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Polariton Theory of the Scattering of Light Beams in Semiconductors
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A microscopic theory is represented of the scattering of the excitonic polariton on the
excitonic polariton in semiconductors with direct band gaps. All possible scattering mechan-
isms were taken into account. In the calculations the second quantization method was used
in an effective manner. The general results were applied to the case of the single exciton
level in CdS. The contributions from different scattering mechanisms were compared.

1. INTRODUCTION

In the experiments on the luminescence of highly excited semiconductors with
direct band gaps it has been shown that together with the usual free-exciton lines in
the luminescence spectra there arise new lines which can be explained as the conse-
quences of the exciton—exciton and exciton—carrier scattering (see, e.g., Refs. {1-4]
and literature therein). Within definite approximations the matrix elements of these
scattering processes were calculated by many authors [4-8). The exciton—exciton
scattering contributes also to the third-order optical mixing coefficients of the semi-
conductors, since the photons can be transformed into the excitons and vice versa.
This mechanism of the optical mixing becomes a dominant one in the resonance
domain where the energies of the photons are nearly equal to those of the excitons. It
is well known that in the presence of the exciton-photon transition the eigenstates of
the Hamiltonian, i.e., the elementary excitations in the semiconductors, are the
appropriate mixtures of the photons and the excitons—the excitonic polaritons or
briefly the polaritons. [9-12]. The polariton theory of resonant Raman scattering
was developed successfully by many authors [13-16].

In the papers by Anderson [17] the light-by-light interaction in the semiconductors
via the polariton-polariton scattering was studied. However, in the derivation of the
matrix element of this process only the contribution of the exciton—exciton collision
was taken into account. Therefore Anderson’s results can be used only in the re-
sonance domain. Moreover, for estimating the exciton-exciton scattering amplitude
Anderson made some assumptions on the interaction potential for the excitons as
hard spheres.
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In this work we study the scattering of the light by the light as the polariton—
polariton scattering, taking into account the microscopic structure of the excitons:
excitons are treated as the hydrogen-like two-particle systems; the exciton-exciton
scattering and other exciton-photon interaction processes are considered to be the
consequences of the Coulomb interaction and the exchange interaction between the
charge carriers as well as of their interaction with the photons. For our purpose it is
convenient to apply the second quantization method. We shall use the unit system
withfi=c¢=1.

2. POLARITON-POLARITON SCATTERING IN TERMS OF ELEMENTARY PROCESSES

The state vectors of the polaritons are the linear combinations of those of the
photons and the excitons. Therefore the polariton—polariton scattering amplitudes
are the linear combinations of the amplitudes of the interaction processes involving
directly the excitons and the photons, which we call the elementary ones. The follow-
ing elementary processes contribute to the polariton-polariton scattering:

Ex + Ex — Ex + Ex, @
y + Ex — Ex + Ex, (I1a)
Ex 4+ Ex —y + Ex, (1Ib)
v+ Ex—vy -+ Ex, (I1n)
v + v — Ex + Ex, (Iva)
Ex+Ex—vy+vy, (Ivb)
y +y—y + Ex, (Va)
y+y—>y+y (VD

Here y denotes the photon, Ex denotes the hydrogenlike two-particle system con-
sisting of an electron and a hole in either their bound state or in the continuous
energy spectrum (scattering state) of this system. For simplicity we consider only the
photon with a definite polarization and we shall omit the polarization index of the
creation or annihilation operators for the photons. Concerning the band structure of
the medium we suppose that it is a two-band semiconductor with a direct band gap,
the conduction and valence bands are non-degenerate and have their extrema at the
center of the Brillouin zone, and the electrical dipole transition between the two

bands is allowed.
In the presence of the exciton—-photon transition the total Hamiltonian of the
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system of excitons and photons without the exciton—exciton interaction, i.e., of the
system of free polaritons, is of the form

#y =¥ {olp) a@)* a(p)

+ Y, E(p) b,(p)* b,(p)

vl

+ 3 g@lam* b + b a@); . (H

vl

where a(p) and a(p)+ are the annihilation and creation operators for the photon with
momentum p and energy w(p), b,(p) and b,(p)* are those for the exciton in the quantum
state characterized by the index v which denotes the set of all its quantum numbers,
E(p) is the energy of the corresponding exciton with momentum p, g,(p) is the effective
constant of the exciton—photon transition. For the bound states of the exciton the
index » is discrete while for the free electron-hole pairs with the Coulomb interaction
the index » changes continuously. In Ref. {18] it was shown that by means of the
Bogoliubov transformation

