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Abstract. This article introduces a (generalized) G-graph which
is a generalized version of Nakamura G-graphs in [18]. As Naka-
mura G-graphs are associated with torus invariant G-clusters, our
G-graphs are associated with torus invariant G-constellations. If a
G-graph Γ satisfies a certain condition, then we call the G-graph a
G-iraffe. For each G-iraffe Γ, we define a toric affine open set U(Γ)
and a family over the open set U(Γ). Using G-iraffes, we describe
local charts of the birational component Yθ.

Introduction

Let G be a finite subgroup of GLn(C). A G-equivariant coherent
sheaf F on Cn is called a G-constellation if its global sections H0(F)
are isomorphic to the regular representation C[G] of G as a G-module.
In particular, the structure sheaf of a G-invariant subscheme Z ⊂ Cn

with H0(OZ) isomorphic to C[G] as a G-module, which is called a G-
cluster, is a G-constellation. It is known that G-clusters are θ-stable G-
constellations for a particular choice of GIT stability parameter θ [10].

For a finite group G ⊂ SL2(C), Ito and Nakamura [11] introduced
G-HilbC2 which is the fine moduli space parametrising G-clusters and
proved that G-HilbC2 is the minimal resolution of C2/G. Nakamura
showed that for a finite abelian subgroup of SL3(C), G-HilbC3 is a
crepant resolution of the quotient variety C3/G. In his paper, he in-
troduced (Nakamura) G-graphs to describe a local chart of G-Hilb for
an abelian group G. He also claimed that every G-cluster is over the
birational component, which is turned out to be false.

On the other hand, for a finite abelian group G ⊂ GLn(C) and a
generic GIT parameter θ ∈ Θ, Craw, Maclagan and Thomas [4] showed
that the moduli space Mθ of θ-stable G-constellations has a unique
irreducible component Yθ which contains the torus T := (C×)n/G. So
the irreducible component is birational to the quotient variety Cn/G.
The component Yθ is called the birational component1 of Mθ. In their
consecutive paper [5], they introduced a new technique to describe a
local chart of the birational component of G-Hilb using Gröbner basis.
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1This component is also called the coherent component.
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Moreover, they presented a counterexample of Nakamura’s claim: there
exists a G-cluster which does not lie over the birational component.

The motivation of this paper is from the question on why Nakamura’s
claim is wrong in general. Nakamura [18] defined an open set U(Γ)
associated to each Nakamura G-graph Γ. He assumed that U(Γ) has a
torus fixed point. We find out that if U(Γ) has a torus fixed point, then
U(Γ) is an open set in the birational component of G-Hilb. In other
words, there should beG-graphs such that U(Γ) has no torus fixed point
by the existence of G-clusters outside the birational component [5].

Main results. Let G ⊂ GL3(C) be the group of type 1
r
(α1, α2, α3), i.e.

G is the subgroup generated by the diagonal matrix diag(εα1 , εα2 , εα3)
where ε is a primitive rth root of unity. The group G acts naturally on
S := C[x, y, z].

Define the lattice

L = Z3 + Z · 1

r
(α1, α2, α3)

which is an overlattice of L = Z3 of finite index. Set M = HomZ(L,Z)
and M = HomZ(L,Z). The embedding of G into the torus (C×)3 ⊂
GL3(C) induces a surjective homomorphism

wt: M −→ G∨

where G∨ := Hom(G,C×) is the character group of G.
We define a (generalized) G-graph Γ and an affine toric variety U(Γ):

Definition 0.1. A (generalized) G-graph Γ is a subset of Laurent
monomials in C[x±, y±, z±] satisfying:

(i) 1 ∈ Γ.
(ii) wt : Γ → G∨ is bijective, i.e. for each weight ρ ∈ G∨, there

exists a unique Laurent monomial mρ ∈ Γ whose weight is ρ.
(iii) if m ·n ·mρ ∈ Γ for mρ ∈ Γ and m,n ∈M≥0, then n ·mρ ∈ Γ.
(iv) Γ is connected in the sense that for any element mρ, there is

a (fractional) path from mρ to 1 whose steps consist of multi-
plying or dividing by one of x, y, z in Γ.

As is defined in [18], for a G-graph Γ = {mρ}, define S(Γ) to be

the subsemigroup of M generated by
m ·mρ

wtΓ(m ·mρ)
for all m ∈ M≥0,

mρ ∈ Γ. We prove the semigroup S(Γ) is finitely generated. We define

U(Γ) = SpecC[S(Γ)],

which is an affine toric variety whose torus is SpecC[M ] and define a
G-constellation C(Γ) associated with Γ.

Definition 0.2. A generalized G-graph Γ is called a G-iraffe if the
open set U(Γ) has a torus fixed point.
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We prove that for a finite groupG ⊂ GL3(C) of type 1
r
(α1, α2, α3) and

a generic GIT parameter θ, there is a 1-to-1 correspondence between
the set of torus fixed points in the birational component Yθ and the set
of θ-stable G-iraffes (see Proposition 6.7). Furthermore, we have the
following theorem.

Theorem 0.3. Let G ⊂ GL3(C) be a finite diagonal group and θ a
generic GIT parameter for G-constellations. Assume that G is the set
of all θ-stable G-iraffes.

(i) The birational component Yθ of Mθ is isomorphic to the not-
necessarily-normal toric variety

⋃
Γ∈G U(Γ).

(ii) The normalization of Yθ is isomorphic to the normal toric vari-
ety whose toric fan consists of the full dimensional cones σ(Γ)
for Γ ∈ G and their faces.

In general, finding all θ-stable G-iraffes is a very difficult job. Naka-
mura [18] introduces G-igsaw transforms which finds all Nakamura G-
graphs lying over the birational components. We expect that there is
a method to find all θ-stable G-iraffes which is analogous to G-igsaw
transforms in [18].

Remark 0.4 (Link to [4]). Craw, Maclagan, and Thomas [4] described
Yθ using a certain polyhedron Pθ. The vertices vα of the polyhedron Pθ
correspond to fixed points pα of the torus action. For each vertex vα,
they define a semigroup Aα such that SpecC[Aα] gives an affine open
set through pα.

In our description, since each torus fixed point pα represents the
isomorphism class of a θ-stable torus invariant G-constellation lying
over Yθ, we have a unique G-iraffe Γα and the semigroup S(Γα). We
expect that our semigroup S(Γα) is equal to the semigroup Aα. �

Warning 0.5. In this paper, we restrict ourselves to the case where a
group G is a finite cyclic group in GL3(C). It is possible to generalize
part of the argument to include general small abelian groups in GLn(C)
for any dimension n. However, we prefer to focus on this case where
we can avoid the difficulty of notation. �

Layout of this paper.
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1. Moduli of quiver representations

In this section, we briefly review the construction of moduli spaces
of quiver representations introduced in [12].

1.1. Quivers and their representations. A quiver Q is a directed
graph with a set of vertices I = Q0 and a set of arrows Q1. For an
arrow a ∈ Q1, let h(a) (resp. t(a)) denote the head (resp. tail) of the
arrow a:

t(a)
a−→ h(a).

