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Abstract

Simple but precise expressions of exciton dipolar interaction are derived as a function of lattice constants and orientations
of transition dipole moment and wavevector. Angle-dependent dimensional crossovers are studied in the long wavelength
limit. A brief discussion is also given on optical responses associated with the crossover effect.

1. Introduction

Modern techniques of crystal growth have made
available high quality low dimensional quantum struc-
tures of inorganic materials, such as semiconductor
quantum wells, wires and dots. Any dimensional crys-
tals of J-aggregates of dyes have been successfully
grown by using the Langmuir-Blodgett method [1].
Molecular crystalline-like thin films and multilayers
have recently been prepared [2,3] and investigations
on such organic systems have just started (see, e.g.,
Refs. [4-7]). Phenomena at the interface between or-
ganic and inorganic quantum wells have also become
a topic of research [8]. Unlike inorganic heterostruc-
tures, the organic molecular crystals, which are held
together by weak van der Waals forces, may have large
differences in the lattice constants in three dimen-
sions. This allows one to prepare organic heterostruc-
tures of distinct dimension by choosing suitable lat-
tice constant ratios. For example, depending upon the
relative lattice constants, a bulk network of [Pblg]*~
octahedra may be treated as zero-dimensional (0D)
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(e.g., (CH3NH;3)4Pblg - 2H,0), two-dimensional
(2D) ((C,H2,+1NH3),PbXy; X =1, Br, Cl) or three-
dimensional (3D) (e.g., (CH3;NH;3)Pbl;) systems.
In synthesizing molecular crystals, one may have a
family of structures with different lattice constants
in three dimensions, which will cause a dimensional
crossover effect within the same family. Moreover,
dimensional crossovers are subject to the polariza-
tion configuration. Therefore, a study of direction-
dependent dimensional change as a function of lattice
constant ratio proves to be of real necessity and gains
its own interest in many aspects. Optical responses
of organic networks are governed by Frenkel exci-
tons which propagate from one molecule to others
by dipole-dipole interaction. Excitonic structures
and their optical responses are almost determined by
this dipole-dipole interaction. In the present Letter,
the dimensional effect and dimensional crossover of
Frenkel excitons are studied in the long wavelength
limit in connection with its significance in specific
physical applications. We also briefly discuss the
effects of the dimensional crossover on optical re-
sponses. These crossover effects of dipole-dipole
interaction concern not only Frenkel excitons but also
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magnons in magnetic systems and optical phonons of
lattice vibrations.

2. Dipolar interaction

Consider an organic structure of the Bravais type
with basic lattice vectors a;, a; and a3, which are
along the x, y and z axis, respectively (generalization
to the case of nonorthogonal lattices is tedious but
straightforward). The exciton dipolar interaction in
this structure is given in the form

D*(k;a1,a2,@3) = Y pattp Dap(kar,az, a3),

ap
a, B =1(x),2(y),3(z), (D
s 2mik-r 3r,
Dap=3)_ *;;3—<5aﬂ - rr2rﬁ>' )

{n:}

Here r = n1a; + may + n3as, ro = nad,. The prime
excludes the term with {n;} = 0 and k is the exciton
propagation wavevector. We restrict ourselves to the
electronic transition within a lattice cell from its s-like
state to a triply degenerate p-like excited state. Then
the point-like transition dipole moment g consists of
three independent vectors u” (P =1, 11, IIT). Evalua-
tion of the dipole lattice sums is an old [9-15] but still
attractive [16] problem. These sums converge very
slowly and commonly accepted procedures [9,10,12]
use generalized theta functions and their transforma-
tion properties to convert them into progessively con-
verging series. These procedures involve cumbrous ex-
pressions and break down for the case of k = 0. Direct
computation gives D,g(0;a,a,a) = 0. Yet, in fact,
the behavior in the long wavelength limit k — 0 is
very sensitive to the way the limit is approached [11].
In general, for arbitrary lattice constants ay, az and a3
the result depends not only on the angle between p”
and k but also on their own orientations with respect
to the crystal axes. For the purpose of studying the
dimensional crossover effect we present a simple but
rigorous method for the evaluation of the dipolar in-
teraction which displays all the above-mentioned de-
pendences explicitly. No ambiguity arises regarding
the long wavelength limit since the way k — 0 is pre-
cisely accounted for via the necessary angle depen-
dence. Our method is highly suitable for the compu-

tation, gives the result to any degree of accuracy and
can be extended beyond the dipolar interaction to cal-
culate various types of forces between molecules in
organic networks.

