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Abstract. In the excitonic polariton picture light squeezing is studied as a function of the
exciton—eXciton interaction. The influence of the photon frequency detuning, the initial
photon intensity and exciton density as well as the magnitude of beth the exciton—exciton
and exciton—photon interactions on the squeezing process of light are investigated in
detail.

1. Introduction

Among various non-classical effects, the squeezing phenomenon seems to be the most

interesting one [1,2] which is not limited only to quantum optics but has been
exnanded to manv other areas such as elementarv narticle nh\rcmc anantum field
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theory and condensed matter physics. In the last few years terminology such as soliton
squeezing [3], polariton squeezing [4], phonon squeezing [5], exciton squeezing [6],
biexciton squeezing [7], etc has begun to appear in the literature. Concerning the
mechanisms of producing squeezed states of light, it has been shown [8] that an
intense laser beam can squeeze itself by means of its interaction with the so-called
Kerr-type medium via an interaction Hamiltonian o« y®b*%6* (where y© is the
third-order susceptibility of the medium and b, b* denote the photon operators). A
more general model has been suggested in [9] in which higher-order non-linearities
were considered by using an interaction Hamiltonian o ¥~ "b**p*(x=3 or 4).
Recently, the authors of [10] have studied the roles of different simultaneously
present higher-order susceptibilities, i.c. they have investigated an interaction
Hamiltonian of the form o Z_, y® Yb**b*. Nevertheless, interaction Hamiltonians
of the above-mentioned forms are in fact valid only in the adiabatic limit when the
frequency of light is far from the energy level of the quasiparticle in the medium (the
units used throughout are A=c=1). In this limit the medium just plays a passive role
with only virtual optical transitions involved. Due to the non-resonant nature, higher-
order susceptibilities are often very small and therefore, for possible observation of
the squeezing effect, the light intensity must be sufficiently high which may cause
damage of the sample or prevent the quantum-mechanical description of light. In the
other limit, when the frequency of light is resonant or nearly resonant with one of the
energy levels of a specific quasiparticle in the medium, light is able to create real
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quasiparticles which in turn can radiatively recombine emitting again photons and so
on. That is, we have a strong mutual coupling between the light and the quasiparticle,
Then the finite-order susceptibility formalism which is by its nature based on
perturbation theory will no longer be applicable. Furthermore, a dense system of
interacting quasiparticles in highly excited media should cause a non-linearity and thus
make the problem a genuine many-body one.

In the present paper, for definiteness, we shall consider a single-mode light field
propagating through a highly excited semiconductor modelled as an interacting one-
level excition. Thus we have to account for both the exciton—photon and exciton—
exciton interactions which are respectively labelled by g and f. The system total
Hamiltonian can be formulated as follows:

H=Ea*a+twb™b+gla*b+b*a)+fa*a*aa (1)

where a and a* are the operators of the one-level exciton of energy E. Note that (1)
has been used in [11] for the study of the collapse and revival effect of light in a
Kerr-type medium. In the case of f=0 there is a periodic exchange of statistical
properties between excitons and photons [6]. However, squeezing can occur if and
only if the exciton—photon system initially possesses some degree of squeezing [6], i.e.
squeezing in the output light is impossible when the input light is, e.g., coherent, We
are here applying the polariton theory to show that squeezing in the output light
becomes possible for non-squeezed inputs if the exciton-exciton interaction is taken
into account (f#0).

2. Output light squeezing degree

Suppose an input light enters a semiconductor at z =0 and leaves it at z # 0 (z serves as
the semiconductor width which is controllable). The semiconductor is considered as
an excited one in a generalized sense, i.¢. it can by one or another means initiaily
possess a finite exciton density. The semiconductor initial state then may be the
coherent ground state [12] with renormalized exciton levels or the usual ground state
with no excitons present. To measure the squeezing degree of the output light we
introduce two Hermitian z-dependent operators X(z) and P(z), called quadrature
Operators:

X(z)=13[b"(2) +b(2)] P(z)=1i[b*(z) - b(z)). 2)