One can define the path algebra of a quiver Q to be the C-algebra
whose basis is nontrivial paths in Q and trivial paths corresponding to
the vertices of Q and whose multiplication is given by the concatenation
of two paths.

A representation of a quiver Q is a collection of C-vector spaces Vi
for each vertex i ∈ I and linear maps Vi → Vj for each arrow from i to
j. For a representation V , the I-tuple (dimC Vi)i∈I ∈ ZI≥0 is called the
dimension vector of V denoted by dim (V ). A representation (U, ξ′) of
a quiver Q is called a subrepresentation of a representation (V, ξ) if U
is an I-graded subspace of V such that ξa(Ut(a)) ⊂ Uh(a) for all a ∈ Q1

and ξ′ is the restriction of ξ to U .
It is well known that the abelian category of representations of a

quiver Q is equivalent to the category of finitely generated left modules
of the path algebra of Q.

Let us fix a dimension vector v = (vi)i∈I . Let Rep(Q,v) denote the
representation space of Q with dimension vector v:

Rep(Q,v) =
⊕
a∈Q1

Hom(Vt(a), Vh(a)) =
⊕
a:i→j

Hom(Cvi ,Cvj),

which is an affine space. Note that the reductive group GL(v) :=∏
i∈I GLvi acts on Rep(Q,v) as basis change.
One can see that

Rep(Q,v) −→ Rep(Q,v) // GL(v) := SpecC[Rep(Q,v)]GL(v)

is a categorical quotient and that Rep(Q,v) // GL(v) is an affine variety.

Remark 1.1. Geometric points of Rep(Q,v) // GL(v) correspond to
GL(v)-orbits of semisimple representations of Q whose dimension is
v �

1.2. Background: Geometric Invariant Theory. In this section,
we present results from standard Geometric Invariant Theory (GIT),
cf. [16].

Definition 1.2. Let G be a reductive group acting on an affine variety
X. A surjective morphism ψ : X → Y is a good quotient if:

(i) ψ is constant on G-orbits.
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(ii) for any open set U ⊂ Y , the natural map OY (U) → ψ∗OX(U)
induces OY (U) = (ψ∗OX)G(U).

(iii) ψ(W ) is closed in Y for any G-invariant closed set W ⊂ X.
(iv) ψ(W1) ∩ ψ(W2) = ∅ for two disjoint G-invariant closed sets

W1,W2 of X.

Moreover, if Y is an orbit space, then ψ : X → Y is called a geometric
quotient.

Consider an affine algebraic variety X with a reductive group G
acting on it. Given a character χ : G → C×, f ∈ C[X] is called a χ
semi-invariant function if

f(g · x) = χ(g)f(x) x ∈ X, ∀g ∈ G.
Let C[X]χn denote the C-vector space of all χn semi-invariant functions.
One defines the semistable locus as

Xss(χ) :=
{
x ∈ X

∣∣ ∃n ≥ 1, f ∈ C[X]χn such that f(x) 6= 0
}

and the stable locus as

Xs(χ) :=

{
x ∈ Xss(χ)

∣∣ G · x is closed in Xss(χ),
the stabiliser Gx is finite

}
.

The quasiprojective variety

X //χG := Proj
(⊕
n≥0

C[X]χn
)

is called a GIT quotient corresponding to χ. In particular, if the char-
acter χ = 0, i.e. θ is trivial, then C[X]χn = C[X]G for all n so we
have

X //0G = SpecC[X]G

which is an affine variety. Thus we have a canonical projective mor-
phism

X //χG→ SpecC[X]G.

Remark 1.3. Let G be a reductive group acting on an affine variety
X. Fix a character χ of G. For each positive integer d, define the dth
Veronese subalgebra of

⊕
n≥0 C[X]χn to be⊕

n≥0

C[X]χdn .

One can show that the inclusion of the subalgebra induces an isomor-
phism of algebraic varieties

X //χG
∼→ X //χd G.

Thus any positive multiple of a character χ gives the same GIT quotient
as χ. �

As is well known by GIT [16], the quasiprojective variety X //χG is

a categorical quotient Xss(χ) by G.
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Theorem 1.4 (Geometric Invariant Theory [16]). Let G be a reductive
group acting on an affine variety X and χ a character of G. Then:

(i) π : Xss(χ)→ X //χG is a good quotient of Xss(χ) by G.

(ii) there exists an open subset Y of X //χG such that Y is a geo-

metric quotient of Xs(χ) by G, i.e. an orbit space.
(iii) the GIT quotient X //χG is projective over the affine variety

SpecC[X]G.

Remark 1.5. Let π : X //χG → Xs(χ)/G be the GIT quotient with

Xs(χ) = Xss(χ). Then π is a geometric quotient. Let U be a G-
invariant affine open set in Xss(χ). Then

π|U : U → π(U)

is a good quotient and π(U) = SpecC[U ]G is an open set of Xs(χ)/G. �

The following theorem is helpful to understand the local behaviour
of the GIT quotients.

Theorem 1.6 (Luna’s Étale Slice Theorem [9,15]). Let G be a reductive
group acting on an affine variety X. Assume that π : X → X //G is a
good quotient. Let x ∈ X be a point with closed G-orbit G·x. Then there
exists a Gx-invariant locally closed affine subset V of X containing x
such that the G-action on X induces an étale G-equivariant morphism
ψ : G×Gx V → X. Moreover, ψ induces an étale morphism V //Gx →
X //G, and the following diagram

G×Gx V −→ Xy y
V //Gx −→ X //G

is Cartesian.

1.3. Moduli spaces of quiver representations. This section ex-
plains a notion of stability on quiver representations introduced by
King [12]. His main result is that the notion of stability on quiver rep-
resentations and the notion of GIT stability are equivalent and that we
can construct a fine moduli space of quiver representations in a certain
case.

An element θ ∈ QI can be thought as a group homomorphism from
the Grothendieck group of representations of Q to Q defined by

θ(V ) :=
∑
i∈I

θi dimC Vi = θ · v

where V is a representation of Q with dimension vector v.

Definition 1.7. Let V be a v-dimensional representation of a quiver
Q. For a parameter θ ∈ QI satisfying θ · v = 0, we say that:
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(i) V is θ-semistable if θ(W ) ≥ 0 for any subrepresentation W of
V .

(ii) V is θ-stable if θ(W ) > 0 for any nonzero proper subrepresen-
tation W of V .

(iii) θ is generic if every θ-semistable representation is θ-stable.

The parameter θ ∈ QI plays the same role as χ does in Section 1.2.
The character χθ defined by

χθ(g) :=
∏
i∈I

det(gi)
θi

for g = (gi) ∈ GL(v) vanishes on the diagonal matrices C× ∈ GL(v) if
and only if θ · v = 0.

King [12] shows that a representation V ∈ Rep(Q,v) is θ-semistable
(resp. θ-stable) if and only if the corresponding point V ∈ Rep(Q,v)
is χθ-semistable (resp. χθ-stable). Moreover:

Theorem 1.8 (King [12]). Let v be a dimension vector. Assume a
parameter θ ∈ QI satisfies θ · v = 0.