¢(P) = u,2(p) a(p) + Y. u(P) b(p) (.
vl
with the coefficients

e g® |7~
S AP X )

£.0) ®
umv = ST uv0 ’ 2 ]’
®=0wm-En“® "
we can diagonalize the Hamiltonian (1) and rewrite it in the following form
Hy =), ) c(p)* culp), (4)
a,p
where the polariton energy £2,(p) is determined by the algebraic equation
w(p) 1 g.p)°
=]
2w TEw X G

Qm(p) vl Ev(p) - Qa(p) '

In the case of a single exciton level this equation can be solved exactly, and we have
the precise expression for 2.(p)

£2.0) = HED + «(®) F (E(@) — @ + 4523, (6)

where E(p) is the energy of this unique exciton and g(p) is the effective constant of
the transition between this exciton and the photon w(p).
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The operators C(p) and C,(p)*+ are the annihilation and creation operators for the
polariton in the branch characterized by the index «. From the expression (2) of
C.(p), we obtain the polariton-polariton scattering amplitude in the form

Malagmsa‘(pl sP2> D3> Py) = z u:‘l(pl) ";Z(Pz) u:";(l’s) u:‘:(p4) * T ggni(P1> P2 5 P35 Pa)s
v; >0
)

where u;4(p;), v; 2 0, are determined by Egs. (3) and T, ppw P P2 s Pa s Py) are the
matrix elements of the elementary processes (I)-(VI), which will be studied in detail
below.

3. PHOTON-PHOTON SCATTERING

Now we begin to calculate the matrix elements of the elementary interaction proces-
ses involving directly photons (with indices »; = 0) and excitons (with indices v; > 1)
First we consider the photon-photon scattering (process (VI)):

y+y—>y+y.

The corresponding Feynman diagrams are represented in Fig. 1. For simplicity we
use the abbreviated notations (w(py), py) = 1, (w(py), Ps) = 2,..., etc.; R(—1, 2,3, 4),
e.g., will denote the function obtained from R(1, 2, 3, 4) by the substitutions p; —
—py s w(py) = —w(—p,) while the other variables being unchanged. It can be shown
that the matrix element of process (VI) has the form

Tooll, 2, 3,4) = S(1, 2,3,4) + S(1, 2,4, 3) + 52, 1,3,4) + 52, 1,4,3), (8)
S(1,2,3,4) = R(1, 2, 3,4) + R(1, =3, —2, 4) + R(l, —3, 4, —2)
4+ R(—3,1, 4, =2) + R(—3,1, —2,4)
1 R(—3, —4, —1, —2), ©
R(1,2,3,4) = X(1,2,3,4) + Y(1,2,3,4) + Z(1, 2,3, 4). (10)

where the Feynman diagrams corresponding to the matrix elements X(1, 2, 3, 4),
Y(1,2,3,4)and Z(1, 2, 3, 4) are given in Figs. la, b and ¢, respectively. Introduce the
notations:

E(p)—the unit polarization vector of the photon

#,,—the matrix element of the allowed electromagnetic transition between
the conduction and valence bands.

?cv:‘(ci_’iVIv)
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Fic. 1. Feynman diagrams of process (VI). Wavy line: photon, solid line: electron, dashed line:
hole, double line consisting a solid line and a dashed one: exciton.

F,(r—hydrogen-like wave functions of the relative motion of the electron-hole
pair in the quantum state with the index v,

f(p)—the Fourier transforms of F(r).
m& and mj—the effective masses of the electron and the hole in the corresponding
energy band

* *
m m
& = —”*—e-'—; s B = “‘qh—“I s (n
me + mh me m h
e;—the background dielectric constant,
V—the volume of the crystal,
e—the charge of the electron,

m—the mass of the free electron.

