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A microscopic theory is represented of the scattering of the excitonic polariton on the 
excitonic polariton in semiconductors with direct band gaps, All possible scattering mechan- 
isms were taken into account. In the calculations the second quantization method was used 
in an effective manner. The general results were applied to the case of the single exciton 
level in CdS. The contributions from different scattering mechanisms were compared. 

1. INTRODUCTION 

In the experiments on the luminescence of highly excited semiconductors with 
direct band gaps it has been shown that together with the usual free-exciton lines in 
the luminescence spectra there arise new lines which can be explained as the conse- 
quences of the exciton-exciton and exciton-carrier scattering (see, e.g., Refs. [l-4] 
and literature therein). Within definite approximations the matrix elements of these 
scattering processes were calculated by many authors [4-81. The exciton-exciton 
scattering contributes also to the third-order optical mixing coefficients of the semi- 
conductors, since the photons can be transformed into the excitons and vice versa. 
This mechanism of the optical mixing becomes a dominant one in the resonance 
domain where the energies of the photons are nearly equal to those of the excitons. It 
is well known that in the presence of the exciton-photon transition the eigenstates of 
the Hamiltonian, i.e., the elementary excitations in the semiconductors, are the 
appropriate mixtures of the photons and the excitons-the excitonic polaritons or 
briefly the polaritons. [g-12]. The polariton theory of resonant Raman scattering 
was developed successfully by many authors [13-161. 

In the papers by Anderson [ 171 the light-by-light interaction in the semiconductors 
via the polariton-polariton scattering was studied. However, in the derivation of the 
matrix element of this process only the contribution of the exciton-exciton collision 
was taken into account. Therefore Anderson’s results can be used only in the re- 
sonance domain. Moreover, for estimating the exciton-exciton scattering amplitude 
Anderson made some assumptions on the interaction potential for the excitons as 
hard spheres. 
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In this work we study the scattering of the light by the light as the polariton- 
polariton scattering, taking into account the microscopic structure of the excitons: 
excitons are treated as the hydrogen-like two-particle systems; the exciton-exciton 
scattering and other exciton-photon interaction processes are considered to be the 
consequences of the Coulomb interaction and the exchange interaction between the 
charge carriers as well as of their interaction with the photons. For our purpose it is 
convenient to apply the second quantization method. We shall use the unit system 
withfi=c=l. 

2. POLARITON-POLARITON SCATTERING IN TERMS OF ELEMENTARY PROCESSES 

The state vectors of the polaritons are the linear combinations of those of the 
photons and the excitons. Therefore the polariton-polariton scattering amplitudes 
are the linear combinations of the amplitudes of the interaction processes involving 
directly the excitons and the photons, which we call the elementary ones. The follow- 
ing elementary processes contribute to the polariton-polariton scattering: 

Ex+Ex+Ex+Ex, (1) 

y+Ex+Ex+Ex, VW 

Ex+Ex-ty+Ex, WI 

y+Ex-+y$Ex, 

y+ y+Ex+Ex, 

Ex-l-Ex-+y+y, 

Y+Y -y-l-~% 

y-kEx-+y+y, 

Y+Y+YtY- 

(III) 

Ova> 

WV 

W 

(W 

WI) 

Here y denotes the photon, Ex denotes the hydrogenlike two-particle system con- 
sisting of an electron and a hole in either their bound state or in the continuous 
energy spectrum (scattering state) of this system. For simplicity we consider only the 
photon with a definite polarization and we shall omit the polarization index of the 
creation or annihilation operators for the photons. Concerning the band structure of 
the medium we suppose that it is a two-band semiconductor with a direct band gap, 
the conduction and valence bands are non-degenerate and have their extrema at the 
center of the Brillouin zone, and the electrical dipole transition between the two 
bands is allowed. 

