MODULI SPACES OF MCKAY QUIVER
REPRESENTATIONS: G-IRAFFES

SEUNG-JO JUNG

ABSTRACT. This article introduces a (generalized) G-graph which
is a generalized version of Nakamura G-graphs in [18]. As Naka-
mura G-graphs are associated with torus invariant G-clusters, our
G-graphs are associated with torus invariant G-constellations. If a
G-graph T satisfies a certain condition, then we call the G-graph a
G-iraffe. For each G-iraffe ', we define a toric affine open set U(T")
and a family over the open set U(T"). Using G-iraffes, we describe
local charts of the birational component Yjy.

INTRODUCTION

Let G be a finite subgroup of GL,(C). A G-equivariant coherent
sheaf F on C" is called a G-constellation if its global sections H°(F)
are isomorphic to the regular representation C|[G| of G as a G-module.
In particular, the structure sheaf of a G-invariant subscheme Z C C”
with H’(Oy) isomorphic to C[G] as a G-module, which is called a G-
cluster, is a G-constellation. It is known that G-clusters are 6-stable G-
constellations for a particular choice of GIT stability parameter 6 [10].

For a finite group G C SLy(C), Ito and Nakamura [11] introduced
G-Hilb C? which is the fine moduli space parametrising G-clusters and
proved that G-Hilb C? is the minimal resolution of C?/G. Nakamura
showed that for a finite abelian subgroup of SL3(C), G-HilbC? is a
crepant resolution of the quotient variety C*/G. In his paper, he in-
troduced (Nakamura) G-graphs to describe a local chart of G-Hilb for
an abelian group G. He also claimed that every G-cluster is over the
birational component, which is turned out to be false.

On the other hand, for a finite abelian group G C GL,(C) and a
generic GIT parameter § € O, Craw, Maclagan and Thomas [4] showed
that the moduli space My of #-stable G-constellations has a unique
irreducible component Yy which contains the torus 7" := (C*)"/G. So
the irreducible component is birational to the quotient variety C"/G.
The component Yj is called the birational component' of My. In their
consecutive paper [5], they introduced a new technique to describe a
local chart of the birational component of G-Hilb using Grobner basis.
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Moreover, they presented a counterexample of Nakamura’s claim: there
exists a G-cluster which does not lie over the birational component.
The motivation of this paper is from the question on why Nakamura’s
claim is wrong in general. Nakamura [18] defined an open set U(I")
associated to each Nakamura G-graph I'. He assumed that U(I") has a
torus fixed point. We find out that if U(I") has a torus fixed point, then
U(T') is an open set in the birational component of G-Hilb. In other
words, there should be G-graphs such that U(I") has no torus fixed point
by the existence of G-clusters outside the birational component [5].

Main results. Let G C GL3(C) be the group of type %(ozl, ag,a3), i.e.
G is the subgroup generated by the diagonal matrix diag(e®, e*?,e*s)
where € is a primitive rth root of unity. The group G acts naturally on
S :=Clz,y, 2]

Define the lattice

1
L = Z3 +Z . ;(Ozl,ag,()ég)

which is an overlattice of L = Z* of finite index. Set M = Homg(L
and M = Homy(L,Z). The embedding of G into the torus (C*)
GL3(C) induces a surjective homomorphism

wt: M — GV

where GV := Hom(G, C*) is the character group of G.
We define a (generalized) G-graph I" and an affine toric variety U(I'):

Z)
C

w

Definition 0.1. A (generalized) G-graph T" is a subset of Laurent
monomials in C[z™, y*, 2] satisfying:
(i) 1 eT.
(ii) wt: ' — GV is bijective, i.e. for each weight p € GV, there
exists a unique Laurent monomial m, € I' whose weight is p.
(iii) if m n-m, € I for m, € I and m,n € M >, thenn-m, € I".
(iv) I" is connected in the sense that for any element m,, there is
a (fractional) path from m, to 1 whose steps consist of multi-
plying or dividing by one of z,y, 2z in I'.
As is defined in [18], for a G-graph I' = {m,}, define S(I') to be
e for all m € M>0,
wtp(m - m, -
m, € I'. We prove the semigroup S(I') is finitely generated. We define

U(T') = Spec C[S(I)],

which is an affine toric variety whose torus is Spec C[M] and define a
G-constellation C'(I') associated with I'.

the subsemigroup of M generated by

Definition 0.2. A generalized G-graph I' is called a G-iraffe if the
open set U(I") has a torus fixed point.
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We prove that for a finite group G C GL3(C) of type (v, ca, av3) and
a generic GIT parameter 6, there is a 1-to-1 correspondence between
the set of torus fixed points in the birational component Y, and the set
of f-stable G-iraffes (see Proposition 6.7). Furthermore, we have the
following theorem.

Theorem 0.3. Let G C GL3(C) be a finite diagonal group and 0 a
generic GIT parameter for G-constellations. Assume that & is the set

of all 6-stable G-iraffes.

(i) The birational component Yy of My is isomorphic to the not-
necessarily-normal toric variety peq U(T).
(ii) The normalization of Yy is isomorphic to the normal toric vari-

ety whose toric fan consists of the full dimensional cones o(T")
for I' € & and their faces.

In general, finding all #-stable G-iraffes is a very difficult job. Naka-
mura [18] introduces G-igsaw transforms which finds all Nakamura G-
graphs lying over the birational components. We expect that there is
a method to find all #-stable G-iraffes which is analogous to G-igsaw
transforms in [18].

Remark 0.4 (Link to [4]). Craw, Maclagan, and Thomas [4] described
Yj using a certain polyhedron F. The vertices v, of the polyhedron P
correspond to fixed points p, of the torus action. For each vertex v,
they define a semigroup A, such that Spec C[A,] gives an affine open
set through p,.

