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e
2-SLE

A multiple 2-SLE,, (x € (0,8)) is a pair of random curves (7;,72) in a
simply connected domain D connecting two pairs of boundary points
(a1, b1; ag, by) such that conditioning on any curve, the other is a
chordal SLE, curve in a complement domain. If x € (0,4], n; and
are disjoint; if k € (4,8), 71 and 72 may or may not intersect.

A 2-SLE arises naturally as interacting flow lines in imaginary
geometry, as scaling limit of some lattice model with alternating
boundary conditions, and as two exploration curves of a CLE.

It is known that a 2-SLE,, exists for any x € (0,8) and any admissible
connection pattern (D;aj <> by, as <> by), and its law is unique.
Moreover, the marginal law of either n; or 7 is that of an hSLE,, i.e.,
hypergeometric SLE, with the other pair of points as force points.



TWO-CURVE GREEN’S FUNCTION

A two-curve Green’s function for a 2-SLE,: (n1,72) at zo € D is the
limit

lim r~“P[dist(z0,n;) < 7,5 = 1,2]

40
for some suitable a. We need to find the correct exponent «, prove the
convergence of the limit, and find the explicit formula for the limit.

We can ask the similar question for a point z; € 9D \ {a1, b1, a2, b2}
assuming that 9D is smooth near z.



WORKS ON ONE-CURVE GREEN’S FUNCTION

e Lawler, '09: conformal radius version of Green’s function for

chordal SLE.

o Lawler-Rezaei, ’15: Euclidean distance Green’s function for
chordal SLE.

e Lawler, '15: boundary point Green’s function for chordal SLE.
o Alberts-Kozdron-Lawler, ’12: Green’s function for radial SLE.
o Lenells-Viklund, ’17: Green’s function for SLE,(p) and hSLE.

o Lawler-Werness, ’13: two-point Green’s function for chordal SLE.

@ Rezaei-Zhan, ’16: multi-point Green’s function for chordal SLE.

o Mackey-Zhan, ’17: multi-point estimate for radial SLE.



MAIN RESULTS
Throughout, we fix k € (0,8). Sometimes we require that x € (4,8). A
constant depends only on . Define two exponents:
(12— k)(k+4)
B 8k ’
The «p appeared in the work [Miller-Wu|, where 2 — ay was shown to
be the Hausdorff dimension of the double points of SLE,, for x € (4, 8).

- %(12 k).

Let F be the hypergeometric function oF}(«, 8;7,-) with a = %,

B=1-2y=2 defined by

H’
where (a)p =1 and («), = a(a +1)---(a+n—1)if n > 1. The series
has radius 1. With these particular parameters «, 3,7, F' extends

continuously to x = 1, and is positive on [0, 1]. Such F was used to
define hSLE,.



INTERIOR POINT GREEN’S FUNCTION

Let D be a simply connected domain with four distinct boundary
points (prime ends): aj, b1, as, bs such that b; and be do not lie on the
same connected component of 9D \ {a1,as}. Define G%;al’bl;%bz on D
by the following. If D =D = {|z| < 1} and z9 = 0, then

AT

8 _
GDeay brian sy (0) =(lar — bilaz — ba|) =" (Jar — az||by — ba|)

lar — ba|laz — by|\ 1
XF( ) .
la1 — az|[b1 — b2

In general, if f maps D conformally onto D and takes zy to 0, then

GDiabrsazbe (70) = I (20) | G, fay). (b1 ): (a2 ) (0)-



MAIN THEOREMS

THEOREM

Let (n1,m2) be a 2-SLE,, with connection pattern (D;aq <> by, as <> ba).
There exist constants Cy, By > 0 such that for any zg € D, with
R := dist(z9,0D),

]P[diSt(Z()? 77j) <rjg=1 2] = TQOCOGOD;LI1,b1;a2,b2 (’ZO)(l + O(T/R)BO)

This implies that

P[dist(20,7;) <7,j=1,2] < <%>a0'

If k € (4,8), then there is a constant C{y > 0 such that

P[dist(z0,m Nn2) < 7] = rO‘OC(’)G%;ahbl;azbe (2)(1 + O(r/R)™).




