THE BEHAVIOR OF RANDOM REDUCED BASES

SEUNGKI KIM AND AKSHAY VENKATESH

ABSTRACT. We prove that the number of Siegel-reduced bases for a randomly
chosen n-dimensional lattice becomes, for n — oo, tightly concentrated around
its mean. We also show that most reduced bases behave as in the worst-case
analysis of lattice reduction. Comparing with experiment, these results suggest
that most reduced bases will, in fact, “very rarely” occur as an output of lattice
reduction. The concentration result is based on an analysis of the spectral the-
ory of Eisenstein series and uses (probably in a removable way) the Riemann
hypothesis.

1. INTRODUCTION

For us, a lattice L C R"™ is the set Z.B of all linear combinations of a basis
B = {x1,...,x,} for R"; we say, then, that 3 is a basis for L. The volume vol(L)
of the lattice L is the determinant of the matrix with rows x;. In what follows, we
assume vol(L) = 1.

Define x; to be the projection of x; to the orthogonal complement of (X; 1, ..., Xy).
We say that the basis B = (X1, ..., Xy) is Siegel-reduced with parameter 7" if the
following conditions hold:

o [Ix{l = T7 x4l and

o If we write x; = X7 + 3., n;ix}, then all [nj;| < :.

Since we suppose vol(L) = 1, we obtai
(1.1) el < 72

The LLL algorithm produces (in polynomial time) []Siegel-reduced bases with
parameter 7" for any lattice L and any 7' > Tp := 2/+/3. In particular, it produces
a “relatively short” vector x,,, which is guaranteed to satisfy (I.1].

In practice, the situation is even better: Nguyen and Stehlé [10] have investigated
in detail the experimental behavior of the LLL algorithm and observed that it “typ-
ically” produces a basis with ||x,,|| ~ (1.02)™. By comparison, /Ty ~ 1.075...;

lour indexing of the basis corresponds to the standard numbering of roots for SL,,, and is unfor-
tunately opposite to that usually used in analysis of LLL.

ZIn fact, they satisfy a slightly stronger reduction condition. We ignore the difference for the
purpose of this introduction. Our expectation is that very similar theorems hold in both cases, but we
don’t know how to prove our main result for the LLL reduction condition.

1



2 SEUNGKI KIM AND AKSHAY VENKATESH

said differently, the typical quality of an output basis of LLL is very much better
than the worst-case bound (L)) for reduced bases.

The main point of this paper is to observe that the output of LLL is not just
better than the worst-case bound for reduced bases, but also better than the average
bound for reduced bases. Recall [12] that there is a unique probability measure i,
on the space of covolume 1 lattices which is invariant by linear transformations;
thus there is a notion of random lattice. The following gives a flavor of what’s
proven:

(*) If we first choose a p,-random lattice L, and then choose a
basis B uniformly and randomly from the finite set {51, ..., B, }
of Siegel-reduced bases for L, we have TJLX,"J)‘ 7z > 0.999 with
probability approaching 1 as n — oo.

This result says that typical reduced bases behave just as badly as (I.1). It is
derived from the more precise theorem below. Thus, the good properties of LLL are
not merely a function of the properties of random reduced bases, the LLL algorithm
itself “selects” good bases. This suggests, for example, that there should be a very
large number of “dark” reduced bases which are practically never selected by the
LLL algorithm. It also suggests the importance of the following (not quite well-
defined)

Problem. Determine a reliable heuristic that, given a reduced basis B, predicts
how frequently it occurs as the output of LLL-reduction if we choose “random”
input bases for the lattice Z.B.

These questions have been studied numerically in the PhD thesis [6] of the
second-author; that work gives some evidence for the “dark” reduced basis phe-
nomenon, and suggests that that the likelihood of a reduced basis (x;)1<i<n to be
chosen by LLL is inversely related to the “energy” []"" [|x; A Xiq1 -+ A Xp].

To state the main theorem, we set up some notation. Let 7" > 1. Let
S, = {B € (R™)" : Bis Siegel-reduced with parameter 7', det(Z.B) = 1}

be the set of Siegel-reduced bases with parameter 1" for lattices of volume 1; here
Z.B denotes the lattice spanned by B. Let L,, be the set of lattices of determinant
1. The natural map

m: 6, = Ly, ©(B)=12Z.B

has finite fibers. We equip £,, and &,, with the probability measures invariant by
SLn(R); then [ f = [1cp 2 op-1p f- Let N(L) be the size of the fiber above
L € L, i.e., the number of Siegel-reduced bases for the lattice L € L,,.

Before we proceed, we observe that the above result has a much easier variant.
We can simply choose B at random from the set G,,. In this model of random B the
analogue of (*) is quite straightforward to establish: it is part (iii) of the Theorem
below. However, it seems to us that the model of (*), i.e. first choosing a random
lattice and then choosing a random basis for it, is more natural (for example, in
considering the behavior on LLL on many different bases for the same lattice).
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The difficult part of this paper, then, is verifying that the two models are essentially
equivalent, and this is accomplished by part (ii) of the Theorem below.

Theorem 1.1. As above, let N(L) be the number of Siegel-reduced bases for the
lattice L € L,,, with reduction parameter T. Then:

(i) The pp-expectation of N (L) satisfies lim,, IO@EH% = % log T.
(i1) (Assuming the Riemann hypothesis ).ﬂ The pin-standard deviation of N (L)
is at most exp(—an?) times its mean.
(iii) Fix 6 > 0 and let X5 C &,, be the subset satisfying ||x,| /T /% <

1 — 6. Then

measure Xg
— =0

measure S,
as n — oo. In words: If we choose a basis from S,, at random, the ratio
%, || /7= D/2 is concentrated at 1.
(iv) Corollary to (i) and (ii): in large enough dimension, 99.9% of lattices have
a basis that is Siegel-reduced with parameter 1.0001.

Proof. (i) is proved in §3.5]and (ii) is the main theorem (proved by the end of the
paper). (iii) is proved in §3.6] (iv) is an immediate consequence of (i) and (ii): for
any 7' > 1 (for example 7' = 1.0001), the random variable N (L) must be positive
with the exception of a set of relative measure exp(—cn?), for suitable ¢ > 0.

O

While it is not at all surprising that N (L) is concentrated around its mean, the
extent of the concentration is rather surprising. To place the Gaussian exp(—an?)
that appears in (ii) in perspective, let us note the following: if we consider the
set L' C L, of lattices L which possess a vector y of length ||y|| < 1, then in
fact i, (L) > e~¢"18(") for suitable C’. Now lattices in £’ seem very atypical,
because they possess a vector of very short length; one might expect this to strongly
skew the set of Siegel-reduced bases — but the theorem implies that they must
mostly have the correct number of Siegel-reduced bases nonetheless!

We note finally that, in practice, LLL is often replaced by more sophisticated
versions such as BKZ (see [4], for instance). It would be interesting to try to
understand the analogue of our results in that context.

1.1. Proof of the statement (*). Let us see how to derive the quoted statement on
the previous page.
Fix § > 0. For B a Siegel-reduced basis, say that B3 is “5-good" if ||x,, || /7"~ 1/2 <

1 — 6. (The larger the value of 4, the better the basis!) For each lattice L, let
Ns(L) be the number of d-good Siegel-reduced bases for L with parameter 7". For

a € (0,1) consider now the exceptional set £, of L for which Ns(L) > aN(L).
We will show its measure approaches zero. For definiteness, let us show this mea-
sure is less than %

3We anticipate that this assumption should not be difficult to remove, but it would require a more
messy contour argument.
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By (iii), for all sufficiently large n, we have

(1.2) /N(;(L) = measure of X
c

(1.3) < (a/1oo)/£ N(L)

For such n, then, we have

1
. N(L) < 100/% N(L).

Because of part (ii) of the Theorem, there exists a subset Y C L, of measure
< exp(—an?) so that N(L) > 0.5 [, N(L) for L ¢ Y. Therefore,

1 1
N(L — N(L Y —
/L!\Y ()<100/Ln () = meas(L\Y) < o

1 1
— L) < — N
meas(Ly) < 0 + exp(—an”) < 95’

where the last inequality again holds for large enough n. O

It is quite easy to carry out the analog of (i) and (iii) for LLL-reduction; it
shows, for example, that the mean number V,, of LLL-reduced bases still satisfies
;ggl (f; = %. (For details, see [6].) We conjecture that the other results also
remain valid for LLL reduced-bases.

lim

1.2. About the proof. The function L — N (L) is, in the standard terminology of
automorphic forms, a “pseudo—Eisenstein” series. The theory of Eisenstein series
allows one (at least in principle) to write it as an integral of standard Eisenstein
series, and then evaluate its L? norm. So one “just” has to write everything out and
bound each term.

