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ABSTRACT Keywords

Despite its usefulness in many applications, the medial axis trans-medial axis transform, skeleton, stability, Hausdorff distance, hy-
form (MAT) is very sensitive to the change of the boundary in the perbolic Hausdorff distance, weakly injective domain

sense that, even if a shape is perturbed only slightly, the Hausdorff

distance between the MATs qf _the original shape and the pertu_rbedl_ INTRODUCTION

one may be large. However, it is known that MATs of 2D domains . . . - .

are stable if we view this phenomenon with the one-sided Haus- . For_ a given a shape in a Euclidean spagemgdlal QX'S(MA)

dorff distance. This result depends on the fact that MATs are stable |s_def|n_ed as the set of the ce_nters_ of maximal |nscr!bed t_JaIIs con-
if the differences between them are measured with the recently in- tained in the shape, an_d theedial axis transf'orn(lMAT) IS def_med
troduced hyperbolic Hausdorff distance. In this paper, we extend as the set O_f aII_the pairs of medla! axis point and the radius of the
the result for the one-sided stability of the MAT to a class of 3D corresponding mscnbed ball. While the MA captures _the overall
domains called weakly injective, which contains many important ]:bagﬂie: sr::pS:avr\)/‘liiIcnhaisC%r:gS;Lf(t)gTéxﬁZtﬁgttRe Eﬂ)'rgf%rrrgggg&
3D shapes typically appearing in solid modeling. Especially, the ) o T ’
weakly injective 3D domains can have sharp features like corners the medl_al axis transforrMA’I‘(Q) _and the medial axid A ()

or edges. In fact, by using the stability of the MAT under the hy- ©f @nn-dimensional domaifi: is defined by

perbolic Hausdorff distance, we obtain an explicit bound for the  NAT(Q) = { (p,r) € R™ x [0, 0) |

one-sided Hausdorff distance of the MAT of a weakly injective 3D
domain with respect to that of a perturbed domain, which is linear
with respect to the domain perturbation. We discuss some conse-
quences of this result concerning the computation and the approxi- ~ MA(Q) = {p € R"[3r > 0, s.t. (p,r) € MAT(Q)} .
mation of the medial axis transform of 3D objects.

B (p) is a maximal ball contained if? },

Since its introduction [3], MAT has been one of the most in-
tensively investigated and widely used objects in shape analysis.
. . . Some of its applications include: biological shape recognition [17],
Categories and Subject Descriptors character recognition and representation [21], fingerprint classifica-

1.3.5 [Computer Graphics]: Computational Geometry and Object  tion [14], and visual analysis of circuit boards [22]. In general, it
Modeling—curve, surface, solid, and object representations, hi- shrinks the dimension of a given shape by 1, while preserving the

erarchy and geometric transformatiqn6.1.2 Numerical Anal- the topology in a homotopically equivalent way [3, 4, 20]. It also
ysig: Approximation—approximation of surfaces and contours ~ has a natural definition closely connected to the Voronoi diagram,
1.5.1 [Pattern Recognitior]: Models—geometri¢ 1.4.10 [mage which can in fact be utilized in some applications [1]. _
Processing and Computer Visiolt Image Representationvel- ‘The analysis of the MAT in 2D concerns mostly about dealing
umetric, morphologicall.4.7 [Image Processing and Computer ~ With the images, and hence has a large impact in fields like image
Vision]: Feature Measurementfeature representation processing, pattern recognition, and computer vision. On the other

hand, 3D MAT is becoming more important in fields such as CAD,
computer graphics, and mechanical engineering, which should nat-

urally deal with 3D objects. But compared to the vast amount of
General _Te_r_ms _ works on the MAT in 2D, the corresponding works in 3D are still
Theory, Reliability, Measurement, Algorithm in a premature state in view of their importance. This is in part

caused by the fact that there are few existing theoretical bases for
the 3D MAT. In fact, the exact geometry of the 3D MAT has not
been understood completely yet [12, 13, 19, 20]. Thus basic theo-
Permission to make digital or hard copies of all or part of this work for retical analysis on the geometry of the 3D MAT is much in need at
personal or classroom use is granted without fee provided that copies arepresent.
not made or distributed for profit or commercial advantage and that copies  In the meanwhile, one nuisance in using the MAT s its notorious
bear this notice and the full citation on the first page. To copy otherwise, to jnstability: In general, MAT is not stable under the perturbation of
republish, to post on servers or to redistribute to lists, requires prior specific domains [2, 16]. See Figure 1: Even when the upper domain is

permission and/or a fee. - . . .
SM'02, June 17-21, 2002, Saarbrucken, Germany. slightly perturbed to the lower domain, their corresponding MATs

Copyright 2002 ACM 1-58113-506-8/02/0006 ...$5.00. (MAs) have a drastic difference.



2. GEOMETRY OF MAT
In this section, we explore some facts about the geometry of the
MAT in 2D and 3D, which are relevant to our further analysis.

2.1 Situation in 2D

For 2D domains, much about the geometry of the MAT are known.
The most basic and fundamental fact is the following:

==
- PROPOSITION 1. [4]

‘ Let(2 be a normal domain in 2D. TheMl A (Q2) and MAT(2)
have finite graph structures, afdl A (Q2) is homotopically equiv-
alent to<2.