(i) The quasiprojective variety

Mθ(Q,v) := Proj

(⊕
n≥0

C[Rep(Q,v)]χnθ

)
is a coarse moduli space of θ-semistable v-dimensional repre-
sentations of Q up to S-equivalence.

(ii) If θ is generic, Mθ(Q,v) is a fine moduli space of θ-stable
v-dimensional representations of Q.

(iii) The varietyMθ(Q,v) is projective over SpecC[Rep(Q,v)]GL(v).

Remark 1.9. By Luna’s Étale Slice Theorem, if θ is generic, then the
quotient map

π : Reps(Q,v)→Mθ(Q,v)

is a principal GL(v)/C×-bundle. �

2. McKay quiver and G-constellations

Let G ⊂ GL3(C) be the finite group of type 1
r
(α1, α2, α3). Let ρi be

the irreducible representation of G whose weight is i. Since G is abelian,
every irreducible representation is one-dimensional and the number of
irreducible representation is equal to the order of G. We can identify
I := Irr(G) with Z/rZ. Note that the inclusion G ⊂ GL3(C) induces a
natural representation of G on C3, which can be decomposed as

ρα1 ⊕ ρα2 ⊕ ρα3 .
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2.1. McKay quiver representations.

Definition 2.1. (McKay quiver) The McKay quiver of G is the quiver
whose vertex set is the set I of irreducible representations of G and the
number of arrows from ρi to ρj is the dimension of HomG(ρj, (ρα1 ⊕
ρα2 ⊕ ρα3)⊗ ρi).

Since G has r irreducible representations, the McKay quiver of G has
r vertices ρ0, . . . , ρr−1. For two irreducible G-representations ρi and ρj,

HomG

(
ρj, (ρα1 ⊕ ρα2 ⊕ ρα3)⊗ ρi)

)
= HomG(ρj,

⊕3

k=1
ραk ⊗ ρi)

=
3⊕

k=1

HomG(ρj, ρi+αk),

and by Schur’s lemma

dim HomG(ρj, ρi+αk) =

{
1 if j = i+ αk mod r,

0 otherwise.

Thus the McKay quiver has 3r arrows. Let xi, yi, zi denote the arrow
from ρi to ρi+α1 , ρi+α2 , ρi+α3 , respectively. We are interested in the
McKay quiver with the following commutation relations:

(2.2)


xiyi+α1 − yixi+α2 ,

xizi+α1 − zixi+α3 ,

yizi+α2 − ziyi+α3 .

Definition 2.3. A McKay quiver representation is a representation of
the McKay quiver of dimension (1, . . . , 1) with the relations (2.2), i.e. it
is a collection of one-dimensional C-vector spaces Vi for each ρi ∈ G∨,
and a collection of linear maps from Vi to Vj assigned to each arrow
from ρi to ρj which satisfy the commutation relations (2.2).

Example 2.4. Let G ⊂ GL3(C) be the finite group of type 1
12

(1, 5, 7),
i.e. r = 12 and a = 5. The set of irreducible representations of G
is {ρi

∣∣ 0 ≤ i ≤ 11} and the induced representation is isomorphic to
ρ1 ⊕ ρ5 ⊕ ρ7. The McKay quiver of G has 12 vertices and 36 arrows.

After fixing basis on vector spaces attached to vertices, the McKay
quiver representations are in 1-to-1 correspondence with points of the
closed subscheme of the affine space

C3r = SpecC[x0, . . . , xr−1, y0, . . . , yr−1, z0, . . . , zr−1]

defined by the commutation relations (2.2). �

Let RepG denote the McKay quiver representation space of G. Note
that its coordinate ring is

C[RepG] = C
[
xi, yi, zi

∣∣ i ∈ I] /IG
where IG is the ideal generated by the quadrics in (2.2).
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Let δ = (1, . . . , 1) ∈ ZI≥0. The reductive group GL(δ) :=
∏

i∈I C× =
(C×)r acts on RepG by basis change. Note that GL(δ)-orbits are in
1-to-1 correspondence with isomorphism classes of the McKay quiver
representations.

Consider the algebraic torus T = (C×)3 acting on RepG by

(t1, t2, t3) · (xi, yi, zi) = (t1xi, t2yi, t3zi).

One can see that T-action commutes with GL(δ)-action. This action
naturally comes from the notion of G-constellations, which are a certain
kind of coherent sheaves on C3 (see Remark 2.15).

We define the GIT parameter space Θ to be

Θ :=
{
θ ∈ QI

∣∣ θ · δ = 0
}
.

By Theorem 1.8, we know that:

(i) the quasiprojective scheme

Mθ := Proj

(⊕
n≥0

C[RepG]χnθ

)
is a coarse moduli space of θ-semistable McKay quiver repre-
sentations up to S-equivalence.

(ii) if θ is generic, Mθ is a fine moduli space of θ-stable McKay
quiver representations of Q.

(iii) Mθ is projective over SpecC[RepG]GL(δ).

Remark 2.5. The affine scheme SpecC[RepG]GL(δ) contains the quo-
tient variety C3/G as a closed subvariety. �

2.2. G-constellations.

Definition 2.6. A G-constellation on C3 is a G-equivariant C[x, y, z]-
module F on C3, which is isomorphic to the regular representation
C[G] of G as a G-module.

Remark 2.7. Any G-constellation F is isomorphic to
⊕

iCρi as a
vector space. �

The representation ring R(G) of G is
⊕

ρ∈G∨ Zρ. Define the GIT
stability parameter space

Θ =
{
θ ∈ HomZ(R(G),Q)

∣∣ θ (C[G]) = 0
}

=
{
θ = (θi) ∈ Qr

∣∣Σi∈Iθ
i = 0

}
.

Definition 2.8. For a stability parameter θ ∈ Θ, we say that:

(i) a G-constellation F is θ-semistable if θ(G) ≥ 0 for any nonzero
proper submodule G ⊂ F .

(ii) a G-constellation F is θ-stable if θ(G) > 0 for any nonzero
proper submodule G ⊂ F .

(iii) θ is generic if every θ-semistable object is θ-stable.
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Remark 2.9. It is known that the language of G-constellations is the
same as the language of the McKay quiver representations. Thus we can
construct the moduli spaces of G-constellations by Geometric Invariant
Theory as in Section 1. �

Let Mθ denote the moduli space of θ-stable G-constellations. Ito
and Nakajima [10] showed that G-HilbC3 is isomorphic to Mθ if θ is
in the following set:

(2.10) Θ+ :=
{
θ ∈ Θ

∣∣ θ (ρ) > 0 for nontrivial ρ 6= ρ0

}
.

Let Z be a G-orbit in the algebraic torus T := (C×)3 ⊂ C3. Then
H0(OZ) is isomorphic to C[G], thus it is a G-constellation. Moreover,
since Z is a free G-orbit, OZ has no nonzero proper submodules. Hence
it follows that OZ is θ-stable for any parameter θ. Thus for any pa-
rameter θ, there exists a natural embedding of the torus T := (C×)3/G
into Mθ.