For n = 2, this computation amounts to computing the variance in the number
of vectors that a lattice has in a fixed ball. Such a computation was apparently first
done by W. M. Schmidt [11] and rediscovered more recently by Athreya—Margulis
[3]. But most of our complexity comes from the issues of large dimension.

The complication here is there are many types of “standard Eisenstein series”
for SL,; they are indexed roughly by partitions of n. Correspondingly, the ac-
tual formula for the L?-norm is very complicated. It involves many terms of the

following type (cf. (5.4)):

E(E£z+my)
s I
bEB b Jb

for a certain purely imaginary variable z and where my, j; are half-integers. Also,
¢ is the completed Riemann zeta function, £(s) = 7~%/2T'(s/2)¢(s).

The only real concern is that one might have j; < 0 for many B. In that case,
the I'-functions in the numerator of (5.4) are evaluated much further to the right
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than the I'-functions in the denominator, and (5.4) would be “large.”” This unfor-
tunate possibility is ruled out by an explicit combinatorial Lemma (Lemma [5.1)),
which shows that in fact all the j; > 0 (this is not at all obvious from the general
presentation of the constant term of Eisenstein series, although perhaps it is forced
in some more subtle way by the internal structure of Eisenstein series).

Besides this point, the other issues are minor. One needs plenty of careful book-
keeping to keep track of measures on everything. Another minor issue arises from
the pole of the Riemann (-function, which we avoid by shifting to avoid it and
using Cauchy’s integral formula. The use of the Riemann hypothesis arises in this
step; it could likely be avoided with a little more care.

It may be helpful to remember that, throughout the paper, terms of size n" will
be essentially negligible. Thus, for example, the total number of partitions of n is
negligible, compared to other quantities that we have to bound. We need to worry
only about terms that are exponential in n? and higher.

In conclusion, from the point of view of automorphic forms, our result is in
some sense a straighforward exercise. However, it seems to us that the study of
analysis on SL,,(Z)\SL,(R) as “n — o0” is an interesting direction, and this
paper represents a first step in that direction.
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2. MATHEMATICAL FORMULATION OF THE MAIN THEOREMS

Write G = SL,(R),I" = SL,(Z). Note that g — Z™g defines a homeomor-
phism between I'\G and L,,; moreover, for fixed g € G, the rule

~ +— the rows of vg

defines a bijection between I" and bases for the lattice Z"g.
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Let N, A, K be, as usual, the subgroups of GG consisting of upper-triangular
unipotent matrices, diagonal matrices with positive entries, and orthogonal matri-
ces, respectively. Let B = AN be the Borel subgroup of upper triangular matrices.
We write 'y = N N T, etc.

The product map gives a diffeomorphism
2.1 NxAx K- G

For g € G we denote by H(g) the “A” component, i.e. g = nyH(g)k, with
ng € N H(g) € Aky € K. Let o; : A — R, is the simple root which sends
a = diag(a,...,an) — a;/aj+1. (Note that [[a; = 1.)

Letxy,..., Xy, fortherowsof g, and X7, . . ., X}, be the rows ofnglg = H(g)ky;
thx; are orthogonal, ||x}|| = a;, and we have x; = xj +3 ., ni;xj. In particular,
x must be the projection of x; onto the orthogonal complement of (X;41,...,Xy).

We deduce that the basis for Z™g given by the rows of g is Siegel-reduced with
parameter 7" if and only if

ai(H(g)) > T~!, and for i # j we have |(ng);;| < 1/2,
Let f be the function on A given by

2.2) fla) =] tas1/r
where 1. denotes “characteristic function”.
The pseudo-Eisenstein series induced from f is by definition

(2.3) Ef(g)= Y [f(H(y9)

’YEFB\F

Now g — Z"g yields (away from a measure zero set of g) a bijection between
I'y\I' and reduced bases of Z"g. Since [['p : I'y] = 2", we see that

1
Bf(9) = 5=y N(Z9),
where N (Z"g) was as before the number of Siegel-reduced bases with parameter
T inside the lattice Z"g. (Note that f implicitly depends on T').

Let Ff be the average value of E; over the space of lattices. We will prove the
following (with £(s) the completed Riemann zeta function, £(s) = 7%/2T(s/2)((s)):

1

. 1 2
2.4) E; =T . ZT[——
na- i(n —1)

€(2)7h g

1Er — Exll2
1£71l2

for suitable constants A,J. Note that A will depend on 7', but § does not. Said
differently, the orthogonal projection of £y to the orthogonal complement of con-

(2.5) < Ae=o"

stants accounts for at most Ae~°"" of the L2-norm.
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The proof of (2.4)) is quite straightforward and is completed in §3.5] but 2.5) is
quite a bit deeper. It uses the full spectral theory of automorphic forms on SL,.

3. SETUP

3.1. Haar measures. Fix Haar measure dn on N such that the covolume of 'y
is 1. Explicitly we take dn = [[,_.dn;;. We equip A with the Haar measure
da =[] doi/ .

Let 2p : A — R be the sum of all positive roots of A. We will often use
additive, rather than multiplicative, notation for characters of A; therefore,

(3.1) 20 = i(n—i)a.

i<j

By means of NA ~ G/ K we get a G-invariant measure on G/ K:
(3.2) dn - da-a=>".

We pull this measure back to G via G — G /K, normalizing the measure of K to
equal 1.

3.2. The vector subspace > z; = 0. Let U, = {d x; = 0} € R". This
subspace has three natural measures on it;

e The “fibral” measure vy given by disintegrating Lebesgue measure over
the map R” — R given by (z;) — >_ ;. This is given as a differential
form by |w|, where w = AJ"'dx; (or indeed the same product omitting
any one of dz, A\, ..., dzy).

e The “Riemannian” measure vg, corresponding to the restriction of the
standard inner product on R".

e The “big” measure v, given by |w'| with ' = A" 'dz; — dwit, iee.
Lebesgue measure if we identify U ~ R™" ! via (v —21,...,7p —2p_1).

For example, when n = 2, the measure of the set {x] + zo = 0,0 < 1 < 1} s
1,4/2, 2 according to the three measures in the order specified above.

These measures are related by

1
vy = /v, vy = %VR

Identify U,, with its own dual via (z;,y;) = >_ z;y;. Then (for dx any of the
measures just noted) we can define the Fourier transform of a function f on U, via

f(k) = / F(@)e2™ @R . (y € Uy)

and there is a Fourier inversion formula, replacing then dz by the dual measure.
The dual measure to v is vf, and vice versa; the measure v is self-dual.
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3.3. Volume. The volume of I"\G in our normalization isﬁ]

n
N e n
(33) vol(M\G) = n [ [ ¢()S;" = 5,7 £(2) - - £(n),
i T
where ¢ is the completed (-function and S; = % is the surface area of the
sphere in R7. We write for short
(3.4) Qn =£(2)...&(n)

3.4. Characters of A and their parameterization. Let y be a character of A, i.e.
a character A — C*.

We will usually represent y in one of two ways:

n
X(a) = Hali/iv Zyi = Oa
i=1

or as
n—1

X = pics, ie. x(diag(a, ..., an)) = 175 (ai/aip)™.
i=1

We will often write v;; as a shorthand for v; — ;. Also we will often write v;(x)
or 1;(x) for the parameters y; or v; as above; they are related via

Vi = M1,V = U2 — U1,y Vn—1 = Up—1 — Un—2,Vn = —HUn—1
and in the reverse direction
3.5 Pno1 = —VUp=V1+...Vp_1,
Bn—2 = —VUp_1—VUp=Vi+- +VUp2,...
and so on. Note that

3.6) dvi AN Ndvp—1 = Fdpg A+ AN dpip—1.

We will write
3.7) wi(x) = Y (), P(x) = [ [ (0)-

e.g. from (3.1) we have wt(2p) = > 'i(n — i) = L(n® —n).
From (2.2)) we get, for any character y = [] o/":
n—1 00 t(x)
d 1 TV X
(38) / fX_lda = H/ u_u‘ij — TZMZ =
A 1 Jyr U 1w P(x)

(this computation is the main reason for introducing the notation (3.7)).

