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Abstract

Medial azis transform (MAT) is a basic tool for shape analysis. But, in spite
of its usefulness, it has some drawbacks, one of which s its instability under the
boundary perturbation. To handle this problem in practical situations, various
“pruning” methods have been proposed, which are usually heuristic in their nature
and without sufficient error analyses. In this paper, we show that, although medial
axis transform is unstable with respect to standard measures such as the Hausdorff
distance, it is stable in a measure called relative Hausdorff distance for some
“smoothed out” domains called injective domains. In fact, we obtain an upper
bound of the relative Hausdorff distance of the MAT of an injective domain with
respect to the MAT of an arbitrary domain which is in small Hausdorff distance
from the original injective domain.

One consequence of the above result is that, by approximating a given domain
with injective domains, we can extract the most “essential part” of the MAT
within the prescribed error bound in Hausdorff distance. This introduces a new
pruning strateqy with precise error estimation. We also use the above result to
introduce a new definition of MAT of bitmap images, which is both computable

and conceptually natural. We illustrate our results with various examples.

Index Terms - medial axis transform, skeleton, stability analysis, relative Haus-

dorff distance, error bound, pruning
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1 INTRODUCTION

Medial axis transform (MAT for short) is one of the basic tools widely used
in shape analysis. Being natural conceptually, it extracts thinned features of a
shape, which is homotopically equivalent to the original shape [1],[2],[3],[4]. It
has a graph structure, which is simple to store and process in a computer. For
these advantages, medial axis transform has a wide range of applications, such
as biological shape recognition [5],[6],[7],[8],[9],[10],[11], character recognition and
representation [12],[13],[14],[15],[16],[17], fingerprint classification [18], and visual

analysis of circuit boards [19], to name a few.

MAT has a few equivalent definitions. One of them is the famous grassfire
analogy [1], which defines the medial axis as the “quenching” points of the fire
starting from the boundary. Another popular definition uses maximal inscribed
circles, which we adopt in this paper; the medial azis (MA) of a plane domain
is the set of the centers of the maximal inscribed circles contained in the given
domain. The set of all the pairs of the medial axis point and the radius of the
corresponding inscribed circle, is called the medial axis transform, which can
be used to reconstruct the original domain. More explicitly, the medial axis
transform MAT(S2) and the medial axis MA(2) of a plane domain € is defined

by

MAT(Q) = { (p,r) € R? x [0,00) |B,(p) is a maximal ball contained in 2 }

2



Stability Analysis of MAT

and

MA(Q) = {p € R*|3r > 0, such that (p,r) € MAT(Q)}.

One nuisance when dealing with medial axis (transform) is that it is not
stable under the perturbation of the domain [20],[21]. This means that the trans-
forms MA : {plane subsets} — {plane subsets} and MAT : {plane subsets} —
{subsets in R®} are not continuous, where the domains and the images of the
transforms are endowed with the Hausdorff distance. For example, the two do-
mains (a) and (b) in Figure 1 are quite close in Hausdorff distance, but their

medial axis (transform) differs drastically.

(a) (b)

Figure 1: Instability of medial axis transform

In many practical situations, the domains in question are often given with
small noises. This would produce undesirable results, since MA (and MAT)
are not stable. A traditional alleviation of such phenomenon is the “pruning”
methods which “cut off” the less important part of MA (and MAT) according
to some measures [20],[22]. But in general, these methods are heuristic in deter-
mining what is the important part of MA (and MAT), and they often provide

no underlying error estimations.
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In this paper, we show that M A and M AT are indeed stable, if we concentrate
on relative Hausdorff distance which will be defined later in this paper, instead of
Hausdorff distance. We will prove that, when a plane domain 2 satisfies a certain
smoothness condition called the injectivity, then the relative Hausdorff distance
of MA(Q) (resp., MAT(Q2)) with respect to MA(Q') (resp., MAT(Q)) goes to
zero, if the Hausdorff distances between 92, 92" and between 2, ' go to zero for
arbitrary domain 2'. This is achieved by first deriving an upper bound formula

for MA and MAT errors, which depends on the given injective domain.