Figure 1. Instability of MAT: A small perturbation (under the Here, the condition ‘normal’ is important. We call a compact 2D
Hausdorff distance) of the domain on the upper left to the one  4omainQ normal if its boundarydQ consists of finitely many sim-

on the lower left leads to a drastic change in their correspond- e closed curves, each of which in turn consists of finitely many
ing MATSs (upper right and lower right, resp). But the one- real-analyticcurve pieces. Though the real-analycity seems rather
sided Hausdorff distance of the original MAT (upper right) strong, MAT(Q) andM A (€2) may not be graphs with finite struc-
with respect to the perturbed one (lower right) still remains ture, unless the original domaif satisfies the normality condi-
small. tion [4]. Furthermore, most domains in applications fall into the

category of normal domains. So it is natural to consider only the
normal domains.

Combined with the well-known difficulty of computing the me-
dial axis transform, this phenomenon can cause a lot of problems
in real applications, since, in many cases, shapes in problems come
with inevitable noises. In 2D, there have been many attempts to
overcome this difficulty by reducing the complexity of the MAT by
“pruning” out the less important parts [10, 15, 18]. Also in 3D,
there have been attempts to approximate a more stable part of the
MAT rather than to compute the whole complex MAT [1]. But most (@) (b)
of these attempts come without precise error analysis, thus lacking

in firm theoretical guarantee (with some notable exceptions includ- Figure 2: Local geometry of 2D MA and MAT around a generic

ing [1]). oint: MA and MAT are C' curves around a generic point
While the instability of the MAT is inherent from its definition, point g point

we still can have one important observation from Figure 1; The . . . .
original MAT (upper right) is contained approximately in the per- Normal domam; also have the following nice properties: et .
turbed MAT (lower right). More precisely, the one-sided Haus- be a normal domain. Then except for some finite number of special
dorff distance of the original MAT with respect to the perturbed POINtS. the maximal balb. (p) for every > = (p, r) € MAT(S2)

one still changes little. In this paper, we will closely analyze this gﬁgueg(;?&g;%ﬁgr}ia?f:&s) V:rt]g ;Cle:’i)‘?sr;(;aa% g?eci:'?/g;eiﬁ.
phenomenon, and show that this is in fact a general property of ’

L o , R? and inR? x Rxq respectively. Here, we denoReso = {z €
the MAT regarding its stability. In particular, for a class of the 20 7= Ve e T
3D domains calledveakly injective we will show that the one- R |z > 0}. Foreveryp in the set of sucgenericpoints inMA(£2)

sided Hausdorff distance of a given original MAT with respect to (der;otsdwt\)lﬂ(ﬂ)), we de_finle trlle angle 313[(2 g gtto bel; the
a perturbed one can be boundearly with the magnitude of the N9l betweeg (or equivalentlypgs) an (€2) atp, where
perturbation on the domain. q1, g2 are the two contact points (See Figure 2 (a)). We also define

Weakly injective domains are domains without degenerate types th.e angled S a(p) <25 to be the gngle Wh'CMAT(Q)_ makes
of end points in their MATS so that they satisfy some smoothness with the point plan&R” at P (See Figure 2 (b)). Then itis easy to
condition. They include many domains that naturally arise in solid S€€ the following general relation:
modeling and CAD applications, and, especially, they can still have cos 6(p) = tan a(p), (1)
sharp corners or edges. In fact, the weakly injective domains form
the largest class of 3D domains with linear bound for the one-sided for everyp € G(€).

Hausdorff distance of the MAT, and the constant for this linear ~ Now, for every normal domaif (except for the special case of
bound can serve as a new indicator of the level of detail for a given circular disks), we define

3D shape. 0 — inf{0 cp e GQ
These results generalize the corresponding ones in 2D [7], which ¢ inf{6(p) : p € G},
will be reviewed in Section 4. We mention that the proofs given ag = sup{a(p):peG(Q)}.

here for the 3D case can obviously be generalized to any higher Note that) < 6 < 7,0 < an < Z, and, from (1), we have
dimension. As well as the theoretical importance of these results, cos g, = tan ag. WhenQ is a circular disk, we definég, = z
we will also point out some possible effects they will have on the andag = 0. We also defingg = min {r : (p,r) € MAT(Q)},

general computation of the 3D MAT. which is the smallest radius of the maximal balls contained.in



(b)
Figure 3: Three types of1-prong points for 2D MAT

We call an end point of MA d-prong point There are exactly (b)
three types ofi-prong points in MA. See Figure 3: Type (a) is a
1-prong point with a contact arc, Type (b) is a sharp corner, and Figure 5: Two types of the elements in MA: (a) A surface ele-
Type (c) is a degenerate case when it is the center of a maximalment (left), and (b) a line element (right). Both can be extended
circle with only one contact point at which the circle osculates the slightly at their boundaries in the C' manner (so that the re-
boundary. Especially, the center of a circular diskisgong point sulting extensions are locallyC'* manifolds at the boundaries),
of Type (a). Itis easy to see that = 0, if and only if MA(Q2) has with possible exceptions at some boundary points of a surface
a 1-prong point of Type (c), ango = 0, if and only if MA(Q) element €.f, the top corner point in (a)).
has al-prong point of Type (b).

