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Although the Hausdorff distance is a popular device to measure the dif-
ferences between sets, it is not natural for some specific classes of sets, es-
pecially for the medial axis transform which is defined as the set of all pairs
of the centers and the radii of the maximal balls contained in another set.
In spite of its many advantages and possible applications, the medial axis
transform has one great weakness, namely its instability under the Haus-
dorff distance when the boundary of the original set is perturbed. Though
many attempts have been made for the resolution of this phenomenon,
most of them are heuristic in nature and lack precise error analysis.

In this paper, we show that this instability can be remedied by introduc-
ing a new metric called the hyperbolic Hausdorff distance, which is most
natural for measuring the differences between medial axis transforms. Us-
ing the hyperbolic Hausdorff distance, we obtain error bounds, which make
the operation of medial axis transform almost an isometry. By various
examples, we also show that the bounds obtained are sharp. In doing so,
we show that bounding both the Hausdorff distance between domains and
the Hausdorff distance between their boundaries is necessary and sufficient
for bounding the hyperbolic Hausdorff distance between their medial axis
transforms. These results drastically improve the previous results, and
open a new way to practically control the Hausdorff distance error of the

domains under their medial axis transform error, and vice versa.
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1. INTRODUCTION

Among the many descriptors of shape, the medial axis transform is one of the
most fundamental and widely-used ones. It has natural definitions, and is homo-
topically equivalent to the the original shape, while decreasing the dimension by
one [4, 26]. It is also the set of the singularities of the distance function from the
boundary, and the meeting points of the waves starting from the boundary [2]. It
could also be considered as a limit of Voronoi diagram [29] as the number of the
generating points becomes infinite. Due to these nice properties, medial axis trans-
form has been a focus of many applications in such diverse fields as computational
geometry [20], computer vision [12], shape modeling [22, 23, 15], mechanical engi-
neering [14], optics [10, 11], biological shape recognition [19, 21], character recog-
nition and representation [28, 27], fingerprint classification [16], visual analysis of
circuit boards [30].

In this paper, we define the medial axis transform as the set of all pairs of the
centers and the radii of the maximal inscribed balls in a domain. One merit of
including the radii is that we can completely reconstruct the original domain with
its medial axis transform. In contrast to the other literature, we generalize the
domains of the definition to the general compact sets in R” for n = 1,2, -- -, for we
will show that our results hold in this general context.

One of the problems with the medial axis transform is its instability to noises.
Medial axis transform may change very unstably, even when the boundary of the
domain has only a slight perturbation. This phenomenon is illustrated in Fig-
ure 1: When measured by the usual Hausdorff distance, the domains (a) and
(b) are very close to each other, but their medial axis transforms differ much.
In fact, an infinitesimally small difference between the domains can result in a
drastic difference between their medial axis transforms. In other words, the map
MAT : {domains} — {medial axis transforms}, which corresponds to taking the
medial axis transforms from the domains is not continuous under the usual Haus-
dorff metric.

(a) (b)

FIG. 1. [Instability of Medial Axis Transform

Obviously, this instability could produce many problems, especially when one
wants to get the medial axis transform of an input which might have noise. In fact,
this is the case in most practical situations. So there have been many attempts
to get around this unplausible phenomenon. Mainly, there has been the so-called
“pruning” approach [25, 8], which prunes the less important part of the medial



axis transform, leaving only the essential part. Some have also tried to smooth the
boundary of the domain so that the resulting medial axis transform become more
simple, hopefully capturing only important features [17, 24, 13]. But one common
drawback of these methods is that they seldom provide precise error analysis, which
makes them heuristic in most cases.

Recently, there has been an attempt [6] to obtain error bounds for the difference
between the medial axis transforms when the domains are perturbed. They showed
that the one-sided Hausdorfl distance H(MAT(2;)|MAT(2)) of the medial axis
transform MAT(Qy) of a plane domain Q; satisfying some regularity condition on
the shape with respect to the medial axis transform MAT(Q,) of any reasonable
plane domain 25, is bounded as follows:

H(MAT (1) MAT(2s)) < v7? + (€ +1)?,

for every max {H(Q1,Q2), H(0Q1,002)} < € < min{ptan?6/2,p/2}. Here n =
pe/(psin®0/2 — ecos?0/2), where p and @ are the positive constants depending
only on 3, and H(-,-) is the usual two-sided Hausdorff distance.

