
propertieslike thefollowing triangularinequality[8]:

dh (P1 jP3) � dh (P1 jP2) + dh (P2 jP3); (5)

for any P1 ; P2 ; P3 2 Rn � R� 0 .
Now let M 1 , M 2 becompactsetsin Rn � R� 0 . Thentheone-

sidedhyperbolicHausdorff distanceH h (M 1 jM 2) of M 1 with re-
spectto M 2 is de�ned by

H h (M 1 jM 2) = max
P1 2 M 1

�
min

P2 2 M 2
dh (P1 jP2)

�
; (6)

andthe(two-sided)hyperbolicHausdorff distancebetweenM 1 and
M 2 is de�ned by

H h (M 1 ; M 2) = max fH h (M 1 jM 2); H h (M 2 jM 1)g: (7)

The following fact saysthat the hyperbolicHausdorff distance
betweentwo MATs is almostthesamewith theHausdorff distance
betweenthe correspondingoriginal shapes.This implies that the
hyperbolicHausdorff distanceis a mostnaturaldevice to measure
thedifferencebetweenMATs.



� �

A

B
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Figure11: Two-sidedHausdorff distancemeasureshow similar
two setsA and B are. Here, eachof A and B is contained in
eachother's � -neighborhood,which is equivalent to H (A; B ) <
� .
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Figure 12: The hyperbolic distance dh (P1 jP2) fr om P1 =
(p1 ; r 1) to P2 = (p2 ; r 2) is the samewith the one-sidedHaus-
dorff distanceH (B r 1 (p1)jB r 2 (p2)) .

PROPOSITION 2. [8]
For any compactsets
 1 ; 
 2 � Rn (n = 1; 2; � � � ) such that

MA T (
 1), MA T (
 2) are compact,wehave

max fH (
 1 ; 
 2); H (@
 1 ; @
 2)g �

H h (MA T (
 1); MA T (
 2)) ;

H h (MA T (
 1); MA T (
 2)) �

3 � max fH (
 1 ; 
 2); H (@
 1 ; @
 2)g:

In this paper, thesecondinequalityof Proposition2 will beused
in a crucial way to show the main resultsregardingtheone-sided
stability of MATsof weaklyinjective 3D domains.

3.2 DistancebetweenTwo Points
Now wewill exploresomerelationsbetweenthehyperbolicdis-

tanceandtheEuclideandistancebetweentwo MAT points(hence,
two pointsin Rn � R� 0), which is importantfor understandingthe
further analysis.For concreteness,we will restrict to R3 � R� 0 ,
thoughthe relationshold in every dimension. Let Pi = (pi ; r i ),
i = 1; 2, be two differentpoints in R3 � R� 0 . We will denote
by � �

2 � � (P1 ; P2) � �
2 , the anglefrom R3 � f 0g (the space

for centers)to
�� �!
P1P2 in R3 � R� 0 . Morespeci�cally, � (P1 ; P2) is

givenby

sin � (P1 ; P2) = �!er �
�� � !
P1P2

d(P1 ; P2)
;

where�!er = ((0; 0; 0); 1). Hered(P1 ; P2) denotesthe usualEu-
clideandistance

d(P1 ; P2) =
p

d(p1 ; p2)2 + (r 1 � r 2)2 ;

with P1 ; P2 regardedaspointsin R4 � R3 � R� 0 . SeeFigure13
for anillustration.

p1 p2
R3

R� 0

P1

P2

r 2 � r 1

d(p1 ; p2)

� (P1 ; P2)

d(P1 ; P2)
�!er

r 1

r 2

Figure13: Two points in R3 � R� 0

SupposeP1 , P2 are two different points in the MAT of a 3D
domain
 . Thenwe have thefollowing basicobservationfrom the
maximalityof thetwo ballsB r 1 (p1), B r 2 (p2) in MA T (
) :

j� (P1 ; P2)j <
�
4

:

Now from (4), it is clearthat

dh (P1 jP2) = f cos� (P1 ; P2) � sin � (P1 ; P2)g � d(P1 ; P2):

Sowehave

d(P1 ; P2)
dh (P1 jP2)

=
1

cos� (P1 ; P2) � sin � (P1 ; P2)
: (8)

4. PREVIOUS RESULTS IN 2D
Recently, therehasbeena seriesof resultson theone-sidedsta-

bility of theMAT in 2D.Letusbrie�y review theseresults.Chrono-
logically, they weredevelopedin theorderof therestrictivenessof
thedomainsdealtwith: theinjective, theweaklyinjective, andthe
generalnormal.The�rst resultwasfor injective domains.