We call a normal domaif injective if o > 0 andpq > 0,
andweakly injectiveif 6o > 0. Thus, is injective, if and only
if every 1-prong point ofMLA(Q2) is of Type (a), and itis weakly  3p which is analogous to Proposition 1. In general, MAesp,
injective, if and only ifM A (£2) does not have &-prong point of MATSs) of 3D domains would be (2-dimension&W-complexes
Type (c). Note that a wgakly _inject_ive doma_in may have a sharp p3 (resp, R? x Rsg), which means that they can be decomposed
corner (., Type (b)), while an injective domain may not. into simpler 2D and 1D patches. See Figure 4 for an example of

: : : such decomposition. But, of course, they are not the most general
2.2 Situation in 3D types of CW-complexes, since they are MAs and MATs of specific
3D domains. In view of the 2D situation, we introduce the follow-
ing reasonable conditions for MA and MAT in our analysis:

Compared to the 2D case, the geometry of the 3D MAT is not
well understood yet. In fact, there still does not exist a result in

1. They can be decomposed intfirite number of parts called
elements

2. An element has one of the following two forms:

(a) Surface Element(Figure 5 (a)): A 2-dimensional’*
manifold with boundary, embedded ®* (or R® x
R>0), which is homeomorphic to a closed disk, and
whose boundary consists of finitely ma@y curve
pieces.

(b) Line Element (Figure 5 (b)): AC" curve piece (with-
out self intersections) embedded®i (or R? x Rx)
including its two end points.

3. Each pair of two different elements can meet only at their
boundaries.

4. If a MAT point P = (p, r) is in the interior of a surface el-
ement, then the maximal balt, (p) has exactly two contact
points with the domain boundary. R is in the interior of a
line element, the contact points form a circle.

5. Aline element can be extended slightly at their boundaries in
theC' manner (See Figure 5 (b)). A surface element can also
be extended slightly at their boundaries to become an em-
beddedC*-manifold, except possibly at some finitely many
boundary points (See Figure 5 (a)).

Figure 4: MA (MAT) can be decomposed into finitely many We will call a compact set ifR> pseudonormalif its MA and
patches calledelements Each patch has trivial topology, and MAT satisfy the above conditions. In fact, tfigitenes®f the num-
according to its dimension, it is either called asurface element  per of elements, which is connected to the compactness of MA and
or aline element Note that such a decomposition is not unique.  MAT, is quite important and subtle in proving our results. On the



Figure 6: Domain decomposition for 3D Domain: Correspond-
ing to their MAT decomposition, 3D domains can also be de-
composed into simpler ones.

domain side, the notion corresponding to MA and MAT decom-
position into patches, would be tlitomain decomposition See
Figure 6 for an example of domain decomposition for 3D domain.
Now, following the definition in 2D, we call a compact et
in R® normal if its boundaryd2 consists of finitely many (mu-
tually disjoint) piecewise real-analytic compact 2-manifolds (with-
out boundary). Note that we can easily cook up non-normal ex-
amples of 3D domains (analogous to the ones in [4]) whose MAs
and MATSs inevitably have infinitely many patches, thus not being
pseudonormal. But in view of Proposition 1, we can justifiably
conjecture the following:

CONJECTURE 1. If a compact set irR3 is normal, then it is
pseudonormal.

Figure 7: Two kinds of generic points in MAT(Q): (Up)
Generic point in a surface element. The maximal ball has ex-
actly two contact points with the domain boundary. (Below)
Generic point in a line element. The contact points form a cir-
cle, which, together with the MA point, makes a cone.

P is on aline element, then the contact points form a circle. In this
case, we definé(p) to be the inner angle of the cone generated
by p and the circle of contact points. For both cases, we define an
angle0 < a(p) < % by
(2
Analogously to 2D, we define (except wh@ris a spherical ball)

fo = inf{0(p):pe GO},

ag sup {a(p) : p € G(V)},

whereG(Q) denotes the set of all sugenericpoints inMA (Q).
Then, from (2), we have

tan a(p) = cos6(p).

(©)

Note that0 < 0o < § and0 < an < 7. When2 is a spherical
ball, then we definéd, = 3 andaq = 0. We call a pseudonormal
domainweakly injectiveif 6o > 0, or equivalentlyon < 7.

Like the 2D case, we call an end point of MA (or MAT)1a
prong point But in 3D, we have more types a@fprong points than
in 2D, some of which are depicted in Figure 8. Here, the center of
a spherical ball corresponds to Type (al). It is easy to see that, if a
pseudonormal domain is weakly injective, then its MA cannot have

cosfq = tan aq.

For the rest of our analysis, we will confine ourselves to pseudonort-prong points of Type (c1) and (c2) in Figure 8. In general, there

mal domains. Lef2 be a pseudonormal domain. LBt= (p,7)
be a point inMAT(2), which is not on the boundaries of ele-
ments of MAT(Q2). There are two types of sugenericpoints in

occurs a principal curvature maximum at the boundary point corre-
sponding to an MA point of Type (c), although the converse is not
always true. This is a useful criterion when determining whether a

MAT(). One is on a surface element, and the other is on a line given shape is weakly injective or not.

element. See Figure 7. B is on a surface element, then the max-
imal ball B, (p) has exactly two contact points with the boundary
09. In this case, we define an andgle< 6(p) < Z by the angle

1 Zq1pqg2, Wheregy, g2 € 99 N OB, (p) are the contact points. If

Note that a weakly injective 3D domain may have sharp corners
or edges (Type(b1) and (b2) in Figure 8). See Figure 9 for an ex-
ample of weakly injective 3D domain, and another which is not
weakly injective.