In this paper, instead of using the usual Hausdorff distance, we introduce a new
metric called the hyperbolic Hausdorff distance to measure the difference between
the medial axis transforms. We show that, if we endow this new metric on the space
of the medial axis transforms, then the process of taking medial axis transform
becomes almost an isometry. More specifically, let 1, Q2 be compact sets in
R"™ such that their respective medial axis transforms MAT(Q;), MAT(Q,) be
compact. Then we show that

Hh (MAT(Ql), MAT(QQ)) S 3 - max {H(Ql, Qg), H((‘?Ql, 602)}, (].)
and
max {H (01, Q2), H(0Q1,002)} < Hr(MAT(Qy), MAT(Q2)), (2)

where Hy(+,-) denotes the hyperbolic Hausdorff distance. Thus, as a result of
switching to the hyperbolic Hausdorff distance, we get much stronger results, which
implies that the hyperbolic Hausdorff distance is a most natural metric for the
medial axis transforms. As a result, we can now effectively control the perturbation
of medial axis transform by that of the domain and its boundary, and conversely,
the perturbation of the domain the boundary by that of the medial axis transform.
We also show that the above bounds are sharp by various examples. Note that
these results are more symmetric than those in [6], since we have no differences of
the assumptions on €2y and Q5. Also, the assumption itself is very general, in that
only the compactness is required, and the considerations are in R” forn =1,2,---,
rather than only in R2.

One byproduct of the above results is that we have a characterization of the
medial axis transforms being close to each others under the hyperbolic Hausdorff
distance, in terms of the usual Hausdorff distances between the original domains:
There are two traditional methods to measure the difference between the domains
with the Hausdorff distance. One is to measure the Hausdorff distance between the
domains themselves, and the other is to measure the Hausdorff distance between



their boundaries. We show that the hyperbolic Hausdorff distance between the me-
dial axis transforms are enough to bound both the Hausdorff distance between the
original domains and the Hausdorff distance between their boundaries. Conversely,
we show that both types of the Hausdorff distances are needed for bounding the
hyperbolic Hausdorff distance between their medial axis transforms. Thus the two
types of measuring the Hausdorff distance between the domains are both necessary
and sufficient for bounding the hyperbolic Hausdorff distance between their medial
axis transforms.

We also mention that the definition of the hyperbolic Hausdorff distance is sim-
ple and natural, taking its motivation from Lorentz metric for the hyperbolic
spaces [18]. The fact that the hyperbolic Hausdorff distance requires essentially
the same computational effort compared to the usual Hausdorff distance, is ex-
pected to be a great advantage in applying the hyperbolic Hausdorff distance to
many practical applications.

The rest of this paper is organized as follows: In Section 2, we introduce the
Hausdorff distance in R™. Especially, we show, by examples, that both types of
the Hausdorff distances, i.e., that between the domains and that between their
boundaries, are important. Then we introduce the hyperbolic Hausdorff distance
and show some of its basic properties in Section 3. In Section 4, the medial axis
transform for the general compact set in R” is introduced. In Section 5, we obtain
the bound (2), and show this is sharp by examples, and in Section 6, we obtain
the bound (1), and also show its sharpness by examples. Together, they show
that the process of taking the medial axis transform is almost an isometry under
the Hausdorff distance for the domains and the hyperbolic Hausdorff distance for
the medial axis transforms. Finally, we summarize our results and discuss some
implications and applications of them in Section 7.

2. HAUSDORFF DISTANCE OF DOMAINS VS. BOUNDARIES

Let Q; and 5 be two nonempty compact sets in R?, where n = 1,2,---. The
Hausdorff distance H(Q1,Qs) between Q; and 5 is defined by

H(Q1, Q) = max {H(Q1]), H(Q2|Q1)},
where the one-sided Hausdorff distance H(21|Q) of 1 with respect to £, is defined
by
'H(Qllﬂg) = max d(pl,ﬂg).
P1EDQ
Here, we denote by d(-,-) the usual Euclidean distance in R™.
The following is a basic property of the Hausdorff distance.