#Note if we denote by pr the “Tamagawa” measure, the measure induced by integrally normal-
ized differential form, it is related to our measure  via pr = = [I}_5 S; - 1 where S; = %

Here we used the fact that the measure of SO, is the product S ... S,,.
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3.5. The average number of Siegel reduced bases. From our previous discus-
sion it follows that the average E; of E is given by m [ E;. By unfolding,

JEf=2"" [a™?f(a):

(3.9) / Ej = /p\adg > fHGg) | = / f(H(g))dg

I\l Fe\&
=2 [ flo)ag @2 [fa)ada
I'v\G
We conclude from (3.8) and (3.1):
Ll 10T 1
E;=Ts. E2)7L L g(n) L
A | Frer RC R

3.6. The mean length of the first vector of a Siegel-reduced basis. By a similar
computation we can compute the mean value of a,: Note

2 n—2 n—1 __ n—1_ -—n
a105 . ..o 500" = (a1 ...an—1)/ay, " =a,".

So we want to compute the mean value of H?:_ll ozl-_i/ " We do this just as in
the mean value equals:
T in—)+i/n i(n—1)+i/n n1
- ~T 2.
T2 i(n—1) i(n —1)
where ~ here means that the ratio of both sides approaches 1 as n — oo. Note that
this mean value corresponds exactly to the “worst case behavior” of ||x,| from

).

In fact log(a,,) is obtained as the convolution ) %Yz where each Y; is a vari-

able on [log(T'), o] with distribution function proportional to e~*(*=9Y Tt easily
follows that in fact log(a,,) is concentrated around its mean value.

3.7. Levi subgroups and their parameterization. Given ny,...,n; such that
n= Zle n; let M be the corresponding Levi subgroup of block diagonal matri-
ces, with Levi subgroup S(Hf:1 GL,,) C SL,,; we write

Nu=NNM,Ky=KnM.
We also write
N1 =ny, N2 =ny1+n2, N3 =n1 +ng+mns,...

The blocks of the Levi subgroup (thinking of it as block diagonal matrices) are
parameterized by the intervals
(310) [17N1]) [Nl—l_]-’NQ]? ’[N2+17N3L'--

We call the tuple ny,...,ng, or equivalently the standard Levi subgroup M,
good if n; < ny < .... Among each associate class of Levi subgroups there is a
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good representative; for this reason, it will be enough for us to consider only good
Levi subgroups.

We have a decomposition
(3.11) M = MyZy;

where My C M is the subgroup of elements S(Hf:1 GL41) with determinant +1
on each factor; and 7, is the subgroup of matrices that are positive scalar in each
block (so Zp; ~ Ri‘ol); a typical element of Zs looks like

diag | 21, 21,3 21,22, + -, 22, - 2k
——— ——

ni n2

We equip Z)s with the Haar measure [ [ dB;/f;, where 3; = au;, (considering
Zyr C A). Inside My is the torus Aps := AN Mg, which we equip with the analog
of the measure da on A, namely the measure

doy;
1%,
j

where we take the product only over those ¢ not equal to any of N1, No,.... With
these normalizations, the product map Z; x Apr — A preserves measures.

3.8. More on measures. Let P;; be the parabolic subgroup geneated by B and
M. Let Up,, (or just Uy for short) be the unipotent radical of Py;; thus, Py =
Upy-M,and Up; - Nyy = N, where Ny = NN M.

We normalize measure on Ny so that vol(Nys /Ny NTY) = 1. We normalize
measure on Uy in exactly the same way.

This induces a normalization of measure on M /Ky, via
Uy X M/Ky ~G/K
— recall that the measure on G/ K came from N A, see (3.2). More explicitly, this
is the measure obtained via
M = Ny AK

by equipping Njs with the measure where vol( Ny /Ny NT') = 1, and A with the
same measure as before. The factorization (3.11)), induces

M/KM ZM()/KM X AM

3.9. Characters of M. Continue with the notation for M as previous; in particu-
lar, £ is the number of blocks. Let a}, be the space

(Vl,...,Vk) S Ck : Znim = 0.
We say that v is unitary if every v; belongs to iR. We denote the subset of a}, as
o

a?\/[,O = {(Vl, c. ,Vk) € (ZR)k : ZniVi = 0}
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Elements v € a}, parameterize characters x,, of M defined by

k
(3.12) Xvt (g1 € GLy,, g2 € GLy,,...) = [ [ | det gi|
=1

these are precisely those characters of M that are trivial on M N K, which is all
that is of interest for us.

On Z); this character is given by

niV;
(313) XV(Zl,Zl,---,,Zk,Zk;) :]__[Zi1 '
Since 2z = [[,c1 2 "i/ME e can rewrite this as
n; (vi—vg)
Xu(zlazla-"nzkazk) = l_IZiz '
i<k
n dz dzp—1

The measure on Zj is equal to - =L ||,
ng 21 Zk—1

dual group to Zs, and we want to compute the corresponding dual measure.

From ) n;v; = 0 we deduce that vy, = Zfz_ll —nivi, and so

- We may identify a}, , with the

k—1
d(v1—v) A Nd(Vp—1—1g) = (1 + Z m) dA---Ndvg_1 = ﬁdl/l/\- < Advg_q
im1 ng ng

We deduce correspondingly that the measure on aMO that is dual to Z); is given
by (the absolute value of)

k—1 k-1
ng nid(yi — I/k) nidui
3.14 — —_ = .
( ) no 27 g 27

3.10. Volume of quotients for Levi subgroups. We will need to compute the
volume V)s of T'ps\ Mo/ K. It equals the product of the quantity (3.3) over n =
ni,...,ng. In particular, if we write

(3.15) Qur =[] @n;

then e~Anlog(n) < % < edn log(n) for a suitable constant A.

4. THE PRINCIPAL EISENSTEIN SERIES AND ITS CONSTANT TERM

We will summarize what we need from the theory of Eisenstein series, presented
in “classical” language. A clear summary of the theory of Eisenstein series, but in
adelic language, is given in [2]: the computation of constant terms is Lemma 7,
and the holomorphicity of Eisenstein series on the unitary axis is stated in the
Main Theorem. A reference which uses the language of real groups and is closer
to our presentation here is [[7]].
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4.1. Borel Eisenstein series. The usual Borel Eisenstein series is indexed by char-
acters x of A:

Ep(x.9)= Y, (x+pH(v9)
vel'p\I'
The constant term of Ep — i.e., me\N Ep(ng)dn — depends only on the “A”
component of the NVAK decomposition, and is of the form

“4.1) (EB)N — Z awl/—i—p H f(sa)

weWw wa<0,a>0 g(sa + 1)

where W ~ S, is the Weyl group acting by coordinate permutation on A, «
ranges over coroots, s, = (x, ") and £(s) = 7%/2I'(s/2)((s) is the completed
(-function; more explicitly, in the coordinates x = (v1, .. ., v, ) introduced in
we have

(4.2) Epv =3 a7 ] §(vij)

0ESn i<jo (i) >0 () ¢y +1)

where we wrote v;; = v; — vj, and also ov = (Vg—l(l), Vo=1(2)s - - ) or more
evocatively (ov)q(;) = Vi -

In this normalization, the “unitary axis” is given by Re(y) = 0, i.e. Re(v;) = 0.
The point x = p is the intersection of all lines s, = 1 for all simple roots «, i.e.
the intersection of lines v; — ;1 = 1. If we take iterated residues of E along all of
these hyperplanes, the only term that contributes is ¢ € S, given by i — n+ 1 —1;
we get

4.3) residue of £ = constant function with value ),, 1

4.2. Degenerate Eisenstein series. We will be also interested in the Eisenstein
series induced from one-dimensional representations of a Levi subgroup.

Let M be a standard Levi factor (cf. corresponding to the decomposition
> i_y ni = n; we will identify this with the partition of

r—1
@4 {1L,...onp=[Ln)Un+Ln 40U D oni+ 1nl).
=1

Just to recall our notation, we will refer to the subsets appearing above — [1, n;],
[n1 + 1,n1 + ng] and so forth — as the blocks associated with the Levi M; and we
put N1 = ni, No = nj + ne, etc.

We will only consider good Levi subgroups withn; <no <....Let P=MDB
be the corresponding parabolicand I'p =T'N P.