(b2) (b1)

(c2)

(c1)

Figure 8: Types of 1-prong points in 3D MAT: In addition to
these, there are other types which are more 3D specific.

3. DISTANCES

3.1 Hausdorff Distances
We will use the Hausdorff distance in our analysis, since itis a

most natural device to measure the difference between shapes. |

fact, we will use three different types of Hausdorff distances: the

one-sided, the two-sided and the hyperbolic, where the last one has

recently been introduced specifically for MAT. Latand B be two

(compact) sets in a Euclidean space of arbitrary dimension, and let

d(-,-) be the usual Euclidean distance.

One-sided Hausdorff distance H(A|B)
The one-sided Hausdorff distanad# A with respect toB, de-
noted byH(A|B), is defined by

H(A|B) = max d(p, B).

Note thatH(A|B) < e, if and only if A is contained in the-

Figure 9: Examples of 3D domains: (left) weakly injective and
(right) not weakly injective.

neighborhood of3. So the one-sided Hausdorff distance measures
how approximately a set is contained in another set, and hence our
results on the one-sided stability of MAT (Theorem 1) will be con-
cerned with bounding this distance for MAT.

(Two-sided) Hausdorff distance H (A, B)
The two-sided Hausdorff distancéor just the Hausdorff dis-
tance betweend and B, H(A, B), is defined by

H(A, B) =max {H(A|B),H(B|A)}.

This is the one usually called the Hausdorff distance in the liter-
ature. It has many nice properties including that it is a complete
metric on the class of all compact sets in the Euclidean space [11].
Since it is defined by symmetrizing the one-sided Hausdorff dis-
tance, it measures how similar two sets are. Later in Section 6,
we will obtain a bound (Corollary 1) for thivo-sidedHausdorff
distance between two different MAT approximations.

Hyperbolic Hausdorff distance: H, (M1 |M2), Hn (M1, M2)

In spite of its intuitive appeal, the Hausdorff distance cannot cap-
ture the unstable behaviour of MAT under the boundary perturba-
tion. Thehyperbolic Hausdorff distanckas recently been intro-
duced in [8], so that MAT becomes stable if the difference between
two MATSs is measured by this distance (See Proposition 2 below).

Since MAT is the set of pairs of centers (points in the usual Eu-
clidean space) and radii (nonnegative real numbers), the natural
space where MAT lives is the product sp&® x Rx>o. The hy-
perbolic Hausdorff distance measures the difference between two
sets in this space. It is defined in a similar way to the usual Haus-
dorff distance, but uses thgperbolic distancéetween two points
in R™ x R>q instead of the usual Euclidean distance. Ret=

"(pl, r1), P» = (p2,72) be inR™ x R>o. Then the hyperbolic dis-

tancedy, (P1|Pz) from P; to P; is defined by

dp(P1|P2) = max {0, d(p1,p2) — (r2 — 71) }- (4)

Note that this is not a realistance since it is not symmetrid.€.,
dn(P1|P2) # dn(P2|P1) ingeneral). But, analogously to the usual
Euclidean distance, the hyperbolic distance has some nice proper-
ties like the following triangular inequality [8]:

dn(P1|Ps) < dn(P1|P2) 4 dn(Pa|Ps3), ®)

forany Pi, P2, Ps € R" X Rxo.
Now let My, M2 be compact sets iR" x Rx>¢. Then theone-
sided hyperbolic Hausdorff distan@&y, (M1 |Mz) of M, with re-



spect toM> is defined by

Hpn(M1|M2) = max { min dh(}:’1|Pg)}7 (6)

Pi1eM; | P2eM2

and the(two-sided) hyperbolic Hausdorff distanbetweent/; and
M is defined by

Hh(M1,M2) :max{Hh(M1|M2),Hh(M2|M1)}. (7)

The following fact says that the hyperbolic Hausdorff distance
between two MATSs iglmostthe same with the Hausdorff distance
between the corresponding original shapes. This implies that the
hyperbolic Hausdorff distance is a most natural device to measure

the difference between MATS.

PROPOSITION 2. [8]
For any compact set®;,22 C R" (n = 1,2,---) such that
MAT(Q:), MAT(Q22) are compact, we have
max {H(Q1,Q2), H(0Q1,002)} <
Hr(MAT(Q1), MAT(Q2)),
Hr(MAT(Q:1), MAT(Q2)) <
3 - max {H(Q1, Qg), 7-((8(21, 892)}

In this paper, the second inequality of Proposition 2 will be used

SupposeP;, P, are two different points in the MAT of a 3D
domain{2. Then we have the following basic observation from the
maximality of the two ballsB,., (p1), B, (p2) in MAT(Q):

la(P1, Py)| < .
4
Now from (4), itis clear that
dh(P1 |P2) = {COS Oé(P1, Pz) — sin a(Pl, PQ)} . d(P1, Pz).

So we have

d(Py, Py) 1

dh(P1|P2) - COs Oé(P1, Pz) — sin a(Pl, P2) ’ (8)

4. PREVIOUS RESULTS IN 2D

Recently, there has been a series of results on the one-sided sta-
bility of the MAT in 2D. Let us briefly review these results. Chrono-
logically, they were developed in the order of the restrictiveness of
the domains dealt with: the injective, the weakly injective, and the
general normal. The first result was for injective domains.