PROPOSITION 3. (One-sidedStability for Injecti ve 2D Do-
main) [6, 7]

Let 
 bean injective2D domain.Thenwehave

H (MA (
) jMA (
 0))

�
2

1 � cos� 

� � + o(� );

H (MA T (
) jMA T (
 0))

�

p
4 + (3 � cos� 
 )2

1 � cos� 

� � + o(� );

for everynormal2D domain
 0 such that

max
�

H (
 ; 
 0); H (@
 ; @
 0)
	

� �:

After the introductionof the hyperbolicHausdorff distancein
[8], this resultwasextendedto the weakly injective caseandthe
generalnormalcase.

PROPOSITION 4. (One-sidedStability for Weakly Injecti ve
2D Domain) [7]



Let 
 bea weaklyinjective2D domain.Thenwehave

H (MA T (
) jMA T (
 0)) � g(� 
 ) � � + o(� );

H (MA (
) jMA (
 0)) � g(� 
 ) � � + o(� );

for everynormal2D domain
 0 such that

max
�

H (
 ; 
 0); H (@
 ; @
 0)
	

� �:

Here,

g(� ) = 3
�

1 +
2
p

1 + cos2 �
1 � cos�

�
;

for � 2 (0; � =2]. SeeFigure14 for thegraphof g.
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Figure 14: The graph of the coef�cient function g(� ) =

3
�

1 + 2
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�
; (a) the logarithmic graph of g on the
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2 ], (b) the (normal) graph of g on the interval

[ �
6 ; �

2 ].

Theboundsarelinear in theweakly injective case.But it turns
outthatthislinearitydoesnothold in thegeneralcaseof thenormal
domainsin 2D.

PROPOSITION 5. (One-sidedStability for Normal 2D Domain)
[9]

Let 
 be a normal 2D domainwhich is not weakly injective.
Thenwehave

H (MA (
) jMA (
 0))

� K 
 � �
N 
 � 1
N 
 +1 + o

�
�

N 
 � 1
N 
 +1

�
;

H (MA T (
) jMA T (
 0))

� K 
 � �
N 
 � 1
N 
 +1 + o

�
�

N 
 � 1
N 
 +1

�
;

for everynormal2D domain
 0 such that

max
�

H (
 ; 
 0); H (@
 ; @
 0)
	

� �:

HeretheconstantN 
 is thedegreeof contactof maximalballs
of Type(c) in Figure3 with thedomainboundary. SoN 
 cantake
an integer valuegreateror equalto 2, andhencewe have bounds
like 3

p
�;

p
�; �

3
5 ; � � � . In the worst case,we have 3

p
� , and,when

theboundarycurvesarequadraticsplines,we have
p

� . Thecon-
stantK 
 dependson themaximalcurvatureof theboundarynear
1-prongpointsof Type(c) in Figure3. This impliesthat,in contrast
to theconstant� 
 in theweaklyinjectivecase,wecancomputeK 


directly from thedomainboundary.

5. RESULT IN 3D
Wenow show that,theone-sidedHausdorff distanceof theMAT

(andtheMA) of a weaklyinjective 3D domainis boundedlinearly
by themagnitudeof the boundaryperturbation.For theseresults,
we will needthefollowing key lemmas:

LEMMA 1. Let 
 bea weaklyinjective3D domainwhich is not
a sphericalball. Thenwehave

sup
�

d(P1 ; P2)
dh (P1 jP2)

: P1 6= P2 2 MA T (
) ; dh (P1 jP2) � �
�

�

p
1 + cos2 � 


1 � cos� 

+ o(1):

SeeAppendixA for theproof of Lemma1.

LEMMA 2. LetP1 ; P2 ; P3 bein R3 � R� 0 . Supposedh (P1 jP2)
� � anddh (P2 jP3) � � for some� � 0. Thenwehave

d(P1 ; P2) � d(P1 ; P3) + �:

SeeAppendixB for theproof of Lemma2.