BouNDARY POINT GREEN’S FUNCTION

Define another function G}). ay.br:an.b, 01 the analytic part of
0D \ {a1,b1,az2,bs} by the following. If D =H = {Imz > 0}, 2, =0
and aq,by,a9,by € R\ {0}, then
1 8_1 4
Gy brsasb2 (0) =(la1 — brflag — ba[) =" (la1 — az|[by — ba|)=

_b — byl -1
X |a1b1a2b2 1_% (’al 2||CL2 1‘)
la1 — az||by — b2

In general, if f maps D conformally onto H and takes z; to 0, then

GlD;a1,b1;a2,b2 (z1) = |f,(zl)|a1Gﬂl'ﬁ;f(al)7f(bl);f(a2)af(b2)(O)'



THEOREM

There exist constants Cy,CY, 1 > 0 such that if D = H,
z1 € R\ {a1,b1,a2,b2}, then with R := dist(z1, {a1, b1, az2,b2}),

P[dist(z1,n;) <7,j=1,2] = rO‘lClGHI_H;al’bl;%bQ(zl)(l + O(T/R)ﬁl);
if k € (4,8), then
Pldist(z1,m N12) < 1] = 19O} G, by sanin (1) (1 + O(r/R)).

For a general D and an analytic point z; € 0D \ {a1,b1,as,bs}, we have

lim rialp[diSt('zlvnj) <rj= 172] = ClGlD;zn,ln;az,bz (21);

rl0
and when k € (4,8),

lrlﬁ)l T_alp[diSt(zb m N 772) < ’I”] = C{GlD;al,blgag,bg (zl)




N
CoMMUTING HSLES

We focus on the interior case, and suppose D =D and zg = 0. Because
of the reversibility of SLE,, we may assume that 7; grows from a; to
bj, 7 = 1,2. If n; disconnects 0 from b; at some time T}, then it will not
get closer to 0 after T};. So it suffices to consider the portions of n; and
12 before separating 0 from b; and b. We may parametrize these
portions of 71 and 7 using radial parametrization (viewed from 0).
Then they become two radial Loewner curves such that

e 71 is an hSLE, in D from a; to b; with force points as and be; and
12 is likewise.

e 11 and 7y commute with each other in the sense that if 7 is a
stopping time for 72 that happens before 75, then conditional on
772|[07T2}, 71 up to hitting 72[0, 72] is an hSLE, from a; to by in a
complement domain of 72[0, 72| in D with force points 72(72) and
ba; and 1 is likewise.



COMMUTING RADIAL SLE(2,2,2)

There are other pairs of random curves in D starting from a; and ao
that satisfy similar commutation relations. One of them is the
commuting pair of radial SLE(2,2,2) curves. More specifically, there
is a pair (11, 72) such that
e 7 is a radial SLE,(2,2,2) curve in D from ay to 0 with force
points b1, ag, be; and 1 is likewise.
o If 7 is a stopping time for 7, then conditional on 7o -], 71 is a
radial SLE,(2,2,2) curve from a; to 0 in a complement domain of
n2[0, 2] in D with force points n2(72), a1, b1; and 79 is likewise.
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4-SLE

These 11 and 72 both end at 0 and do not intersect with each other at
other points. Given (1, 72), if we further draw chordal SLE,; curves v,
and 2 in two complement domains of 1y Uns in D from by and bo,
respectively, to 0, then (n1,72,71,72) form a 4-SLE,; with connection
pattern (D;a; — 0,b; — 0,j = 1,2): if we condition on any three of
them, the remaining curve is a chordal SLE,; curve. It can be
understood as a 2-SLE, with connection pattern (D;ay <> by, as <> b2)
conditioned on the event that both curves pass through 0.