PrRoPOSITION 3. (One-sided Stability for Injective 2D Do-

in a crucial way to show the main results regarding the one-sided Main) [6, 7]

stability of MATs of weakly injective 3D domains.

3.2 Distance between Two Points

Now we will explore some relations between the hyperbolic dis-
tance and the Euclidean distance between two MAT points (hence,

two points inR™ x R>o), which is important for understanding the
further analysis. For concreteness, we will restricRib x R>o,
though the relations hold in every dimension. IB&t= (p;,r;),

i = 1,2, be two different points iR x R>o. We will denote
by —Z < a(P1,P,) < Z, the angle fronR® x {0} (the space
for centers) taP; P; in R? x R>¢. More specificallyx( Py, P») is
given by

PP
ina(Py, P) =& ——2
sinal P Be) =& rp, By

wheree;? = ((0,0,0),1). Hered(P:, P») denotes the usual Eu-
clidean distance

d(Py, P2) = \/d(p1,p2)2 + (r1 — 12)2,

with Py, P, regarded as points iR* D R*® x Rxo. See Figure 10
for an illustration.

T - —

Figure 10: Two points inR3 x Rx

Let(2 be an injective 2D domain. Then we have

H(MA(Q)MA(Q))
2
1 — cosfq .
H(MAT(Q)[MAT(Q))
VAT (B —cos0a)?
1 — cosfq '

¢+ o(e),

e+ o(e),

for every normal 2D domaif®’ such that

max {H(€, Q), H(09,00)} <e.

After the introduction of the hyperbolic Hausdorff distance in
[8], this result was extended to the weakly injective case and the
general normal case.

PROPOSITION 4. (One-sided Stability for Weakly Injective
2D Domain) [7]
Let(2 be a weakly injective 2D domain. Then we have
H(MAT(Q)|MAT(Q)) < g(f) - e + o(e),
H(MA(Q)MA(Q)) < g(0a) e+ ole),

for every normal 2D domaif®’ such that

max {H(€, Q), H(09,00)} <e.

Here,

24/1 + cos? 9>

9(9)23(1+ 1—cosf

for 6 € (0, 7/2]. See Figure 11 for the graph of

The bounds are linear in the weakly injective case. But it turns
out that this linearity does not hold in the general case of the normal
domains in 2D.
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Figure 11: The graph of the coefficient function g(6) =

3 (1 + 24/ 14-cos? 0

1—cos 6

; (a) the logarithmic graph of g on the
whole interval (0, 7], (b) the (normal) graph of g on the interval

[ 3]

PrROPOSITION 5. (One-sided Stability for Normal 2D Domain)

9]

Let 2 be a normal 2D domain which is not weakly injective.

Then we have
H(MA(Q)|MA(Q))

NQ—l NQ—l
N, 1 N, 1
< Kg-eNatl 4o eNatl ||

H(MAT(Q)|MAT(Q))

No—1 Nog—1
S KQ‘ENQ+1 +O<ENQ+1),
for every normal 2D domaif’ such that
max {H(Q,Q'), H(09,090)} <e.

Here the constaniVy, is the degree of contact of maximal balls
of Type (c) in Figure 3 with the domain boundary. 8o can take
an integer value greater or equal2pand hence we have bounds
like ¥, \/E,e%,m. In the worst case, we hawe, and, when
the boundary curves are quadratic splines, we RgweThe con-

stant K, depends on the maximal curvature of the boundary near

LEMMA 2. LetPi, P, P; be inR3xR>q. Supposel, (Pi|P:)
< eanddy(P:|Ps) < e for somee > 0. Then we have

d(Pl, PQ) < d(Pl, P3) =+ €.

PrROOF See the proof of Lemma 2 in [7], which can obviously
be generalized to arbitrary dimension]

THEOREM 1. (One-sided Stability for Weakly Injective 3D
Domain)
Let(2 be a weakly injective 3D domain. Then we have

H(MAT(Q)[MAT()) < g(fa) - ¢ + oc),
HMA(Q)MA(Q)) < g(0a) ¢+ o(c),

for every pseudonormal 3D domaitf such thatmax {H (2, Q')
H(OQ,00)} <e.

Once we have Lemmas 1 and 2, the proof of the above theorem is
similar to that of the weakly injective 2D case [7]. But for the sake
of completeness, we give the proof below. In the proof, note the
essential role of the hyperbolic Hausdorff distance (Proposition 2).