Let v € aj; be as in We define the degenerate Eisenstein series Ejy
parameterized by v, by means of

Exu(9) = Y (w+pp H(vg)
yel'p\I'
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where x,, is as in (3.12)), pp is the character of M defined by

|detgi\nj>1/2

pPp - (gl € GangZ € Ganv"') — H <|detg'|"i
J

1<j

4.3. The constant term of the degenerate Eisenstein series I/, ,,. We now want

to compute the constant term of £y ,,. We do this by interpreting it as a residue of

Ep(x). For this we use “induction in stages,” we can express E () as the iterated
. . . G M

Eisenstein series E'5 Eyn5(X)-

More precisely:
Y Ix+pHOg) = D D (x+pHnng)
velp\I 7€l p\I'mel'p\I'p
and we have an identification I'y;np\I'as ~ I'g\I" p. The function
g Y. (x+pHmng),
'YQEFB\FP

defines a function on ' pUp\G/K =~ I'y/\M/K s, which we call EY_ 5 (x); this
is an Eisenstein series for A/. By an analogue of (4.3), the iterated residue of
EY_ 5(x) along the lines

(45) Vi — Vi1 :1, foralligé {Nl,NQ,...}
gives the constant function with value Q}, (see (3.13)), and therefore
EMW = QMRGS EB('U)
where the residue is still taken along (4.3)), and we defined the shifted parameter:

(4.6)
Tllfl 7?,173 nlfl Tlgfl 7’1,271
’U—( 5 + 1, 5 + U1y, — 5 + 11, 5 +vo, ..., — 5

By means of (.1)) we get the following expression for the constant term of Epy ,:
Define
4.7)
S[M] = {o € S, : o is monotone decreasing on each of [1, n1], [n1 + 1, ng] etc.}

Therefore the term [ [, _; ;5.0 ﬁ that appears in (4.2)) has nonzero iterated
residue along (@.5) precisely when o € S[M], because to have nonzero residue

along v; ;41 = 1 we must contain a term corresponding to (i,j = i + 1), i.e. we
must have o (i) > o(i + 1), i.e. o must be decreasing on each block [1, 7], [n1 +
1, ng] and so on. Therefore,

(EM,V)N = Qum Z ReS@ H Maavﬂi

oceS[M 1<j,0(i)>0(j) é(vij + 1)

+I/2,...
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§(viz) +
(4.8) = ————q7TP
2 . H Lo E(ug £+ 1)
ceS[M]i<j,o(i)>0(j),iw]

where as before v;; = v; — v; and v is as in (5.2); also ¢ ~ j means they are
different parts of the partition (4.4) corresponding to M. For the second line, we
used the fact that the contribution of all terms with (7, ) in the same block is
precisely Q;j.

In summary, the constant term of the degenerate Eisenstein series Fjy,, is given
by ([@.8), where v is given in terms of v in (5.2)); this expression is very similar to
the constant term (4.2)) of the full Eisenstein series Ep(x).

Important warning. In general, the terms in this expression can still have poles;
a priori, they determine only a meromorphic function of v, and (.8 is valid as an
equality of meromorphic functions of v. However, these meromorphic functions
are necessarily holomorphic on the line Re(r;) = 0: a basic result of the theory of
Eisenstein series (see e.g. the first sentence of the Main Theorem, [2]]) is that the
Eisenstein series induced from a discrete-series representation is holomorphic on
the “critical line,” which in this case corresponds to Re(v;;) = 0.

It is more convenient to rewrite this in a way that is indexed by blocks of the
Levi M. Recall the blocks are just the intervals of integers corresponding to blocks
of the Levi, cf. (3.10). We can write:

(4.9) (Erp)n Z H H g(ifjvz—]f—)l) QP

c€S[M] A<Bi€A,jeB,o(i)>0(j)

Here A < B means that A precedes B in the natural ordering.

4.4. Spectral theory. Let M be a standard Levi subgroup, as above.

Let W) be the group of self-equivalences of M, that is to say, the set of w € W
with the property that w preserves the center of M. For example, if the lengths
of blocks n1,no, ... are all pairwise disjoint, then W), consists of those elements
w € S, which stabilize, setwise, each block [1,n1], [n1 + 1, n1 + nsa] and so forth.

Let f be a function on A, and form the pseudo-Eisenstein series E¢ as in (2.3).
We have a spectral decomposition

(4.10) Z Vi / dv(Es, Ext)Eny

|WM | Ve, o
where the sum is taken over good Levi subgroups M (see §3.7), the group Wy,
is as above, the v-integral is taken over aho, and the measure to be taken on the
space of parameters is that dual to the Haar measure on Zy; (cf. and (3.14)).

Let us explain briefly the origin of (4.10). Indeed, there is a corresponding
expansion for any function ¢ on I'\G, but it in general involves Eisenstein series
Er, (1) induced from all automorphic forms 1) on M that lie in L? modulo center.
We must check that only those 1) that arise from characters of M contribute to this
spectral expansion (and then only those characters trivial on M N K give a nonzero
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contribution; these are precisely the characters of (3.12)). In other words, we must
verify that (E¢, Ear,, (1)) vanish unless 1) is a character of A/. By unfolding,
this inner product vanishes unless £y, (1) has nontrivial constant term along N,
which implies in particular that ¢ itself has nontrivial constant term along Nj;. So
it is enough to verify that, on GLj, any automorphic form of the discrete series,
with nontrivial constant term along the unipotent radical of a Borel subgroup, must
in fact be a character. This is not a triviality; it follows from the computation of
the discrete spectrum of GL by Moeglin and Waldspurger [8]]; they show that the
discrete spectrum for GL,, arises from a divisor a|n and a cusp form 7, on GL:
one takes a certain residual Eisenstein series Il¢ induced from 7, X 7, - - - X 7.
In particular, if a # 1, the constant term along the unipotent radical of a Borel
subgroup involves a constant term for m,, and is zero; in the case a = 1, then Il¢
is one-dimensional.

Note that the inner product (Ey, Eaz, )1\ can be computed by unfolding E:
it equals

(4.11) (Ef, Enp)rg =2 7(f,a P (EMup)N)a
by the same argument as (3.9); the inner product is computed in L?(A).

4.5. Re-indexing. There is a bijection

divisions J of {1,...,n} — Levi subgroups M, o € S[M]
where by a “division” 7 what we mean is an ordered collection of disjoint subsets
J1, oo Jk C{L,2,...,n}, where [[ J; = {1,...,n}.

The bijection is defined thus: associated to J we take that Levi subgroup with
ni1 = #J1,n2 = #Jo and so on. Write J, = {jr.1,...,Jkn, } With j1 < --- <
Jn,; then there is a unique element o7 of S[M] where we take

o7 {Ng+1,..., Ngs1} = Jg
but reversing order, that is to say:
07(Ng+1 —t) = Jrt1 0 <t <mpyp — 1.

Note, for later use, that the number of such [J as above is clearly at most
n' (clearly £k < n and the division is describeed by a function {1,...,n} —
{1,...,k}). In particular,

number of possible J x n! < ncm

for suitable C.

4.6. The p parameters. Suppose (M,o € S[M]) corresponds to J, as above.
We make some computations related to the half-sum of positive roots for M.

Let pas be the half-sum of positive roots for M, that is to say, 2pp = > e;;
over all roots e; ; where ¢, j belong to the same block of the partition defined by
M, and also ¢ < j. Define p s by the rule

2p7 = —0(2pm)
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Therefore,
207 = > ey
i~ 7],0<]
where now 7 ~ j means that they belong to the same part of the partition defined
by J.
Note that if 7 corresponds to o € S[M], and v is a normalized character corre-
sponding to unitary v, as in (5.2), then Re(v) = pjs and thus

(4.12) Re (ov) = —pgs

We will compute the 1;-coordinates of p 7 for later use. Visibly u;(2p7) counts
the number of pairs a ~ b with a < ¢ and b > i. Therefore,

wt(2p7) = Y (j—1)
g, i<y
wt(2p—2p7) = Y (j—1)
1 ],4<J
Note that, if 7 has more than one part, then
(4.13) wi(2p —2p7) > 1 for all i.

Indeed, if 1;(p — ps) were zero, it means that every a < i and b > 7 belong to the
same part of 7, which forces that 7 has just one part.

Lemma 4.1. Let #J be the number of parts of J and let z be the size of the
largest part. For all A > 0 and big enough n, we have

(4.14) wt(2p — 2p7) > A(nlogn - #J + (n — z)nlog(n)) + an?.
for an absolute constant o (we can take o = 1/64) and for all J with #J > 1.

Note that the clumsy shape of the right-hand side is just chosen to match with
what we will need later.