In the presence of the exciton-photon transition the total Hamiltonian of the 
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system of excitons and photons without the exciton-exciton interaction, i.e., of the 
system of free polaritons, is of the form 

6 = c [W(P) a(p)+ Q(P) 
P 

+ 1 UP) b,(p)+ b”(P) 
V>l 

+ 1 &(P>b(P)’ b”(P) + b”(P)+ ao1/ 3 

where a(p) and a(p)+ are the annihilation and creation operators for the photon with 
momentum p and energy w(p), b,(p) and b,(p)+ are those for the exciton in the quantum 
state characterized by the index v which denotes the set of all its quantum numbers, 
E”(p) is the energy of the corresponding exciton with momentum p, g”(p) is the effective 
constant of the exciton-photon transition. For the bound states of the exciton the 
index v is discrete while for the free electron-hole pairs with the Coulomb interaction 
the index v changes continuously. In Ref. [I81 it was shown that by means of the 
Bogoliubov transformation 

CL&) = GO(P) Q(P) + c %YP) UP) 
V>l 

(-’ 

with the coefficients 

%YP) = l + z1 [Q.(py!!!~;“(p)]2 1 I 
-l/Z 

’ 
ST”(P) 

ZLW = f-JJp) _ fj,(p) %YP)V v > 1, 
(3) 

we can diagonalize the Hamiltonian (I) and rewrite it in the following form 

& = c J&(P) 4P)’ G(P)7 
asp 

(4) 

where the polariton energy L&(p) is determined by the algebraic equation 

(5) 

In the case of a singIe exciton level this equation can be solved exactly, and we have 
the precise expression for J&(p) 

Q*(P) = W(P) + W(P) r (E(P) - dP)12 + 4g(P)2)1’2)Y (6) 

where E(p) is the energy of this unique exciton and g@) is the effective constant of 
the transition between this exciton and the photon o(p). 
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The operators C,(p) and C,(p)+ are the annihilation and creation operators for the 
polariton in the branch characterized by the index (Y. From the expression (2) of 
C,(p), we obtain the polariton-polariton scattering amplitude in the form 

M alusas.,(P1 9 Pz 9 P3 9 P4) = 2 
"i>O 

qPl> qP2) qP3) (yP,> . ~","z,,(Pl 9 P2 9 P3 9 P.41, 

(7) 

where u;$pJ, vi > 0, are determined by Eqs. (3) and Tylv,v,v,@l , p2 , pa, pk) are the 
matrix elements of the elementary processes (I)-(VI), which will be studied in detail 
below. 

3. PHOTON-PHOTON SCATTERING 

Now we begin to calculate the matrix elements of the elementary interaction proces- 
ses involving directly photons (with indices vi = 0) and excitons (with indices vi 2 1) 
First we consider the photon-photon scattering (process (VI)): 

r+r-+r+r. 

The corresponding Feynman diagrams are represented in Fig. 1. For simplicity we 
use the abbreviated notations (w(p,), pJ = 1, (w@3, pZ) = 2,..., etc.; R(-I, 2,3,4), 
e.g., will denote the function obtained from R(l,2, 3, 4) by the substitutions p1 --+ 
-pl, w(p,) + --w(-pJ while the other variables being unchanged. It can be shown 
that the matrix element of process (VI) has the form 

Toooo(L 2, 394) = S(l, 2, 3,4) + W, 2,4, 3) + S(2, 1, 3,4) + S(2, 1,4, 3), (8) 

bs(l, 2,3,4) = R(l, 2,3,4) -+ R(1, -3, -2,4) + R(1, -3,4, -2) 

+ R(-3, 1, 4, -2) + I?(-3, 1, -2,4) 

+ R(-3, -4, -1, -2), (9) 

R(l, 2,3,4) = X(1,2, 3,4) + Y(1,2,3,4) + Z(1, 2,3,4). (10) 

where the Feynman diagrams corresponding to the matrix elements X(1,2, 3,4), 
Y(l, 2,3,4) and 2(1,2,3,4) are given in Figs. la, b and c, respectively. Introduce the 
notations: 

c(p)-the unit polarization vector of the photon 

8,,-the matrix element of the allowed electromagnetic transition between 
the conduction and valence bands. 

9 00 = <c 1 --iv Iv) 
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b 

C 

FIG. I. Feynman diagrams of process (VI). Wavy line: photon, solid line: electron, dashed line: 
hole, double line consisting a solid line and a dashed one: exciton. 

F,(r)-hydrogen-like wave functions of the relative motion of the electron-hole 
pair in the quantum state with the index V, 

J,(p)-the Fourier transforms of F,(r). 

tn,* and mz-the effective masses of the electron and the hole in the corresponding 
energy band 

E,,--the background dielectric constant, 

V-the volume of the crystal, 

e-the charge of the electron, 

m-the mass of the free electron. 