PROOF OFTHEOREM1. First, itis easy to see that
H(MA (Q)MA(Q)) < H(MAT(Q) MAT(')). So we only
need to bound thé{(MAT(Q)|MAT(£')). Assumef2 is not a
spherical ball. LetP € MAT(Q2). By Proposition 2, we have
Hr (MAT(Q), MAT(Q')) < 3e. So by (6) and (7), there exists
P’ € MAT () such thatl, (P|P’) < 3¢, and, again, there exists
P” € MAT(Q) such thatd, (P'|P") < 3e. Sod(P|P") < 6¢

by (5). From Lemma 1, we hau(P, P"") < Y1*<% g

1—cos 0
o(e). So, by Lemma 24(P, P’) < 3e + 7%0:;? -6e+o(e) =
g(0a) - € + o(e). SinceP is taken arbitrarily inMAT(2), this
implies the desired result.
For the case whef is a spherical ball, see the argument in Ex-
ample 5. [

We mention that we can in fact have a globally linear bound; For
any weakly injective 3D domain, we can find a conste@t< oo
such that

H(MAT(Q)|MAT(Y))
H(MA(Q)|MA(2))

for everye > 0, and for every pseudonormal 3D domé&®h such

ka - €,

INIA

ka - €,

1-prong points of Type (c) in Figure 3. This implies that, in contrast thatmax {H(Q, ), H(9Q,00)} <e.

to the constam, in the weakly injective case, we can compiig
directly from the domain boundary.

5. RESULT IN 3D

In the 2D result [7], it was shown that the bound corresponding
to that in Theorem 1 is tight up to constant. This is also true in 3D,
which can be seen from the following example.

ExamMPLE 1. Let (2 be a weakly injective 3D domain with a

We now show that, the one-sided Hausdorff distance of the MAT sharp cornerp; depicted as in Figure 12. L&’ be the domain
(and the MA) of a weakly injective 3D domain is bounded linearly obtained by smoothin@ with a sphere neap, so thatM A (Q2) =
by the magnitude of the boundary perturbation. For these results,pzps. Let P; = (pi, ;) be the corresponding points INLAT(£2)
we will need the following key lemmas: fori = 1,2, 3. Note that

LEmmMA 1. LetQ2 be a weakly injective 3D domain which is not H(Q, Q) =H(09,00) =,
a spherical ball. Then we have

o [ AP P)
Pl an (PR

and

H(MA(Q)MA()) = d(p1,p2) = ﬁ o

V1 4+ cos? O e

1 — cos Oq

Py 7& P e MAT(Q),dh(P1|P2) < 6}
< V1 + cos? fq

1 — cosOn

+o(1). H(MAT(Q)|MAT(Q')) = d(Py, P,) =

See Appendix A for the proof of Lemma 1.
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Figure 12: Example showing the tightness of the bound in The-
orem 1.

This example shows that the faCt?'lCiToQ in g(6a), which
blows up asf, — 0, is indeed unavoidable. In fact, it can be
shown that the class of weakly injective 3D domains is the largest
possible class for which we have linear bound for the one-sided
Hausdorff distance of MAT (and MA) with respect to the boundary
perturbation.

Now we calculate explicitly the constarfis andg (0. ) for a few
simple but illustrative examples.

Figure 13: Hexahedron: 6o = 7, g(6a) = 28.089243 . ...

EXAMPLE 2. When(2 is a hexahedron (Figure 13) or a cylin-
der (Figure 14), itis easy to see thét = 7. Sowe havg(fa) =

3(1+2v3(1 +/2)) = 28.089243 ... ..

ExampLE 3. Let 2 be a regular tetrahedron shown in Fig-

ure 15. Here we haveos 6o = % and sofq = 54.73561 .. .°.

Hence we havg(fa) = 9 + 61/3 = 19.3923 ...

EXAMPLE 4. Let 2 be a torus shown in Figure 15. Here we
havedo = 5. Hence we haveg(6a) = 9.

ExAMPLE 5. Let Q2 be the unit spherical ball centered at the
origin O. (See Figure 17 (left).) FoA > 0, let 2, be a domain
such that

MAT(Q,) = {((,0,0),1)]0 < = < A}.

Figure 14: Cylinder: 6o = I, g(fa) = 28.089243 .. ..

Figure 15: Regular tetrahedron: 6o = 54.73561 ...°, g(0q) =
19.3923....

See Figure 17 (right). Note that, for evely > 0, Q, is weakly
injective,fo, = 7, and

max {H(Q7 QA), H(QQ, 89)\)} = \.
Supposé?’ is a pseudonormal domain such that
max {H(2, Q"), H(0Q,09)} < e.

Then by the triangular inequality for the Hausdorff distance, it is
easy to see that

max {H (2, Q"), H(IQ, 00)} < e+ A
By Theorem 1 for non-spherical cases, we have

H(MAT(Q2,)|[MAT(Q))

IN

g(%)-(e-ﬁ-)\)-i-o(e-i-)\)y

g(z)-(é-l-)\)-i-o(e-i-)\).

H(MA () MA(Q)) .

<

SinceMAT(2) C MAT(2,) (and MA(Q2) C MA(f2,)) for
every\ > 0, we have

H(MAT(Q)|MAT(Q))

H(MA(Q)|MA())

H(MAT(2,)[MAT(Q)),
H(MA(Q))[MA()),

INIA
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Figure 17: Spherical ball andQy: 6o = 6o, = 3, g(fa) =
g9(0a,) = 9. The spherical ball©2 can be regarded as the limit
of Q) as\ — 0.

for every > 0. Thus,

HMA(Q)MA®)) < g(F)-e+ole),

H(MAT(Q)MAT(Q)) < g(3)-c+ole),

which completes the proof of Theorem 1 for the spherical cases.