In our description, since each torus fixed point p, represents the
isomorphism class of a #-stable torus invariant G-constellation lying
over Yy, we have a unique G-iraffe I', and the semigroup S(I',). We
expect that our semigroup S(I'y) is equal to the semigroup A,. ¢

Warning 0.5. In this paper, we restrict ourselves to the case where a
group G is a finite cyclic group in GL3(C). It is possible to generalize
part of the argument to include general small abelian groups in GL,,(C)
for any dimension n. However, we prefer to focus on this case where
we can avoid the difficulty of notation. ¢

Layout of this paper.
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1. MODULI OF QUIVER REPRESENTATIONS

In this section, we briefly review the construction of moduli spaces
of quiver representations introduced in [12].

1.1. Quivers and their representations. A quiver () is a directed
graph with a set of vertices I = @y and a set of arrows ();. For an
arrow a € @1, let h(a) (resp. t(a)) denote the head (resp. tail) of the
arrow a:
t(a) = h(a).

One can define the path algebra of a quiver ) to be the C-algebra
whose basis is nontrivial paths in ) and trivial paths corresponding to
the vertices of () and whose multiplication is given by the concatenation
of two paths.

A representation of a quiver ) is a collection of C-vector spaces V;
for each vertex ¢ € I and linear maps V; — V; for each arrow from i to
j. For a representation V', the I-tuple (dim¢ V;)ie; € ZL, is called the
dimension vector of V denoted by dim (V). A representation (U, ') of
a quiver @ is called a subrepresentation of a representation (V&) if U
is an I-graded subspace of V' such that &,(Uy)) C Unq) for all a € Qy
and &’ is the restriction of £ to U.

It is well known that the abelian category of representations of a
quiver () is equivalent to the category of finitely generated left modules
of the path algebra of Q).

Let us fix a dimension vector v = (v;);e;. Let Rep(Q, v) denote the
representation space of () with dimension vector v:

Rep(Q,v) = @ Hom(Vi(a), Vi) = @ Hom(C", C"),
a€Q1 ai—j

which is an affine space. Note that the reductive group GL(v) :=
[L;c; GLy, acts on Rep(Q,v) as basis change.
One can see that

Rep(Q,v) — Rep(Q, v) / GL(v) := Spec C[Rep(Q, v)| )
is a categorical quotient and that Rep(Q, v) / GL(v) is an affine variety.
Remark 1.1. Geometric points of Rep(Q,v) / GL(v) correspond to

GL(v)-orbits of semisimple representations of ) whose dimension is

v ¢

1.2. Background: Geometric Invariant Theory. In this section,
we present results from standard Geometric Invariant Theory (GIT),
cf. [16].

Definition 1.2. Let GG be a reductive group acting on an affine variety
X. A surjective morphism ¢ : X — Y is a good quotient if:

(i) v is constant on G-orbits.
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(ii) for any open set U C Y, the natural map Oy (U) — ¥.Ox(U)
induces Oy (U) = (1.0x)%(U).
(iii) (W) is closed in Y for any G-invariant closed set W C X.
(iv) (W) N (W) = B for two disjoint G-invariant closed sets
Wy, Wy of X.
Moreover, if Y is an orbit space, then ¢: X — Y is called a geometric
quotient.

Consider an affine algebraic variety X with a reductive group G
acting on it. Given a character x: G — C*, f € C[X] is called a
semi-invariant function if

flg-x)=x(9)f(x) veX, Vgedl.
Let C[X],» denote the C-vector space of all x" semi-invariant functions.
One defines the semistable locus as
X*(x):={z € X|3n>1,f € C[X] such that f(z) # 0}
and the stable locus as

o\ o G -z is closed in X*%(y),
X*(x) = {x € X (x) ’ the stabiliser GG, is finite [ °

The quasiprojective variety
X [, G = Proj (B ClX]y)
n>0

is called a GIT quotient corresponding to x. In particular, if the char-
acter x = 0, i.e. 6 is trivial, then C[X],» = C[X]% for all n so we
have

X /, G = Spec C[X]¢
which is an affine variety. Thus we have a canonical projective mor-
phism

X/, G = SpecC[X]°,
Remark 1.3. Let G be a reductive group acting on an affine variety

X. Fix a character y of G. For each positive integer d, define the dth
Veronese subalgebra of P, -, C[X]yn to be

P CIX] .

One can show that the inclusion of the subalgebra induces an isomor-
phism of algebraic varieties

X/ G =X i G-
Thus any positive multiple of a character y gives the same GIT quotient

as x. ¢

As is well known by GIT [16], the quasiprojective variety X / G is
a categorical quotient X**(y) by G.
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Theorem 1.4 (Geometric Invariant Theory [16]). Let G be a reductive
group acting on an affine variety X and x a character of G. Then:
(i) m: X*(x) = X/, G is a good quotient of X**(x) by G.
(ii) there exists an open subset Y of X | G such thatY is a geo-
metric quotient of X*(x) by G, i.e. an orbit space.
(iii) the GIT quotient X J/, G is projective over the affine variety
Spec C[X]¢.

Remark 1.5. Let 7: X / G — X°(x)/G be the GIT quotient with
X*(x) = X**(x). Then 7 is a geometric quotient. Let U be a G-
invariant affine open set in X**(x). Then

mly: U — w(U)
is a good quotient and 7(U) = Spec C[U]¢ is an open set of X*(x)/G. ¢

The following theorem is helpful to understand the local behaviour
of the GIT quotients.

Theorem 1.6 (Luna’s Etale Slice Theorem [9,15]). Let G be a reductive
group acting on an affine variety X. Assume that m: X — X /G is a
good quotient. Letx € X be a point with closed G-orbit G-x. Then there
exists a Gi-invariant locally closed affine subset V' of X containing x
such that the G-action on X induces an étale G-equivariant morphism
V: G xg, V— X. Moreover, 1 induces an étale morphism V' || G, —
X /| G, and the following diagram

GXGQCV — X

V)G, — X/)G
1s Cartesian.

1.3. Moduli spaces of quiver representations. This section ex-
plains a notion of stability on quiver representations introduced by
King [12]. His main result is that the notion of stability on quiver rep-
resentations and the notion of GIT stability are equivalent and that we
can construct a fine moduli space of quiver representations in a certain
case.