Remark 2.11. The existence of the natural embedding of the torus
T := (C×)3/G into Mθ can be proved by Luna’s Étale Slice Theorem
as is standard in the theory of moduli spaces of sheaves (e.g. see [9]). �

Lemma 2.12. Let Z be a free G-orbit in C3. Then OZ is a G-
constellation supported on the free G-orbit Z. Conversely, if a G-
constellation F is supported on a free G-orbit Z ⊂ C3, then F is
isomorphic to OZ as a G-constellation.

Proof. For the first statement, one can refer to [17].
To prove the second statement, let F be a G-constellation whose

support is a free G-orbit Z.
Then F has no nonzero proper submodules. Indeed, for a nonzero

submodule G of F , the support of G is a G-invariant nonempty subset
of the free G-orbit Z. As Z is a free G-orbit, the support of G is Z.
Since Fx is 1-dimensional for any x ∈ Z, it follows that Gx = Fx and
hence G = F .

Consider ψ : C[x, y, z]→ F defined by f 7→ f ∗ e0 where e0 is a basis
of Cρ0. As F has no nonzero proper submodules, ψ is surjective. Since
the support of F is Z, it follows that IZ is in the kernel of ψ. Thus we
have

OZ = C[x, y, z]/IZ ≥ C[x, y, z]/ ker(ψ) ∼= F .
From the fact that both OZ and F are G-constellations, it follows that
OZ ∼= F as dimCOZ = dimCF . �

Craw, Maclagan and Thomas [4] proved the following theorem.

Theorem 2.13 (Craw, Maclagan and Thomas [4]). Let θ ∈ Θ be
generic. Then Mθ has a unique irreducible component Yθ which con-
tains the torus T := (C×)n/G. Moreover Yθ satisfies the following
properties:
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(i) Yθ is a not-necessarily-normal toric variety which is birational
to the quotient variety C3/G.

(ii) Yθ is projective over the quotient variety C3/G.

Yθ
� �

irr.
//

��

Mθ

��
C3/G �

�

closed
//M0

Remark 2.14. We call the unique irreducible component Yθ of Mθ

the birational component. For generic θ ∈ Θ, Craw, Maclagan and
Thomas [4] constructed the birational component Yθ as GIT quotient
of a reduced irreducible affine scheme by an algebraic torus. From this,
it follows that Yθ is irreducible and reduced. �

Remark 2.15. Since the algebraic torus T acts on C3, T acts on the
moduli spaceMθ naturally. Fixed points of the T-action play a crucial
role in the study of the moduli space Mθ. Note that this T-action is
the same as the T-action in Section 2.1. �

3. Abelian group actions and toric geometry

Let G ⊂ GL3(C) be the finite subgroup of type 1
r
(α1, α2, α3), i.e.

G is the subgroup generated by the diagonal matrix diag(εα1 , εα2 , εα3)
where ε is a primitive rth root of unity. The group G acts naturally on
S := C[x, y, z]. Define the lattice

L = Z3 + Z · 1

r
(α1, α2, α3)

which is an overlattice of L = Z3 of finite index. Let {e1, e2, e3} be
the standard basis of Z3. Set M = HomZ(L,Z) and M = HomZ(L,Z).
The dual lattices M and M can be identified with Laurent monomials
and G-invariant Laurent monomials, respectively. The embedding of
G into the torus (C×)3 ⊂ GL3(C) induces a surjective homomorphism

wt: M −→ G∨

where G∨ := Hom(G,C×) is the character group of G. Note that M is
the kernel of the map wt.

Remark 3.1. There are two isomorphisms of abelian groups L/Z3 →
G and M/M → G∨. �

Let M≥0 denote genuine monomials in M , i.e.

M≥0 =
{
xm1ym2zm3 ∈M

∣∣m1,m2,m3 ≥ 0
}
.

For a set A ⊂ C[x±, y±, z±], let 〈A〉 denote the C[x, y, z]-submodule of
C[x±, y±, z±] generated by A.
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Let σ+ be the cone in LR := L⊗Z R generated by e1, e2, e3, i.e.

σ+ := Cone(e1, e2, e3).

For the cone σ+ and the lattice L, we define a corresponding affine toric
variety

Uσ+ := SpecC[σ∨+ ∩M ].

Note that Uσ+ is the quotient variety X = C3/G= SpecC[x, y, z]G as
M is the G-invariant Laurent monomials.

4. Generalized G-graphs

Definition 4.1. A (generalized) G-graph Γ is a subset of Laurent
monomials in C[x±, y±, z±] satisfying:

(i) 1 ∈ Γ.
(ii) wt : Γ → G∨ is bijective, i.e. for each weight ρ ∈ G∨, there

exists a unique Laurent monomial mρ ∈ Γ whose weight is ρ.
(iii) if m ·n ·mρ ∈ Γ for mρ ∈ Γ and m,n ∈M≥0, then n ·mρ ∈ Γ.
(iv) Γ is connected in the sense that for any element mρ, there is

a (fractional) path from mρ to 1 whose steps consist of multi-
plying or dividing by one of x, y, z in Γ.

For any Laurent monomial m ∈ M , let wtΓ(m) denote the unique
element mρ in Γ whose weight is wt(m).

Remark 4.2. Nakamura G-graphs Γ in [18] are G-graphs in this sense
because if a monomial m · n is in Γ for two monomials m,n ∈ M≥0,
then m is in Γ. The main difference between Nakamura’s definition
and ours is that we allow elements to be Laurent monomials, not just
genuine monomials. �

Example 4.3. Let G be the group of type 1
7
(1, 3, 4). Then

Γ1 =
{

1, y, y2, z, z
y
, z

2

y
, z

2

y2

}
,

Γ2 =
{

1, z, y, y2, y
2

z
, y

3

z
, y

3

z2

}
are G-graphs. In Γ1, wtΓ1(x) = z

y
and wtΓ1(y3) = z2

y2 . �

As is defined in [18], for a generalized G-graph Γ = {mρ}, define

S(Γ) to be the subsemigroup of M generated by
m ·mρ

wtΓ(m ·mρ)
for all

m ∈M≥0, mρ ∈ Γ. Define a cone σ(Γ) in LR = R3 as follows:

σ(Γ) = S(Γ)∨

=

{
u ∈ LR

∣∣∣∣ 〈u,
m ·mρ

wtΓ(m ·mρ)

〉
≥ 0 ∀mρ ∈ Γ, m ∈M≥0

}
.

Observe that:
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(i) σ(Γ) ⊂ σ+,

(ii)
(
M≥0 ∩M

)
⊂ S(Γ),

(iii) S(Γ) ⊂
(
σ(Γ)∨ ∩M

)
.

Define two affine toric open sets:

U(Γ) := SpecC[S(Γ)],

Uν(Γ) := SpecC[σ∨(Γ) ∩M ].