Proof. We saw that wt(2p — 2p_7) can be written thus:
1
322> lb-d
k a€Jy bg.Jy,

where the 1/2 comes from the fact that for each such pair (a, b), either a > b or
b>a.

Fixing k for a moment, write s = n — |Ji|. Note that, for a € Ji, we have

Z la —b| > s?/4
b Jy,
since given a set S C Z of size s and not containing 0, we have

(s+1)2/4—1/4
ZS: 4= {(s +1)2/4
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according to whether s is even or odd, with equality attained e.g. in the cases

S={-1,-2...,-s/2)U{1,2,...,5/2}
(=1,-2,...,—(s = 1)/2} U{1,2,...,—(s +1)/2}

Therefore,
1
wt(2p —2p7) 2 ¢ D 1Tkl = |k])%.
k

=W

First of all, all but one part has size < n/2 and for such parts (n — |J;|)? >
(n?/4). This immediately leads to the bound

(4.15) wt(2p — 2p7) > 3—12n2(#J —1).

Next, pick any part Ji, with |J| = t. For ¥’ # k we have n — |Jp/| > t, and
summing over all such &’ gives a contribution of > (n — t)t? to W. The part .Jj,
itself contributes ¢(n — t)? to W; and therefore

W > (n—t)t2 +tn—1t)?=t(n—t)n.

If z is the size of the largest part (or more precisely, the size of a fixed part
with maximum size), every other part satisfies n — |Ji| > n — z. Thus each other
part contributes at least (n — 2)2|J|, and summing over the other parts gives a
contribution of at least (n — z)3 to . On the other hand, the contribution of the
fixed part with size z itself is z(n — 2)2. In total, we get W > n(n — z)2.

Averaging the last two bounds gives: W > %nQ(n — z), that is

1
(4.16) wt(2p — 2p7) > En?(n —2),

where z continues to be the size of the largest part.
Adding our {.15)) and (#.16), we get (for #7 > 2andson — z > 1):

Ly Ly Ly
. -wt > — —-1)+ — —z)+ — —
4.17) 4-wt 357 (#J —1) 35" (n—2) 3" (n—2)
1 1 1
4.1 > 02 T+ —n(n—2) + —=n?
(4.18) 2 o J 33" (n—2) 35"

which certainly implies our desired bound.

5. THE COMBINATORICS OF A BLOCK INTERTWINING

Here we examine the contribution of a given pair of blocks of the Levi to the
constant term of a degenerate Eisenstein series.

More specifically, let M be a Levi subgroup. Following our previous notation,
if we write
B= [Nt + ]-aNt-i-l]) C= [NT + 17N1“+1]‘
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for the ¢ + 1st and r + 1st block of the Levi, we examine the contribution of
i € B,j € C to the constant term (#.8), and simplify the resulting expression.
Roughly speaking we show that the (-factors that occur in the constant term cancel
in a more or less favorable way, so that the larger values tend to be on the bottom.

Letv € aj; 4, asin ~ For short, write
(5.1) VB = V-1, VC = Vr_1.
np =mn¢, NCc = Ny,

kp=t+1, kg=7r+1

so these are the v/-values for 5 and C, and the size of the blocks B and C, and finally
the sequential position of I and C respectively. (The x-notation will only be used
later; we include it here just for reference.)

We assume ¢ < r, i.e. B precedes C; because of our conventions (see we
have ng < ng.

Theorem 5.1. Notations as above, let v be as in (5.2)), so that

(5.2)
np—1 ny —3 ny—1 ng —1 ng —1
:( 12 v, 12 +vy,.e,— 12 vy, 22 +vo,...,— 22 + v, ...
Fixo € S[M], sothato : B][C — {1,...,n} is monotone decreasing on both
B and C separately. The product
§(vij)
(5.3) —_—
. H Elvij +1)
i€B,jeC,o(i)>a(j)
(note that fori € B,j € C we always have © < j) can be rewritten as
bz + mb)
(5.4)
b1€_£ E(z 4+ mp + )

where z = vp — vo,e € +1 and the my, ji, are half-integers. Moreover, 1/2 <
my < n, Jp > 0 and the my, + jy are pairwise distinct, and we can suppose €, = 1
whenever my, = 1/2.

The (purely combinatorial) proof comprises the rest of this section. It will be
more convenient to index each block by the real parts of the character, i.e. we
identify

~ ng—1 ng—3 ng — 1
. :B— B = e, —
65 B (e me sl ey
viarg i — 2 — (Ng41 — 1), and similarly
] ~ _fnc—=1 ng—-3 no —1
(5.6) Lc.C—>C.—{ 5 , 5 yee ey 5 }

Observe that the bijections (5.3) and (5.6) are order-reversing.
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Finally, set
C*:«f+U%LMC—1ﬂ):{%2“w—%§}
(so that C* and C' interlace one another).

We may regard o as a map

BI[C = {1,...,n}

(i.e., the map given by mgl on B and mal on C'). Note that ¢, .c reverse order-
ing; in particular, when considered as above, o is monotone increasing on B and
C individually. With this convention, we can rewrite (5.3) as

E(z+b—c)
(5.7) H
bEB,ceC,a(b)>0(c) §(z+b—c+1)

Each b € B specifies a “cut” of C" it separates it into the sets given by o(c) >
o(b) and o(c) < o(b). This coincides with the “cut” specified by a unique element
of C*; said differently, there is a unique function f : B — C* with the property
that for b € B,b € C' we have

a(b) > o(c) < f(b) >c.

Note that the resulting function f is necessarily non-decreasing because o was
increasing on B. Write [f(b)] = f(b) — 1/2. In other words, [f(b)] is the largest
element of C' that is less than f(b), if such an element exists; if there exists no such

. —ng—1
element, which happens exactly when f(b) = —nc/2, we have [f(b)] = —=§—.
Therefore, [f(b)] is valued in C'U {—2GtL).

(b—ctz) .
b)>o(c) E(b—ct+z+1)"

Eb—[f®)]+2)  Eb-[f®]+z+1)  &b—(="%1) +2)

O[O +z+1) 0B +2+2) el (—250) +1+2)

b= [f®)+2)
S+ 1G5 +2)
(note that this remains valid even in the case when f(b) = —n¢/2 and so [f(b)] =

%*1: the product on the left-hand side is empty.) Introducing a product over

b € B, we get

11 §b—c+z) _ [lyep &b —[f(0)] +2)

Now fix b and compute [ ], o

beBectayzo ST CTEHL) E(RERE 4 2) L (RGN 4+ 14 2)

There are the same number np of &-factors in numerator and denominator. We
rewrite it, using the functional equation £(s) = £(1 — s), as
(5.8)
MepsG+HIb—[fOI-1/2/£2) _ Thepé(z +b—f(b)£2)
g(RBENC o) L E(RCSRE + 14 z)  L(RBERC o) E(RCSRE 41+ 2)
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where, writing ¢; for the sign in front of z in the bth term of the product (just as in
the theorem statement), we have ¢, = —1 precisely when b < f(b).

Recall nc > np because B precedes C.

The following Lemma implies the first statement of the theorem:

Lemma 5.1. Suppose that nc > np, and that
f* B:{_(nB_l)/27’(nB_l)/2}_>{_nC/257n0/2}20*
is a non-decreasing function. Then for q > 0 integer, the equation
ng+nc—1
2

has at most q + 1 solutions. Moreover, equality holds for all q only when either
ff=-nc/20r f*= nC/Q.ﬂ
More explicitly,

(5.9) b—f* ()] =

ng+nc—1

2
ng+nc—1
2

b b— (b)) > p<1

#{b: [b—f(b)] = -1} <2

and so on.

In particular, if we order the the quantities % + b — f*(b)|, for b € B, with
multiplicity and in nonincreasing order as rqg > ry > -+ > T|B|-1» then we have
ry < RednhB g

Proof. We will prove in the next Lemma that the quantity is maximized (for
any fixed ¢) by a constant function, i.e. f* sending all of B to ¢ € C*. Assuming
this, we verify (3.9). By symmetry, we may assume ¢ > 0. We consider the effect
of increasing ¢ by one. Denote by s.(t) the number of solutions b € B to |b—c| = t.
Then s.(t) = sc41(t) except when t = |28 — clort = | — 221 — 1 —¢|; in
the former s.y1(t) = s.(t) — 1, and in the latter s.41(¢) = 1 and s.(¢) = 0. This
shows that, as ¢ increments, the number of solutions to [b — f*(b)| > r does not
decrease. This completes the proof of (5.9).