With these notations the coupling constant g,(p) in formula (1) equals

&lp) = (2€0w§p))1/2 5@ ,;lgacv - F(0). {12)
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We can prove that the matrix elements X, ¥, Z are determined by the following

formulae:
X(1,2,3,4)

~Y Y [dq

Y1 Y2 V3

gu(Pl) F vlvz(pQ s q) svz(ps s Pas ¢l)* gvs(P4)

Tw(y) — E,@)Ilw®) + o(p) — E, (@llwp,) — E,

Y(1’ 2’ 3’ 4)

— Z Z gvl(pl) Fvlvz(PZ shisPss p4) gvz(p4)
_— [w(p) — E,(P)lw(py) — E,(p)]’

7(1,2,3,4)

= ZZZ J.dql fd‘h

Vi Ve V3 Vs

gvl(Pl) lvzxa(p2 s Prs ‘h > qz) F vavsvz(pa s P4 I ) q2) gv4(P4)

TP — E,(p)llw®y) + o) — E,(@) —

v1v2(q! Pis p2)

1
~ I Ty @+ P — D) - E@)

V1V2(Bpl P BPZ) vm(ﬁpl s — otpz)

* *
m mh

mz(‘ll P15 Gz P2)

— 1. e E(qy) - 8(g2)*
4V mey  (w(qy) o(gR)'?

{L,,,(Bp1 > BP2) T+ L, (Bp1, PL — B},

T, ... (q PPz Ps)

1 e CE@ - For
Yz Qegw()/* m

1
@y GeowdBPr B — B2, Bpo) (g + P — P2 — o)

— VA2 F,(0)*5,,,5(q9 — p2) 8(py — pa)f ,

2oy + P Qe

(13)

(14)

, (15)

(16)

a7

(18)
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where S (X q), 1, ,,2(]) q) and G, , (p, , P; , ;) denote the integrals

T, ) = (2 TR CVACE VUSSR S (19
Loy, @) = (2 Gy LK =D L0~ 0, (20)

A (= LI ACE YATE S AUES SUC]

In the Egs. (14)~(16) the notation 37, means the sums over discrete indices and the
integrals over the continuous ones. It is easy to verify that the formulae (13)~(21)
determine the most general photon—photon scattering amplitude in the semiconductor,
when the Coulomb interaction of the electron and the hole in the intermediate state
is also taken into account. In special cases they reduce to the results obtained in many
earlier works [19-23].

4. EXCITON-EXCITON SCATTERING

Now we study the exciton-exciton scattering (process (I)) as the consequence of the
electromagnetic interaction between the electrons and the holes. The corresponding
Feynman diagrams are given in Fig. 2. Its matrix element can be written in the form

(v, = 1)

LlNM(] 2,3,4) = vl,,2,,3y4(l, 2,3,4) + SV1V2V4V3(1’ 2.4,3)
—l"' Sv2v1u3V4(27 ], 3, 4) + Sv2ulvlv3(2a 13 45 3)# (22)
Sppag1. 2.3, 4) = Z P e(1,2,3.4), (23)
=1
PO 23 =L (Bay . — aBy) L (BPes o — opy). (24)
ivaraal 1 S = Veg [ pr — ps 2 £, (PP . Py 8) Loy APP2 > P2 Pa)
a
b

FiG. 2. Feynman diagrams of process (1). Zigzag line: electromagnetic interaction.
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e?

(
Vulzl')zvau4(l 2’ 3s 4) = ; — Ps ‘2 vlva(ﬁpl ’ Bp:!) l‘zV‘(Bp2 H ﬁpd)’ ' (25)
V12,3 4)=~—-——-“2"2 LB B~ oB) Ly (Bpe BB, (26)
v1vargPy! s~ VE I P1 ___ p3 }2 V1V3 pl ] P1 Ps vavy Pz bl P4 s
{8 e P
Vv1v2v3V4(1 2 3 4) - Lvluzvav,(ﬁpl > BPE ’ BPB s szl s — p4)’ (27)

—e
sz(fxa)zu3v‘(1 29 3s 4) = #_V—EL Lvlvzvav4(Bpl > Bp2 s — Py, Pa — P3P — Pz), (28)

Zep

ve (1,2,3,4) =

vivevgly

vlvzv;;lq(ﬁpl »Ps — apz, Bps ’ de P — p‘l)’ (29)

2e
Vl’(:l’)zllsl";(l 29 3’ 4) = P NV1V2V3V§(BP3 s — O‘p4 ’ IBPI ’ ﬁp2 P — pl) (30)

The integrals 1,0, ,p,) are determined by Eq. (20) while for the integrals ) —
(Pr>P2sPs,Pa; @ and N, , (P15 P2 > P5 - Ps 5 @) We have following definitions

1
L91v2v3V4(P1 »P2>P3,Pas q) = TZ;W fdk Jdp

. f;l(p - pl)f;z(k _— Pz)ﬂa(l) — Ps)*fn(k - P4)*
lk—p+qf® ’

@31)

[
Mwmmjmmmm;®=7ﬂyﬁj&f@

_fl;l(P — pl)ﬁz(p T p2)ﬁa(P - ps)*fu(k — P4)* (32)
(k—p+ql ’

For convenience we have introduced into Egs. (27)~(32) the parameter p which is the
radius of the exciton

2 om* " (33

Since the wave functions f,(p) are orthogonal and normalized, the integral 7, 2 (P15 P)
has the following property

L.(p,p) =86,,,.