THEOREM 1. (One-sidedStability for Weakly Injecti ve 3D
Domain)

Let 
 bea weaklyinjective3D domain.Thenwehave

H (MA T (
) jMA T (
 0)) � g(� 
 ) � � + o(� );

H (MA (
) jMA (
 0)) � g(� 
 ) � � + o(� );

for everypseudonormal3D domain
 0 such that max f H (
 ; 
 0) ;
H (@
 ; @
 0)g � � .

PROOF OF THEOREM 1. First, it is easyto seethat
H (MA (
) jMA (
 0)) � H (MA T (
) jMA T (
 0)) . Sowe only
needto boundtheH (MA T (
) jMA T (
 0)) . Assume
 is not a
sphericalball. Let P 2 MA T (
) . By Proposition2, we have
H h (MA T (
) ; MA T (
 0)) � 3� . Soby (6) and(7), thereexists
P 0 2 MA T (
 0) suchthatdh (P jP 0) � 3� , and,again,thereexists
P 002 MA T (
) suchthatdh (P 0jP 00) � 3� . Sodh (P jP 00) � 6�

by (5). FromLemma1, we have d(P; P 00) �
p

1+cos 2 � 

1� cos � 


� 6� +

o(� ). So,by Lemma2, d(P; P 0) � 3� +
p

1+cos 2 � 

1� cos � 


� 6� + o(� ) =
g(� 
 ) � � + o(� ). SinceP is taken arbitrarily in MA T (
) , this
impliesthedesiredresult.

For thecasewhen
 is a sphericalball, seetheargumentin Ex-
ample5.

In fact,we have a globally linearbound:

THEOREM 2. Let 
 be a weakly injective 3D domain. Then
there is a constantk
 < 1 such that

H (MA T (
) jMA T (
 0)) � k
 � �;

H (MA (
) jMA (
 0)) � k
 � �;

for everypseudonormal3D domain
 0 such thatmax f H (
 ; 
 0);
H (@
 ; @
 0)g � � .

PROOF. FromLemma1 andthefactthatMA T (
) is compact,
it is easyto seethat

sup
�

d(P1 ; P2)
dh (P1 jP2)

: P1 6= P2 2 MA T (
) ; dh (P1 jP2) � �
�

� k
 ;

for somek
 < 1 . Now the restof the proof follows usingthe
sameargumentasin theproofof Theorem1.



Notetheessentialroleof thehyperbolicHausdorff distance(Propo-
sition 2) in theproofsof Theorems1 and2.

In the2D result[7], it wasshown that theboundcorresponding
to thatin Theorem1 is tight up to constant.This is alsotruein 3D,
which canbeseenfrom thefollowing example.

EXAMPLE 1. Let 
 be a weakly injective 3D domainwith a
sharpcorner p1 depictedas in Figure 15. Let 
 0 be the domain
obtainedbysmoothing
 with a sphere nearp1 sothatMA (
) =
p2p3 . Let Pi = (pi ; r i ) bethecorrespondingpointsin MA T (
)
for i = 1; 2; 3. Notethat

H (
 ; 
 0) = H (@
 ; @
 0) = �;

and

H (MA (
) jMA (
 0)) = d(p1 ; p2) =
1

1 � cos� 

� �;

H (MA T (
) jMA T (
 0)) = d(P1 ; P2) =

p
1 + cos2 � 


1 � cos� 

� �:

p3p3

p1

p2

� 


� 
� 


�


 
 0

Figure15: Exampleshowing the tightnessof the bound in The-
orem 1.

This exampleshows that the factor 1
1� cos � 


in g(� 
 ), which
blows up as � 
 ! 0, is indeedunavoidable. In fact, it can be
shown that theclassof weakly injective 3D domainsis the largest
possibleclassfor which we have linear boundfor the one-sided
Hausdorff distanceof MAT (andMA) with respectto theboundary
perturbation.

Now wecalculateexplicitly theconstants� 
 andg(� 
 ) for afew
simplebut illustrativeexamples.

EXAMPLE 2. When
 is a hexahedron (Figure 16) or a cylin-
der (Figure17), it is easyto seethat � 
 = �

4 . Sowehaveg(� 
 ) =
3(1 + 2

p
3(1 +

p
2)) = 28:089243: : :.