One can see that Uν(Γ) is the normalization of U(Γ) and that the torus
SpecC[M ] of U(Γ) is isomorphic to (C×)3/G.

Craw, Maclagan and Thomas [5] showed that there exists a torus
invariant G-cluster which does not lie over the birational component
Yθ. The following definition is implicit in [5].

Definition 4.4. A generalized G-graph Γ is called a G-iraffe if the
open set U(Γ) has a torus fixed point.

Remark 4.5. As is standard in toric geometry, note that U(Γ) has a
torus fixed point if and only if S(Γ) ∩ (S(Γ))−1 = {1}. The open set
U(Γ) does not need to have a torus fixed point. In other words, the cone
σ(Γ) is not necessarily a 3-dimensional cone. For counterexamples, see
Appendix A. �

Example 4.6. For the G-graphs in Example 4.3,

σ(Γ1) =
{

u ∈ R3
∣∣∣〈u,m〉 ≥ 0, for all m ∈ {y5

z2 ,
z3

y4 ,
xy
z
}
}
,

= Cone
(

(1, 0, 0), 1
7
(3, 2, 5), 1

7
(1, 3, 4)

)
, and

σ(Γ2) =
{

u ∈ R3
∣∣∣〈u,m〉 ≥ 0, for all m ∈ {y4

z3 ,
z4

y3 ,
xz2

y3 }
}
,

= Cone
(

(1, 0, 0), 1
7
(1, 3, 4), 1

7
(6, 4, 3)

)
.

In both cases, they are G-iraffes. One can see that S(Γ1) = σ(Γ1)∨∩M
and S(Γ2) = σ(Γ2)∨ ∩M . �

Lemma 4.7. Let Γ be a G-graph. Define

B(Γ) :=
{

f ·mρ

∣∣mρ ∈ Γ, f ∈ {x, y, z}
}
\Γ.

Then the semigroup S(Γ) is generated as a semigroup by b
wtΓ(b)

for all

b ∈ B(Γ). In particular, S(Γ) is finitely generated as a semigroup.

Proof. Let S be the subsemigroup of M generated by b
wtΓ(b)

for all

b ∈ B(Γ) as a semigroup. Clearly, S ⊂ S(Γ). For the inverse inclusion,
it is enough to show that the generators of S(Γ) are in S.
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An arbitrary generator of S(Γ) is of the form m·mρ

wtΓ(m·mρ)
for some

m ∈ M≥0, mρ ∈ Γ. We may assume that m ·mρ 6∈ Γ. In particular,
m 6= 1. Since m has positive degree, there exists f ∈ {x, y, z} such
that f divides m, i.e. m

f
∈M≥0 and deg(m

f
) < deg(m). Let mρ′ denote

wtΓ(m
f
·mρ). Note that

wtΓ(f ·mρ′) = wtΓ(f · m
f
·mρ) = wtΓ(m ·mρ).

Thus

m ·mρ

wtΓ(m ·mρ)
=

m
f
·mρ

wtΓ(m
f
·mρ)

·
f · wtΓ(m

f
·mρ)

wtΓ(m ·mρ)

=
m
f
·mρ

wtΓ(m
f
·mρ)

· f ·mρ′

wtΓ(f ·mρ′)
.

By induction on the degree of monomial m, the assertion is proved. �

5. G-graphs and local charts

Let Γ be a G-graph. Define

C(Γ) := 〈Γ〉/〈B(Γ)〉,
then it can be seen that C(Γ) is a torus invariant G-constellation. Note
that C(Γ) can be realised as follows: C(Γ) is the C-vector space with
a basis Γ whose G-action is induced by the G-action on C[x, y, z] and
whose C[x, y, z]-action is given by

m ∗mρ =

{
m ·mρ if m ·mρ ∈ Γ,

0 if m ·mρ 6∈ Γ,

for a monomial m ∈M≥0 and mρ ∈ Γ.
Any submodule G of C(Γ) is determined by a subset A ⊂ Γ, which

forms a C-basis of G. We give a combinatorial description of submod-
ules of C(Γ).

Lemma 5.1. Let A be a subset of Γ. The following are equivalent.

(i) The set A forms a C-basis of a submodule of C(Γ).
(ii) If mρ ∈ A and f ∈ {x, y, z}, then f ·mρ ∈ Γ implies f ·mρ ∈ A.

Example 5.2. From Example 4.3, recall the G-graph

Γ = {1, y, y2, z, z
y
, z

2

y
, z

2

y2},

where G is of type 1
7
(1, 3, 4). For the element y + y2 + z

y
in C(Γ),

y ∗ (y + y2 + z
y
) = y2 + 0 + z = y2 + z ∈ C(Γ).

Let G be the submodule of C(Γ) generated by a basis e1 of Cρ1. Then

one can see that the set A = {z, z
y
, z

2

y
} satisfies the condition (ii) in the

lemma above. Indeed, A is a C-basis of G. �
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Let p be a point in U(Γ). Then there exists the evaluation map

evp : S(Γ)→ (C,×),

which is a semigroup homomorphism.
To assign a G-constellation C(Γ)p to the point p of U(Γ), firstly

consider the C-vector space with basis Γ whose G-action is induced by
the G-action on C[x, y, z]. Endow it with the following C[x, y, z]-action,

m ∗mρ := evp

(
m ·mρ

wtΓ(m ·mρ)

)
wtΓ(m ·mρ),(5.3)

for a monomial m ∈M≥0 and an element mρ in Γ.

Lemma 5.4. With the notation as above, we have the following:

(i) C(Γ)p is a G-constellation for any p ∈ U(Γ).
(ii) For any p, Γ is a C-basis of C(Γ)p.
(iii) C(Γ)p 6∼= C(Γ)q, if p and q are different points in U(Γ).
(iv) Let Z ⊂ T = (C×)3 be a free G-orbit and p the corresponding

point in the torus SpecC[M ] of U(Γ). Then C(Γ)p ∼= OZ as
G-constellations.

(v) If Γ is a G-iraffe and p is the torus fixed point of U(Γ), then
C(Γ)p ∼= C(Γ).

Proof. From the definition of C(Γ)p, The assertions (i), (ii) and (v)
follow immediately. The assertion (iii) follows from the fact [3] that
points on the affine toric variety U(Γ) are in 1-to-1 correspondence
with semigroup homomorphisms from S(Γ) to C.

It remains to show (iv). Let Z ⊂ T = (C×)3 be a free G-orbit and p
the corresponding point in SpecC[M ] ⊂ U(Γ). Define a G-equivariant
C[x, y, z]-module homomorphism

C[x, y, z]→ C(Γ)p, given by f 7→ f ∗ 1.

One can check the morphism is surjective and whose kernel is equal to
the ideal of Z. This proves (iv). �

This is a family of McKay quiver representations in the following
sense of [12].

Definition 5.5. A family of representations of a quiver Q with rela-
tions over a scheme B is a representation of Q with relations in the
category of locally free sheaves over B.

Definition 5.6. A G-graph is said to be θ-stable if the G-constellation
C(Γ) is θ-stable.