EXAMPLE 6. Forn = 2,3,---, letQ, be the polyhedral do-
main as depicted in Figure 18 (top left), which approximates the
unit spherical ball centered at the origin as — oco. The vertex
points ofdf2,, are given by

(cos ity €COS jQn, COS 10y, SIN Jaun, Sin iy, ) ,

fori=-n,—(n—1),--- ,nandj = 1,2,--- ,4n, wherea,, =

5. The MAT of2,, has a complex shape consisting of many poly-
gons joining the edges 6f2,, and points (or line segments) on the
z-axis near the origin. See Figure 18 (top right). By an elementary
geometric analysis, it can be shown that

—cos? oy +4cosan + 1
cos? oy + 3

cos 20q,, = ) 9)
andéq,, is realized at the MAT points which have foot points on the
triangular boundary pieces around the polgs 0, +1) (Figure 18
(bottom)). Thus, we can see from (9) tifiaf, \, 0 asn — oo
(i.e., asf),, approaches the unit spherical ball closer and closer).

z
P
1; TR
\ |
Qn ‘ N
oy
/J
2
Qn
z4 ba,0q,
A
0]

Figure 18: (Top left) the polyhedral domain $2,, approximating
the unit spherical ball centered at the origin, and (Top right)
its MA. The vertices of 92, are distributed regularly on the
unit sphere with the anglea, = 5-. Actually, the origin is
slightly outside of the MA pieces (except the ones on they-

plane). (Bottom) The anglefq,, is realized by a point A on an

MA piece between two triangular boundary pieces around the
north pole P.

6. CONSEQUENCES

Now we discuss a few consequences and applications of the one-
sided stability of 3D MAT. The importance of Theorem 1 lies not
only in that it confirms the intuition of the one-sided stability of the
MAT, but also in that it provides a quantitative bound of the MAT
deviations which is linear in the weakly injective case.

In many situations, a given 3D domain has small noises in its
boundary. Yet another situation is that the boundary is given by
the popular polygonal mesh which inevitably has numerous small
sharp edges. In these cases, it is often more reasonable to com-
pute a simpler approximate MAT, instead of the exact one which
contains many unilluminating parts caused by the noise or the lo-
cal sharp features. A traditional approach to this would be to cut
away some parts of the exact MAT according to various existing
importance measures [18]. While this approach guarantees that the
resulting simpler MAT lies completely inside the exact MAT, one
disadvantage is that one still should compute the proliferous exact
MAT in advance.

Theorem 1 provides a different strategy: First approximate the
given domain with a simpler weakly injective domain and then
compute directly the MAT of this simpler domain. Then the result-
ing simpler MAT is guaranteed to approach to a part of the exact
MAT as the Hausdorff distance between the approximating domain
and the original one shrinks. Furthermore, we have a quantitative



bound for the amount of the deviation of the approximating MAT
from the exact one.

We can also see that the approximating MAT contains the impor-
tant global features of the original one.

COROLLARY 1. (Independence of Approximations)
Let(2 be a pseudonormal 3D domain, and {&t and 2, be two
weakly injective 3D domains such that

max {H (2, 02), H(02;,00)} < €
fori =1,2. Letd = min {6q,,bq, }. Then we have
H(MAT(Q1), MAT(22)) < 2g(0) e+ o(e),
H(MA(9:), MA(Q2)) 29(0) - € + o(e).

A

PrRoOOF This follows by applying Theorem 1 symmetrically to
Q; and 2, and from the fact that{(Q:,Q2) < H(Q1,Q) +
H(Q2,Q) < 26, H(0Q, 002) < H(O0, 00) +H(8Q, 9Q) <
2e. [

Note that the Hausdorff distances in Corollary 1 are the two-
sided ones. Corollary 1 tells the following: Suppose we have two
different approximating weakly injective domais and 2> to
a given pseudonormal domain. Then the difference between
MAT(Q:) and MAT(92) under thetwo-sidedHausdorff dis-
tance is also bounded linearly. This means that, even if we choose
only one approximation, it is guaranteed to contain approximately
a common part of the exact MAT which is (approximately) shared
by all the other approximations.

As yet another situation, suppose that, instead of approximat-
ing only an important part of the MAT, we want to approximate the
whole part of the exact MAT of a noiselessly given weakly injective
domain, which often appears in CAD applications. For example,
this was nicely achieved in 2D by successively finding the impor-
tant maximal balls, and interpolating them with splines [5]. In this
type of approach, Corollary 1 can also be served for bounding the
difference between the interpolated MAT and the exact one.

Finally, we observe from Theorem 1 and Examples 1 and 6 that
the angledq, is an important quantity reflecting the degree of the
“detailed-ness” of a weakly injective domaily Suppose we are
approximating a given pseudonormal domain by a weakly injective
domain(2. Then, in general, the value 6f, gets small as the ap-
proximation gets finer. Thus, the andlg can be used as a new
indicator of the level-of-detail for 3D domains in the weakly injec-
tive class.
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APPENDIX Define0 < 6., < w/2 as follows: Whend?, + r1,, < 73,
we have the situation shown in Figure 20 (a). ket (¢z,qy)

A. PROOF OF LEMMA 1 (g4 > 0) be the point where the two circles intersect. Hére
Before we proceed, we mention that the compactness of the MAT, js defined by the angle betweéq., ¢,) and thez-axis. When
which is connected to the finiteness of the number of elements, isaq? + 2, > r2,. (Figure 20 (b)), defind,, = 7/2. Itis easy to
key ingredient in the proof. Let ' Y

As = sup{(x(Pl,Pg) Py 75 P e MAT(Q),dh(P1|P2) < 6}.