We make the following decomposition,

> = Z+ZZ+ZZ (3)

{ni} m ny mn

which comprises three kinds of contribution corre-
sponding to the three terms in the r.h.s. of Eq. (3).
The first contribution is only due to the dipoles along
the chain of the x axis. The second one accounts for
the interaction in the (x, y) plane except for the one
among the dipoles in the x axis. The last contribution
gives the result due to the remaining interaction in the
whole lattice. The decomposition (3) thus means that
we sum chain by chain for the plane, and plane by
plane for the lattice. For a3 >> ai, az only the two first
contributions survive, which is the 2D case if a; =
ay, while for a, a3 > a; the only remaining con-
tribution, the first one, yields the 1D limit. For arbi-
trary ay, az, as we have the dependence on the lattice-
constants’ ratios, which shows crossover from one to
another dimension. The first contribution in Eq. (3)
can exactly be evaluated without any difficulty. For the
second and the third ones, we use the Fourier trans-
forms to cast them into equivalent sums over the cor-
responding lattice vectors in the reciprocal space and
then resort to the Parseval formula. It is worth notic-
ing that the method of Fourier transforms was also
developed in Ref. [15] to calculate lattice multipole
sums for local field, polarization energy, ..., in per-
fect as well as in imperfect molecular crystals. Now
let p” = (||, ,0), k= (k,¢'.0'),y2 = az/a and
¥3 = a3 /a1, where ¢ (¢') is the angle between the x
axis and the component of u” (k) projected on the
(x,y) plane and 6 (6’) that between p” (k) and the
7z axis. We have obtained the most general result [17]
for any possible parameters, whose particular case of
the long wavelength limit reduces to

P—pr = |’L I (A(y ) cos? qbsm 0
aj

+ B(y,) sin® ¢sin’0 + C(y2,v3) cos? 6

4ar 4rr
+ ——cos’ D+ —~Q(72,73)> (4)
Y2Y3 Y
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where
A(y2) = —4£(3) + 32721 (y,), (5)
27 1
B(y2) = 26(3) — 327 (yy) — 22 167
')’2 Y2
(6)
22 167
C R =2£(3 —_— + —J
(v2,73) = 2¢( )+3y% + 0
12772 4qr
¥3) — —, (7)
Y2 Y2Y3

with £(3) = 73 /25.7944 the Riemann zeta function
of order three, and

o0

Iy) = Y nlkoQmymm), (8)
m=1,m=1
> n
Iy = Y ZKQmyamm), (9)
ni=1,m=1 2

Q(y2,73) = Zl nit /v
mm €XP(27y3/nd +nd/¥3) — 1

(10)

In Eq. (4) @ is the angle between u” and k, ie.,

@ = arccos[cos 0 cos 8" + sinfsin§’ cos(p — ¢')].
(11)

Several remarks are in order. (i) The only quantities
to be numerically computed are the 7, J and Q de-
fined by Egs. (8) to (10). These, thanks to the pres-
ence of the modified Bessel functions of the second
kind X, and the exponent, converge very quickly with
any wanted accuracy. The obtained dependences on
the relevant parameters of the system are very sim-
ple analytically as seen from Eqs. (4)-(11). (ii) The
plane-wise scheme of summation of the third contri-
bution in Eq. (3) follows that of Refs. [13,14], where,
however, only the situation of # = ' = 0 was consid-
ered, which is a partricular case of ours. For the two
other contributions in Eq. (3), Refs. [13,14] intro-
duced (also only for 8 = ¢’ = 0) an artificial auxil-
iary converging factor by means of gamma and incom-
plete gamma functions, whereas we deal with these
two contributions separately. The first one is directly
summed up yielding the exact result in terms of the