We show how this result can be utilized in a new pruning strategy; by approx-
imating a given domain with injective domains, we can guarantee that the MA
(and the MAT) of the approximating domain are the most “essential parts” of
the MA (and the MAT) of the original domain within a prescribed error bound
in Hausdorff distance. For example, the domain in Figure 2 (a) is approximated
by an injective domain in Figure 2 (b), which means that the Hausdorff distance
between the two domains is small. Although the Hausdorff distance between the
MAs (and the MATS) of the two domains is large, the relative Hausdorff dis-
tance of the approximating MA (and MAT) in Figure 2 (b) with respect to the
original MA (and MAT) in Figure 2 (a) is small. Furthermore, if we approxi-
mate the domain in Figure 2 (a) with another injective domain, we can bound the
Hausdorff distance between the two approximating MAs (and MATSs). This, in
effect, prunes the hairy MA (and MAT) in Figure 2 (a), and extracts the most

essential part of it.
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(a) (b)

Figure 2: Essential part of medial axis (transform)

In principle, this amounts to a pruning by boundary smoothing. But we
stress here that, unlike the previous known methods such as Curvature Flow
Smoothing [23],[24],[25],[26],[27],[28], our method is equipped with precise error

analysis.

We also use the stability of MA (and MAT) under relative Hausdorff distance
to introduce a new definition of MA (and MAT) of the bitmap images. For the
bitmap images, various definitions of MIA (and MAT) have been proposed [2],[3]
with a view to the thinning methods. But, being devised mostly for computational
purposes, they lack the theoretical naturalness in general. Our definition has

conceptual naturalness as well as computational amenability.

In Section 2, we briefly review the basic mathematical results on medial axis
transform, which is needed to understand the further analysis. We also introduce
the relative Hausdorff distance, and list some fundamental properties. The main
stability results are proved in Section 3, and a few simple examples are given in

Section 4 for the illustration of the main result. In Section 5, we show how the
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result in Section 3 can be used in pruning by applying it to a more realistic and
complex example. Here, we also give a new definition of M A and MAT of the

bitmap images. Finally, we summarize our results in Section 6.

2 PRELIMINARIES
2.1 NORMAL DOMAINS AND THEIR MAT

To facilitate the later analysis, some preliminary understanding of medial axis
transform is needed. In this section, we briefly review some mathematical facts
about medial axis transform of plane domains, and present a few terminologies
used in this paper.

For completeness, we first restrict the kind of the domains we deal with to
what we call the normal domains. Although it is often neglected in literature,
this restriction is necessary for reasonable behaviours of M A and MAT. We will

call a subset Q of R? a normal domain, if it satisfies the following two conditions:

e () is compact, or equivalently, €2 is closed and bounded.

e The boundary 0f2 of €2 is a (disjoint) union of finite number of simple closed
curves, each of which in turn consists of finite number of real analytic curve

pieces.

With normal domains, the following expected behaviour of MA and MAT

turns out to be true.

Proposition 1 ([4]) Let Q be a normal domain in R?. Then both MA(Q) and

MAT(2) have finite graph structures.
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Here, by the finite graph structure, we mean that M A and MAT consist of

finitely many curve pieces, and they meet each other at only finitely many points.

There are examples with which the above result can be violated. In fact,
there exist domains with their medial axes having infinitely many “leaves” and
thus violating Proposition 1, which satisfy all the above normality conditions
except the real-analyticity is replaced by the C'™ condition [4]. In the extreme
case when (2 has a fractal structure, MA(2) can even have the fractal dimension
greater than 1 [29]. But in practical situations, almost all domains considered are
normal. So it is natural to focus on the normal domains, for which the medial
axis transform behaves reasonably as is usually expected. For these reasons, we

will only consider the normal domains in this paper.