As is well known, the output light will be squeezed if either of the normally ordered
quadrature variances (:(AX(z))%:) or (:(AP(z})%:) becomes negative. Since z is related
to ¢ by z=u,t with v, being the group velocity of light in the semiconductor, we can
instead of the z dependence, consider the corresponding ¢ dependence. The r-
dependent normally ordered variance of, e.g., the quadrature X(¢) is defined by:

((AX()):) =[BT (b)) + Re(b*(1)) ~ 2(Reb ()Y ]. (3)

Hence, we need to know the explicit ¢ dependence of the operators b(#) and b* ().
Unfortunately, for the model Hamiltonian given by (1) an exact analytical solution is
not possible. In the next section we will go to the polariton representation and try to
derive closed analytical expressions for the variance (3) within an approximation.
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3. Polariton representation

Before coming in and after going out the semiconductor light and excitons are
independent. However, inside the semiconductor the light is coupled to the exciton
leading to a renormalization of their energy spectra. By Bogolubov transformations

a,=u,b+uv,a ay =u,bt+uv,at (4)

with v=1, 2 and real functions

_ 1 _ 8u,
“Thtgi@ BT e, E ®)
where
Q=HE+o—-(-1)[(E-w)y+4g°]"} (6)

one can diagonalize the quadratic part of (1) into the two-branch polariton operators
a,, a; and transmit its last term into that describing the interaction between the
polaritons. Namely, Hamiltonian (1) is now

H=2 Q,,a,*aﬁ—fz V0,000, @ Qg N
v vk

with », ¢, & and £=1 or 2. Note that the multiple sum over v, u, £, £ in (7) contains
two kinds of terms. To the first kind belong four terms which are proportional to
afaiaa;, afadan,, afaiaa,, a;ada.a, and do not oscillate. They are referred to
as resonant terms. All the remaining terms belong to the second kind. We call them
non-resonant terms in the sense that they oscillate with non-zero frequencies that are
not smaller than 2g. In the following we shall resort to the so-called secular
approximation which allows us to neglect all terms of second kind and thus we shall be
left only with the resonant terms:

H—H=Q,ala,+@Qaia+fiaiaf aa,+ifoalafasa, +ifpel el asa,

+ fr07 ad aa, (8)
where f;; = fot, fiz=fx =2fvivi and f, = foi. Note that the Hamiltonian (8) resembles
the one in [13] describing two modes of light coupled to each other via lossless non-

‘linear media. From (8} we can set up the Heisenberg equations of motion for the
operators «,(¢) and a,(f). Since the numbers of polaritons of each branch are constants

of motion (within the secular approximation), the Heisenberg equations can be easily
solved yielding explicit -dependent solutions:

a(6) = exp{—i[Q, +2f, @, (0)a,(0) + fas (0}, (0]}, (0) 9
ay (1) =a; (0) expfi[Q,+2f%, a) (Ma, (0) + f.a;(0)a,(0)]} (10)

where u# v,
The explicit ¢ dependence (9) and (10) and the following transformations (which
are inverse with respect to (4))

a= Z v, at =2 v,ar b=2 u,a, b* =2 o (11)

allow one to calculate the photon quadrature variance (3) in the polariton represen-
tation. Anticipate that at =0 both the exciton and the photon are in their coherent
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states characterized respectively by complex numbers m, and m,, i.e. the initial state
of the system reads

|ma3 mb>=Da(ma)Db(mb)|OsO> (12)

where D (m,} and D,(m,) are the well known displacement operators with respect to
the exciton and the photon:

DAm.)=exp(—%|m|*) exp(+mc*) exp(—m*c) (13)

with c=a or b. When m,# 0 one has the coherent ground state of the semiconductor
[12] and m,=0 corresponds to the usual semiconductor vacuum. The averaging
denoted by (. . .) in (3) must in principle be carried out at a moment ¢>( when light
leaves the semiconductor. Fortunately, as seen from (9} and (10), operators a,(),
a,(f) and via (11) and (4) also a(r), b(s) are fully determined by their behaviours at
t=0. Then, in fact, we have

(- )=(0,01D} (m,)Di (m,) . . . Dm,)Dy(m,)]0, 0) (14)
ot in terms of displacement operators of the polariton
(. . 2=A0, 0| Dy (uym, ) D3, (um, YD (010, ) D (0,m,)
.- Daz(v2ma)Dal(vlma)Daz(uZmb )Dal(ulmb)lox 0). (15)