EXAMPLE 3. Let 
 be a regular tetrahedron shownin Fig-
ure 18. Here wehavecos� 
 = 1p

3
, andso � 
 = 54:73561: : :� .

Hencewehaveg(� 
 ) = 9 + 6
p

3 = 19:3923: : :.

EXAMPLE 4. Let 
 be a torus shownin Figure 18. Here we
have� 
 = �

2 . Hencewehaveg(� 
 ) = 9.

� 

� 


Figure16: Hexahedron: � 
 = �
4 , g(� 
 ) = 28:089243: : :.

� 


� 


Figure17: Cylinder: � 
 = �
4 , g(� 
 ) = 28:089243: : :.

EXAMPLE 5. Let 
 be the unit sphericalball centered at the
origin O. (SeeFigure 20 (left).) For � > 0, let 
 � be a domain
such that

MA T (
 � ) = f (( x; 0; 0); 1) j 0 � x � � g:

SeeFigure 20 (right). Note that, for every � > 0, 
 � is weakly
injective, � 
 � = �

2 , and

max fH (
 ; 
 � ); H (@
 ; @
 � )g = �:

Suppose
 0 is a pseudonormaldomainsuch that

max fH (
 ; 
 0); H (@
 ; @
 0)g � �:

Thenby the triangular inequalityfor the Hausdorff distance, it is
easyto seethat

max fH (
 � ; 
 0); H (@
 � ; @
 0)g � � + �:

By Theorem1 for non-sphericalcases,wehave

H (MA T (
 � )jMA T (
 0)) � g
� �

2

�
� (� + � ) + o(� + � );

H (MA (
 � )jMA (
 0)) � g
� �

2

�
� (� + � ) + o(� + � ):

SinceMA T (
) � MA T (
 � ) (and MA (
) � MA (
 � )) for
every� > 0, wehave

H (MA T (
) jMA T (
 0)) � H (MA T (
 � )jMA T (
 0)) ;

H (MA (
) jMA (
 0)) � H (MA (
 � )jMA (
 0)) ;

for every� > 0. Thus,

H (MA (
) jMA (
 0)) � g
� �

2

�
� � + o(� );

H (MA T (
) jMA T (
 0)) � g
� �

2

�
� � + o(� );



� 


� 


Figure 18: Regular tetrahedron: � 
 = 54:73561: : :� , g(� 
 ) =
19:3923: : :.

� 


Figure19: Torus: � 
 = �
2 , g(� 
 ) = 9.

which completestheproofof Theorem1 for thesphericalcases.

EXAMPLE 6. For n = 2; 3; � � � , let 
 n be thepolyhedral do-
main as depictedin Figure 21 (top left), which approximatesthe
unit sphericalball centered at the origin as n ! 1 . Thevertex
pointsof @
 n are givenby

(cosi� n cosj � n ; cosi� n sin j � n ; sin i� n ) ;

for i = � n; � (n � 1); � � � ; n andj = 1; 2; � � � ; 4n, where � n =
�

2n . TheMAT of 
 n hasa complex shapeconsistingof manypoly-
gonsjoining theedgesof @
 n andpoints(or line segments)on the
z-axisneartheorigin. SeeFigure21 (topright). Byanelementary
geometricanalysis,it canbeshownthat

cos2� 
 n =
� cos2 � n + 4cos� n + 1

cos2 � n + 3
; (9)

and� 
 n is realizedat theMAT pointswhich havefootpointsonthe
triangular boundarypiecesaroundthepoles(0; 0; � 1) (Figure 21
(bottom)). Thus,we can seefrom (9) that � 
 n & 0 as n ! 1
(i.e., as
 n approachestheunit sphericalball closerandcloser).

6. CONSEQUENCES
Now wediscussafew consequencesandapplicationsof theone-

sidedstability of 3D MAT. The importanceof Theorem1 lies not
only in thatit con�rms theintuition of theone-sidedstabilityof the


 
 �

O O
(�; 0; 0)

� 
 �

Figure 20: Spherical ball and 
 � : � 
 = � 
 � = �
2 , g(� 
 ) =

g(� 
 � ) = 9. The spherical ball 
 can be regardedas the limit
of 
 � as� ! 0.

MAT, but alsoin that it providesa quantitative boundof theMAT
deviationswhich is linearin theweaklyinjective case.