Let € be a normal domain, and let (p,7) € MAT(2). So B,(p) is a maximal
ball in Q. We will call 0B, (p), the boundary of B, (p), a contact circle of Q. The
number of the connected components in B,(p) N 0N is equal to the number of
the ‘prongs’ of MA(2) emanating from p. Each point in B,(p) N 09 is called
a contact point, and a connected component of B,(p) N 92 which constitutes a
circular arc is called a contact arc. See Figure 3. We call p an n-prong point
(n > 1), when n is the number of the prongs of MA () emanating from p. For
example, the point p in Figure 3 is a 3-prong point. It has been proved [4] that,
except for finitely many points, MA(Q2) consists of only the 2-prong points, and
a point in MA () is a 1-prong point, if and only if it is an end point of MA ().
Later in Section 3, we will classify the 1-prong points in more detail.
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A corner point in 0X2 is called a sharp corner (resp., dull corner), if the angle
of the corner inside the domain is less than (resp., greater than) 7. A sharp

corner always introduces an end point of MA (), i.e., a 1-prong point.

Contact Points Contact Circle

Contact Arc

Sharp Corner
Dull Corner

Figure 3: Contact circle and n-prong point

Let © be a normal domain, and let (p,r) € MAT(2). We will introduce a

few domain-dependent constants. First, define pg by

— inf
pa (p,r) Ell\IfiAT(Q) "

i.e., the smallest radius of the contact circles of €2. Note that po = 0, if and only
if Q2 has a sharp corner.

Suppose p is a 2-prong point. Suppose also that B,(p) has no contact arcs. In
fact, almost all points in MA () except finitely many ones are of this kind. We
will denote by G(f2), the subset of MLA(2) consisting of all the 2-prong points
with no contact arcs. Let p; and py be the two contact points corresponding to p.
(See Figure 4.) Define 0 < 0(p) < 7/2 by the angle between pp; (or equivalently,
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Pp2) and the tangent direction of MLA () at p. Define 6q by

Oo =inf{0(p) : p € G()}.

Note that fg > 0, if and only if every 1-prong point of MA(2) is of the type (c)

in Figure 7.

b1
o0
0(p)
MA(9) o0 D
o0
%)

Figure 4: 2-Prong point in G(f2)

2.2 RELATIVE HAUSDORFF DISTANCE

Hausdorff distance is one of the most popular and intuitively appealing measures
of the difference between two sets [30],[31]. We present briefly here the definitions
and its elementary properties. We also introduce the concept relative Hausdorff
distance, with which we later prove the stability of MA and MAT.

Let A and B be two (closed) subsets in R” for some n > 1. The relative

Hausdorff distance of A with respect to B, H(A|B), is defined by

#(A|B) = max d(p, B),

9
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where d(-,-) is the usual Euclidean distance in R". Intuitively speaking, it is

the smallest real number € for which A is contained in the e-neighborhood of B.

The relative Hausdorff distance H(A|B) of A with respect to B is less than e, if

and only if A is contained in the e-neighborhood of B. Thus, relative Hausdorff

distance measures how a set is contained in another set. See Figure 5.

¢ XX
0.0.9.0202050.
RN

02020202020.0°0.9%0,
RRRRRIRIEN

S RIZLX \ 7
RS S
. ~—_-~_7 eneighborhood
e-neighborhood o of B

of A

Figure 5: Relative Hausdorff distance : H(A|B) < € but H(A, B) £ €

The Hausdorff distance between A and B, H(A, B), is defined by

#(A,B) = max{maxd(p, B) maxd(q, A)}

= max {H(A|B),H(B|A)},

i.e., it is the maximum of the relative Hausdorff distance of A with respect to

B and the relative Hausdorff distance of B with respect to A. The Hausdorff

distance between two sets A and B is less than € > 0, if and only if A is contained

in the e-neighborhood of B, and B is contained in the e-neighborhood of A.