An element 6 € Q! can be thought as a group homomorphism from
the Grothendieck group of representations of () to Q defined by

o(V) = ZQidimCVQ =0-v
iel
where V' is a representation of () with dimension vector v.

Definition 1.7. Let V be a v-dimensional representation of a quiver
Q. For a parameter 6 € Q! satisfying § - v = 0, we say that:
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(i) V is @-semistable if (W) > 0 for any subrepresentation W of
V.

(ii) V is O-stable if O(W') > 0 for any nonzero proper subrepresen-
tation W of V.

(iii) 0 is generic if every f-semistable representation is f-stable.

The parameter § € Q! plays the same role as y does in Section 1.2.
The character yg defined by

Xo(g) = Hdet(gz‘)ei
icl
for g = (¢9;) € GL(v) vanishes on the diagonal matrices C* € GL(v) if
and only if 6 - v = 0.
King [12] shows that a representation V' € Rep(Q, v) is f-semistable
(resp. f-stable) if and only if the corresponding point V' € Rep(Q, v)
is xe-semistable (resp. yg-stable). Moreover:

Theorem 1.8 (King [12]). Let v be a dimension vector. Assume a
parameter 0 € Q' satisfies 0 - v = 0.

(i) The quasiprojective variety

My(Q,v) := Proj (@ C[Rep(Q,v)]X;}»)

n>0

is a coarse moduli space of 0-semistable v-dimensional repre-
sentations of QQ up to S-equivalence.

(i) If 0 is generic, My(Q, V) is a fine moduli space of 6-stable
v-dimensional representations of Q).

(iii) The variety My(Q,V) is projective over Spec C[Rep(Q, v)]L(v).

Remark 1.9. By Luna’s Etale Slice Theorem, if # is generic, then the
quotient map

m: Rep®(Q,v) = Mo(Q, V)
is a principal GL(v)/C*-bundle. ¢

2. MCKAY QUIVER AND (G-CONSTELLATIONS

Let G C GL3(C) be the finite group of type +(aq, a2, a3). Let p; be
the irreducible representation of G whose weight is i. Since G is abelian,
every irreducible representation is one-dimensional and the number of
irreducible representation is equal to the order of G. We can identify
I :=Trr(G) with Z/rZ. Note that the inclusion G C GL3(C) induces a
natural representation of G on C?, which can be decomposed as

Par D Pas D Pas-
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2.1. McKay quiver representations.

Definition 2.1. (McKay quiver) The McKay quiver of G is the quiver
whose vertex set is the set I of irreducible representations of G and the
number of arrows from p; to p; is the dimension of Home(pj, (pa; @

Pas © Paz) @ pi).

Since G has r irreducible representations, the McKay quiver of G has
r vertices py, ..., pr—1. For two irreducible G-representations p; and p;,

3
Homg (pj, (par @ pay ® pay) @ pi)) = Homa(pj, D), e © i)

3
= @ HomG(pj7 pi+oék)>

k=1
and by Schur’s lemma

1 ifj=i¢4+a modr,

dim Hom (p;, pite) = {O otherwise

Thus the McKay quiver has 3r arrows. Let z;,y;, 2; denote the arrow
from p; t0 Pitays Pitass Pitas, respectively. We are interested in the
McKay quiver with the following commutation relations:

TilYitar = Yilitas:
(2.2) TiZitay — ZiTitas

YiZitas — Zilitas-
Definition 2.3. A McKay quiver representation is a representation of
the McKay quiver of dimension (1, ..., 1) with the relations (2.2), i.e. it
is a collection of one-dimensional C-vector spaces V; for each p; € GV,

and a collection of linear maps from V; to V; assigned to each arrow
from p; to p; which satisfy the commutation relations (2.2).

Example 2.4. Let G C GL3(C) be the finite group of type %(1, 5,7),
ie. r = 12 and a = 5. The set of irreducible representations of G
is {p; ‘ 0 < i < 11} and the induced representation is isomorphic to
p1 D ps @ pr. The McKay quiver of G has 12 vertices and 36 arrows.

After fixing basis on vector spaces attached to vertices, the McKay
quiver representations are in 1-to-1 correspondence with points of the
closed subscheme of the affine space

C* = SpecClTo, ..., Tr_1,Y0, - -+ s Yr—1 20, - - - 5 Zr_1]
defined by the commutation relations (2.2). ¢

Let Rep G denote the McKay quiver representation space of G. Note
that its coordinate ring is

C[RepG] =C [:Bi,yi,zi ‘Z € I] /IG
where I is the ideal generated by the quadrics in (2.2).
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Let 6 = (1,...,1) € ZL,. The reductive group GL(4) := [[,.;C* =
(C*)" acts on Rep G by basis change. Note that GL(d)-orbits are in
1-to-1 correspondence with isomorphism classes of the McKay quiver
representations.

Consider the algebraic torus T = (C*)? acting on Rep G by

(t1,ta,t3) - (24,4, 21) = (twi, tayis t32:).-
One can see that T-action commutes with GL(d)-action. This action
naturally comes from the notion of G-constellations, which are a certain
kind of coherent sheaves on C? (see Remark 2.15).
We define the GIT parameter space © to be
©:={0cQ"[§-6=0}.
By Theorem 1.8, we know that:
(i) the quasiprojective scheme

My := Proj (@ C[Rep G]x’g)

n>0
is a coarse moduli space of f-semistable McKay quiver repre-
sentations up to S-equivalence.
(ii) if @ is generic, My is a fine moduli space of #-stable McKay
quiver representations of ().
(iii) My is projective over Spec C[Rep G]H).

Remark 2.5. The affine scheme Spec C[Rep G]%*®) contains the quo-
tient variety C3/G as a closed subvariety. ¢

2.2. (G-constellations.

Definition 2.6. A G-constellation on C? is a G-equivariant C[z,y, 2]-
module F on C3, which is isomorphic to the regular representation
C[G] of G as a G-module.