With these notations the coupling constant g”(p) in formula (1) equals 



154 NGUYEN BA AN ET AL. 

We can prove that the matrix elements X, Y, 2 are determined by the following 
formulae: 

w 32,394) 

=cccj-dq “1 “a “a 
&,(Pl) CAPe 9 PI ; 4> T”,,(PS 9 P4 ; fd* &(P4) 

. bJ@l) - JqP,mJ(PJ + dPz> - J%,(qm(P4) - &,(P4)1’ 

m, 2,394) 

b%(PJ CI”AP2 9 Pl ; P3 9 P4) &(P4> 
= ;“F kJ(PJ - qPIm(P4) - &(P4)1 ’ 

(13) 

(14) 

g”,(P,) rvwadP2 9 PI ; Ql 9 aa) ~“4”Sva(P3 9 Pe ; e 9 q2)* sY”4CP4) 
b(Pl> - JqPI)Ib(PI) + dPz> - E”,(%) - ~“3(%mw@;) - qP4)l ’ (15) 

C,,(% Pl ; PJ 

1 = --. 
VI/2 (2,0ue(q))l~2 &q + PI - P2> * 5(d 

. =%“,@PBp, 9 I3P2) 
I m,* 

+ @z;,,@Pl 9 Pl - ‘yP2) 
1 m,* ’ 

P(crl) * scq21* 
= $ * ;I, * (w(ql) u(q2))1,2 * %q1 + PI - q2 - P2) 

C,“,,(% Pl ; P2 9 PA 

- I &q~ G”pz”a(l3~1, PI - a~2 2 6~3 &q + ~1 - ~2 - PEJ 

- w2 F,(o)* ~,“Nl - P2> XP, - P,>t 7 

of9 

(17) 

W 
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where K,,y,(~, Q), LIYah n> and G1VeY3b1 , pz , ~2) denote the integrals 

Z,,,(P, q) = & * I 
dk.L,@ - p)f;,(k - q)* k (19) 

L,,(P, Q) = & * I 
dk.L,(k - p).L,(k - q)*, (20) 

C&P~ 7 ~2 , ~3 = & . 1 dkf,,(k - W&W - pJ*J;,(k - PX)*. (21) 

In the Eqs. (14)~(16) the notation XV. means the sums over discrete indices and the 
integrals over the continuous ones. It*& easy to verify that the formulae (13)-(21) 
determine the most general photon-photon scattering amplitude in the semiconductor, 
when the Coulomb interaction of the electron and the hole in the intermediate state 
is also taken into account. In special cases they reduce to the results obtained in many 
earlier works [ 19-231. 

4. EXCITON-EXCITON SCATTERING 

Now we study the exciton-exciton scattering (process (I)) as the consequence of the 
electromagnetic interaction between the electrons and the holes. The corresponding 
Feynman diagrams are given in Fig. 2. Its matrix element can be written in the form 
(Vi 3 I) 

7‘ L11y~"3y4(~> 2, 3, 4) = ~"1"*"3"4(1' 2, 3, 4) + S"lYa"44(1' 2. 4, 3) 

-k JlyzyI"pp(2~ 1, 3, 4) +- &,1",,(2, 1, 4, 3), (22) 

S Y1%w(1' 2, 3, 4) = i Vv’~~,“,“,(l, 2, 3, 4), (23) 
i=l 

b 
FIG. 2. Feynman diagrams of process (1). Zigzag line: electromagnetic interaction 
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(25) 

The integrals IVlV2(p1 , p2) are determined by Eq. (20) while for the integrals LYIVeYIVC 

(PI 9 p2 , ~3 , ~4 ; q) and ~V,V2ysV,@~ , PZ , p3 . ~4 ; s) we have following definitions 

L v,v&p~ 9 ~2 > ~3 7 ~4 ; d = vnb jdk J~P 

..L(P - PI)M~ - ~2)f,,(p - ps)*fYG - PS)* , 
lb-p+ q12 

(31) 

N ?vaysv4(p1 9 ~2 > ~3 3 ~4 ; q) = & j-dk Idp 

.MP - PI).&(P - P~)&(P - p,)*LD - PA* _ 

lk-p+q12 

c32) 

For convenience we have introduced into Eqs. (27)-(32) the parameter p which is the 
radius of the exciton 

(33) 

Since the wave functionsj;(p) are orthogonal and normalized, the integral Zvl,z(pl , p2) 

has the following property 

Z&P, P) = %IY* * 

Using this condition we can prove that in the limit pj = 0; j = 1,2, 3,4, we have 

(34) 

We conclude that at small values of the exciton momenta pr the contribution of the 
Coulomb interaction between the charge carriers consisting of different excitons 
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(diagrams in Fig. 2a) to the scattering amplitude is negligible in comparison with that 
of the exchange interaction (diagrams in Fig. 2b). We note that a similar result was 
obtained in the paper by Buttner [5], in which some diagrams (but not all diagrams) 
take into account the exchange interaction. 