Thus, Hausdorff distance measures how much close the shapes of two sets are.

See Figure 6. Note that, in Figure 5, the Hausdorff distance H(A, B) is large
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(H(A, B) £ €), whereas the relative Hausdorff #(A|B) is small (#(A|B) < ¢).

R <\
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of B

N ://// e-neighborhood
of A

Figure 6: Hausdorff Distance : H(A, B) < €

The followings are basic properties of Hausdorff distance for any closed sets

A, Band Cin R* (n > 1):

H(A, B) > 0. (1)
H(A, B) = H(B, A). (2)
(A, C) < H(A, B) + H(B,C). (3)

Here, the equality in (1) holds, if and only if A = B, and (3) is called the

triangle inequality for Hausdorff distance.

3 STABILITY OF MAT

In this section, we show that M A and MAT are stable under relative Hausdorff
distance, for some special kind of plane domains which we will call injective. In a
sense, injective domains are some kinds of “smoothed out” or “rounded off” ones
of ordinary normal domains.

11
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Definition 1 (Injective Domain)

A normal domain Q in R? is called injective, if pa > 0 and g > 0.

Let €2 be a normal domain. It is easy to see that there are exactly three kinds
of 1-prong points in MA(2). See Figure 7: Type (a) is the center of a maximal
circle with only one contact point at which the circle osculates the boundary.

Type (b) is a sharp corner. Type (c) is a 1-prong point with a contact arc.

Figure 7: Three types of 1-prong points

Suppose €2 is an injective domain. Then every 1-prong point of MA () cannot
be of Type (a) or Type (b) in Figure 7: If MA(2) has a 1-prong point of Type
(a) or Type (b), then we would have either o = 0 or pg = 0. Conversely, it
obvious that  is injective if every 1-prong point of MA(Q) is of Type (c) in
Figure 7. Thus € is injective, if and only if every 1-prong point of MA(Q) is of
Type (c) in Figure 7.

Note that, if we cut out a small segment of M A near every 1-prong point
of Type (a) and (b), then the resulting domain is an injective domain. So, an

12
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injective domain can be obtained by smoothing an arbitrary normal domain.
Now we start our stability analysis. Let {2 be a normal domain. First, note
that, for every p in the interior of €, int), there exists a unique (¢(p),r) €

MAT () such that pp; C ¢(p)p:1 for some p; € OB, (¢(p)) N IN. See Figure 8.
b1

Q

Figure 8: Correspondence between p and ¢(p)

Lemma 1 Let Q be a normal domain, and let p € intS). Let ¢(p) and p; be the
(unique) points in MA(S2) and in 092 respectively, corresponding to p in the above
sense. Let n = |p— ¢(p)|, and let g be the (unique) point in 0B, (d(p)) NI1(H),
where 1(0) is the half-line starting from p in the direction which has the angle 6
(0 < 0 < ) from the vector ¢(p)p;. Figure 9 illustrates the situation. Let D(6)

be the distance between p and q. Then we have

D(#) = —ncosf + \/772 cos? 0+ (r +n)? —n?,

where 7 = d(p, p1) = d(p, Q).

— —
Proof. First, note that pp; C ¢(p)p;. Let 0 < ¢ < 7 be the angle between ¢(p)p

and ‘WI

13
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Figure 9: Illustration for the proof of Lemma 1

Note that

(r+mn)cos¢ — D(0) cost = n,

from which it follows that

D
cos g = 1 H D) cosb (4)
r+mn
Now, from the cosine formula for the triangle Apqd(p), we have
D(0)? = (r+n)* +n”> = 2n(r +n) cos ¢, (5)
and so, by substituting (4) into (5), we get
D(9)* = (r +n)*> —n*> — 2nD(0) cos¥,
or
D(0)* +2ncos® - D(9) — {(r +n)>—n’} = 0. (6)

Solving the equation (6) yields the solution

D() = —ncosf + \/772 cos? 0 + (r +n)? —n?,

14
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since we know that D(#) > 0. This completes the proof. O
Now we introduce a function corresponding to each injective domain, which

will play an important role for the upper bounds of M A and MAT errors.