In many situations,a given 3D domainhassmall noisesin its
boundary. Yet anothersituationis that the boundaryis given by
thepopularpolygonalmeshwhich inevitably hasnumeroussmall
sharpedges. In thesecases,it is often more reasonableto com-
putea simplerapproximateMAT, insteadof the exact onewhich
containsmany unilluminatingpartscausedby thenoiseor the lo-
cal sharpfeatures.A traditionalapproachto this would be to cut
away somepartsof the exact MAT accordingto variousexisting
importancemeasures[21]. While thisapproachguaranteesthatthe
resultingsimplerMAT lies completelyinsidetheexact MAT, one
disadvantageis thatonestill shouldcomputetheproliferousexact
MAT in advance.

Theorem1 providesa differentstrategy: First approximatethe
given domainwith a simpler weakly injective domainand then
computedirectly theMAT of thissimplerdomain.Thentheresult-
ing simplerMAT is guaranteedto approachto a part of the exact
MAT astheHausdorff distancebetweentheapproximatingdomain
andtheoriginal oneshrinks. Furthermore,we have a quantitative
boundfor theamountof thedeviation of theapproximatingMAT
from theexactone.

WecanalsoseethattheapproximatingMAT containstheimpor-
tantglobalfeaturesof theoriginal one.

COROLLARY 1. (Independenceof Approximations)
Let 
 bea pseudonormal3D domain,andlet 
 1 and
 2 betwo

weaklyinjective3D domainssuch that

max f H (
 i ; 
) ; H (@
 i ; @
) g � �

for i = 1; 2. Let � = min f � 
 1 ; � 
 2 g. Thenwehave

H (MA T (
 1); MA T (
 2)) � 2g(� ) � � + o(� );

H (MA (
 1); MA (
 2)) � 2g(� ) � � + o(� ):

PROOF. This follows by applyingTheorem1 symmetricallyto

 1 and 
 2 , and from the fact that H (
 1 ; 
 2) � H (
 1 ; 
) +
H (
 2 ; 
) � 2� , H (@
 1 ; @
 2) � H (@
 1 ; @
) + H (@
 2 ; @
) �
2� .

Note that the Hausdorff distancesin Corollary 1 are the two-
sidedones.Corollary1 tells the following: Supposewe have two
different approximatingweakly injective domains
 1 and 
 2 to
a given pseudonormaldomain 
 . Then the differencebetween
MA T (
 1) and MA T (
 2) under the two-sidedHausdorff dis-
tanceis alsoboundedlinearly. This meansthat,even if we choose




 n MA (
 n )

z z
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P P

� n
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6
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� 
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 n

q

A

Figure21: (Top left) the polyhedral domain 
 n approximating
the unit spherical ball centered at the origin, and (Top right)
its MA. The vertices of @
 n are distrib uted regularly on the
unit sphere with the angle � n = �

2n . Actually, the origin is
slightly outside of the MA pieces(except the oneson the xy -
plane). (Bottom) The angle � 
 n is realizedby a point A on an
MA piecebetweentwo triangular boundary piecesaround the
north poleP .

only oneapproximation,it is guaranteedto containapproximately
a commonpartof theexactMAT which is (approximately)shared
by all theotherapproximations.

SeeFigure 22 which illustratesthe overall strategy. By The-
orem 1, we can get a bound from the constant� 
 on how ap-
proximatelyMA (
) is containedin MA (
 0), or how faithfully
MA (
) approximatespartsof MA (
 0). By Corollary1,MA (
)
canbeconsideredastheessentialpart of MA (
 0) upto thebound
in Corollary1. Thus,by computingthemuchsimplerMA (
) , we
canget theessentialpart (within thebounds)of MA (
 0) without
ever computingthemorecomplex MA (
 0) atall.

Of course,therestill remainstheproblemof how to effectively
approximate/smooththe original noisy boundary. But we claim
that,whatever methodis usedfor suchapproximation,our bounds
canserve asa theoreticalguaranteefor the correctnessof the ap-
proximation/pruning,which is absentin mostof theexisting prun-
ing schemes.