5. EXCITON-PHOTON INTERACTION PROCESSES 

The interaction processes involving directly both photons and excitons in the 
initial and final states can be considered in a similar manner. For example, the matrix 
element of the process (IIb) and the complex conjugate of that of the process (Ila) 
equal 

T “,“,“,OO, 2, 3, 4) = ~“IY2”Su, 2, 3, 4) +- R”,“,“$2? 1, 3, 4h (35) 

. GVIY+@Pl 1 Pl - np, 1 Bps)* stp, ~*- p:! - p3 - q), (36) 

where the function GVIVavg@l, p2, p3) is determined by Eq. (21). The Feynman dia- 
gram of this process is given in Fig. 3. We observe again, by looking at this diagram. 
the important role of the exchange interaction. 

For the photon-exciton scattering process (Ill) we have the following matrix 

element 

Tovzovp(~, 2, 3, 4) = R,,,U, 2, 3, 4) + R&3, 2, -1, 4), 

Rv,v,U> 2, 3, 4) = Xv,,,U, 2, 3, 4) + YvJ’, 2, 3, 4) -t zv?yI(l. 2, 3, 4), 

x”z”,(l, 2, 3-4) = c J-4 r”dPl 9 P2 ; 9) rvd”(P3 9 P4 ; 9)” 

W(Pl) + -qP2) - ‘T(q) ’ 

Y”,“,(l? 29 3, 4) = cz”4(l 2 2; 3, 4), 

(37) 

(38) 

(39) 

(40) 

z”~“~‘l’ 2’ 3’ 4, = c c Idq fdqt ’ o(p,) + E (p ) _ E(q) - Ev,(q’) 

(41 ) 

Y Y’ “2 2 Y 

where the vertices ~v2y@1 3 pz ; Q), rv,va(~l , p2 ; pa , p4) and ~,,,CP, , p2 ; q, q’) are 
determined by Eqs. (16x21). The Feynman diagrams corresponding to the matrix 
elements XySy,(l, 2, 3,4), YyzyI(l, 2, 3, 4) and Zyyyp(l, 2, 3, 4) are represented in Figs. 
4a, b, and c, respectively. 



158 

FIG. 3. 
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I --*-----+---- 

Feynman diagram of process (IIb). 

FIG. 4. Feynman diagrams of process (III). 

The two-exciton recombination process (IVb) and the exciton pair creation process 
(IVa) have complex conjugate matrix elements. The latter is decribed by the Feynman 
diagram in Fig. 5. Its amplitude equals 

~ooy~“p(l, 2, 394) = R”,“,(L 2,3,4) + R,“,cL 13 394) 

+ R”,“,(l 3 294, 3) + &,“,(Z 194, 31, (42) 

R”,&, 2, 334) = c 
&(Pl) ~“dP2 > Pl ; P3 7 P4) 

” 4Pl) - UP,) ’ 
(43) 

where r,,,@, , p1 ; p3 , p4) is given by Eqs. (18) and (21). 
Finally, for the matrix element of the process (Va) and the complex conjugate of 

that of the process (Vb) we have the following expressions 

T000”,(1,2, 3,4) = S&9 2, 3,4) + X,(2, 1, 3,419 (44) 

S,,<l, 2, 3,4) = R,(l, 2, 374) + R,,(l, -3, -274) + R,(-33,2, -1, 41, (45) 

R,(L 2, 324) = XvJ, 2, 3,4) + K4(l, 2, 324) + Zv,(l, 2, 3,417 (46) 
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FIG. 5. Feynman diagram of process (IVa). 

a 
a 

-J-v-J w-w --4--m 

159 

b 

FIG. 6. Feynman diagrams of process (Vb). 

where Xyq(l, 2, 3,4), Yyq(l, 2, 3,4) and Z,*(l, 2, 3,4) are the matrix elements of the 
Feynman diagrams in Figs. 6a, b, and c, respectively. 