Remark 2.7. Any G-constellation F is isomorphic to @, Cp; as a
vector space. ¢

The representation ring R(G) of G is €D ,cqv Zp. Define the GIT
stability parameter space

0= {9 € Homy(R(G),Q) | 0 (C|G]) = 0}
={6=(0") € Q| Siest’ =0} .
Definition 2.8. For a stability parameter 6 € ©, we say that:

(i) a G-constellation F is 0-semistable if (G) > 0 for any nonzero
proper submodule G C F.
(ii) a G-constellation F is @-stable if 6(G) > 0 for any nonzero
proper submodule G C F.
(iii) @ is generic if every f-semistable object is #-stable.
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Remark 2.9. It is known that the language of G-constellations is the
same as the language of the McKay quiver representations. Thus we can
construct the moduli spaces of G-constellations by Geometric Invariant
Theory as in Section 1. ¢

Let My denote the moduli space of #-stable (GG-constellations. Ito
and Nakajima [10] showed that G-Hilb C? is isomorphic to My if 0 is
in the following set:

(2.10) 0, :={0ecO | 0 (p) > 0 for nontrivial p # po} .

Let Z be a G-orbit in the algebraic torus T := (C*)* C C3?. Then
H°(Oy) is isomorphic to C[G], thus it is a G-constellation. Moreover,
since Z is a free G-orbit, Oz has no nonzero proper submodules. Hence
it follows that Oy is #-stable for any parameter . Thus for any pa-
rameter 6, there exists a natural embedding of the torus T := (C*)?/G
into M.

Remark 2.11. The existence of the natural embedding of the torus
T := (C*)3/G into My can be proved by Luna’s Etale Slice Theorem
as is standard in the theory of moduli spaces of sheaves (e.g. see [9]). ¢

Lemma 2.12. Let Z be a free G-orbit in C3. Then Oy is a G-
constellation supported on the free G-orbit Z. Conversely, if a G-
constellation F is supported on a free G-orbit Z C C3, then F is
1somorphic to Oy as a G-constellation.

Proof. For the first statement, one can refer to [17].

To prove the second statement, let F be a G-constellation whose
support is a free G-orbit Z.

Then F has no nonzero proper submodules. Indeed, for a nonzero
submodule G of F, the support of G is a G-invariant nonempty subset
of the free G-orbit Z. As Z is a free G-orbit, the support of G is Z.
Since F, is 1-dimensional for any x € Z, it follows that G, = F, and
hence G = F.

Consider ©: Clx,y, z] — F defined by f +— f *eq where eq is a basis
of Cpy. As F has no nonzero proper submodules, v is surjective. Since
the support of F is Z, it follows that I is in the kernel of ¢). Thus we
have

O, =Clx,y,z]/17 > Clz,y, 2]/ ker(¢)) = F.
From the fact that both Oy and F are G-constellations, it follows that
Oy =2 F as dimc Oy = dimc¢ F. O

Craw, Maclagan and Thomas [4] proved the following theorem.
Theorem 2.13 (Craw, Maclagan and Thomas [4]). Let § € © be
generic. Then My has a unique irreducible component Yy which con-

tains the torus T = (C*)*/G. Moreover Yy satisfies the following
properties:
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(1) Yp is a not-necessarily-normal toric variety which is birational
to the quotient variety C3/G.
(ii) Yy is projective over the quotient variety C3/G.

YQ%MH

|

Cc3/G m M,
Remark 2.14. We call the unique irreducible component Yy of My
the birational component. For generic § € ©, Craw, Maclagan and
Thomas [4] constructed the birational component Y, as GIT quotient
of a reduced irreducible affine scheme by an algebraic torus. From this,
it follows that Y} is irreducible and reduced. ¢

Remark 2.15. Since the algebraic torus T acts on C3, T acts on the
moduli space My naturally. Fixed points of the T-action play a crucial
role in the study of the moduli space Mjy. Note that this T-action is
the same as the T-action in Section 2.1. ¢

3. ABELIAN GROUP ACTIONS AND TORIC GEOMETRY

Let G C GL3(C) be the finite subgroup of type 1(aq,as,as), ie.
G is the subgroup generated by the diagonal matrix diag(e®, e*2,e*3)
where € is a primitive rth root of unity. The group G acts naturally on
S := Clz,y, z]. Define the lattice

1
L= Z3 —|—Z . ;(061,062,043)

which is an overlattice of L = Z® of finite index. Let {e,es,e3} be
the standard basis of Z3. Set M = Homg(L,Z) and M = Homg (L, Z).
The dual lattices M and M can be identified with Laurent monomials
and G-invariant Laurent monomials, respectively. The embedding of
G into the torus (C*)?® € GL3(C) induces a surjective homomorphism

wt: M — GV

where GV := Hom(G, C*) is the character group of G. Note that M is
the kernel of the map wt.

Remark 3.1. There are two isomorphisms of abelian groups L/Z? —
G and M /M — GY. ¢
Let Msq denote genuine monomials in M, i.e.
Mzo = {xmlym22m3 eM | mi, Mo, M3 > O} .

For a set A C C[z*,y*, 2%], let (A) denote the C[z, y, z]-submodule of

Cla*, y*, 2F] generated by A.
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Let o, be the cone in Ly := L ®z R generated by ey, es, €3, i.e.
o4 := Cone(ey, e, e3).

For the cone o, and the lattice L, we define a corresponding affine toric
variety

U,, = SpecCloy N M].
Note that U,, is the quotient variety X = C?/G = Spec C[z,y, 2] as
M is the G-invariant Laurent monomials.

4. GENERALIZED (G-GRAPHS

Definition 4.1. A (generalized) G-graph T" is a subset of Laurent
monomials in C[zF, y*, 2] satisfying:
(i) 1 el
(ii) wt: I' — GV is bijective, i.e. for each weight p € GV, there
exists a unique Laurent monomial m, € I' whose weight is p.
(iii) if m-n-m, € I' for m, € I and m,n € M >, thenn-m, € T
(iv) T' is connected in the sense that for any element m,, there is
a (fractional) path from m, to 1 whose steps consist of multi-
plying or dividing by one of x,y, z in T

For any Laurent monomial m € M, let wtp(m) denote the unique
element m, in I' whose weight is wt(m).