Using this condition we can prove that in the limit p; = 0;j = 1, 2, 3, 4, we have
E_% 12 Vv‘ﬁ,v:,v,(l’l sPesP3>Py) =0 (34)

We conclude that at small values of the exciton momenta p; the contribution of the
Coulomb interaction between the charge carriers consisting of different excitons
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(diagrams in Fig. 2a) to the scattering amplitude is negligible in comparison with that
of the exchange interaction (diagrams in Fig. 2b). We note that a similar result was
obtained in the paper by Buttner [5], in which some diagrams (but not all diagrams)
take into account the exchange interaction.

5. EXCITON-PHOTON INTERACTION PROCESSES

The interaction processes involving directly both photons and excitons in the
initial and final states can be considered in a similar manner. For example, the matrix
element of the process (IIb) and the complex conjugate of that of the process (11a)
equal

Tvlvzvso(ls 29 37 4) = vavgvs(l, 2’ 33 4) 45’ Rvﬂv1v3(2~ 1, 3s 4)7 (35)
1 e EQt 2
Ry(P1s D2, P3s @ = V) (euu(q)? o

: GV1V2V3(/8P1 .Pr— aPa, Bpy)* 8py P — Ps — Qs (36)

where the function G, , ., (P1, P2, Ps) is determined by Eq. (21). The Feynman dia-
gram of this process is given in Fig. 3. We observe again, by looking at this diagram.
the important role of the exchange interaction.

For the photon-exciton scattering process (II1) we have the following matrix
element

T8, 2,3, 4) = Ry (1,2,3,4) + Ry (—3,2, —1,4), (37)

Rl'2"4(1’ 2’ 3’ 4) = szlq(]? 27 37 4) —ll_ YVQVA(la 2, 37 4) -+ Zugu(l. 2, 39 4)9 (38)
L@y P23 @) Lo(Pa, Pas @F

XV.V ],2,3,4 o d varAlP1l s 2 » w3 s Pg 3 39

o~ ) ZI q w(p) + E,(P.) — E(q) (39)

Y,(1,2,3,4) =T,,(1,2;3,4), (40)

v Do (Prs P25 €5 Q) Lopw(Ps > Pa s @, 4)F
Z, (1, 2,3, 4) = da | da' - 2 vy 4 ,, , 4
ol ) §§f“fq w(p) + Ey(Po) — EXQ) — EAQ) @h

where the vertices [, (p1,P2; @, I, (P, PasPs,Ps) and I, (p;, P29, q) are
determined by Eqs. (16)—(21). The Feynman diagrams corresponding to the matrix

elements X,a,,‘(l, 2,3, 4), szv,.(l’ 2,3,4) and Z,h(l, 2, 3, 4) are represented in Figs.
4a, b, and c, respectively.
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FiG. 3. Feynman diagram of process (IIb).

// /)
o= == ==
e\ ——— ===
/ /
7 B\ )'/ _s.l /i )'/ \\
o

W‘XWW)DKWM:X‘W

e o e sy gty <o+

— e = o ———

FiG. 4. Feynman diagrams of process (IID).

The two-exciton recombination process (IVb) and the exciton pair creation process
(IVa) have complex conjugate matrix elements. The latter is decribed by the Feynman
diagram in Fig. 5. Its amplitude equals

TOGV3V4(11 2! 3’ 4) v;;v (1 2 3 4) + Rvavd(za 1’ 3> 4)

+ R,(1,2,4,3) + R,(2,1,4,3), (42)

&) LyaiP2 s P15 P s Pa)
Roll 239 =250 ~ B @

where I, , (P, P15 Ps p.) is given by Egs. (18) and (21).
Fmally, for the matrix element of the process (Va) and the complex conjugate of
that of the process (Vb) we have the following expressions

Tooo(1,2,3,4) = §,(1,2,3,49) + 5,2, 1, 3,4, (44)
Sv4(15 2: 3) 4) = R,,d(l, 2’ 3s 4) + Rv;(la _3’ —"2, 4) + RV4(_3> 23 —1’ 4)’ (45)

R(1,2,3,4)=%,(1,2,3, 9+ 1(,2,3,4 + zZ,(1,2,3,4), (46)



POLARITON-POLARITON SCATTERING 159

FiG. 5. Feynman diagram of process (IVa).