Riemann zeta function {(3), while for the second one
we sum it chain by chain. Our chain-wise scheme of
summation in the reference plane is new and natural.
Note that the contribution of the interaction in the ref-
erence plane is predominant over that between the ref-
erence plane and other planes. The latter contribution
falls off very fast as the separation from the reference
plane increases. (iii) For lattice constants different
from each other, the result exhibits strong dependence
on the orientation of both u* and k. It is known that
when a; = a; = a3 = a only the angle & between u’
and k plays a role. This physical fact is easily followed
from our formulae. Indeed, for a; = a, = a3 =a,ie.,
Y2 =7v3 =1, we have I(1) =9.2266 x 1074, J(1) =
9.8951 x 10~*and Q(1,1) = 8.3087 x 10~ -3 yielding
A(1) = B(1) = C(1,1) = —4.5168. Hence, in Eq.
(4) all the angle dependences disappear except for
the &- dependence and we have @’ D* /|u?|? = 8.3776
(ie., 377') for @ = 0 and —4.1888 (i.e., ——7r) for
D= 27r which are the well-recognized results for 3D
cubic molecular lattices [ 18]. For the 2D limit, when
az > a = a; = a, only the §-dependence remains
and we have @D /|uf|> = A(1) = —4.5168 for 0 =
37 and @®DP /|pP|? = C(1,00) = —~A(1) - B(1) =
9 0336 for 8 = 0. These values are in excellent agree-
ment with those calculated in Ref. [19]. The 1D limit
result (a = a1 < ay, a3) is simply a>D/|uf|? =
—4{(3) = —4.8082 and 2{(3) = 2.4041 for u®
pointing along and perpendicularly to the x axis, re-
spectively. The exact values obtained for the 1D, 2D
and 3D limits certify the correctness of our formulae.
(iv) The most important point is that our formulae,
besides being simple in form, contain all the desired
dependences explicitly. The v,- and y3-dependence
will provide us with dimensional crossover diagrams,
which via the angle dependences are very sensitive to
concrete polarization configurations even in the long
wavelength limit.

3. 1D-3D crossover

Depending on a photo-exciting beam the exciton
wavevector k may have any orientation, though its ab-
solute value is small. The pathological behavior near
k =0 is associated with the k-orientation in the limit
k — 0. It was thought that the dipolar interaction
undergoes a discontinuity at k = 0 [11]. Such a dis-
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continuity is, however, caused by an abrupt change of
direction of k (one often changes the k-direction by
%77' and observes the so-called longitudinal-transverse
(L-T) splitting). In fact, if the angle dependences
are described properly, as in our formulae, the phys-
ical properties change continuously as a function
of the orientation of both u” and k as well as of
a,, a; and a3. We will show this by studying the
angle-dependent dimensional crossover effect. For
the 1D-3D crossover, we set a, = a3 and vary the
ratio s = a1 /ay = a1/az in such away that 0 < s < L.
To have a closer look at the orientation dependence
we consider three situations: when k lies on (i) the
(x,y) plane, (ii) the (x,z) plane and (iii) the (y,2)
plane. For case (i), k= (k— 0,¢', 1ar), we choose
gk (e, p' = (|p],¢ = ¢ 3m), p!' || 7 axis
and p'! 1 (u!, u™). Throughout this work, for sim-
plicity, we assume |u!| = || = || = u but we
can derive the effects for the case of different |p”|
by adjusting their magnitudes and the origin of split-
off levels due to other interactions. 1D-3D crossover
diagrams are represented in Fig. 1 as a function of s
for several values of ¢. For ¢ = 0, from a viewpoint of
symmetry, mode II and mode III are equivalent (here
the term mode P is used as shorthand for the normal-
ized dipolar interaction u?D” /a}): they cross over
from 1D to 3D in the same manner. When the orien-
tation of k changes, mode II is unaffected, but mode
1 and mode III are influenced differently due to their
polarization configurations and due to the difference
in the lattice constants that they feel. Except for ¢ =
%77, we encounter intersections between the modes
for 0 < s < 1. Such degeneracies originate from
the dimensional crossover effect and should strongly
govern the optical response of the system concerned,
i.e., the system which is neither of strict 1D nor 3D
character. The continuous modification of the behav-
ior of the modes in accordance with the change of
direction of k is visual from Fig. 2 where we plot the
modes as a function of ¢ for different fixed values of
s. Fig. 2a with s =0 (ie., a2, a3 > a1) corresponds
to the 1D limit. Relative to the x axis, mode I and
mode III exchange their behavior when ¢ varies from
0 to 7. For the 3D limit (s = 1, i.e., a1 =a; = @),
Fig. 2c illustrates what was said in Section 2. There
is no ¢-dependence and the modes are determined
by the angle @: mode I is 3D longitudinal, whereas