As yet anothersituation,supposethat, insteadof approximat-
ing only animportantpartof theMAT, wewantto approximatethe
wholepartof theexactMAT of anoiselesslygivenweaklyinjective
domain,which often appearsin CAD applications.For example,
this wasnicely achieved in 2D by successively �nding the impor-
tantmaximalballs,andinterpolatingthemwith splines[5]. In this
typeof approach,Corollary1 canalsobeservedfor boundingthe

(a) (b)

� 


(c)

�

(d)

Figure 22: Pruning strategy: (a) The original normal domain

 0 with its MA . (b) The approximating weakly injective do-
main 
 with its MA . (c) The Hausdorff distancebetween

and 
 0, Here, � = max fH (
 ; 
 0); H (@
 ; @
 0)g. (d) Compar-
ison of MA (
) and MA (
 0). Note that MA (
) capturesan
essentialpart of MA (
 0), while simplifying MA (
 0).

differencebetweentheinterpolatedMAT andtheexactone.
Eventhoughtheboundwe obtainedin Theorem1 is tight aswe

canseefrom Example1, it is still truethattheboundis quitelarge
especiallywhentheangle� 
 is small(SeeFigure14). This would
bea problemin applyingour resultto practicalpruningproblems.
Onepossibleapproachwouldbeto seekprobabilisticboundsif we
aregiventheprobabilistictypesof boundarynoiseinvolved.These
averageboundswould be more �t to practicalestimatesthanthe
analyticworstcaseboundwe obtainedin thispaper.

Finally, we observe from Theorem1 andExamples1 and6 that
the angle� 
 is an importantquantity re�ecting the degreeof the
“detailed-ness”of a weakly injective domain
 ; Supposewe are
approximatingagivenpseudonormaldomainby aweaklyinjective
domain
 . Then,in general,thevalueof � 
 getssmallastheap-
proximationgets�ner. Thus, the angle� 
 canbe usedasa new
indicatorof thelevel-of-detailfor 3D domainsin theweaklyinjec-
tive class.
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APPENDIX

A. PROOF OF LEMMA 1
Beforeweproceed,wementionthatthecompactnessof theMAT,

which is connectedto the�nitenessof thenumberof elements,is a
key ingredientin theproof. Let

A � = supf � (P1 ; P2) : P1 6= P2 2 MA T (
) ; dh (P1 jP2) � � g:

Notethat jA � j � �
4 for any � > 0, sincej� (P1 ; P2)j < �

4 for any
P1 6= P2 2 MA T (
) . We will show that lim sup� ! 0 A � � � 
 .
Thentheproof would follow, since

B � �
1

cos(tan � 
 ) � sin (tan � 
 )

=

p
1 + cos2 � 


1 � cos� 

;

by (3) and(8), where

B � = sup
�

d(P1 ; P2)
dh (P1 jP2)

: P1 6= P2 2 MA T (
) ; dh (P1 jP2) � �
�

:

Notethat� 
 < �
4 , since
 is weaklyinjective. Suppose

lim sup
� ! 0

A � > � 
 :

Thenthereexist sequencesf P1;m = (p1;m ; r 1;m )g andf P2;m =
(p2;m ; r 2;m )g in MA T (
) suchthatP1;m 6= P2;m , dh (P1;m jP2;m )
� 1=2m , andlim m !1 � (P1;m ; P2;m ) > � 
 . SinceMA T (
) is
compact,we canassumed(P1;m ; P1) ! 0 andd(P2;m ; P2) ! 0
asm ! 1 for someP1 ; P2 2 MA T (
) . Sincedh (P1;m jP2;m ) !
0 asm ! 1 , it follows that P1 = P2 , which we denoteP =
(p; r ).

We canassumer 1;m < r 2;m for every m, for, otherwise,we
would have lim m !1 � m = 0, where� m = � (P1;m ; P2;m ) for
m = 1; 2; � � � . For themoment,we alsoassumer > 0. Since
 is
weakly injective, this implies that thereexist at leasttwo different
contactpoints q1;m ; q2;m 2 @
 \ @B r 1;m (p1;m ). Let � 1;m =
1
2 \ q1;m p1;m q2;m (0 < � 1;m � �

2 ). SeeFigure 23. From the

q1;m

q2;m

� 1;m

� 1;m

r 1;m
r 2;m

dmO

x

Figure23: Two spheresB r 1;m (p1;m ) and B r 2;m (p2;m ): Since

is weakly injective,thereexist two differ ent contactpoints q1;m

and q2;m for eachP1;m .