Remark 4.2. Nakamura G-graphs I in [18] are G-graphs in this sense
because if a monomial m - n is in I' for two monomials m,n € Mzo,
then m is in I'. The main difference between Nakamura’s definition
and ours is that we allow elements to be Laurent monomials, not just
genuine monomials. ¢

Example 4.3. Let G be the group of type 1(1,3,4). Then
_ 2,z 2 2
Fl_{17y7yazayay7y )

— 2 y® ¥y
FQ_{]-azay7y7?7772_2

are G-graphs. In I'y, wtp, (2) = § and wtr, (y°) = ¢

As is defined in [18], for a generalized G-graph I' = {m,}, define

S(T') to be the subsemigroup of M generated by MY forall
wtp(m - m,)

m € Msg, m, € I'. Define a cone o(I') in Lr = R? as follows:

o(T') = S(I)
= {11 € Lg

Observe that:

<&> >0 ¥m,cT, memo}_
wtp(m - m,)
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(i) o(T') C oy,

(id) (Wzo N M) c S(D),

(iii) S(I) C (a(r)v N M).
Define two affine toric open sets:

U(T") := SpecC[S(I")],
U¥(T) := SpecClco"(T') N M].
One can see that U”(I") is the normalization of U(I") and that the torus
Spec C[M] of U(T) is isomorphic to (C*)3/G.
Craw, Maclagan and Thomas [5] showed that there exists a torus

invariant G-cluster which does not lie over the birational component
Yy. The following definition is implicit in [5].

Definition 4.4. A generalized G-graph I' is called a G-iraffe if the
open set U(I") has a torus fixed point.

Remark 4.5. As is standard in toric geometry, note that U(I') has a
torus fixed point if and only if S(T') N (S(T'))~! = {1}. The open set
U(T") does not need to have a torus fixed point. In other words, the cone
o(T') is not necessarily a 3-dimensional cone. For counterexamples, see

Appendix A. ¢
Example 4.6. For the G-graphs in Example 4.3,

U(Fl)Z{u€R3 (u,m) >0, forallme{y—2 Z—4 %}}7

= Cone ((1, 0,0), %(3, 2,5), %(1, 374)>a and

2

U(FQ):{u€R3 (u,m) >0, forallme{ 22 },

Z37y37 yS

— Cone ((1, 0,0),1(1,3,4), 1(6,4, 3)).
In both cases, they are G-iraffes. One can see that S(I';) = ()Y NM
and S(I'y) = o(T'2)¥ N M. ¢

Lemma 4.7. Let I" be a G-graph. Define

B(T) := {f -m,|m, €T, fe {x,y,z}}\f‘.
Then the semigroup S(I') is generated as a semigroup by —= for all
b € B(I"). In particular, S(T') is finitely generated as a sengmup

Proof. Let S be the subsemigroup of M generated by —>= for all

b € B(I') as a semigroup. Clearly, S C S(I"). For the i 1nverse 1nclu31on
it is enough to show that the generators of S(I') are in S.
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m-m,
wtp(m-m

An arbitrary generator of S(I') is of the form 5 for some

m € MZO, m, € I'. We may assume that m - m, ¢ I'. In particular,
m # 1. Since m has positive degree, there exists f € {x,y, 2z} such
that f divides m, i.e. f € Mo and deg(*f) < deg(m). Let m, denote
wtr (% - m,). Note that

m
Wtr(f : mp/) = Wtr(f : ? . mp) = th(m : mp).
Thus
m-m,  F-m, 'f~th(%-mp)
wtr(m-m,) wtr(F -m,) wtp(m-m),)
% . mp f- mp/

m

wir(f - m,) wp(f- m, )’

By induction on the degree of monomial m, the assertion is proved. [J

5. G-GRAPHS AND LOCAL CHARTS
Let I" be a G-graph. Define

C(I) = (I)/(B(I)),
then it can be seen that C(I") is a torus invariant G-constellation. Note
that C'(I') can be realised as follows: C(I") is the C-vector space with
a basis I' whose G-action is induced by the G-action on C[z,y, 2] and
whose C[z,y, z]-action is given by

i} m-m, ifm-m,cT,
m*xm, =
P 0 ifm-m, T,

for a monomial m € Mg and m, € T'.

Any submodule G of C'(I') is determined by a subset A C I', which
forms a C-basis of G. We give a combinatorial description of submod-
ules of C(T).

Lemma 5.1. Let A be a subset of I'. The following are equivalent.
(i) The set A forms a C-basis of a submodule of C(T').
(i) Ifm, € Aandf € {z,y,2}, thenf-m, € I implies f - m, € A.
Example 5.2. From Example 4.3, recall the G-graph

_ 2 z 22 22
F_{17y7y 72757773!_2}7

where G is of type £(1,3,4). For the element y + y* + =in C(I),
yx Y+’ +2) =0 +0+ 2=y +2zeC(D).

Let G be the submodule of C'(I") generated by a basis e; of Cp;. Then
one can see that the set A = {z, 2, %} satisfies the condition (ii) in the
lemma above. Indeed, A is a C-basis of G. ¢
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Let p be a point in U(I"). Then there exists the evaluation map
ev,: S(I') = (C, x),
which is a semigroup homomorphism.
To assign a G-constellation C(I'), to the point p of U(I"), firstly
consider the C-vector space with basis I' whose G-action is induced by
the G-action on C[z,y, z]. Endow it with the following C|z, y, z]-action,

m-m,

(5.3) m * m, := ev, ( )) wtr(m - m,),

wtp(m - m,
for a monomial m € M>, and an element m, in I'.

Lemma 5.4. With the notation as above, we have the following:
(i) C(I"), is a G-constellation for any p € U(T').
(ii) For any p, I" is a C-basis of C(I),.
(iii) C(I"), 22 C(I')g, if p and q are different points in U ().

(iv) Let Z C T = (C*)? be a free G-orbit and p the corresponding
point in the torus Spec C[M] of U(T"). Then C(T'), = Oz as
G-constellations.

(v) If T is a G-iraffe and p is the torus fixved point of U(L'), then
o(I), = C(T).