ProrosiTION 2.1. ([1])
For eachn = 1,2,---, the Hausdorff distance is a complete metric on the space
of all nonempty compact sets in R™.

Usually, the Hausdorff distance is considered as a good device to measure the
differences between two sets. Meanwhile, in many situations, especially where the
sets are represented by their boundaries, it is customary to measure the differences



between the sets by the Hausdorff distance between the boundaries of the sets. In
this section, we will discuss the difference between these two methods, and show
by examples that both of them can be sometimes misleading when used alone.

ExampLE 2.1. Let ©; and Q3 be two domains in R? as depicted in Figure 2.
Note that H(1,2s) can be made arbitrarily small, although H(9Q1,92) can be
made converge to some positive number. This example sharply shows that the
Hausdorff distance between the domains may overlook the differences which the
Hausdorff distance between the boundaries considers to be important.
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FIG. 2. Importance of the Hausdorff distance between the boundaries; Here we have
H(0Q1,002) > H(Q1,Q2).

Here is the opposite extreme.

ExampLE 2.2. Let Q; and Qs be two domains in R? as depicted in Figure 3.
Here, Q5 is a thin ring around ;. Note that H (01, 98) can be made arbitrarily
small, although #H(Q1,Q2) can be made converge to some positive number. This
example sharply shows that the Hausdorff distance between the boundaries may
overlook the differences which the Hausdorff distance between the domains does
not.

The examples in this section clearly show that neither the Hausdorff distance
between the sets nor the Hausdorff distance between the boundaries alone is not
enough to measure the difference of shapes. Later, we will see that both are needed
to bound the hyperbolic Hausdorff distance between the medial axis transforms, and
conversely, they are bounded by the hyperbolic Hausdorff distance between their
medial axis transforms.

3. HYPERBOLIC HAUSDORFF DISTANCE

In this section, we introduce the hyperbolic Hausdorff distance, and show some
of its basic properties.
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FIG. 3. Importance of the Hausdorff distance between the domains; Here we have
H(Q1,Q2) > H(0N, 002).

We will denote R>o = {z € R|z > 0}. Let (p,7) € R” x R>o, wheren =1,2,---.
By B.(p), we denote the closed ball in R”® centered at p with the radius r, i.e.,
B.(p) = {z € R" | d(z,p) < r}. Note that, when the radius is zero, a ball consists
of only one point (the center).

DerINITION 3.1. (Hyperbolic Distance)
Let P, = (p1,71), P> = (p2,72) be in R® x R>g, where n = 1,2,---. Then the
hyperbolic distance dp(Py|Py) from Py to P» is defined by

dh(P1|P2) = max {O,d(pg,pl) - (7‘2 - 7'1)}.

Figure 4 illustrates the hyperbolic distance for various cases.

Here, we mention a motivation for the name hyperbolic: The usual Euclidean
distance is associated to the standard Euclidean metric dz? + - - - +dz? on R". Now
it can be clearly seen that the hyperbolic distance has an analogous association to
the hyperbolic or Lorentz metric [18] da3 + - - - + dz2 — daZ ; on R*!.

The following is a basic property of the hyperbolic distance.

LEMMA 3.1. Let Py = (p1,71), P2 = (p2,72) be in R* x R>q, wheren =1,2,---.
Then we have dy(P1|P2) = H (By,(p1)|Bry(p2)). Suppose r1 > € for some € > 0.
Then the following two conditions are equivalent:

(1) dn(P1|Py) < e,

(2) Br,—e(p1) C By, (p2)-

Proof. Easy. See Figure 4. ®
DEeFINITION 3.2. (Hyperbolic Hausdorff Distance)

Let My, M> be nonempty compact sets in R” x R>q, where n = 1,2,---. Then
the one-sided hyperbolic Hausdorff distance Hp(Myi|Ma) from My to M, is defined
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dn(P1|P2) dn(P|P1) dn(P1|P2) dn(P2| 1)