Note that|A.| < § for anye > 0, since|a(Pr, P2)| < & for any
P, # P, € MAT(R). We will show thatlim sup,_,, A < aq.
Then the proof would follow, since

1
cos (tan an) — sin (tan aq)
v1+ cos? Oq

1 — cos Oq

B

by (3) and (8), where

d(P1, P2)
B. = o2
wp{dMPﬂ%)

Note thato < 7, sinceS? is weakly injective. Suppose

Py 7& P e MAT(Q),dh(P1|P2) < 6}.

limsup Ae > agq.
e—0

Then there exist sequencé® ., = (p1,m,r1,m)} and{ Pz, =
(pz,m, Tg,m)} in MAT(Q) such thaTPl,m 7& Pg,m, dh (Pl,m|P2,m)
< 1/2™, andlimy,— oo @(Pr,m, P2,m) > aq. SINCEMAT(Q) is
compact, we can assurdépP: .., P1) — 0 andd(Pz, m, P2) — 0
asm — oo forsomeP;, P, € MAT(Q). Sincedy, (Pi,m|P2,m) —
0 asm — oo, it follows that P, = P>, which we denoteP =
(p,7).

We can assume; ,, < r2,, for everym, for, otherwise, we
would havelim,, oo = 0, Wherea,, = a(Pi,m, P2,m) for
m = 1,2,---. For the moment, we also assume- 0. SinceS? is
weakly injective, this implies that there exist at least whfferent
contact pointsgi,m, g2,m € 92 N 9By, (P1,m). LetbO1m =
1 /q1mprm@zm (0 < 01,m < T). See Figure 19. From the

Figure 19: Two spheresB;., ,,, (p1,m) and B, ,,, (p2,m): Since
is weakly injective, there exist two different contact pointsgi .,
and g2, for each P; .

definition of 6, we can see that

01,m > ba, (10)

for everym.
Fix m. We assume with no loss of generality that,, = (0, 0, 0),
p2,m = (dm,0,0), whered,,, = d(p1,m,p2,m) > 0. Note that

T2,m —

dm

T1,m
tan o, = —.

(11

see from Figure 19 that

Om > 01 (12)

(b)

Figure 20: Two spheresB;, ,, (p1,m) and By, (p2,m) pro-
jected onto thexy-plane

Suppose firsti?, + r1,, < 73, for infinitely manym’s, in
which case, we can assume with no loss of generality dhat-
73 o < 73, fOr everym. Now we have

Gta = Tim
(Qx - dm)2 + q; = r;,m-
From these, we can easily get
R
= 2d,, ’
and hence
—d2, =73, +73
cos b, = L Zm (13)

Qdmrl,m



From (11) and (13) we have

2 2 2
_dm —Tim + T2,m r2:m —T1im
cos O —tana,, = —

Qdm’f'l,m dm
(P1,m — T2,m)? — d2,

2dmrl,m

_ dm (7”2,m - Tl,m)g _ 1

o 27‘1,m dZn ’

So we have
cos 0, —tan o, = — dm (1 — tan? am) . (14)

27"1,m

From (14), we get
tan o, — cos 0y, — 0,
asm — oo. So it follows from (3), (10), and (12) that

lim tan o, < lim cos 6, < cosfqo = tan aq,

m— oo m—oo

and hence

lim an < aq,
m— 00

which is a contradiction. So there should be infinitely mam'g
suchthatl?, +r3% ,, > r3 ,,, and we can assuna, +r3 ,, > r3 ,,
for everym. In this case, note that

(r2,m - Tl,m)Q

tan® o =
m =
2
d,
2 2
_ Tom — 2T2,mr1,m + T1,m
- 2
dz,
2 2
_ T2,m —T1,m 2 2m —Tim Tim
dz, dm dm
2
T2m —T1i,m T1,m
= 5 — 2tan am;,
dz, dm
So we have
2
. 2 . ™2m —T1,m . tan am,
lim tan” o, = lim —2r - lim

Since we assumed thdf, + r1,, > r3 ., we have
2
. T
0< lim

So from (15), it follows that

lim tana,;, =0

m— oo

sincelimm,—oo dm = 0, 0 < limy— oo tan oy, < 1, andr > 0.
So we again have the contradiction that

lim an, =0<agq.

m— oo

From the above arguments, we must have 0. Now letQ’ be
the domain obtained by inflating by small§ > 0, i.e,,

Q' =Q+ Bs(0).
Then is is easy to see that
MAT(Q') = MAT(Q) + ((0,0,0),6).

Obviously, €2’ is a pseudonormal domain, and it is also weakly

injective. Moreover, it is also easy to see thdf = aq. Let

P = (Piims Tiom) = Dim,Tim +0), P = (0',r") = (p,9),
d;n = d(pll,mapé,m)‘ anda:n = a(Pll,ma PQI,m) fori = 1,2 and
m = 1,2,---. Then it is clear thatl,, = dm, o}, = o for

i =1,2andm = 1,2,---. Now we can apply the same argu-
ments as above to show tham,, ..o am < aqr = agq, since
liMm—oo 71 m = liMm—oo 75, = 7' = § > 0. Thus we have a
contradiction, and the proof is complete.