Proof. From the definition of C'(I'),, The assertions (i), (ii) and (v)

follow immediately. The assertion (iii) follows from the fact [3] that

points on the affine toric variety U(I') are in 1-to-1 correspondence

with semigroup homomorphisms from S(I') to C.

It remains to show (iv). Let Z C T = (C*)? be a free G-orbit and p
the corresponding point in Spec C[M]| C U(I"). Define a G-equivariant

Clx, y, z]-module homomorphism

Clz,y, z] = C(I),, given by f — f * 1.
One can check the morphism is surjective and whose kernel is equal to
the ideal of Z. This proves (iv). O

This is a family of McKay quiver representations in the following
sense of [12].
Definition 5.5. A family of representations of a quiver ) with rela-
tions over a scheme B is a representation of () with relations in the
category of locally free sheaves over B.

Definition 5.6. A G-graph is said to be 8-stable if the G-constellation
C(T") is #-stable.

Proposition 5.7. Let " be a G-iraffe, that is, U(I') has a torus fized
point. Let Yy be the birational component in My. For a generic 6,
assume that C(I") is 8-stable. Then C(I"), is 8-stable for any p € U(L).
Thus there exists an open immersion

U(I") = Spec C[S(I")] —— Yy C M,.
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Proof. Let us assume that the G-constellation C'(I") is #-stable. Let p
be an arbitrary point in U(I') and G a submodule of C(I"),. By the
definition of C(I'),, it is clear that G is a submodule of C(I"). Since
C(T) is B-stable, 8(G) > 0, and thus C(I'),, is -stable.

Now we introduce deformation theory of the GG-constellation in M.
Deforming C'(I") involves 3r parameters {mp, Yp, Zp | pE GV}

rxm, = z,wtr(z - m,),

y*m, =y, wtp(y - m,),

zxm, = 2z, wtp(z - m,),
such that the following quadrics vanish:

xPth(x'mp) - ypmw‘ﬁ(y‘mp)’
(58) TpZwt(z-m,) — ZpLwt(z-mp)s

Yp2wi(y-m,) — ZpYwt(y-m,)-

Since I' is a C-basis, for f € {z,y,2}, f, = 1 if wtp(f - m,) =f - m,,.
Define a subset of the 3r parameters

AT) := {fp | wtr(f-m,) =f-m,, f, € {xp,yp,zp}}.
Define an affine scheme D(I") whose coordinate ring is
C [xmymzp ‘ pe Gv} /IT

where It = ( the quadrics in (5.8), f — 1|f € A(")).
By King’s GIT [12], the affine scheme D(I') is an open set of M,
which contains the point corresponding to C(I'). More precisely, for a

f-stable G-graph I'; we have an affine open set Ur in the McKay quiver
representation space Rep GG, which is defined by f, to be nonzero for

all f, € A(I"). Note that Up is GL(d)-invariant and that any point in

Ur is f-stable. Since the quotient map Rep® G — My is a geometric
quotient, by GIT (see Remark 1.5), it follows that

Ur /| GL(6) = Spec C[Up]¢®)

is an open set in My. On the other hand, after changing basis, we can
set f, € A(') to be 1 for all f, € A(I'). One can see that this gives a

slice? so that D(T') is isomorphic to Spec C[Up]-).

2First, see that C[Ur] = Rep G[A(I')~!]. Note that GL(6)-invariants in C[U] are
generated by cycles with inverting the arrows in A(T). Assume that a is the linear
map corresponding to an arrow from p to p’. For p, p’, there exists an undirected
path p, in A(T) N A(I')~! from p to p/, that is unique up to the commutation
relations. This means that ap,! is GL(d)-invariants. From this, one can show
that there exists an algebra isomorphism between C[D(I')] to C[Ur|%(®) defined
by a +— ap,!.
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Note that there is a C-algebra epimorphism from C[D(I")] to C[S(I')]
defined by

f-m,

£, —

wtr(f-m,)’

for f, € {z,,y,,2,}. It follows that U(I") is a closed subscheme of D(I").

As Craw, Maclagan, and Thomas [4] proved that the birational com-
ponent Yj is a unique irreducible component of My containing torus
T which is isomorphic to (C*)3/G as an algebraic group, Yy N D(T) is
a unique irreducible component of D(I") which contains the torus 7.
Note that Yy N D(I") is reduced by Remark 2.14.

We now prove that the morphism U(I') — D(I') C My induces
an isomorphism from the torus Spec C[M] onto the torus T" of Y. In
other words, U(I') contains the torus 7" of Y. Let ¢ denote the re-
striction of the morphism to Spec C[M]. First note that T' represents
G-constellations whose support is in T = (C*)3. Let p be a point
in the torus Spec C[M] C U(I') with the corresponding free G-orbit
Z. By Lemma 5.4, the G-constellation C(I"), over p is isomorphic to
Oz. Thus ¢ maps Spec C[M] into T. On the other hand, Lemma 2.12
shows that any G-constellation whose support is a free G-orbit Z in
T is isomorphic to Oz. From this, it follows that v is a bijective mor-
phism between the two tori. As v is a group homomorphism by the
construction of C'(I'),, ¢ is an isomorphism between Spec C[M] and T'.

Remember that U(I") is reduced and irreducible as it is defined by an
affine semigroup algebra C[S(I")]. Note that U(I") is in the component
Yo N D(T") because U(T") is a closed subset of D(I") containing 7'. Since
both are of the same dimension, U(I") is equal to Yy D(I"). Thus there
exists an open immersion from U(I") to Yj. O

6. G-IRAFFES AND TORUS FIXED POINTS IN Yj

In this section, we present a 1-to-1 correspondence between the set
of torus fixed points in Yy and the set of f-stable G-iraffes.

For a genuine monomial m € Mzo; let m(,) denote the path induced
by m in the McKay quiver from the vertex p. In other words, m,) is
the linear map induced by the action of the monomial m on the vector
space Cp.