de�nition of � 
 , we canseethat

� 1;m � � 
 ; (10)

for every m.
Fix m. Weassumewith nolossof generalitythatp1;m = (0; 0; 0),

p2;m = (dm ; 0; 0), wheredm = d(p1;m ; p2;m ) > 0. Notethat

tan � m =
r 2;m � r 1;m

dm
: (11)

De�ne 0 < � m � � =2 as follows: Whend2
m + r 2

1;m � r 2
2;m ,

we have the situationshown in Figure24 (a). Let q = (qx ; qy )
(qy > 0) be the point wherethe two circles intersect. Here � m

is de�ned by the anglebetweenO(qx ; qy ) andthe x-axis. When
d2

m + r 2
1;m > r 2

2;m (Figure24 (b)), de�ne � m = � =2. It is easyto
seefrom Figure23 that

� m � � 1;m : (12)

x

y

O
� �

dm

r 1;m r 2;m

� m

� m

(qx ; qy )

(a)

x

y

O
� �

dm

r 1;m
r 2;m

� m

� m

(b)

Figure 24: Two spheres B r 1;m (p1;m ) and B r 2;m (p2;m ) pro-
jected onto the xy -plane

Suppose�rst d2
m + r 2

1;m < r 2
2;m for in�nitely many m's, in

which case,we canassumewith no lossof generalitythat d2
m +

r 2
1;m < r 2

2;m for every m. Now wehave

q2
x + q2

y = r 2
1;m ;

(qx � dm )2 + q2
y = r 2

2;m :

Fromthese,we caneasilyget

qx =
d2

m + r 2
1;m � r 2

2;m

2dm
;

andhence

cos� m =
� d2

m � r 2
1;m + r 2

2;m

2dm r 1;m
: (13)

From(11)and(13) wehave

cos� m � tan � m =
� d2

m � r 2
1;m + r 2

2;m

2dm r 1;m
�

r 2;m � r 1;m

dm

=
(r 1;m � r 2;m )2 � d2

m

2dm r 1;m

=
dm

2r 1;m

�
(r 2;m � r 1;m )2

d2
m

� 1
�

:

Sowehave

cos� m � tan � m = �
dm

2r 1;m

�
1 � tan2 � m

�
: (14)

From(14),weget

tan � m � cos� m ! 0;

asm ! 1 . Soit follows from (3), (10),and(12) that

lim
m !1

tan � m � lim
m !1

cos� 1;m � cos� 
 = tan � 
 ;

andhence

lim
m !1

� m � � 
 ;

which is a contradiction.So thereshouldbe in�nitely many m's
suchthatd2

m + r 2
1;m > r 2

2;m , andwecanassumed2
m + r 2

1;m > r 2
2;m

for every m. In this case,notethat

tan2 � m =
(r 2;m � r 1;m )2

d2
m

=
r 2

2;m � 2r 2;m r 1;m + r 2
1;m

d2
m

=
r 2

2;m � r 2
1;m

d2
m

� 2 �
r 2;m � r 1;m

dm
�

r 1;m

dm

=
r 2

2;m � r 2
1;m

d2
m

� 2 tan � m �
r 1;m

dm
:

Sowehave

lim
m !1

tan2 � m = lim
m !1

r 2
2;m � r 2

1;m

d2
m

� 2r � lim
m !1

tan � m

dm
: (15)

Sincewe assumedthatd2
m + r 2

1;m > r 2
2;m , wehave

0 � lim
m !1

r 2
2;m � r 2

1;m

d2
m

� 1:

Sofrom (15), it follows that

lim
m !1

tan � m = 0

sincelim m !1 dm = 0, 0 � lim m !1 tan � m � 1, andr > 0.
Soweagainhave thecontradictionthat

lim
m !1

� m = 0 � � 
 :

Fromtheabove arguments,we musthave r = 0. Now let 
 0 be
thedomainobtainedby in�ating 
 by small� > 0, i.e.,


 0 = 
 + B � (O):

Thenis is easyto seethat

MA T (
 0) = MA T (
) + ((0; 0; 0); � ):



Obviously, 
 0 is a pseudonormaldomain,and it is also weakly
injective. Moreover, it is also easyto seethat � 0