SCALED DIPOLAR INTERACTION

-5

Fig. 1. Crossover between 1D and 3D of the scaled dipolar inter-
action u?DP /a} (P =1, 11 and 1l correspond to solid, dashed
and dash-dotted curves, respectively; this style of identifying the
curves is used for all the figures in this work) for case (i) when
the lattice constant ratio s = a;/az = a1/a3 changes from 0 to 1
and (a) ¢ = 0: mode Il and mode III are coincident, (b) ¢ = éw,

(¢) ¢ =147 (d) p=3mand (¢) = im.
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Fig. 2. Continuous modification of the modes in Fig. 1 when the
direction of k in the (x, y) plane changes: ¢ changes from 0 to
%77- and the lattice constant ratio is fixed to (a) s =0, (b) s=0.5
and (c) s = 1: mode Il and mode III are coincident.
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2D 3D
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SCALED DIPOLAR INTERACTIONS
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Fig. 3. 2D-3D crossover for case (i). No angle dependence. Here
s=ay /a3 = ax/as.

mode II and mode III are identical and behave as 3D
transverse ones. Fig. 2b represents the case of s = 0.5.

For case (ii), k = (k — 0,0,0’), we choose p! || k
(ie, u'= (|p1],0,6 =6")), " || y axis and "' L
(!, ). Due to the symmetry of the configurations
under study, the 1D-3D crossover diagrams in this

case for@ =0, %w, “;n', %ﬂ' and %17 coincide with those

incase (i) for ¢ = L, 2, 1o, L7 and 0, respectively.

When k lies on the (y,z) plane, k¥ = (k —
0, %, 6"), wechoose p' || k (ie., p' = (||, Lo, 0 =
0')), p™ || x axis and p! L (g, u™). Then, the
crossover diagram is independent of the orientation
of k in the (y, z) plane and it looks exactly like that
in case (i) for ¢ = %fnr and that in case (ii) for 8 =0
as is expected.

4. 2D-3D crossover

We now set a; = ay and define s by 5 = a;/a3 =
az/as. For s =0 (ie, a3 > a; = ay) we have the 2D
limit while the 3D limit is reached when s = 1 (i.e.,
a; = ay = as). For s varying from 0 to 1 the network
crosses over from 2D to 3D. Case (i) withk = (k —
0,d, %77') displays no (¢ = ¢')-dependence because
a| = az and the corresponding 2D-3D crossover dia-
gram is depicted in Fig. 3. Relative to the (x, y) plane,
in the 2D limit, mode I and mode III are the in-plane
modes but mode II is the perpendicular-to-the-plane

SCALED DIPOLAR INTERACTION

Fig. 4. Angle-dependent 2D-3D crossover as a function of
s =ay/a3 = az/as for case (ii) (and case (iii) with the modified
labelling of the modes as compared to that in Section 3, see text).
(a) 6 =0: mode II and mode III are coincident, (b) € = %77, (c)
0 =147 (d) 6=3mand (e) 6= jm.

mode. That is why for s = 0 mode I and mode III are
degenerate but mode II is split off. When s increases
to 1, the network becomes of 3D character, mode I
becomes a longitudinal mode in the 3D limit, whereas
mode II and mode III become transverse ones. That
explains why mode I and mode II intersect during
crossing over from 2D to 3D. This modes’ intersec-
tion is again due to the dimensional crossover effect
and should bring about certain consequences in the
optical response of the network with unequal lattice
constants.