(The vacuum is of course the same in both (a, b) and (a;, a;) representations.)
Further, with the aid of (11) we can transform the rHs of (3} into the polariton
representation as follows

¢(AX(D):) = uil(e] (Day(f) + Re(@i()) — 2(Re(a(1))’]
+3ud[(as (Do) + Re(ai(0) — 2(Re{a))’]
+ wy[Relaf (Daz () + Rela,(Ha(t)) — 2Rela, (f)Rela ()] (16)

Now, utilizing some properties of displacement operators such as (¢, arbitrary bosonic
operator; 4, arbitrary real number; a, 8, y, 4, arbitrary complex numbers):

DiayeD(a)=c+a (17)

DXa)"Dfa)=ct +a* (18)

e D (a) e * =D (ac?) (19)

G(a; B)={0|1D; () D B)|0) = exp[—Fla ~ BI +iIm(a*h)] (20)
G(a, By, 8)={0|D{a)D! (B)DAy)DPA8)|0) =exp[—|a+B—y — |

+ilm(a*y +a*0 + By + 540 + B0+ Bra+ %)) 1)

We can analytically derive expressions for various averaged values of operators a,, a;
and their products that enter (16). Namely, they are¢ of the forms

{ai (Da (1) = |oym, + wmyPA(oim,, wimy, 2(fi— f1)0A(vam,, wom,, (fo— )0 (22)
(a,(0) = e N (wym, + umy YA (vim,, g, 2fut)A(v2m,, uymy, fiat). (23)
{ad(D)) = e Ty m, + upmy Y A(0 11, Wiy, 4 0)A (v, My, 2 f) (24)
(a3 (Naa()) = |vam, + uam,PA(vam, usmy, 2(fr— F2)DA(0im,, wmy, (f2—f3,)1) (25)
{a:(0)) = 72 (vym, + Uy, YA (Uan,, Wymy, 2 [t} A(0ym,, iy, fol) (26)
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(a3(0)) =7 0om, + wym, Y A(0am,, uaty, Afut) A0y, wimy, 2fut) 27)
(af (Na (1)) = e oym + wmt ) (vm, + uymy)

X A(vig, wimy, (fi = 21D A(0m,, oy, (2fn ~f1)1) (28)
(a;(R)ayt)y =e ko, m, + uym, ) (0, + uym,)

X A0y, Wiy, (fir + 20 A(van,, uny, (2fn + fiz)t) (29)
where

Alx, y, 1) =G(xe", ye™, y, x). (30)

Taking the real parts of (23), (24) and (26) to (29) then substituting them into (16) we
shall get for the normally ordered quadrature variance (:(AX(#))%:) a lengthy (but
quite easy to handle numerically) analytical formula which will be illustrated graphi-
cally in the next section.

4. Graphical illustration

To demonstrate whether light squeezing is possible we shall in this section graphically
iliustrate our formuiae derived anaiytically in the previous section. We shail use
concrete material and initial state parameters E, w, g, f, m, and m,. Typically, for
semiconductors E®g>f. For example, CdS has E=2550 meV, g=51.85meV and
f=5.4meV,ie. g/E=0.02 and f/E=0.002. We shall therefore perform the numerical
calculation for g/ E (f/ E) ranging between 0.001 (0) and 0.1 (0.002). In figure 1 we plot
(:(AX(9)y:) (written on the graphs as X-quadrature variance) against E¢ (written on
the graphs as scaled time) for the perfect resonance case (w=FE) and g/E=0.02,
fIE=0.002. Two interesting points could be remarked: (i} from (22) to (29) it is
evident that m,(m,) always goes together with v,(u,). As can be checked easily from

Y I T

2.e6
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SCALED TIME
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Figure 1. The normally ordered X-quadrature variance of the photon plotted against the
scaled time Et for w/E=1, g/E=0.02, fIE=0.002, m,+m,=2, 6, 10, 16 and 21
corresponding to increasing antipeaks’ depth.
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Figure 2. The same as in figure 1 but m,=m,=10.5 and w/E vaties. Corresponding 1o
increasing antipeaks’ depth we have w/E=10.9, 0.95, 0.97, 0.99 and 1.