DU
dn(Pi|P2) = 0 dn(Ps|P1) dy(PI|P) =0  dn(P|Py)
FIG. 4. Hyperbolic Hausdorff distance for various cases; Here, we assume r; < r2 with no

loss of generality.



by
Hh(Ml'MQ) = Prlneaﬁl {PE%IJI\IJQ dh(P1|P2)}

The hyperbolic Hausdorff distance between M; and M, is defined by

Hh(Ml,M2) = max {Hh(M1|M2),Hh(M2|M1)}

LEMMA 3.2. (Comparison with Hausdorff Distance)
Letn=1,2,---.
(1) For every P;, P, € R" x R>q, we have

d(P1, P2) < max {dn(P|P:),dn(P2|P1)} < V2-d(Py, Py).
(2) For every compact sets My, Ms C R™ X R>q, we have

Hp(Mi, Ms) < V2 - H(M;, Ms).

Proof. (1) Let P, = ((®i1,---,%in),7i) for i =1,2. Note that

max {dp(P1|P2),dn(P2|P1)} = d(p1,p2) + |r1 — 72

= \/($1,1 - ﬂlﬂz,l)2 +o (210 — $2,n)2

+ (7'1 - 7‘2)2.

Since va + b < \/a+ vb < /2 -a +b for every a,b > 0, we have

d(P, P) = \/(331,1 - 372,1)2 + (B0 — 372,71)2 +(r1 — 7‘2)2

\/($1,1 - 332,1)2 + ot (@10 — x2,n)2 + \/(7‘1 —72)?
max {dn(P1|P,), dn(P2| P1)}

V2. \/(1’1,1 - 9U2,1)2 + -t (T10 — ﬂfz,n)2 + (r1 — 7‘2)2
V2-d(P, ).

VAN

(2) From (1), we have

My, Ms) = i P | P i PP,
Hp (M, M) maX{Prlneaﬁl{ngﬁ2dh( 1 2)}71312116&]\)52{1)?&1}\141(111( 5| 1)}}

IN

max{ max { min \/i-d(Pl,Pz)},

PieM, | P2eéM2

max { min ﬁ-d(Pz,Pl)}}

PaeMy | PAEM:

V2 - H(My, Ms).



Remark.  The bound in (2) is sharp, which can be seen from the following
example: Let M; = {((z,9),7) ERZ xRyo| — 1<z <1,y=0,r =1}, and let
M = {((z,y),r) ER* xRso | — 1<z <1l,y=1,r=2}. It is easy to see that
Hp(My, My) = 2 and H(My, M) = V2.

Remark.  There is no positive constant k such that H (M, Ms) < k-Hp(My, Ms)
for every compact sets My, M, in R™ x R>o. For example, let M, = {((0,0),1)} C
R? x R>0, and let Ms = {((z,y),r) € R* xR>o |2 +7r =1,y =0,r <1} fora > 1.
Then it is easy to see that H(My, M) = V1 + a2, whereas Hp(My, Ms) = a — 1.
So, as a — 1, we have H (M, Ms) — V2, whereas Hp (M1, M2) — 0.

4. MEDIAL AXIS TRANSFORM

Usually, medial axis transforms are defined for well-behaved domains, whose
boundaries consist of curves with sufficient piecewise differentiability. One reason
for this is that the medial axis transform has been used mainly in the application-
oriented areas, where more pathologically-shaped domains are outside of the inter-
ests.

Another reason is that the medial axis transform of a set without sufficient reg-
ularity of their shape may lose the finite graph structure, which is an implicit
assumption in most applications. In fact, Choi et al. [4] showed that the medial
axis transform of a compact set  in R? can exhibit quite anomalous behaviours
like infinitely many prongs or infinitely many branches, if 2 does not satisfy the
following rather strict condition: 9f is a disjoint union of finitely many simple
closed curves, each of which consists of finitely many real-analytic curves. They
also showed that, if a set () satisfies the above assumption, its medial axis transform
is shaped as expected:

ProposiTION 4.1. ([4])
Suppose a compact set ) C R? satisfies the above assumption. Then its medial
axis transform has a finite graph structure.