X”q(l> 2,3,4) = cc pq &,(Pl) r”I”*(P, > Pl ; (I) r”o”a(P3 3 P4 ; q)* 
MPI) - -qPJIkJJ(PI) + W(Pz) - K,(dl ’ (471 

1’1 “n 

Y&, 29 354) = c &(P,) rW(P2 7 Pl ; P3 , PA 

Y W(Pl) - UP,) ’ 

&U, 2, 394) = c c c idq Jdq’ 
“I VP % 

(48) 

_ GAPI) ~“WZ”S(P~ 3 Pl ; 9, 4’) ~“P”Z”3(P3 > P4 ; q, q’)* 

MPl) - qP1mw + 4PJ - K,(q) - K,(q’)l . (49) 

595/131/I-11 
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The vertices Clvah , pz ; ~3, C&l , p2 ; p3 , pd and CIv,,(Pl , p2 ; p3 , PJ in these 
formulae are determined by Eqs. (16)-(21). 

6. COMPARISON OF THE CONTRIBUTIONS FROM DIFFERENT SCATTERING MECHANISMS 

In this concluding section we apply the above results to calculate the polariton- 
polariton scattering cross section near the resonance in the crystal CdS. We use the 
following values of the parameters [24]: 

* me = 0.2 m, rnt = 0.65 m, Eg = 2.58 eV 

Eg = 10, I PC” I - = 4.95 x 10-S. 
m 

Here Eg is the band gap. 
For simplicity we use the approximation with a single undamped dispersionless 

exciton level. The energy of exciton is taken to be 

E = E,,(O) = 2.55 eV. 

The effective photon-exciton transition coupling constant is derived from Eq. (12) 
and equals 

g = g,,(O) = 51.85 meV 

From this values of the constant g we obtain for the longitudinal-transverse spliting 
energy 

E =@%2lmeV 1t E * f 

while the experimental data give 2 meV [13]. 
We consider in details the special kinematic configuration of the scattering process 

in which the momenta satisfy the conditions 

PI + P2 = P3 + P4 = 0, 

Pl I Ps 9 P = I Pl I = I P3 I 9 

while the polariton energies are smaller than that of the exciton in the ground state 

Qm, G &s(O). 

In this particular case we have only the transition between the polaritons in the same 
lowest branch, and we can omit the branch indices 01~ . The scattering cross section at 
the given kinematics equals 

(50) 
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where v(p) is the group velocity of the polariton at the momentum p. From the above 
expressions for the scattering amplitude it is easy to check that the product VA4 
(pl , pz , p3 , p4) does not depend on the volume V of the crystal. We shall take P’ = 1, 
substite M(p, , pz , p3, p4) for VM(p, , pz , p3, p4), and denote by M” the contribution 
of the scattering mechanism involving directly n excitons in the initial and final states 
all together: 

n = O-the contribution from the mechanism without external excitons (process (VI)). 

n == I-the contribution from the mechanism with one initial or final exciton (two 
processes: (Va) and (Vb)). 

n = 2-the contribution from the mechanism involving two external excitons (three 
processes: (III), (IVa) and (IVb)). 

n = 3-the contribution from the processes (Ha) and (Ilb). 

n = 4-the exciton-exciton scattering mechanism. 

In Fig. 7 we represent the squared values of the contributions from different scat- 
tering mechanisms to the scattering amplitude as the functions of the ratio 

J-2 KZ-- 
E 

u-29 

10-33 

. 

iO‘3f 

I r 
0.9? 0.98 0.99 1 r, 

FIG. 7. Squared values of the contributions from different scattering mechanisms to the scattering 
amplitude (curves with the indices n = 0, 1, 2, 3, 4) and squared value of their sum (curve B-this 
work, curve A-Anderson [17]). 
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at the polariton energies below the ground-state level of the exciton. For comparison 
we plot in the same figure the squared sum of all contributions M” (curve B) and also 
the same quantity calculated in the crude approximation by Anderson (curve A). We 

remark that due to the cancelation between the contributions from different scat- 
tering mechanisms there exists an antiresonance at the value of fc near I. 

The numerical calculation was done by the computers of the Laboratory of Com- 
puter Technique and Automatization of the Joint Institute for Nuclear Research, 
Dubna, USSR. 

In conclusion we note that throughout this work we have ignored the interaction 
between the excitons. It is well known that due to this interaction two excitons can 
exist in their bound state-the biexciton or the excitonic molecule. The biexciton 
effect in the polariton-polariton scattering will be investigated in a subsequent work. 
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