The remaining assertions follows easily: If r > % — t, it follows that
2+ b— fr(b)| > 2B — ¢ 4 1 has at least ¢ + 1 solutions, i.e. [b— f*(b)| >
%”B_l — (t — 1) has > ¢ + 1 solutions, contradicting the first assertion. O

Lemma 5.2. Suppose that nc > np, and that
FB={—(np—1)/2..., (5 — 1)/2} = {=nc /2 .. ne/2} = O

is a non-decreasing function. Then there exists a constant function g* : B — C*
such that, for any r, the number of solutions to |b — g*(b)| > r is no less than the
number of solutions to |b — f*(b)| > r.

SThese correspond to the cases where every element of o(B) is either less than o(C'), or vice
versa. In the case f* = —nc¢ /2, the &-ratio is identically 1.
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Proof. Fix r. The strategy is to modify f* one step at a time so that the number
of solutions to |b — f*(b)| > r does not decrease after each step and f* becomes
constant at the end of the process.

A modification of f* will be a function ¢g* with the property that |x — g*(z)| >
|z — f*(x)| for all z € B. In particular, the number of solutions to |b — g*(b)| > r
is at least the number of solutions to |b — f*(b)| > r.

Enumerate elements of B by b1, b, . . ., in increasing order. Suppose that

(5.10) fr(br) = f7(b2) = - = fH(bg—1) = f7(bk) < [ (br+1),

where we allow & = 0 to mean there is no constraint at all. We will show that
either

. f*(0),b # bita . J*(Ok41),b < by
. b) = b) =
G al) {f*(bw,b:bkﬂ orox(t) {f*(b),bz b1

is a modification of f. Note that g7 (b1) = - -+ = g (bg+1) for j = 1, 2. Iteratively
applying this claim shows that we may suppose that f* is constant, as claimed.

We analyze the following three cases in turn:

@) [bx — f*(bk)| > b1 — f*(brr1)|-
(i) bk — f*(br)| < [bks1 — [ (brg1)]:
(iii) [bx — f*(b&)| = (D41 — f* (Do)l

) If f*(bk> > by, then
(o) = bk > f*(bkt1) — bkr1 = f7(bx) + 1> f*(bkt1)

which contradicts (5.10). Since f*(bx) # bx by assumption (5.10), we
must have f*(by) < by; then

Or1 = [ (Org1)| < b — 7 (bk) < b1 — f*(bk),
so we can take g as the desired modification.
(i) If f*(bgs1) < bgy1, then also f*(by) < by, by (5.10), and so

b — f*(bk) < brgr — fH(bry1) = (b)) + 1> f*(brg1),

a contradiction as before. Therefore f*(byy1) > byy1. We take ¢* = g¢5.
To verify this works, we must check that for all b < by, we have

(5.12) [f(b) = 0] < |f*(br41) — 0.
If f*(bg) > by (5.12)) is true because
|/ (brg1) = bl = [ (brs1) =b = f(bk) =b=f7(b) =b >0
If f*(bg) < by is true because
b— f7(b) <bp — f7(br) < f*(brt1) = b1 < 7 (brs1) = b,
fr(b) =b =" (bk) = b < f*(bry1) — 0.
(iii) We are assuming that |by, — f*(bx)| = |bg+1 — f*(bg+1)|- Then either:
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(iii-a) f*(bg) > by. In this case, ¢; is a modification just as before — for b < by,
S (bpy1) —b> f*(br) =0 >0

(iii-b) f*(br) < bg: in this case, gj is a modification because

by — [ (br) = b — (b)) = [brs1 — £ (ber1)]-

6. BOUNDS

Lemma 6.1. (Bounds for ) Suppose |o| < 1073, Put q(z) = min(10|z|,1). Put
Cq(s) = q(s — 1)((s). Then there exists a constant A such that:

(i) [¢g(1/2+ 0 +it)] < A(1 + [¢])02

(i) |¢o(1 4o +it)] < A(1+ [¢])*0
(iii) assuming the Riemann hypothesis, |¢(1 + o + it)| ™' < A(1 + [¢])*0L;
(iv) [¢(j +o+it)| < Aand [((j+ o +it)|" < Aifj > 3/2.

Proof. For (i), (ii), (iv) see [5, Chapter 8]. For (iii) see Corollary 13.22 of [9]. [

Lemma 6.2. (Bounds for ( ratios) Assume the Riemann hypothesis (this is the
only point where we do). Let (; be as in Lemma Then uniformly for |Re(z)| <
0.01/n* we have:

G(1—2)

| = Aosto + I+ )™ 0= ),

with an absolute constant A

Proof. Write z = p + it. We may as well suppose that ¢ > 10. Split into two
cases, according to whether |p| > 1/loglog(t) or not. We use the bounds in In
Corolllary 13.16 of [9]:

o If || < 1/loglog(t), the bounds there show at once that the ratio in ques-
tion is bounded by an absolute constant times log log(t).
o If || > 1/loglog(t), the bounds therein show that the ratio is bounded by

log(t) - eCloe)*"! for a suitable absolute constant C'; without loss C' > 2.
Now,

log(t) - ¢“ 1950 < Alog(t)(1 + |t),
for suitable A. E]

© Here we use the fact that, with u = log(t), we have the bound
Cu® < C* + pu,u > C*

To verify this, look at the function C* + pu — Cu?*. Tts derivative is u(1 — 2Cu*~1) , so it is
increasing for u > C2.



THE BEHAVIOR OF RANDOM REDUCED BASES 23

Lemma 6.3. (Bounds forT')

Write, for short, T'r(s) = ©—%/?T'(s/2). We have the bounds, valid uniformly
for Re(z) > 0.49 and |p| < 0.26 (with an absolute constant A and R):

-1 1 F]R(Z +p>
“v < | | <4
(6.2) ‘PRF(H:(JZF)T) > (14 |2)Y4 (re éZ,r > R).

Proof. Recall Stirling’s formula (see, for example, 6.1.40 of [[1])
D(z) = V212" Y27 (1 +¢)
where |¢| < ﬁ; this formula is valid for arg(z) between (—7 /2, 7/2).

For (6.1) it is enough to prove a similar bound with I'g replaced by T', i.e. upper
Lztp) ‘ where we now restrict to Re(z) < 0.49/2 and

T'(2)
+p—1/2
|p| < 0.49/2. Stirling says that‘ (ZH" = e‘f% (1 + g)z p-1/ (ii—;) Now the

I'(z)

bracketed term is absolutely bounded in the specified region. So is both

and lower bounds for P ‘p

log(1 + ]3) and log (1 + £>z = zlog(1 + ZZ)
z z z

(in the first case z — p/z takes the set Re(z) > 0.49 into a subset of the disc
|u| < 0.9; in the second case, we use the power series for log(1 + p/z) when z is
large.) Our claim (6.1) follows.

The claim (6.2)) follows from (6.1)) applied with p = 1/2 many times, once we

notice
N1A—N-1
AN (24 1) .. (z+ N)| > —a >1

for an NV that depends only on A. (|
Theorem 6.1. Let B and j,, my be as in Theorem that is to say: 1/2 < my <
n, jp > 0, the my, + jp are pairwise distinct, and £, = 1 whenever my = 1/2.

Write q(z) = min(10|z|,1). We have a bound valid uniformly for |Re(z)| <
0.001/ n?, with an absolute constant C':
(6.3)

(epz +mp) B 1 (1 + [¢])7%92, some jj, # 0,
< Pl Jog(5+]t

Hé (= + 1m0+ j) 11 a7 toe(G+ll) (14 [£)*O, all Gy = 0.

bmb 1

Finally, when all j, = O, the corresponding product has absolute value 1 on the
line Re(z) = 0 (obvious).

Proof. Set &,(s) = 77%/T'(s/2)¢(s)q(s — 1). Note that, for [Re(z)| < 0.01, we
have £,(z + mp) = &(z + mp) unless m; = 1. What we will prove is that (for a
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suitable absolute constant C):
(14 [¢])~093, unless j, = 0,
< O Q (1 Jt))001m, Jb=10,my # 1
(14 )0 log(5 + [¢]), b = 0,mp =1

q(sbz + mb)

6.4 e
(©4) ‘f(z+mb+jb)

The result follows: if we take the product of all these factors, we get at least one
factor of (1+|¢|)~%03 as long as not all js are zero; we get at most | B| < n factors
of (1 + [¢])°01/""  and finally at most one factor of log(5 + |¢|).