See also [3] for a similar result.

In this paper, we define the medial axis transform for the general compact sets
in R™, since the results we show are independent of the regularity of the shapes.

Let n = 1,2,---. We will denote by C,, the set of all nonempty compact sets in
R™. By Cp,1, we denote the set of all nonempty compact sets in R x R>q. For
every Q in C,, we define the medial azis transform MAT(Q) of Q by

MAT(Q) = {(p,r) € R" x R>o | Br(p) C ,
Br(p) Cc BT’(pI) cQ= (pa ’f‘) = @17,’,1)}_



Unfortunately, MAT(2) may not be compact, even if Q is compact. This can
be seen from the following example.

ExaMmpPLE 4.1. For n = 1,2,---, let ©, be the domain in R? as depicted in
Figure 5. Here we assume » >~ | 7, < 0.

2;7,.0:1 Tn

FIG. 5. Q is compact, since Q, — Q. But MAT(Q) is not compact.

Clearly, €, is a compact set for every n. Note that H(£;,Q;) — 0 as i,j = oc.
So, by Proposition 2.1, there exists a compact set Q such that H(Q,,Q) — 0 as
n — oo. Now, it is easy to see that every (pn,r,) is in MAT(Q), and (pn,rn) —
(p,0) in the usual Euclidean metric in R®. But the ball B,(q), which is contained
in , strictly contains By(p). So (p,0) ¢ MAT(). Thus MAT(Q) is not closed,
and hence not compact.

For every M in Cy 1, we define

TAM(M) = {z € R"|3(p,r) € M s.t. z € B.(p)}

(pr)eM

In the case of TAM, we can show that TAM(M) is compact for every M € C,, 1,
and so, TAM is a map from C,; to Cp,.

LEMMA 4.1. Let M € Cp1, wheren =1,2,---. Then TAM(M) is in Cy.

Proof. Tt is clear from the definition that TAM(M) is bounded, since M is
bounded. So we only have to show that TAM(M) is closed. Suppose ¢, — g,



where ¢, € TAM(M) for n = 1,2,---. Obviously, there exists (pp,r,) € M such
that ¢, € B, (py) for n = 1,2,---. Since M is bounded, we can choose a subse-
quence (Pn, , Tn, ) Of (Pn,rn) such that (py,,rn,) = (p,r) for some (p,r) € R” xRxq
in the usual Euclidean metric in R**!. Now it is easy to see that ¢ € B,(p). Since
M is closed, (p,r) isin M. So it follows that ¢ € TAM(M). Thus we conclude that

TAM(M) is closed, and hence, is compact. B

Note that (TAM o MAT) () = Q and (MAT o TAM) (M) = M for every
Q € C, and for every M € MAT(C,). So TAM can be considered as an inverse
of the map MAT. In fact, TAM corresponds to the reconstruction of the original
domain from its medial axis transform. Note also that MAT and TAM|nmaz(c,)
are one-to-one forn =1,2,---.

5. BOUNDING DOMAIN/BOUNDARY PERTURBATION WITH
MAT
In this section, we show that, if two compact sets in R™ x R>q are close under
the hyperbolic Hausdorff distance, then their images in R® under the map TAM
are close under the Hausdorff distance. Furthermore, we show that, when the
sets are medial axis transforms, then the boundaries of their images are also close
under the Hausdorff distance. Thus, if two medial axis transforms are close under
the hyperbolic Hausdorff distance, then both the Hausdorff distance between the
original domains and the Hausdorff distance between their boundaries are small.
We first start with the one-sided case.

LEMMA 5.1. Letn =1,2,---. For any My, M, € Cp,1, we have

H (TAM(M:)|TAM(M>)) < Hp(M1|Ms).