Proposition 5.7. Let Γ be a G-iraffe, that is, U(Γ) has a torus fixed
point. Let Yθ be the birational component in Mθ. For a generic θ,
assume that C(Γ) is θ-stable. Then C(Γ)p is θ-stable for any p ∈ U(Γ).
Thus there exists an open immersion

U(Γ) = SpecC[S(Γ)] �
� // Yθ ⊂Mθ.
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Proof. Let us assume that the G-constellation C(Γ) is θ-stable. Let p
be an arbitrary point in U(Γ) and G a submodule of C(Γ)p. By the
definition of C(Γ)p, it is clear that G is a submodule of C(Γ). Since
C(Γ) is θ-stable, θ(G) > 0, and thus C(Γ)p is θ-stable.

Now we introduce deformation theory of the G-constellation inMθ.
Deforming C(Γ) involves 3r parameters

{
xρ, yρ, zρ

∣∣ ρ ∈ G∨}
x ∗mρ = xρ wtΓ(x ·mρ),

y ∗mρ = yρ wtΓ(y ·mρ),

z ∗mρ = zρ wtΓ(z ·mρ),

such that the following quadrics vanish:

(5.8)


xρywt(x·mρ) − yρxwt(y·mρ),

xρzwt(x·mρ) − zρxwt(z·mρ),

yρzwt(y·mρ) − zρywt(y·mρ).

Since Γ is a C-basis, for f ∈ {x, y, z}, fρ = 1 if wtΓ(f ·mρ) = f ·mρ.
Define a subset of the 3r parameters

Λ(Γ) :=
{
fρ
∣∣wtΓ(f ·mρ) = f ·mρ, fρ ∈ {xρ, yρ, zρ}

}
.

Define an affine scheme D(Γ) whose coordinate ring is

C
[
xρ, yρ, zρ

∣∣ ρ ∈ G∨] /IΓ

where IΓ =
〈

the quadrics in (5.8), f − 1
∣∣ f ∈ Λ(Γ)

〉
.

By King’s GIT [12], the affine scheme D(Γ) is an open set of Mθ

which contains the point corresponding to C(Γ). More precisely, for a

θ-stable G-graph Γ, we have an affine open set ŨΓ in the McKay quiver
representation space RepG, which is defined by fρ to be nonzero for

all fρ ∈ Λ(Γ). Note that ŨΓ is GL(δ)-invariant and that any point in

ŨΓ is θ-stable. Since the quotient map RepsG → Mθ is a geometric
quotient, by GIT (see Remark 1.5), it follows that

ŨΓ // GL(δ) = SpecC[ŨΓ]GL(δ)

is an open set inMθ. On the other hand, after changing basis, we can
set fρ ∈ Λ(Γ) to be 1 for all fρ ∈ Λ(Γ). One can see that this gives a

slice2 so that D(Γ) is isomorphic to SpecC[ŨΓ]GL(δ).

2First, see that C[ŨΓ] = RepG[Λ(Γ)−1]. Note that GL(δ)-invariants in C[ŨΓ] are
generated by cycles with inverting the arrows in Λ(Γ). Assume that a is the linear
map corresponding to an arrow from ρ to ρ′. For ρ, ρ′, there exists an undirected
path pa in Λ(Γ) ∩ Λ(Γ)−1 from ρ to ρ′, that is unique up to the commutation
relations. This means that ap−1

a is GL(δ)-invariants. From this, one can show

that there exists an algebra isomorphism between C[D(Γ)] to C[ŨΓ]GL(δ) defined
by a 7→ ap−1

a .
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Note that there is a C-algebra epimorphism from C[D(Γ)] to C[S(Γ)]
defined by

fρ 7→
f ·mρ

wtΓ(f ·mρ)
,

for fρ ∈ {xρ, yρ, zρ}. It follows that U(Γ) is a closed subscheme of D(Γ).
As Craw, Maclagan, and Thomas [4] proved that the birational com-

ponent Yθ is a unique irreducible component of Mθ containing torus
T which is isomorphic to (C×)3/G as an algebraic group, Yθ ∩D(Γ) is
a unique irreducible component of D(Γ) which contains the torus T .
Note that Yθ ∩D(Γ) is reduced by Remark 2.14.

We now prove that the morphism U(Γ) → D(Γ) ⊂ Mθ induces
an isomorphism from the torus SpecC[M ] onto the torus T of Yθ. In
other words, U(Γ) contains the torus T of Yθ. Let ψ denote the re-
striction of the morphism to SpecC[M ]. First note that T represents
G-constellations whose support is in T = (C×)3. Let p be a point
in the torus SpecC[M ] ⊂ U(Γ) with the corresponding free G-orbit
Z. By Lemma 5.4, the G-constellation C(Γ)p over p is isomorphic to
OZ . Thus ψ maps SpecC[M ] into T . On the other hand, Lemma 2.12
shows that any G-constellation whose support is a free G-orbit Z in
T is isomorphic to OZ . From this, it follows that ψ is a bijective mor-
phism between the two tori. As ψ is a group homomorphism by the
construction of C(Γ)p, ψ is an isomorphism between SpecC[M ] and T .

Remember that U(Γ) is reduced and irreducible as it is defined by an
affine semigroup algebra C[S(Γ)]. Note that U(Γ) is in the component
Yθ ∩D(Γ) because U(Γ) is a closed subset of D(Γ) containing T . Since
both are of the same dimension, U(Γ) is equal to Yθ∩D(Γ). Thus there
exists an open immersion from U(Γ) to Yθ. �

6. G-iraffes and torus fixed points in Yθ

In this section, we present a 1-to-1 correspondence between the set
of torus fixed points in Yθ and the set of θ-stable G-iraffes.

For a genuine monomial m ∈M≥0, let m(ρ) denote the path induced
by m in the McKay quiver from the vertex ρ. In other words, m(ρ) is
the linear map induced by the action of the monomial m on the vector
space Cρ.

An undirected path in the McKay quiver is a path in the underlying
graph of the McKay quiver. For a G-constellation F , an undirected
path in the McKay quiver is said to be defined if the linear maps cor-
responding to the opposite-directed arrows in the path are nonzero in
F .

Definition 6.1. A defined undirected path in the McKay quiver is
of type m for a Laurent monomial m ∈ M where m is the Laurent
monomial obtained by forgetting outgoing vertices.
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Example 6.2. Let G be the group of type 1
7
(1, 3, 4). Consider the

G-graph

Γ = {1, y, y2, z, z
y
, z

2

y
, z

2

y2}.
The torus invariant G-constellation C(Γ) has the following configura-
tions:

ρ2
y // ρ5

ρ1
y //

z

OO

ρ4

ρ0
y //

z

OO

ρ3
y // ρ6

z2

y2

y // z2

y

z
y

y //

z

OO

z

1
y //

z

OO

y
y // y2

where the marked arrows are nonzero and the others are all zero. The
path from 1 to y2 is induced by y2 at ρ0, whose type is y2. The undi-

rected path from ρ2 to ρ4 is a defined undirected path of type y2

z
because

the path consists of nonzero linear maps:

ρ2
y //ρ5 ρ1

zoo y //ρ4.