Definition 2 Let Q) be an injective domain. Then we define ng : [0,00) — [0, 00)

by

_ Pa- T
 pasin® (0g/2) — xcos? (0 /2)

na(z)

We present without proof a straightforward but noteworthy property of the

function ngq.

Lemma 2 Let Q2 be an injective domain. Then, no(z) > 0 when 0 < z <

patan? g /2, and lim,_,ona(z) = 0.

Now we present the main theorem of this section. See Appendix for a proof.

Theorem 1 Let Q) be an injective domain, and let Q' be a normal domain with
H(OQ,00') < € and H(2, Q') < €, where € < min{pq tan? /2, pa/2}. Then we
have

H(MA(Q)MA(£Y)) < 7a(e),

and

H(MAT(Q) MAT(®)) < /7a(e)? + {e + na(e)}*

The above theorem, together with Lemma 2, tells us that M A and MAT of
injective domains are indeed stable under relative Hausdorff distance. Thus, when

we deform an injective domain continuously (with respect to Hausdorff distance),

15
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the MA and the MAT of the original injective domain deviates continuously
(with respect to relative Hausdorff distance) from the MAs and the MATSs of

the deformed domains. More explicitly, we have:

Corollary 1 Let €2 be an injective domain. Then, for every n > 0, there ezists

€ > 0 such that
H(MA(Q)MA(Q)) <n
and
H(MAT()|MAT(2)) <7

for any normal domain ' with H(0Q, 0Y') < € and H(2, ') < e.

Proof. This follows easily from Theorem 1 and Lemma 2. O

Theorem 1 and Corollary 1 also say that MA (resp., MAT) of an injective
domain is approximately a mazimal common part of the MA (resp., the MAT)
of any domain sufficiently close to the original injective domain in Hausdorff

distance.

4 ILLUSTRATING EXAMPLES

In this section, we show a few examples of injective domains to illustrate the result

in Section 3. With each example, we will calculate the error bound explicitly.
4.1 STADIUM (NOT TAPERED)

Let Q be a stadium (not tapered) depicted in Figure 10.
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Figure 10: Error analysis for non-tapered stadium

It is clear that po = r and fq = 7/2. So we have

() €r 2er 2€
€) = = = )
T res—¢€- r—e 1—(¢/r)

Now, by Theorem 1, we have

H(MA(Q)[MA (@) < 1_27(‘;#)

and

H(MAT(Q)MAT(Q)) < \/{1_27(66/7,)}:{1_27(66/7“)“}2

L efa B ()P
a 1 —(e/r) ’

for every 0 < € < min {r tan? (7/4),r/2} = r/2 and for every normal domain ¢’

such that H(052,0Q') < € and H(€2, ') < e.

4.2 RIBBON

Let © be a ribbon with constant width (See Figure 11). Then, since we have

po = r and 0o = m/2, the result is the same with the non-tapered stadium

17
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analyzed in Section 4.1.

Figure 11: Error analysis for ribbon

4.3 ROUNDED RECTANGLE

Let €2 be a rectangle with each corner rounded off by a circular ball of radius r.

See Figure 12. Clearly, we have pq = r and 0o = 7/4.