An undirected path in the McKay quiver is a path in the underlying
graph of the McKay quiver. For a G-constellation F, an undirected
path in the McKay quiver is said to be defined if the linear maps cor-
responding to the opposite-directed arrows in the path are nonzero in

F.

Definition 6.1. A defined undirected path in the McKay quiver is
of type m for a Laurent monomial m € M where m is the Laurent
monomial obtained by forgetting outgoing vertices.
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Example 6.2. Let G be the group of type %(1,3,4). Consider the
G-graph
zZ Z2 22
I'= {173/7y272’ Yy _2}
(T

The torus invariant G-constellation C(I") has the following configura-

tions:
Yy 22 Yy 22
P2 —=pPs 2 oy
V4
)
P1— P4 p
5 —>

Po—=pP3 — P¢

zZ
. |
1oy Ty

where the marked arrows are nonzero and the others are all zero. The
path from 1 to y? is induced by y? at poy, whose type is y?. The undi-
rected path from ps to p4 is a defined undirected path of type % because
the path consists of nonzero linear maps:

Y z Yy
P2 Ps P1 P4-

However, the following undirected path of the same type £ ® from po to
P4

) Yy z

P2 Ps P1 P4
is not defined because the third arrow is zero in C(I). ¢

Remark 6.3. Let p be a nonzero path induced by a genuine monomial
m € Msg from p;. If q is a path induced by a genuine monomial
n e Mzo from p; with the condition that n divides m, then the path
q is nonzero. ¢

Lemma 6.4. Let F be a torus invariant G-constellation. Then there
are no defined (undirected) cycles of type m with m # 1.

Proof. For a contradiction, suppose that there is a defined cycle of type
m # 1. Then m is a G-invariant Laurent monomial.

We may assume that the cycle is a cycle around pg of type m =
x™y™m22M3 A point (ty,ts,t3) € T = (C*)? acts on the cycle by a
scalar multiplication of ¢;""1¢,™2¢3™3. Since m # 1, there exists t € T
such that t1™1t,™2t3™ £ 1, i.e. t*(F) is not isomorphic to F. Therefore
F is not torus invariant. O

In Section 5, we proved that if I" is a #-stable G-iraffe, then C(I") is
a torus invariant G-constellation over Yy and the corresponding point
is fixed by its algebraic torus. Clearly, two different G-iraffes I', I give
non-isomorphic G-constellations C'(I"), C'(I'). Moreover, we now prove
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that for any torus fixed point p € Yj, the corresponding G-constellation
is isomorphic to C(I") for some G-iraffe I

Let p be a torus fixed point in Y. There exists a one parameter
subgroup

AN CC—TCYy

with lim 0 A%(¢) = p. Since Yj is the fine moduli space of #-stable
G-constellations, we have a family U of #-stable G-constellations over
A} with the following property: for nonzero s € A} and the point
q := A\"(s), the G-constellation U, over s is isomorphic to Oz where Z
is the free G-orbit in T corresponding to the point ¢. In particular, the
support of the G-constellation U, is in the torus T = (C*)3 C C3.

Let F be the f-stable G-constellation over 0 € A!. Let us define a
subset I' of Laurent monomials to be

r— {m c M‘  a defined nonzero undirected}
path in F of type m from p,
Firstly, we prove that ' is a G-graph. Clearly, I" contains 1. Since 6 is
generic and F is f-stable, there exists a nonzero undirected defined path
from py to p so there is a Laurent monomial m, in I' for each p € GV.
The Laurent monomial m, is unique: suppose there exists a defined
path of type n, from py to p, and then there exists a defined cycle of
type ':—: at po, which implies n, = m, by Lemma 6.4. It remains to

show the condition (c) of Definition 4.1. We need the following lemma:

Lemma 6.5. With the notation as above, let p and q be two defined
(undirected) paths of the same type m from p to p' for some Laurent
monomial m € M. Then, in F,

p*xe,=q*e,
where e, is a basis of Cp.

Proof. Firstly, note that if m is a genuine monomial, then the assertion
follows from the C[z,y, z]-module structure.

Let m be a Laurent monomial. There exists a genuine monomial
n e Mzo so that n - m is a genuine monomial with n nonzero on
A*(C*). Since two paths p * e, and q * e, are of type m - n, we have

(6.6) N(py) * P €p = 1(y) * Q*Ep.

Since (6.6) implies p*e, = q* e, in the G-constellation U for nonzero
s € A, the assertion is proved by flatness of the family U. O

To show that I' satisfies the condition (c) of Definition 4.1, suppose
that m-n-m, € T for m, € I' and m,n € M>y. We need to show that
n-m, € ['. By the definition of I', there exist nonzero (undirected)
paths p of type m-n-m, and q of type m,. By Lemma 6.5, it follows
that the defined undirected path m,) * n(, * q is nonzero as it is of
the same type as bp. This implies that the defined undirected path
n(,) * q is nonzero. Thusn-m, € I'.



20 S.-J. JUNG

Proposition 6.7. Let G C GL3(C) be the finite cyclic group of type
%(0617062,0[3). For a generic parameter 0, there is a 1-to-1 correspon-

dence between the set of torus fized points in the birational component
Yy and the set of 0-stable G-iraffes.

Proof. From the argument above, we have shown that there exists a
G-graph I' for each torus fixed point p. Using Lemma 6.5, one can
easily show that C(I") is actually isomorphic to F as a G-constellation.
In particular, C'(I") lies over p € Yy, and hence U(I") contains the torus
fixed point p. Thus I is a G-iraffe.

Let I be a f-stable G-iraffe. By Proposition 5.7 and Lemma 5.4,
we can see that C(I") lies over Yy for a G-graph I if T" is a G-iraffe.
Thus we have a torus fixed point p representing the isomorphism class

of C(I). O

Corollary 6.8. Let I' be a G-graph. Then C(I") lies over the birational
component Yy if and only if T is a G-iraffe.

Theorem 6.9. Let G C GL3(C) be a finite diagonal group and 6 a
generic GIT parameter for G-constellations. Assume that & is the set
of all O-stable G-iraffes.

(i) The birational component Yy of My is isomorphic to the not-
necessarily-normal toric variety peqs U(T).