However, the following undirected path of the same type y2

z
from ρ2 to

ρ4

ρ2
y //ρ5

y //ρ1 ρ4
zoo

is not defined because the third arrow is zero in C(Γ). �

Remark 6.3. Let p be a nonzero path induced by a genuine monomial
m ∈ M≥0 from ρi. If q is a path induced by a genuine monomial
n ∈ M≥0 from ρi with the condition that n divides m, then the path
q is nonzero. �

Lemma 6.4. Let F be a torus invariant G-constellation. Then there
are no defined (undirected) cycles of type m with m 6= 1.

Proof. For a contradiction, suppose that there is a defined cycle of type
m 6= 1. Then m is a G-invariant Laurent monomial.

We may assume that the cycle is a cycle around ρ0 of type m =
xm1ym2zm3 . A point (t1, t2, t3) ∈ T = (C×)3 acts on the cycle by a
scalar multiplication of t1

m1t2
m2t3

m3 . Since m 6= 1, there exists t ∈ T
such that t1

m1t2
m2t3

m3 6= 1, i.e. t∗(F) is not isomorphic to F . Therefore
F is not torus invariant. �

In Section 5, we proved that if Γ is a θ-stable G-iraffe, then C(Γ) is
a torus invariant G-constellation over Yθ and the corresponding point
is fixed by its algebraic torus. Clearly, two different G-iraffes Γ, Γ′ give
non-isomorphic G-constellations C(Γ), C(Γ′). Moreover, we now prove
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that for any torus fixed point p ∈ Yθ, the corresponding G-constellation
is isomorphic to C(Γ) for some G-iraffe Γ.

Let p be a torus fixed point in Yθ. There exists a one parameter
subgroup

λu : C× −→ T ⊂ Yθ
with limt→0 λ

u(t) = p. Since Yθ is the fine moduli space of θ-stable
G-constellations, we have a family U of θ-stable G-constellations over
A1

C with the following property: for nonzero s ∈ A1
C and the point

q := λu(s), the G-constellation Us over s is isomorphic to OZ where Z
is the free G-orbit in T corresponding to the point q. In particular, the
support of the G-constellation Us is in the torus T = (C×)3 ⊂ C3.

Let F be the θ-stable G-constellation over 0 ∈ A1. Let us define a
subset Γ of Laurent monomials to be

Γ =

{
m ∈M

∣∣ ∃ a defined nonzero undirected
path in F of type m from ρ0

}
.

Firstly, we prove that Γ is a G-graph. Clearly, Γ contains 1. Since θ is
generic and F is θ-stable, there exists a nonzero undirected defined path
from ρ0 to ρ so there is a Laurent monomial mρ in Γ for each ρ ∈ G∨.
The Laurent monomial mρ is unique: suppose there exists a defined
path of type nρ from ρ0 to ρ, and then there exists a defined cycle of
type mρ

nρ
at ρ0, which implies nρ = mρ by Lemma 6.4. It remains to

show the condition (c) of Definition 4.1. We need the following lemma:

Lemma 6.5. With the notation as above, let p and q be two defined
(undirected) paths of the same type m from ρ to ρ′ for some Laurent
monomial m ∈M . Then, in F ,

p ∗ eρ = q ∗ eρ
where eρ is a basis of Cρ.

Proof. Firstly, note that if m is a genuine monomial, then the assertion
follows from the C[x, y, z]-module structure.

Let m be a Laurent monomial. There exists a genuine monomial
n ∈ M≥0 so that n · m is a genuine monomial with n nonzero on
λu(C×). Since two paths p ∗ eρ and q ∗ eρ are of type m · n, we have

(6.6) n(ρ′) ∗ p ∗ eρ = n(ρ′) ∗ q ∗ eρ.
Since (6.6) implies p ∗ eρ = q ∗ eρ in the G-constellation Us for nonzero
s ∈ A1, the assertion is proved by flatness of the family U . �

To show that Γ satisfies the condition (c) of Definition 4.1, suppose
that m ·n ·mρ ∈ Γ for mρ ∈ Γ and m,n ∈M≥0. We need to show that
n ·mρ ∈ Γ. By the definition of Γ, there exist nonzero (undirected)
paths p of type m ·n ·mρ and q of type mρ. By Lemma 6.5, it follows
that the defined undirected path m(ρ′′) ∗ n(ρ′) ∗ q is nonzero as it is of
the same type as bp. This implies that the defined undirected path
n(ρ′) ∗ q is nonzero. Thus n ·mρ ∈ Γ.
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Proposition 6.7. Let G ⊂ GL3(C) be the finite cyclic group of type
1
r
(α1, α2, α3). For a generic parameter θ, there is a 1-to-1 correspon-

dence between the set of torus fixed points in the birational component
Yθ and the set of θ-stable G-iraffes.

Proof. From the argument above, we have shown that there exists a
G-graph Γ for each torus fixed point p. Using Lemma 6.5, one can
easily show that C(Γ) is actually isomorphic to F as a G-constellation.
In particular, C(Γ) lies over p ∈ Yθ, and hence U(Γ) contains the torus
fixed point p. Thus Γ is a G-iraffe.

Let Γ be a θ-stable G-iraffe. By Proposition 5.7 and Lemma 5.4,
we can see that C(Γ) lies over Yθ for a G-graph Γ if Γ is a G-iraffe.
Thus we have a torus fixed point p representing the isomorphism class
of C(Γ). �

Corollary 6.8. Let Γ be a G-graph. Then C(Γ) lies over the birational
component Yθ if and only if Γ is a G-iraffe.

Theorem 6.9. Let G ⊂ GL3(C) be a finite diagonal group and θ a
generic GIT parameter for G-constellations. Assume that G is the set
of all θ-stable G-iraffes.

(i) The birational component Yθ of Mθ is isomorphic to the not-
necessarily-normal toric variety

⋃
Γ∈G U(Γ).

(ii) The normalization of Yθ is isomorphic to the normal toric vari-
ety whose toric fan consists of the full dimensional cones σ(Γ)
for Γ ∈ G and their faces.

Proof. Let G ⊂ GL3(C) be the finite subgroup of type 1
r
(α1, α2, α3).

Consider the lattice

L = Z3 + Z · 1

r
(α1, α2, α3).

Let Yθ be the birational component of the moduli space of θ-stable
G-constellations and Y ν

θ the normalization of Yθ. Let Y denote the
not-necessarily-normal toric variety

⋃
Γ∈G U(Γ). Define the fan Σ in

LR whose full dimensional cones are σ(Γ) for Γ ∈ G. One can see that
the corresponding toric variety Y ν := XΣ is the normalization of Y .

Since Y ν
θ is a normal toric variety, it is covered by toric affine open

sets Ui with the torus fixed point pi in Ui. Let qi be the image of pi
under the normalization. As each qi is a torus fixed point, it follows
from Proposition 6.7 that there is a (unique) G-iraffe Γi ∈ G with C(Γi)
isomorphic to the G-constellation represented by qi.