(5) and (6), the coefficients u,, v, as functions of w/E vary distinctly in general.
However, at w=E all they become coincident and equal to V1/2. So, for w=E we
can put u=u,=u;=v,= v, and pull out & as a common multiplier in the formulae
(22)-(29). Then these formulae will depend only on the sum of (m,+ m;) but not on
either of them separately. That is why figure 1 is plotted for different values of
m=m,+m,; (ii) the larger the initial exciton (m,) or/and photon (m,) numbers the
deeper the antipeaks, i.e. the higher the degree of obtainable squeezing of light.
Figure 2 represents the same relationship as in figure 1 but with regard to the
dependence on detuning. m, and m, are fixed equal to 10.5. The best squeezing (the
deepest antipeak) is observed when w=E. If one is leaving the perfect resonance
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Figure 3. The same as in figure 1 but m, =, = 10 and f/E=0 (horizontal line), 0.0005
(long-broken curve), 0.001 (full curve) and 0.002 (short-broken curve).
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Figure 4. The same as in figure 1 but m,=m,=10, w/E=095, g/E=0.001 (nearly

horizontal line}, 0.01 (long-broken curve), 0.03 (full curve with shallower antipeak), 0.05
(short-broken curve) and 0.1 (full curve with deeper antipeak).

region the squeezing decreases rapidly. For e/E=0.9 the squeezing almost disap-
pears. For w/E<0.9 the squeezing turns out to be negligible. Further, to assess the
role of the exciton—exciton interaction we change the parameter f/E while keeping
m,=m,=10, g/ E=0.02. For f=10 we get a straightforward horizontal line showing as
expected that no squeezing can occur. Namely, if in (1) f= 0 then, as shown in [6], no
output squeezing happen for coherent input. For f+0, however, the output squeezing
becomes possible even for coherent input and the squeezing manifests itself as more
pronounced for larger f (see figure 3). Finally, we pay attention to the exciton—photon
interaction g. Of course, g plays a very important role, too. g connects the photon with
the exciton making the polariton picture meaningful. However, the influence of g on
the light squeezing degree is almost quenched in the case of perfect resonance
(@ = E). This can be understood from the following argument. Mathematically, g just
enters the expressions of ,, v, and Q,. When w = E, as already mentioned above, u,
and v, are g independent. Then g may affect light squeezing only through Q, . Since at
o = E the polariton energies Q,=E - (—1)’g and g < E, one can then ignore the role
of g. On the other side, for w<E the coefficients u, and », become strongly g
dependent and thus light squeezing might be heavily influenced by g. This can be seen
from figure 4 where w/E is taken to be equal to 0.95. We see that larger values of g
favour light squeezing.

5. Conclusion

We have analytically derived a closed expression for X-quadrature variance of
photons in the interacting exciton—photon system. Figures graphed from the expres-
sion have itlustrated that squeezing of output light is possible for a coherent input light
it both g and f differ from zero. To detect the output light with a large degree of
squeezing one may adjust the input light intensity and prepare beforehand a finite
concentration of excitions as well as control the length of the semicondcutor slab
through which the light passes. Concerning the semiconductor length suitable for
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observing a good squeezing degree two points are in order. First, the evolution of the
X-quadrature variance is in general a quasi-periodic function of time. Thus there is a
‘discrete spectrum’ of the values of semiconductor length corresponding to deep
antipeaks of the X-quadrature variance, i.e. to good squeezing. Second, the shortest
length (thinnest width) must correspond to the first deep antipeak which as seen from
the figures occurs at about Et, (scaled time)=2.5. In the case of E=w the polariton
group velocity is v, = 1/2Ve with & being the semiconductor static dielectric constant.
If one takes E=2.5¢V and £=9, the shortest semiconductor length z, is then defined
by z,=tjv,=3x10"°cm which is of the size of a semiconductor quantum well.
Finally, as compared with the mechanisms treated in [8-10], in our case a good degree
of squeezing is already obtainable when the number of the initial input photons is of
the order of 10 (whereas in a Kerr-type medium [10] the input photon number must be

as large as 10° (102 or 10"} to expect the squeezing effects connected with ™ (5 or
(1Y)
A I
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