(ii) The normalization of Yy is isomorphic to the normal toric vari-
ety whose toric fan consists of the full dimensional cones o(T")
for I' € & and their faces.

Proof. Let G C GL3(C) be the finite subgroup of type (a, as, as).
Consider the lattice

1
L= Z3 + 7 - ;(&1,@2,0(3).

Let Yy be the birational component of the moduli space of #-stable
G-constellations and Y, the normalization of Yy. Let Y denote the
not-necessarily-normal toric variety Jpcs U(I'). Define the fan ¥ in
Lg whose full dimensional cones are o(I") for I' € &. One can see that
the corresponding toric variety Y” := Xy is the normalization of Y.

Since Y, is a normal toric variety, it is covered by toric affine open
sets U; with the torus fixed point p; in U;. Let ¢; be the image of p;
under the normalization. As each ¢; is a torus fixed point, it follows
from Proposition 6.7 that there is a (unique) G-iraffe I'; € & with C'(I';)
isomorphic to the G-constellation represented by g;.

By Proposition 5.7, for each G-iraffe I' € &, there is an open immer-
sion of U(I") into Yy. Thus we have an open immersion ¢: Y — Y, and
the image 1(Y") contains all torus fixed points of Yj.

The induced morphism 9": Y” — Y, is an open embedding. Note
that the numbers of full dimensional cones are the same. Thus "
should be an isomorphism. This proves (ii).
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To show (i), suppose that Yp\#(Y") is nonempty so it contains a torus
orbit O of dimension d > 1. Since the normalization morphism is torus
equivariant and surjective, there exists a torus orbit O in Y} = Y”
of dimension d which is mapped to the torus orbit O. At the same
time, from the fact that Y is the normalization of Y and that the
normalization morphism is finite, it follows that the image of O’ is a
torus orbit of dimension d, so the image is O. Thus O is in ¢(Y'), which
is a contradiction. O

Corollary 6.10. With notation as Theorem 6.9, Yy is a normal toric
variety if and only if S(T) = o(I')Y N M for allT € &.

7. EXAMPLE

Let G be the finite group of type %(1,3,4). Firstly, consider the
following G-graphs:

1,2, 2% 23,24 z526}

e
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Secondly, consider the cone € in © generated by the row vectors of the
following matrix:

-1 0 0 1 000
-1 0 0 0001
-1 0 -1 0011
-1 -1 -1 01 11
-1 -1 0 0110
-1 0 0 0100

For each 0 < i < 7, let v; denote the lattice point %(5, i,7—1) where
denotes the residue modulo 7. One can check that all G-iraffes in (7.1)
are f-stable for any # € € and that each I'; corresponds to the cone o;
where:

(
Cone ( e1, vg_;, v7,i> if1<i<7,
if 8 < i < 10,

Cone

Cone <U37 U15—i5 V14—

637?114—1‘,?113—2') if 11 <@ <12,

Cone (62, es, v3> if 1 = 13.

\
Moreover, by a direct calculation, it can be shown that

Thus every affine piece U(I") is normal and the fan corresponding to
the birational component Yj is shown in Figure % .

APPENDIX A. EXAMPLE: (G-GRAPHS WHICH ARE NOT (G-IRAFFES

In [18] Nakamura assumed that U(I') has a torus fixed point for
any Nakamura G-graph I'; i.e. every G-graph in his sense is a G-iraffe.
His assumption implies that every torus invariant G-cluster lies over
the birational component of G-Hilb. However, Craw, Maclagan and
Thomas [5] showed that there exists a torus invariant G-cluster which
is not over the birational component.

Example A.1 (Craw, Maclagan and Thomas [5]). Let G C GL3(C) be
the group of type 1—14(1, 9,11). Note that G is isomorphic to %(1, 2,4) x
£(1,1,1). Consider the monomial ideal

and the corresponding Nakamura G-graph
F = {17 x? x27 $37 y? y27 y37 Z? Z27 Z37 Iy7 xZ? yz7 Iyz}'

Craw, Maclagan and Thomas [5] showed that this ideal does not lie
over the birational component using Grobner basis techniques.
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We show this by proving the G-graph I' is not a G-iraffe. One can
calculate the semigroup S(I') and notice that S(I') is generated as a

2 2

. . 2 2
subsemigroup in M by %, £ %, Y= Note that

and hence xz—‘"f e S(T)N(S(I)~t # {1}. Thus U(T') does not have
a torus fixed point. Indeed, the cone o(I") is the cone generated by
1—14(7, 7,7) so it is not a full dimensional cone. Therefore the G-cluster
C(I") = Clz,y, z]/I does not lie over the birational component. ¢

Remark A.2. Craw, Maclagan, and Thomas [5] provided an equiv-
alent condition using Grobner basis for a monomial ideal to be over
the birational component. In the terms of G-iraffes, the condition is
equivalent for a Nakamura G-graph to be a G-iraffe. ¢

Example A.3 (Reid). Let G C SL4(C) be the finite subgroup of type
%(1, 6,10, 13) with coordinates x,y, z,t. Consider the monomial ideal

. 2, 23y, a3t a%z, 222, 1P, ayt, v ot, ot

B <y5, ylz, ytt gt et 2t yt?, 20 20 ot t4>
and the corresponding Nakamura G-graph

3 2

17x’x27x 71.4’ I57y7 y2’y3’y47 Z’z 7
I =<t 122,88 oy, 2%y, a2, 122, ot, 2°t, ot?,
y2, Yz, Y02, yt, YRt 2t wyz, Yzt

3

2
y“zt =’y x
Note that ==, =5, mE

242

are in the semigroup S(I') and

yQZt xBy 2t2
A A,
ot Yz

Thus y;? e S(I)N(S(T))~' # {1}. Thus U(T) does not have a torus

fixed point. Therefore the G-cluster C(I') = C[z,y, z,t]/I does not lie
over the birational component. ¢

Remark A.4. Reid used the ideal in Example A.3 to provide a case
where G-Hilb has a 5-dimensional component even if G is a subgroup

of GL,(C). ¢
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