OO N N
=

S TN

C

Fic. 6. Feynman diagrams of process (Vb).

where X,(1,2,3,4), Y,(1,2,3,4) and Z,A(l, 2,3, 4) are the matrix elements of the
Feynman diagrams in Figs. 6a, b, and c, respectively.

50,259 = LF [de i b e a0
Vo, 2,3,4) = 3 L0 Lol BuiBao PO (48)
20,2349 =LY ¥ [dq [dq

8n®1) L2 5 P15 & ) D3> Pa 5 4 @) (49)

Ty — E )1l + o®) — EnQ) — E @]

595/131/1-11
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The vertices I, v(P1> P2 s P, I, v, (P1> P2 Ps» Pa) and I vlvzvs(pl s P25 Ps, Pg) In these
formulae are determined by Egs. (16)—(21).

6. COMPARISON OF THE CONTRIBUTIONS FROM DIFFERENT SCATTERING MECHANISMS

In this concluding section we apply the above results to calculate the polariton—
polariton scattering cross section near the resonance in the crystal CdS. We use the
following values of the parameters [24]:

meg =02m, mf =065m, E;=2.58¢eV
WCV ‘

€ = 10, =4.95 x 103,

Here E, is the band gap.
For simplicity we use the approximation with a single undamped dispersionless
exciton level. The energy of exciton is taken to be

E = ElS(O) = 2.55 eV.

The effective photon—exciton transition coupling constant is derived from Eq. (12)

and equals
g = g£15(0) = 51.85 meV

From this values of the constant g we obtain for the longitudinal-transverse spliting
energy

_2
Ey = I 2.1 meV,

while the experimental data give 2 meV [13].
We consider in details the special kinematic configuration of the scattering process

in‘which the momenta satisfy the conditions

pr+P:=P:s+P.=0,
P. LPps; p=1Iml=|psl,

while the polariton energies are smaller than that of the exciton in the ground state

Qa‘ < Els(o)'

In this particular case we have only the transition between the polaritons in the same
lowest branch, and we can omit the branch indices o; . The scattering cross section at
the given kinematics equals

_d_o- — pz . I VM(pl s P2 Pas P4)|2 (50)
a2 = 16n® w(p)° ’
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where v(p) is the group velocity of the polariton at the momentum p. From the above
expressions for the scattering amplitude it is easy to check that the product VM
(p1 > P2, Ps > p) does not depend on the volume V of the crystal. We shall take V' = 1,
substite M(p, , P2, 3, Po) for VM(p,, P2, Ps » Ps), and denote by M™ the contribution
of the scattering mechanism involving directly n excitons in the initial and final states
all together:

n = O—the contribution from the mechanism without external excitons (process (VI)).

n == I—the contribution from the mechanism with one initial or final exciton (two
processes: (Va) and (Vb)).

n = 2—the contribution from the mechanism involving two external excitons (three
processes: (111), (IVa) and (1Vb)).

n = 3—the contribution from the processes (IIa) and (IIb).

n = 4—the exciton-exciton scattering mechanism.

In Fig. 7 we represent the squared values of the contributions from different scat-
tering mechanisms to the scattering amplitude as the functions of the ratio

0
E
nA
(4 Fieme)
1078
Y
|
1079 “
!
|
|
f
|
f
10'31 |
!
: " N L,
0.9% 0.98 0.99 1 =

FiG. 7. Squared values of the contributions from different scattering mechanisms to the scattering
amplitude (curves with the indices » = 0, 1, 2, 3, 4) and squared value of their sum (curve B—this
work, curve A——Anderson [17]).
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at the polariton energies below the ground-state level of the exciton. For comparison
we plot in the same figure the squared sum of all contributions M* (curve B) and also
the same quantity calculated in the crude approximation by Anderson (curve A). We
remark that due to the cancelation between the contributions from different scat-
tering mechanisms there exists an antiresonance at the value of « near 1.

The numerical calculation was done by the computers of the Laboratory of Com-
puter Technique and Automatization of the Joint Institute for Nuclear Research,
Dubna, USSR.

In conclusion we note that throughout this work we have ignored the interaction
between the excitons. It is well known that due to this interaction two excitons can
exist in their bound state—the biexciton or the excitonic molecule. The biexciton
effect in the polariton-polariton scattering will be investigated in a subsequent work.
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