For case (ii) the polarization configuration is cho-
sen similar to that in Section 3. Nevertheless, for case
(iii) here we choose g! || &, ' || x axis (not gl
as in Section 3) and " L (g!, u!'). Then, the 6-
dependent 2D-3D crossover diagrams for case (ii)
and case (iii) are the same that are drawn in Fig. 4.
Note that Figs. 4e and 3 are physically identical be-
sides exchange of modes II and III by definition.
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1D 2D

SCALED DIPOLAR INTERACTION
|
; cmui o )

Fig. 5. Angle-dependent 1D-2D crossover as a function of
s = ajfaz in the (x,y) plane for (a) ¢ =0, (b) ¢ = %77, (c)
¢= %‘n: mode I and mode III are coincident, (d) ¢ = %77-: mode
I (mode 1I) behaves like mode Il (mode I) when ¢ = gl"ﬂ', and

(e) ¢ = %77: mode I (mode III) behaves like mode III (mode 1)
when ¢ = 0.

5. 1D-2D crossover

When as > aj,a; the propagation of the exciton
along the direction perpendicular to the (x, y) planeis
negligible. Furthermore, in the long wavelength limit
the dipolar interaction in the (x,y) plane is not sen-
sitive to the way k — 0. In this limit it depends only
on the orientation of the vectors u”. This property
is justified from our Eq. (4), which for a3 > a1,a;
simplifies to

P_ " 2 129 o2
D" = 7 [A(y2)(cos” ¢psin” @ — cos“ 8)
1
+ B(y2) (sin* ¢sin® @ — cos? 0)]. (12)

If we choose p! = (|}, . 37) || k, u" || 2z axis
and p™ L (ul, u'"), then only the ¢-dependence re-
mains. In Fig. 5 we plot the 1D-2D crossover as a
function of s = 1/, = a;/ay for different values of
¢. Due to its orientation, which is perpendicular to the
2D plane, mode 1II crosses over from 1D to 2D inde-

pendent of ¢. Since both u! and ™! lie on the (x, y)
plane and for ¢ = iﬂ' they have the same orientation
relative to the x direction, mode I and mode III are
identical in crossing over from 1D to 2D (see Fig. 5c
for ¢ = La). Further, these two modes, mode I and
mode III, exchange their behavior under the situation
when ¢ = ¢ and ¢ = %W—(ﬁo (o any angle): com-
pare, e.g., Fig. 5a with Fig. Se and Fig. 5b with Fig.
5d.

6. Discussion and conclusion

We have worked out analytical formulae for the
evaluation of the exciton dipolar interaction in an or-
ganic network of any dimension. Our formulae use no
approximations and are very useful for the numeri-
cal computation. Also, they could serve as a possible
guide towards producing a material of desired dimen-
sion and properties. All dependences on the orienta-
tion of u” and k as well as on arbitrary lattice con-
stants a;, a; and a3 are taken into account explicitly.
This allows us not only to calculate the dipolar inter-
action for a given set of the parameters but also to
study the angle-dependent dimensional crossover ef-
fect. As shown in the text, there is no ambiguity in
the evaluation regarding the way k — 0 even in the
long wavelength limit: the result is a continuous func-
tion of all the parameters involved. To the best of our
knowledge, such convenient expressions have not been
available though the dipolar interaction was evaluated
by many authors. Note that decomposition (3) is not
unique. We made it just for the purpose of studying
the dimensional crossover effect with the x axis and
the (x,y) plane as the reference direction and refer-
ence plane. With other wanted reference directions and
planes, alternative decompositions can be done by an
appropriate permutation among n;, 7y and n3 in (3).
However, not all decompositions are reasonable. Since
the interaction decreases against distance, the recipe
is that for a, < ag < ay (a, 8,7y are 1,2 or 3, but not
equal to each other) the appropriate decomposition
must be as Z/{ni} = E:u, + E:z,; En,, + Z;., Zn,,nﬂ‘
In this sense, decomposition (3) and our formulae are
applicable to the case of a; < a2 < a3, for which the
studied dimensional crossovers are meaningful.