Now to prove (6.4). We write the quantity to be bounded as
Cq(EbZ + mb) ' FR(sbz + mb)
C(z+mp+Jp) Tr(z+ my+ )

We subdivide into four cases. The first three cases will be 5, > 0 but j; in different
ranges; the last case is j, = 0.

(6.5)

e First case of j, # 0: j, > R+ 1, where R is the absolute constant in the
Lemmal6.3
By Lemma the ¢ in the denominator is absolutely bounded below.

By the same Lemma, the (, in the numerator is in all cases bounded by a
: 0.2 Ce(2) 0.2
constant multiple of (1 + |¢|)”~. Therefore, ot | < C(1+ [t])"=.
If e = 1, we apply the bounds directly, with = 7, to get that the
[-ratio is bounded by C(1 + |¢|)~%-?%; we are done.
If e = —1, we write z = o + it and conjugate the numerator to get:

< O+t~

Cr(epz + myp) . Ir(—0 + it +my)
Tr(z+my+jp)|  |Tr(o+dt+my+ jp)

where we applied (6.1) with » = 20 and then (6.2) with = j;, to conclude.

e Second case of j, # 0: suppose that 0 < j, < R but my > R, where
R is the absolute constant in Lemma [6.3] Referring again to (6.5), the
¢-quotient is absolutely bounded above, and iterated application of (6.1))
at most 4% times (so the implicit constants don’t matter) gives the bound
C(1+ [t])~%24 for the ratio of I'-functions. This proves the desired bound
this case.

e Third and final case of 5, # 0: 0 < 5, < Rand my < R.

There are at most O(1) of these factors, because each factor of the
denominator occurs O(1) times — recall that, by assumption, the various
mp + Jp are pairwise distinct. We can therefore ignore any implicit con-
stants in this analysis. So fix m,j € $Z N [1/2, R] and examine again
(6-5). The T-quotient decays as (1 + [¢|)~?-24 by the same logic as in the
previous case, and the quotient of (-functions grows at most as (1 + [¢])%-2!
by Lemma 6.1} This proves the desired bound in this case.

e Terms with j, = 0. Here we can assume that £, = —1 (otherwise the
term is 1) and therefore also that m; > 1 (part of our assumptions: see last
sentence of Theorem statement).
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The term in question is

G(=z+mp) Tr(—z+my)
C(z+mp)  Tr(z+my)

The I'-ratio is bounded above, by means of (6.1]), by an absolute constant
multiplied by (n + [¢])°001/"" < C(1 + |¢[)%-991/" (here we also used the
fact that my < n). If my > 1, the (-term is absolutely bounded above and
below. If m; = 1 (and note that there is at most one term of this form,
in the product we are analyzing) the (-term (,(—z + 1)/(,(z + 1) can be

analyzed with Lemmato get a bound of log(5 + [t]) - (1 + [¢])2-00/7",

This concludes the proof of the Theorem.

7. BOUNDING THE CONSTANT TERM VIA A CONTOUR INTEGRAL

We now return to analyzing the behavior of the full constant term (4.8) for E ..
As mentioned after (#.8)), some of the individual terms in (4.8) can have poles;
however, (Ej,)n and so the whole sum is holomorphic at the points of interest
where Re(v;) = 0. To bound (4.8)), then, we deform along a contour where none
of the individual terms have poles, and use the Cauchy estimate.

Theorem 7.1. Let f : A — C be as in 2.2). Let M be a Levi subgroup with k
blocks, and let v = (v1,...,vE) € aMO parameterizes a unitary character of M.
Let other notation be as in §4.2] Then for an absolute constant C,

(7.1) ’<fa72p7 (Earp)n)al < Cmklog(n) Z [(f,a=Ptov) 4]
ceS[M]

where k is the number of parts of the partition associated to M, v is the shifted
v-parameter, as in (5.2), and S[M] is as in @.7). The inner products on both sides
are taken in L*(A).

TRe(wt(p—ov)) omklog(n)

Proof. Note that the right-hand side of (7.1)) equals, by (3.8), >~ T pro0)]

The left hand side of (7.1)) can be rewritten, following @.9), and Theorem [5.1]
as 217" times the absolute value of

CO’ + EBC’U(

f B —p+4ov
0» ¥ T e e et ey

oeS[M] B<C beB

where mP¢7 jB¢e ¢ 17, and £B¢? € {+£1} are so denoted to recall that

they depend on B, C and 0. Moreover we wrote for short v = v, if B is the

(r + 1)st block [N, + 1,..., Ny41], just as in (5.1I). For each fixed o, B, C' the

mBCo jBCo BCo ¢ {41} satisfy the constraints enunciated in Theorem
We will bound this left-hand side one ¢ at a time.

First of all, let us separate into cases according to whether j5¢? = 0 for all
B, C or not.
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Case 1: o is such that j5¢? = 0 for all B, C. These terms are trivially bounded
by (f,a"PT7Y) 4: the term looks like

BCO’ + 8BC’U(

H H é — 5 g VB — VC)) <f7 a—p+0v>
my,

B.CbeB —vec)

The function £(m—2z) /§(m—+ z) is holomorphic everywhere along the line Re(z) =
0. Therefore, the £-product/ratio is holomorphic at the given value of vp, and even
better, has absolute value 1.

Case 2: there exists at least one B, C' for which jBC" > (. To bound this, we
apply (6.3) and a contour integration argument. Fix some small parameters
§=n"% H=n*
As in (5.1), let kg be the parameter of the block B (i.e., the block [1, V1] has
parameter 1 and so on).

Let Cs,ir be the basic contour: the oriented closed curve in the complex plane
which consists of the two vertical lines +6 + v, for v € [—H, H], together with
the two horizontal lines +iH + b,b € [, d].

Let v, € aj, be the parameter:
v,:= (1 + 2,00+ 2z,..., v + k2)

so that v, takes the value vp + k2 on the block B. Note that v, will no longer be
unitary, i.e. v, ¢ a}, o- We define v, to be the shifted v-parameter attached to v,
so that the relationship between v, and v, is as in (5.2).

Note that Ejs,, is a meromorphic function of z, and we will use Cauchy’s
formula to compute E), as a contour integral along Cs 7. As z moves along
Cs.r» the term v — v moves along the contour vp — v + (kB — k¢ )Cs, 1. Note
that kg — k¢ is nonzero for B # C, so z is really moving.

Thus we must study (7.2) as z € Cs p. For v of the form v, with z on Cs 7, we

have by (6.3):
CO' + EBCO’(

§ VB,z — VC’Z)) —r(B,C
11 H < I alws —ve + (55 — Ke)2) 75
BC BC
B<CbeB T+, 7+ VB —vC) B<C

VB,z—VC,z

log(5 + |t| ? % H o8Bl « (1+ ’t’)0.0IN/an0.0QZl

where t = Im(vp . — vc,.), and:

e N is the number of (B, C) where all ;297 =0
e Jis the number of (B, C') where not all jZ¢7 = 0.
e 7(B,C) is the number of b € B with mP“7 = 1.

By assumption, 2 > 1 and of course & < n2; thus (1 4 |¢])0-018/n*~0.023
(14 [¢])70OL. Next

H1taX10g(5+ |t|)k2(1 + |t|)_0'01 < Clog(k)k2

IN
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Also, ] BcC IBI < €™, 50 the above expression is actually bounded by
Ccre™) TT (v — vo + (kB — Ke)z)) PO
B,C

So it remains to give an upper bound for

(7.3) / H q((vp —ve + (kp — Ke)z))"BO)
Cs,H B C

(a priori this quantity could even be infinite for certain §, H).

Recall that ¢(z) = min(10|z|, 1) and in particular

q(2)7! < min (|Re(z)]_1, ]Im(z)\_l) .

Write tp = Im(vg),tc = Im(vc). Then for any z € Cs g, by the inequality
just above, we have

1
(74 q(vp —ve + (kg — kc)z)” <6 + [(tc —tB) — (k¢ — kp)H|
1

_|_
((tc —tB) + (ko — kB)H|.
Lemma 7.1. Write log™ (z) = max(log(x),0) for x > 0, and log™ (x) = 0 for
z < 0. Then:

e Forz,y > 0, we have log™ (z + y) < log*(z) + log™ (y) + 1.
e On any subinterval I C R of length s, the average value of log™ (|z|~1) is
bounded above by

{1 —log(s/2),s < 2

2/s,8>2

Proof. Note that log™ (z + 1) < log™ (x) + 1 for z > 0: obvious for x < 1, and
otherwise it follows from (z + 1) < ex. Thus the result follows for y < 1 or
(symmetrically) < 1. Otherwise, we must check log(z+y) < log(x)+log(y) +
1,i.e. x +y < exy; without loss x > vy, and then exy > ex > 2x > = + y.