Proof.  Suppose Hp(M;|M,) < € for some € > 0. Let ; = TAM(M;) for
i =1,2. Let p be a point in ;. From the definition of the map TAM, it is clear
that we can take P, = (p1,71) in M; such that p € B, (p1). Since Hp(M1|Ms) <€,
we can take Py = (p2,72) in My such that dp (P1|P2) < e. From Lemma 3.1, it is easy
to see that d(p, B, (p2)) < €, which implies that d(p, Q2) < e. Since p is taken arbi-
trarily, we conclude that 7(21]|Q2) < € Now the proof follows, since € is arbi-
trary. H

From Lemma 5.1, we immediately have the two-sided result:

THEOREM 5.1. Letn =1,2,---. For any My, M, € Cy, 1, we have

H(TAM(My), TAM(M2)) < Hp(My, Ma).

When M;, M, are medial axis transforms, we can also bound the Hausdorff
distance between the boundaries.

THEOREM 5.2. Letn=1,2,---. For any My, My € MAT(C,) N Cy,1, we have

H (0 (TAM(My)) ,0 (TAM(Mz))) < Ha(My, M2).



Proof. Let Q; = TAM(M;) for ¢ = 1,2. Suppose Hp (M, M) < e for some
€ > 0. Suppose also H(0Q1,02) > e. With no loss of generality, we can assume
H(O01|022) > €. Then there exists ¢ € 9 such that d(gi,02) > e. Take
g2 € 0 such that d(q1,q2) = d(q1,002) > €. See Figure 6.

FIG. 6. Illustration for the proof of Theorem 5.2.

Note that ¢ € intQ,. Otherwise, we would have H(1|Q2) > d(q1,Q2) =
d(q1,002) > €, contradicting the fact that H(Q1,Q2) < € (Theorem 5.1). Since
M, is a medial axis transform, there exists unique P = (p2,72) in My such that
g2 € 0B,,(p2) and q1qz C P2gz- Note that ro — e > 0 and ¢; € intB,, (p2). Since
Hp (Ma| M) < €, there exists Py = (p1,r1) in My such that dp, (P3| P1) < e. Now we
have q; € intB,, (p1) C intQy, since By, _(p2) C By, (p1) by Lemma 3.1. This is a
contradiction to the fact that g1 € 8Q;. So we must have H (904 |02) < €, which is
again a contradiction. Thus we conclude that H (99, 9) < e. Now the proof fol-

lows, since € is arbitrary. ®

Remark. Theorem 5.2 does not hold for the general sets in C,, ;. For example,
let

My = {((z,y),r) € B xR0 [0 +y” =1,r =1},
My = {((,9),1) € R xRxo |2” +3* = (1 +0)*,r =1 -4},

for 0 < 6 < 1. Let ; = TAM(M;) for ¢ = 1,2. Then,

O = {(z,y) e R’ |2 +y° < 2%},
Dy = {(z,y) € R?|(20)® < 2% + 9> < 2%}

Note that

Hu(My, Ma) = 26,
(O, 00,) = 2— 2.



So, as § — 0, we have Hp (M1, Ms) — 0, but H(0Q1,002) — 2.

Remark. While Theorem 5.1 has its one-sided version, i.e., Lemma 5.1, Theo-
rem 5.2 has no one-sided counterpart. For example, let Oy = By ((0,0)), Q2 =
B, ((0,0)). Let M; = MAT(Q;) for ¢ = 1,2. Then M; = {((0,0),1)} and
M> = {((0,0),2)}. Note that Hp(M1|Mz) = 0, while H(0Q1]|0Q2) = 1.

In fact, the inequalities in Theorem 5.1 and 5.2 are sharp in various ways; See [7]
for the examples showing this.

6. BOUNDING MAT PERTURBATION WITH DOMAIN/
BOUNDARY

The opposite directions of the inequalities in Theorem 5.1 and 5.2 do not hold
in general. This can be seen from Examples 6.1 and 6.2 below. Nevertheless, a
slightly looser inequality turns out to be true.