We now briefly discuss the expected consequences
related to the optical response of the organic network.
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The lattice constants of organic networks are of the or-
der of 1 A and several tens of A, which is much shorter
than the wavelength A of the relevant radiation field
(A is several thousands of A). Therefore, one is able
to observe the crossover effect by optical responses
of the network. Note also that the electronic transition
dipole moments are always 3D vectors although the
excitation propagation may be limited to a reduced di-
mension. As a matter of fact, the optical response is
much governed by the level splitting and degeneracy
at and near k& = 0. For strict 1D (a) < a3, a3), 2D
(a1 = a; € a3) and 3D (a; = a; = as) the exci-
ton wavevector along the x axis, in the (x,y) plane
and in the bulk, respectively, is a good quantum num-
ber. Then one can speak of the single longitudinal and
doubly degenerate transverse modes and there arises
the well-known L-T splitting in the long wavelength
limit. In 3D materials only the T mode is optically ac-
tive and the radiation is almost totally reflected in the
frequency region between the L mode and the T mode.
In 1D and 2D materials the reflection spectra are more
complicated because both the T mode and the L mode
can be coupled to the light and we have mixed modes
of the coupled light-matter system. In general, things
change qualitatively when we deal with organic net-
works with different lattice constants in the three di-
rections. As illustrated in the figures, the level split-
ting is too sensitive to both the lattice constant ratios
and the orientation of u” and k. Take, for instance,
Figs. 1a and le. The corresponding 1D-3D crossover
is completely distinct for ¢ = 0 and ¢ = %77-. In Fig.
1a (le) the network crosses over with (without) an
intersection between modes when 0 < s < 1. In Fig.
la at s = 59 =~ 0.615 the three modes suffer an in-
teresting degeneracy due to the dimensional crossover
effect resulting in no level splitting as it is for s # s¢.
In Fig. le, on the other hand, the three modes are al-
ways split off for 0 < s < 1, whereas in the 1D (3D)
limit mode II is degenerate with mode I (mode III).
Similar features also happen in Fig. 3, Figs. 4d, 4e,
Figs. 4b, 4c and also Fig. 2. Furthermore, under the
same angle, mode intersections occur only at certain
values of the lattice constant ratio (see Figs. 1a-1d,
Fig. 3 and Figs. 4d, 4e). In view of all this, networks
with even slightly unequal lattice constants may have
quite different level splittings and thus response to the
light in quite different manners. Calculation of opti-
cal properties of different types of organic networks

with direction dependences adequately taken into ac-
count is therefore a hard task. However, we could ex-
pect the partial transparency due to the mixed modes
for frequencies between the L and T modes of 1D
systems, e.g., at s = 0 in Fig. 1a and the singular-
ity enhanced reflections around these two frequencies
at s = 0. These two singularities collapse into a sin-
gle one around s = so and the total reflection would
be recovered for s = 1, i.e., a 3D system. Since we
have obtained the most general result [17], we know
also the exciton dispersion in any strict dimension as
well as in the case when the network cannot be said
to be of a certain strict dimension because of the dif-
ference in its lattice constants. We do hope that with
the help of such general formulae with all the nec-
essary dependences being included explicitly, we will
be able to investigate in the near future the optical re-
sponse of various organic networks under some con-
crete pump, propagation and polarization configura-
tions which are realizable experimentally. Level split-
tings could be tailor-made for a possible practical ap-
plication by changing the lattice constants and adjust-
ing the experimental configuration.
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