Given any interval [ = [a,b] with 0 < a < b, visibly the average value of
log®(z71) on I is less than its average value on the shifted interval I —a = [0, b —
a]. Next, given any interval I containing zero, the average value of log™ (|z|™!)
is less than the corresponding average on the “symmetrized” interval [—¢/2,¢/2],
where / is the length of 1.

We are reduced to doing the computation on the interval (0, s/2); in that case
we get (with b = s/2, and assuming b < 1):

b
i/o —log(z) = %(—xlog(m) + $)|8 = —log(b) +1

Therefore, the average is —log(s/2) + 1if s/2 < 1. If s/2 > 1 we similarly
get an upper bound of 2/s. (|
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Using the obvious bound log(...) < log™(...), and taking into account that
r(B,C) < |Blandso Y p o 7(B,C) < kn, we getthat forall z € Cs i

(7.5) log H q(vB —vo + (kB — ke)2)"BC) < Cknlog(n)
B,C
+Y r(B,C)log" (|(te — tp) — (ke — kp)H| ") + ( similar term) .
B,C
Now we choose H suitably. Average over 0 < H < 1/n; the average of

each log™ term is, by the prior lemma, at most O(logn). Therefore, there exists
H € (0,1/n) for which the right-hand side is bounded above by C'nk log(n).

In summary, we can choose H € (0,1/n) with the property that the integrand
of (7.3)) is bounded above by exp(Cnk log(n)). Cauchy’s integration formula now
concludes the proof (of the Theorem [7.1). (|

8. CONCLUSION

We now complete the paper by giving the proof of (ii) of the main Theorem
[I.T] At this point this is a matter of putting our prior bounds together, plus some
elementary estimates for integrals on Euclidean spaces.

We continue to use (—, —) 4 to denote inner products in L?(A). In our notation,
(i1) of the main Theorem amounts to the assertion that
8.1 1By — Bf||* < exp(—an®)| Ey||*
for some a > 0 and big enough n.
Terms of size n™ are negligible from the point of view of proving (8.1I). So we
shall use the notation
B~, B
if there exists constants by, ag so that
B B
B’ B
Often we will supress the subscript ~,, and just write ~.

< by exp(agn log(n))

8.1.  Begin with the spectral decomposition (4.10), or what we obtain from it by
taking inner products with E'y:

1B B = 3 v / By, s
M#G VE“?\{O/WM
G0 4i-n > Vi /\ fa=? (Ear,)n)al’ dv
M#G

’ ATk log(n) Z V]\?jl / Z ’<f, a—p+av>A‘
M

v og€SN
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Note that the total number of M and also the size of |S[M]| are both ~,, 1. Also
recall from (3.9) that

Ep =Vl (f,a7%) 4.
Therefore, (8.1) will follow if we check that, for any constant A and sufficiently
large n, there is a constant A" such that

(8.2) rktosm Var Jy ’ (f,art70) adv
Ve ?I(f,a720) a2
where k is the number of parts in the partition associated to M, or equivalently in
the division J (see associated to the pair (M, o).
From (3.8) we have |(f,a=2P)| ~,, T"%?/) Lets < n —1be the size of the
largest part of j By an elementary estimate from the definitions (3.13)) and (3.4),
we see that < is bounded (up to factors of size eCnlog(n)) by £(s —|— 1) E(n) <

const - £(n )" 1 which leads to the bound:

< A’ exp(—6n?)

“//J\i < exp(C(n — s)nlog(n))

We will prove that for o € S[M] so that (M, o) is parameterized by J we have
(8.3) /](f,a_p+"“>A]2 <n cnlognp2wt(ptps)
v

Here 7 is as in §4.6] Once that’s done, our conclusion (8.2) follows from Lemma
since (f, a™2P)% ~,, T*HP),
Proof. (of the bound (8.3)):

Recall first that (4.12)) shows that

Re(ov) = —ps
Now, (3.8)) shows that
(a7 4 = 720 20) T i+ ov)]|
i
The real part of y1;(—p + ov), i.e. of ui(—p — p7), satisfies
Re wi(p+ p7)| > 1,

since both p and p 7 is a sum of positive roots, and each positive simple root occurs
at least once.

For 1 <i<n-—1,wewrite u; = Im (,u,(av)). Therefore, |u;(—p +ov)|72 <
- 32> and it will be enough to bound Joea LI ﬁ
Write ¢; = Im(v;); recall that the subset of unitary characters in a}, is identified,
when considered as characters on Zj (cf. (3.13)) as the subspace @ C R" where
Q={teR":t;=---=tn,, tNy+1 =" =1tNp,-..}

and moreover »_t; = 0.
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Since v and v have the same imaginary part, coordinate by coordinate, we see
D\ i
@4 w=Tm(u(ov) = Im(ui(ov) B 3 mov); = 3 4,
j=1 J=1

we wish to prove

1 1
& Cnlogn
2 2 2 n

/Q L+t iy L) Tt

The measure on ( has been described in (3.14); it differs by exponentially bounded
factors (negligible for our purpose) from the measure |A;d(tn, — tn,+1)| on Q. In
what follows, we equip @) with this latter measure.

8.2. Some Fourier analysis. The proof of (8.3) now reduces to an elementary
estimate on Euclidean spaces (we take a long time to do it just because we get very
nervous about measures).

Let V be the full space {(t1,...,t,) € R™ : Y t; = 0}, equipped with the
measure

vy = | N; (dti — dti+1)’.

Thus dim V' =n — 1 and Q C V has dimension k£ — 1; the measure on () is as just
described.

For a nice function f on V, we have by the usual Fourier inversion formula

(85) /f:/ d/-i/ f(t)€27ri(/€1(t2—t1)+ﬁg(t3—t2)+...)dyb
Q (K1,K250 s Kn—k) \%

-----

where we omit the terms corresponding to t N, 11 — tn, , and the k-measure is usual
Lebesgue measure. Now the sum in the exponential is given by

Ki(ta —t1) + ka(ts —t2) + -+ kN —1(tn, —tn—1) + 6Ny (B2 — En 1) + -
(86)-k1t1 + (k1 — Ka)ta + -+ + (kN —2 — KNy —1)ENy —1 + KNy —1tNy + - - -

Changing coordinates in the « variable, we can re-write (8.5)) as:

61 [ 1= [ . F= [ an et
Q Q-+ 1%
where QL is the n — k dimensional space
Njt1
(8.8) Q= {(k1, ... kn): > ki =0}
Nj+1

and the measure on Q= is that obtained by taking the product of
dky N - Ndkn, -1, dkn,11 N ANdEn,—1,

i.e. omitting one coordinate from each block.
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Write as above u; = 23:1 ty-1;and f = [}, ﬁ We evaluate fQ f by
means of Fourier inversion (8.7). We have '

. : 1

k) = dv 6277'sziti )

fo = [ aw I

For short, let us write k7 = k,-1(;) and t7 = t;-1(;). Note that

> kiti = kit;

= Ky (G- )+ (R =) (G4 - At ) (ko =k ) (- At _o) 4+ (R —R2)

Therefore, if we rewrite the integral for f(k) in coordinates u,_; = 7 +
ot Up—2 =t + -+t _5,...,t], and note that

|dui A -+ AN dup—1| = |dt] A - N dt,

n—1

37 1
—duy(t)
n

we getm

~

f(k‘) _ nwn—le—QﬂHk*H’
where we write
[K*[] = k7 — k3| + [k3 — k3| + [k3 — kil + -+ [kp_y — k| + |k |-

Therefore, applying (8.7)), we get

/f<n7rn—1/ o 2rllK" |
Q Q+

and it remains to check that | oL e~ 27Ik"1l is exponentially bounded. Let = be the

measure of the set |[|k*|| < 1 inside Q. Then, by a homogeneity argument, the
last integral equals Z- [ e~2"d(2" ) = (n— k)!(27)~("~%) . Z. Finally we have
in fact 2 < 1: we easily see that ||k*|| > sup, |k|. Thus it is enough to bound the
volume of the set sup, |k;| < 1 inside (). But this is a product of the volume of
various sets of the type inside

{1, ya) € R ssuplys <1,) g =0}
(3

taken with respect to dy; A - - - A dyq—1; certainly each of these volumes is < 1.
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