THEOREM 6.1. Letn = 1,2,---. For any Q1,Qs,€ C, such that MAT(Q,),
MAT(Q2) are compact, we have

Hh(MAT(Ql),MAT(QQ)) S 3 - max {H(Ql,ﬂz),’ﬂ(aﬂl,aﬂg)}

Proof. Let M; = MAT(9Q;) for ¢ = 1,2. First, note that the above inequality is
trivially true when max {H(1, Q2), H(0Q1,002)} = 0. Suppose max {H(Q1, Q2), H(0N1,00)} <
€ for some € > 0. Let P, = (p1,71) be in M;. Suppose first 71 > 2¢. Since
H(0N1,002) < €, we have intB,,_.(p1) N 00y = 0. So either intB,, _(p1) C
intQs or intB,,_(p1) N Q2 = 0. But, if the latter is true, then we would have
d(p1,Qs) > €, which contradicts the assumption H(21,Q3) < e. So we must have
intBr,—e(p1) C intQs. Since M is a medial axis transform, it is clear that there
exists Py = (p2,72) € Ms such that By _(p1) C Br,(p2). By Lemma 3.1, this
means that dp,(P1|P2) < €, and hence, dp(Py|P2) < € < 3e.

Suppose now 71 < 2e. Since H(Q1,Qs) < €, there exists ¢ € Qs such that
d(p1,g2) < €. Clearly, we can take P» = (p2,r2) € M> such that ¢2 € B;,(p2). Now
dp(Py|Ps) = d(p1,p2)—(ra—r1) < d(p1,q2)+d(q2, p2) —d(g2, p2) +2€ < 3¢. Thus we
have Hp(M;|Ms) < 3¢, since Py is arbitrary. Since € is arbitrary, we conclude that
Hp (M| M) < 3-max {H(Q1,Q2), H(0Q1,002)}. By the symmetric argument, we
can also show Hp(Ms|M;) < 3 -max {H(Q1,Qa), H(0N1,902)}. Thus the proof is

complete. MW

The proof of Theorem 6.1 also shows the following plausible result:

THEOREM 6.2. Letn = 1,2,---. For any Q1,Q2 € C, such that MAT(Q,),
MAT(Q2) are compact and pq, , pa, > 2-max {H (1, Q2), H(ON1,002)}, we have

Hp,(MAT(Q;), MAT(2)) = max {H(Q1, Q2), H(0,00:)}.

Here, we define pqo = min {r : (p,r) € MAT(Q)} for every Q € C,,.



Proof. The proof of Theorem 6.1 shows the < part, and the > part follows from
Theorem 5.1 and 5.2. N

Theorem 6.2 tells that the transform MAT is in fact an isometry locally at every
Q with pq > 0. But note that the sets around such Q’s on which MAT is an
isometry are in general not open under the Hausdorff distance.

The following examples show that the bound in Theorem 6.1 is sharp. Moreover,
Example 6.1 shows that both H (€1, Q) and H (9, 00s) are crucial for bounding
Hi(MAT(Q,), MAT(Q,)).

ExaMmPLE 6.1. Define the two domains Q1, s in R? by

2
2,

{(z,y) e B |2 +y* < 2°},
{(z,y) e R?|(1+6)* < a” +y* < 2°}.

See Figure 7. Here we assume 0 < |§] << 1. Let M; = MAT(€;) fori =1,2. It is
easy to see that

H(Q,Q2) = 144,
H(00,00,) = 1-4,
Hn(My, Ms) 3+0.

So, when § > 0, we have

3-H(00,002) < Hp(My, Ms) < 3-H(Q,0),
and, when § < 0, we have

3-H(Q1, Q) < Hp(My, My) < 3-H(00,005).
When ¢ = 0, we have

Hh(Ml, Mg) = 3 . H(Ql, Qg) = 3 . 7—[(691, 602)

ExAMPLE 6.2. Here we have a more realistic example. Let ; and 23 be two
domains in R? as depicted in Figure 8. Let M; = MAT(€);) for i = 1,2. Then it is
clear that

H(Ql,QQ) = 6,
H(ON,00) = &,
Hp (M, My) = 36,

for every § > 0. So we have

Hp(My, Ms) =3 -H(,Q2) = 3-H(0N,005).
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FIG. 7. Both H(Q1,Q2) and H(021,092) are needed for bounding Hp (M1, Ma2).
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FIG. 8. A realistic example showing the sharpness of the inequality in Theorem 6.1.