So
na(e) = €r _ 2V2-¢€
P2l V2 (V2-1) - (V24 1) (¢/7)
Thus, for any 0 < € < min {rtan?7/8,7/2} = (3 — 2/2)r, we have
, 2v/2 - €
H(MA(Q)MA(Q)) < V21— i)
and

H(MAT(Q)MAT()) < \/na(e)? + {e + na(e)}’

/8 {BVE-1) - (V2 1) (/)
- V2—-1)—(V2+1)(¢/r)

for any normal domain €2’ such that H(02, 0Q2') < e and H(2,') < e.
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Figure 12: Error analysis for rounded rectangle

4.4 TAPERED STADIUM

Let €2 be a stadium tapered by an angle 6. See Figure 13. Here we have po = r
and 6o = 6.
So we have

er €
rsinf/2 — ecos26/2  sin®0/2 — cos20/2 - (¢/r)’

na(e) =

Thus, for any 0 < € < min {rtan®6/2,7/2}, we have

€

H(MA(Q)MA(Q)) < sin? 6/2 —cos?0/2- (e/r)

and

H(MA(Q)MA()) < \/779(6)2+{6+779(6)}2

B e\/l + {1 +sin?6/2 — cos?6/2 - (6/7")}2
o sin?0/2 — cos20/2 - (¢/r) ’

for every normal domain Q' such that H (09, 0Q') < e and H(£, Q') <e.
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Figure 13: Error analysis for tapered stadium

5 APPLICATION TO PRUNING : EXTRACT-
ING THE MOST ESSENTIAL PART

We have seen that M A and MAT of injective domains are stable under relative
Hausdorff distance. But still, it is true that they are unstable under Hausdorff dis-
tance. However, their stability under relative Hausdorff distance can be utilized
to extract the “most essential” part of a normal domain approximately.
Suppose we perturb an injective domain with domains which are also injective.
In this case, M A and MAT become stable under “Hausdorff distance”, not only

under relative Hausdorff distance.

Theorem 2 Let 2y and Qy be two injective domains, and let p = min {pq,, pa, },
6 = min {0, ,0q,}. Suppose H(0,080s) < € and H(2,8s) < €, where 0 < € <
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min {ptan®0/2, p/2}. Then we have
H(MA (1), MA(Q2)) <17

and
H(MAT(Q;), MAT(Qy)) < /n? + (e +1n)?,

where

_ pe
= psin®0/2 — ecos?0/2

Proof. By Theorem 1, we have H(MA(Q;)[MA(€3)) < nand H(MAT(£2;)| MAT(£,))
< /n* + (e + n)2. With a symmetric argument, we also have H#(MA (€2;) | MA(Q;)) <
nand H(MAT () MAT(Q;)) < /1% + (¢ +n)2. Thus we have % (MA (), MA(Qy))
< n and H(MAT(Q), MAT(Q)) < /1% + (¢ +n)2 by the definition of Haus-
dorff distance. O

Now suppose we approximate a normal domain with two different injective
domains. Theorem 1 tells us that the MA and the M AT of each injective domain
are “approximately” contained in the MA and the MAT of the approximated
domain respectively. Meanwhile, since the two injective domains themselves are
in small Hausdorff distance by the triangle inequality for Hausdorff distance (See
Equation (3) in Section 2), we can also see from Theorem 2 that the MA and
the MAT of the approximating injective domains are close in Hausdorff distance

respectively. More specifically, we have the following:

Theorem 3 Let ) be a normal domain, and let €y and o be two injective
domains. Let p = min {pq,, pa,} and 8 = min {0q,,0q,}. Suppose H(08;,00) <
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€ and H(Q;, Q) < € fori =1,2, where 0 < 2¢ < min{ptan®0/2,p/2}. Then we

have
H(MA(Q), MA(2)) <7
and
H(MAT(Q:), MAT(Q,)) < /1% + (2¢ + 1)?,
where

_ 2pe
= psin®0/2 — 2ecos? /2

Proof. The proof follows immediately from Theorem 2 and the triangle inequality
(3) in Section 2. O

In short, with respect to Hausdorff distance, M A and MAT change contin-
uously, when we change the approximating injective domain continuously. Thus
the choice of the injective domain to approximate a normal domain does not affect
the resulting M A and M AT much. We have noticed from Theorem 1 that MA
and MAT of an injective domain are approximately a maximal common part of
those of every approximated domain. Now an important point of Theorem 3 is
that it sets an error bound of MA and MAT in Hausdorff distance, which may
arise from the choice of the approximating injective domain.