By Proposition 5.7, for each G-iraffe Γ ∈ G, there is an open immer-
sion of U(Γ) into Yθ. Thus we have an open immersion ψ : Y → Yθ and
the image ψ(Y ) contains all torus fixed points of Yθ.

The induced morphism ψν : Y ν → Y ν
θ is an open embedding. Note

that the numbers of full dimensional cones are the same. Thus ψν

should be an isomorphism. This proves (ii).
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To show (i), suppose that Yθ\ψ(Y ) is nonempty so it contains a torus
orbit O of dimension d ≥ 1. Since the normalization morphism is torus
equivariant and surjective, there exists a torus orbit O′ in Y ν

θ = Y ν

of dimension d which is mapped to the torus orbit O. At the same
time, from the fact that Y ν is the normalization of Y and that the
normalization morphism is finite, it follows that the image of O′ is a
torus orbit of dimension d, so the image is O. Thus O is in ψ(Y ), which
is a contradiction. �

Corollary 6.10. With notation as Theorem 6.9, Yθ is a normal toric
variety if and only if S(Γ) = σ(Γ)∨ ∩M for all Γ ∈ G.

7. Example

Let G be the finite group of type 1
7
(1, 3, 4). Firstly, consider the

following G-graphs:

(7.1)

Γ1 :=
{

1, z, z2, z3, z4, z5, z6
}
,

Γ2 :=
{

1, y, z, z2, z3, z4, z5
}
,

Γ3 :=
{

1, y, y2, z, z2, z3, y
2

z

}
,

Γ4 :=
{

1, y
3

z2 ,
y2

z
, y

3

z
, y, y2, z

}
,

Γ5 :=
{

1, y, y2, z
y
, z, z

2

y2 ,
z2

y

}
,

Γ6 :=
{

1, y, y2, y3, y4, z
y
, z
}
,

Γ7 :=
{

1, y, y2, y3, y4, y5, y6
}
,

Γ8 :=
{

1, x, x2, x3, z, xz, x2z
}
,

Γ9 :=
{

1, x, x2, y, z, xz, x2z
}
,

Γ10 :=
{

1, x, y, y2, z, xz, y
2

z

}
,

Γ11 :=
{

1, x, x2, y, xy, x2y, y2
}
,

Γ12 :=
{

1, x, y, xy, y2, y3, y4
}
.

Γ13 :=
{

1, x, x2, x3, x4, x5, x6
}
,
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Secondly, consider the cone C in Θ generated by the row vectors of the
following matrix: 

−1 0 0 1 0 0 0
−1 0 0 0 0 0 1
−1 0 −1 0 0 1 1
−1 −1 −1 0 1 1 1
−1 −1 0 0 1 1 0
−1 0 0 0 1 0 0

 .

For each 0 ≤ i ≤ 7, let vi denote the lattice point 1
7
(5i, i, 7− i) where

denotes the residue modulo 7. One can check that all G-iraffes in (7.1)
are θ-stable for any θ ∈ C and that each Γi corresponds to the cone σi
where:

σi :=



Cone
(
e1, v8−i, v7−i

)
if 1 ≤ i ≤ 7,

Cone
(
v3, v15−i, v14−i

)
if 8 ≤ i ≤ 10,

Cone
(
e3, v14−i, v13−i

)
if 11 ≤ i ≤ 12,

Cone
(
e2, e3, v3

)
if i = 13.

Moreover, by a direct calculation, it can be shown that

S(Γi) = σ∨i ∩M.

Thus every affine piece U(Γ) is normal and the fan corresponding to
the birational component Yθ is shown in Figure F .

Appendix A. Example: G-graphs which are not G-iraffes

In [18] Nakamura assumed that U(Γ) has a torus fixed point for
any Nakamura G-graph Γ, i.e. every G-graph in his sense is a G-iraffe.
His assumption implies that every torus invariant G-cluster lies over
the birational component of G-Hilb. However, Craw, Maclagan and
Thomas [5] showed that there exists a torus invariant G-cluster which
is not over the birational component.

Example A.1 (Craw, Maclagan and Thomas [5]). Let G ⊂ GL3(C) be
the group of type 1

14
(1, 9, 11). Note that G is isomorphic to 1

7
(1, 2, 4)×

1
2
(1, 1, 1). Consider the monomial ideal

I = 〈y2z, xz2, xy2, x2y, yz2, x2z, x4, y4, z4〉

and the corresponding Nakamura G-graph

Γ = {1, x, x2, x3, y, y2, y3, z, z2, z3, xy, xz, yz, xyz}.

Craw, Maclagan and Thomas [5] showed that this ideal does not lie
over the birational component using Gröbner basis techniques.
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We show this by proving the G-graph Γ is not a G-iraffe. One can
calculate the semigroup S(Γ) and notice that S(Γ) is generated as a

subsemigroup in M by xy2

z3 ,
yz2

x3 ,
x2z
y3 ,

y2z
x

. Note that

xy2

z3
· yz

2

x3
· x

2z

y3
= 1

and hence xy2

z3 ∈ S(Γ) ∩ (S(Γ))−1 6= {1}. Thus U(Γ) does not have
a torus fixed point. Indeed, the cone σ(Γ) is the cone generated by
1
14

(7, 7, 7) so it is not a full dimensional cone. Therefore the G-cluster
C(Γ) = C[x, y, z]/I does not lie over the birational component. �

Remark A.2. Craw, Maclagan, and Thomas [5] provided an equiv-
alent condition using Gröbner basis for a monomial ideal to be over
the birational component. In the terms of G-iraffes, the condition is
equivalent for a Nakamura G-graph to be a G-iraffe. �

Example A.3 (Reid). Let G ⊂ SL4(C) be the finite subgroup of type
1
30

(1, 6, 10, 13) with coordinates x, y, z, t. Consider the monomial ideal

I =

〈
x6, x3y, x3t, x2z, x2t2, xy2, xyt, xzt, xt3,
y5, y4z, y3t, y2zt, yz2, yt2, z3, z2t, zt2, t4

〉
and the corresponding Nakamura G-graph

Γ =

1, x, x2, x3, x4, x5, y, y2, y3, y4, z, z2,
t, t2, t3, xy, x2y, xz, xz2, xt, x2t, xt2,
yz, y2z, y3z, yt, y2t, zt, xyz, yzt

 .

Note that y2zt
x5 ,

x3y
t3
, x

2t2

y3z
are in the semigroup S(Γ) and

y2zt

x5
· x

3y

t3
· x

2t2

y3z
= 1.

Thus y2zt
x5 ∈ S(Γ) ∩ (S(Γ))−1 6= {1}. Thus U(Γ) does not have a torus

fixed point. Therefore the G-cluster C(Γ) = C[x, y, z, t]/I does not lie
over the birational component. �

Remark A.4. Reid used the ideal in Example A.3 to provide a case
where G-Hilb has a 5-dimensional component even if G is a subgroup
of GL4(C). �
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