 = � 
 . Let
P 0

i;m = (p0
i;m ; r 0

i;m ) = (pi;m ; r i;m + � ), P 0 = (p0; r 0) = (p; � ),
d0

m = d(p0
1;m ; p0

2;m ), and� 0
m = � (P 0

1;m ; P 0
2;m ) for i = 1; 2 and

m = 1; 2; � � � . Then it is clear that d0
m = dm , � 0

m = � m for
i = 1; 2 andm = 1; 2; � � � . Now we canapply the sameargu-
mentsasabove to show that lim m !1 � m � � 
 0 = � 
 , since
lim m !1 r 0

1;m = lim m !1 r 0
2;m = r 0 = � > 0. Thuswe have a

contradiction,andtheproof is complete.

B. PROOF OF LEMMA 2
Fromtheassumptionsand(4), we have

d(p1 ; p2) � r 2 � r 1 + �; (16)

d(p2 ; p3) � r 3 � r 2 + �: (17)

Let D 2 = d(P1 ; P2) andD 3 = d(P1 ; P3). Supposetheresultdoes
nothold, i.e.,

D 2 > D 3 + �: (18)

NotethatD 2 > � , andhenceD 2 > 0. Choose� �
2 � � 2 ; � 3 � �

2
suchthat

d(p1 ; p2) = D 2 cos� 2 ; r 2 � r 1 = D 2 sin � 2 ;

d(p1 ; p3) = D 3 cos� 3 ; r 3 � r 1 = D 3 sin � 3 :

Notethatcos� 2 � 0. From(16),we have

D 2(cos� 2 � sin � 2) � �: (19)

SinceD 2 > � , we have cos� 2 � sin � 2 < 1 from (19), which
impliesthatsin � 2 > 0. So

cos� 2 + sin � 2 > 0: (20)

Note that d(p2; p3) � jd(p1 ; p2) � d(p1 ; p3)j by the triangular
inequalityfor theEuclideandistance.Sofrom (17),we have

d(p1; p2) � d(p1 ; p3) � (r 3 � r 1) � (r 2 � r 1) + �;

d(p1; p3) � d(p1 ; p2) � (r 3 � r 1) � (r 2 � r 1) + �;

which areequivalentrespectively to

D 2(cos� 2 + sin � 2) � D 3(cos� 3 + sin � 3) + �; (21)

D 2(cos� 2 � sin � 2) � D 3(cos� 3 � sin � 3) � �: (22)

From(19), (20), (21),and(22),we have

0 < D 2(cos� 2 + sin � 2) � D 3(cos� 3 + sin � 3) + �;

D 3(cos� 3 � sin � 3) � � � D 2(cos� 2 � sin � 2) � �;

andso

D 2
2 (cos� 2 + sin � 2)2 � f D 3(cos� 3 + sin � 3) + � g2 ;

D 2
2 (cos� 2 � sin � 2)2 � max

�
� 2 ; f D 3(cos� 3 � sin � 3) � � g2 	

:

By addingtheabove two inequalities,we get

2D 2
2 � f D 3(cos� 3 + sin � 3) + � g2

+ max
�

� 2 ; f D 3(cos� 3 � sin � 3) � � g2 	
: (23)

If D 3 = 0, thenit follows thatD 2 � � , contradicting(18). Sowe
assumeD 3 > 0. Now from (23)and(18),we have

2(D 3 + � )2 < f D 3(cos� 3 + sin � 3) + � g2

+ max
�

� 2 ; f D 3(cos� 3 � sin � 3) � � g2 	
: (24)

SupposejD 3(cos� 3 � sin � 3) � � j � � . Then(24)becomes

2(D 3 + � )2 < f D 3(cos� 3 + sin � 3) + � g2 + � 2

�
� p

2D 3 + �
� 2

+ � 2 ;

which reducesto thecontradictionthat
p

2 < 1. Sowe musthave

jD 3(cos� 3 � sin � 3) � � j > �:

Now (24)becomes

2(D 3 + � )2 < f D 3(cos� 3 + sin � 3) + � g2

+ f D 3(cos� 3 � sin � 3) � � g2

= 2D 2
3 + 4� sin � 3D 3 + 2� 2 ;

which reducesto thecontradiction1 < sin � 3 . Thuswe conclude
that the assumption(18) is false,andhence,we have the desired
result.