From these considerations, we can propose a new pruning strategy which
approximates the original domain with appropriate injective domains. This makes
it possible to extract the maximal common, or the most essential part of MA
and MAT within an error bound that depend on the constants such as p, 8, . Of
course, as we vary these constants (that is, as we vary the approximating injective
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domains), we can obtain the essential part of MA and MIAT with varying degrees

of fine details.

For example, let 2 be the domain depicted in Figure 14. The MA shown
has many hairy parts due to the zigzag nature of the boundary, which is a com-
mon characteristic of the bitmap figures. We approximated 2 with an injective
domain Q' with por = 1200 and 6 = 54.19425477° shown in Figure 15. The
Hausdorff distances H(0%2,0Y') and H(2,)') are less than ¢ = 37.5. In Fig-
ure 16, Q and Q' are shown overlapping each other. Now by Theorem 1, it
follows that H(MA ()| MA(£)) < 205.2384901 and H(MAT(Q')|MAT(Q2)) <
317.8754668. See Figure 17 to note how approximately MA (') is contained in
MA (). Furthermore, if we approximate {2 with another injective domain Q"
with por > par, O > Oqr, H(0Q,00") < € and H($2, Q") < €, then Theorem 3
guarantees that H(MA ('), MA(Q")) < 474.8397268 and H(MAT(Q'), MAT(Q")) <
726.4960366. Thus we can say that MA() (resp., MAT(Q')) is the most es-
sential part of MA(R) (resp., MAT(2)) within the upper bound of Hausdorff
distance 474.8397268 (resp., 726.4960366) with the fine details specified by the

constants €, po and fqr.

We can also use Theorem 3 to make a new definition of MA and MAT for
bitmap images. For domains with a concrete representation of the boundary, such
as those with various spline or parametric representations of the boundary, MA
and MAT are well-defined mathematically. For the domains with bitmap repre-

sentation, there are various definitions of M A and M AT depending upon appli-
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Figure 14: The Letter A (a): Q with its MA

cations, which are connected to various thinning methods [2],[3]. Nevertheless,
there exist no unanimously agreed-upon definitions which are both theoretically

natural and computable.

When 0 < 2¢ < min {ptan®0/2, p/2}, we define a (p, 0, ¢)-MA and a (p, 0, €)-
MAT of a domain 2 with bitmap representation, as the MA and MAT of any
injective domain €’ such that po > p, Oy > 0 H(0Q,00)) < € and H(Y, Q) < e.
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- )091

m

Y

Figure 15: The Letter A (b): " with its MA

Then Theorem 3 guarantees that, for any injective domain " with por > p, g >
0, H(0Y',0Q) < e and H(Q",Q) < €, we have H (MA(QY'), MA(Q2")) < n and
H (MAT(Y'), MAT(Q")) < \/n? + (2¢ + 1)2, where n = 2pe/ (p*sin® 0/2 — 2e cos® 0/2).
Furthermore, we have seen that MA(Q') and MAT(Q') have a “pruning effect”
on MA(Q) and MAT(Q) respectively. These make the above definition a math-

ematically natural one.
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Figure 16: The Letter A (c) : Q and Q'

For the computation of a (p, 0, ¢)-MA (and (p, 0, €)-MAT), it suffices to com-
pute the MA (and the MAT) of any one injective domain 2’ such that po > p,
Oy > 6, H(0Q",00) < e and H(Q",Q) < e. Usually, the computations of the
MA and MAT of ' are less complex than those of 2. (Compare Figure 14 and
Figure 15.) The computations can be facilitated by using recent algorithms for

MAT of the free-form boundary domains such as [32].
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Figure 17: The Letter A (d): Q and Q' with their M As

Thus, the above definition has the advantage of being both theoretically nat-

ural and amenable to computation.