7. SUMMARY

Now we summarize our results. For this purpose, we find it useful to interpret
the results in terms of the properties of the maps MAT and TAM.
For each n = 1,2, -- -, define a new metric Hy on C, by:

Ha(Ql, QQ) = max {H(Ql, Qz), 7‘[(891, 692)},



for every Q4,5 € C,. It is straightforward to check that Hy is indeed a metric on
C, forn =1,2,---. But unfortunately, the metric space (C,, Hs) is not complete [7].
We observed in Section 4 that a medial axis transform may not be compact, even if
its original domain is compact. This leads us to define the space D, = TAM(C,,1 N
MAT(C,)) for n = 1,2,---. Note that D,, C C, by Lemma 4.1. In fact, D, is
the largest reasonable subspace in C, concerning compactness of the medial axis
transform.

We view the maps MAT and TAM as bijections between the two metric spaces
(Dn,Hs) and (M, Hp), where M, denotes C, NMAT(C,,) forn =1,2,---. Then
the two maps are the exact inverses to each other. Note that both of the above
metric spaces are not complete.

Now Theorem 5.1, 5.2 and 6.1 together have the following implication:

THEOREM 7.1. For everyn = 1,2,---, the maps MAT : (D,,Hs) = (M, Hp)
and TAM : (M, Hp) — (Dn,Hs), which are the inverses to each other, are
uniformly continuous. In fact, we have

Hp, (MAT(Q1), MAT(Q5)) < 3-Ho(Q1,Q),
for every Q1,Q5 € D,, and
Ho (TAM(M;), TAM(M)) < Hp(My, My),

for every My, My € M,,. In particular, MAT (and thus TAM) is a homeomor-
phism.

The above result tells us that, when we introduce the hyperbolic Hausdorff dis-
tance, the process of taking the medial axis transform and its inverse reconstruction
process can be made to be continuous. This is an important feature, since the con-
tinuity is an important requirement for any processes which we want to be under
control. Moreover, the uniformity result means that we don’t need a priori knowl-
edge of the individual domains or the medial axis transforms to do the control,
which is certainly another advance compared to the previous result in [6].

Suppose we approximate a given domain with other domains. Then the result of
the approximation for their medial axis transforms will be almost the same under
the hyperbolic Hausdorff distance. Conversely, if we approximate a given medial
axis transform with other medial medial axis transforms under the hyperbolic Haus-
dorff distance, then the result of the approximation for the reconstructed domains
will be exactly the same.

In fact, our bounds, which we saw are sharp in Sections 5 and 6, are good
enough to make the maps MAT and TAM even isometric in some important
cases. Remember that we defined po = min{r: (p,r) € MAT(Q)} for Q € C,,
n = 1,2,---. Note that po > 0 means that 90 has a relatively smooth shape,
e.g., with no sharp corners, etc. For every Q2 € D,, such that pg > 0, we define
Qe Oq CD, by

1
Oq = {Q' €D | Ha(,Q) < 1P P 2 PQ}-



Intuitively speaking, Og is a set containing the domains which are close to Q and
have reasonable smoothness. Now Theorem 6.2 has the following consequence:

THEOREM 7.2. Letn = 1,2,---. For every Q € D,, such that pg > 0, MAT :
(Dp,Ha) = (My, Hy) is an isometry on Ogq.

Proof.  Suppose ', Q" € Ogq. Then we have Ha(Q', Q") < Hs(Q,Q) +
Ho(Q",Q) < Lpa < +min{pa, par}. Thus, Hy(MAT(Q'), MAT(Q")) = Ha(Q', Q")

by Theorem 6.2, which completes the proof. H

Thus, the perturbation of the domains and that of the medial axis transforms are
exactly same in quantity, provided that the domains have reasonable smoothness.
Here, by the smoothness, we mean, of course, the condition py > 0, and this
includes the important and wide class of domains in [4] without sharp corners,
which we mentioned in Section 4.

In fact, it can be shown that the hyperbolic Hausdorff distance is a complete
metric on the canonical quotient space of Cn1 [7]. By this completeness, we can
guarantee that an approximation always leads to a limit, though sometimes this
limit may not be a reasonable one. Nevertheless, this may be valuable in many
cases.
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