6 CONCLUSION

We showed that the instability of medial axis transform can be resolved, by

measuring the differences with respect to the relative Hausdorff distance. It
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turned out that MA and MAT of injective domains are stable under relative
Hausdorff distance. Furthermore, we derived a quantitative relation between the
Hausdorff distance between the domains and the relative Hausdorff distance of
one MA (resp., MAT) with respect to the other MIA (resp., MAT). This was
illustrated by simple but important examples.

By approximating a domain with an injective domain, this result makes it
possible to extract the most essential part of MA and MAT of the domain within
a prescribed error bound. In consequence, we can use this technique to devise a
new pruning method with a precise upper bound for the errors, while there have
been few significant error analyses in the previously known pruning methods. By
applying our results on the stability of MA and MAT under relative Hausdorff
distance, we also proposed a new definition of M A and MAT of the domains
given by bitmap representation, which have the virtue of both naturalness and

computability.

APPENDIX
PROOF OF THEOREM 1

Let (p,r) € MAT(Q). Since 2 is injective, there exist at least two distinct
points p; and py in 0B, (p) N IN. Define 0 < § < 7/2 by 0 = (£p1pp2)/2. From
the definition of f, we may assume that 8 > 6. See Figure 18.

Note that 7 — € > ¢, since € < p/2 < r/2. Since H(0,0') < €, we should
have either B, (p) C intQ or B, (p) N Q = (. Suppose the latter. Then we

would have d(p, ') > e. But this contradicts the assumption that H(2, ') < e.
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oY

Figure 18: Tllustration for the proof of Theorem 1

So we must have B,_(p) C int{Y', and hence p € int).

Choose py € 0 such that 7o = d(p, po) = d(p, 02'). Note that r — e < ry <
r+ €. Let a = max{Zpopp1, Zpopp2}. Then it is easy to see that a > 6, and
hence, a > . With no loss of generality, assume that o = Zpgpp;. Let p' be the
point in MA (') corresponding to p in the sense of Lemma 1, and let n = d(p, p').
Clearly, we have pp| C p\po. Let 7o = d(p,po). Then, since H (09, 0Q') < €, we

have, by applying Lemma 1 to €' and p, that

r+e > —neosa+/n?cos?a+ (rg+n)? —n?

> —ncosfqg + \/772 cos? O + (1o +1)2 — 12,

where the second inequality follows from the fact o > 0q. Since r < ry + ¢, it

follows that

ro + 2€ > —ncos g + /1% cos? g + (1o + 1) — 12,
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which reduces to
{ro (1 — cosbqn) — 2ecosbn} - n < 2€(rg + €). (7)
Since po < 1 + € and € < pq tan? 0 /2, we have
(ro + €) tan® g /2 > €,

which is equivalent to

2ecos g < ro(1 — cosby).

This shows the left hand side of the equation (7) is positive. So from (7), we have

2¢(ro +€)
o (1 — cos ) — 2ecos g’

(8)

n <

It is easy to see that the right hand side of (8) is decreasing in ry. Thus we have

2epq
m o< (pa — €)(1 — cos fg) — 2€ cos bq
- P
~ pasin? (0q/2) — ecos? (Aq/2)

= 779(6)’

since po — € < ry. This proves H(MA () MA(Q')) < na(e).
Suppose 7’ is the corresponding radius to p/, i.e., (p/,r") € MAT(Q'). Note

that 7’ =ro+n. So |[r' — 7| =[(ro = 7) +n| < |ro — 7| +n < e+ 7. Thus we have

0,7") = (0,7)] < VP (e + 1) < \/1a(€)? + {e + ma(e)},

from which it follows that

H (MAT(Q)[MAT(2)) < 1/na(e)? + {e + na(e)}*,

and the proof is completed.
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