COMPARING LLAWS

Let P, denote the joint law of the radial Loewner driving functions of a
2-SLE,; with connection pattern (D;a; — b1, a2 — ba). Let Py denote
the joint law of the radial Loewner driving functions of the curves
starting from a; and as of a 4-SLE, with connection pattern

(D;a; — 0,b; = 0,7 = 1,2). Using Girsanov Theorem and some study
of two-time-parameter martingales, we can conclude that Py is locally
absolutely continuous w.r.t. P4, and derive the local Radon-Nikodym
derivatives.



TWO-PARAMETER FILTRATION

Here is the setup. Let ¥ = Jy.r<,, C([0,T),R). For f € ¥, let T
denote its lifetime, which may be finite or infinite. For each ¢ > 0, let

Fri=c({feX:Tr>s,f(s) e A} : 0< s <t, A e B(R)).

Then we get a filtration (F¢)¢>0. We mainly work on the space Y2, and
understand that Py and P4 are probability measures on 2.

The first and second coordinates of 32 respectively generate filtrations
(FH)i>0 and (F?2);>0. Let Q = [0,00)? be the first quadrant with partial
order: t = (t1,t2) < s = (s1,s2) if t1 < s1 and t3 < s9. Then we get an
Q-indexed filtration (F¢)ieq by Fisy.1p) = F7, V F4,. An (Fy)-stopping
time is a function T : ¥? — Q such that {T <t} € F;, Vt € Q.
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RADON-NIKODYM DERIVATIVE

Let R denote the set of (¢1,t2) € Q such that ¢; is less than the lifetime
of nj, j = 1,2, and m [0, t1] N n2[0, 2] = . We have Pg-a.s. R = Q but
Py-a.s. R ; Q. For (t1,t2) € R, let D(t1,t2) denote the connected
component of D\ (71[0,t1] Un2(0,t2]) that contains 0. It has four
boundary points: 7;(t1), b1, n2(t2), b2 in the cw or ccw order.

LEMMA
Let My_,o(t1,t2) = GD(tl,tz);m(tl),blmz(tz),bz (0)_1 for (ti,t2) € R. Then
for any (F;)-stopping time T,

dPo|Fr N{T € R}  Myo(T)

dP4|FrN{T € R}  My2(0)"

In particular,

Py [I € :R] = Eq [M4—>2 (I)] = GD;al,bl;az,b2 (0)




We will apply the lemma to some suitable stopping times. One natural
choice is T =T" := (17,17), where T} is the first time (in the radial
parametrization) that n; reaches the disc {|z| < r}. Then the event
that dist(z1,7n;) <r, j = 1,2, agrees with the event that 7" € R.
However, it is not easy to compute E4[My_,2(T")]. We know almost
nothing about 77} except that —log(r) > T} > —log(4r). We will
consider different stopping times instead.

Following Lawler’s approach on the Green’s function for chordal SLE,
we will first use conformal radius instead of Euclidean distance. One
obstacle here is that the conformal radius of D\ (11[0,¢1] U n2[0, t2])
viewed from 0 is comparable to min{dist(0,71[0,¢1]), dist(0, n2[0, t2]),
not to max{dist(0, [0, t1]), dist(0, 72[0, t2]). The latter quantity is
what we are really interested in. The way that we overcome this is to
let 71 and 7y grow simultaneously (but with random speeds).



SIMULTANEOUS GROWTH

We now assume that by and by are opposite points in D viewed from 0,

i.e., by + by = 0. This assumption is not critical because if it is not the

case, we may always grow n; or 79 for some small piece and map the

remaining domain back to the unit disc such that the images of b; and

by are opposite points on the circle. With the assumption, there exists

a unique continuous and strictly increasing function

u = (u1,uz) : [0,7%) — R with the properties that u(0) = 0, and for

any 0 <t < T,

(I) by and by are conformal opposite points in D(u(t), ua(t)) viewed
from 0.

(I1) The conformal radius of D(u1(t),us(t)) viewed from 0 is e~".

Moreover, the curve u can not be extended to 7" with (I) and (II).



SIMULTANEOUS GROWTH
At any time ¢ € [0,T"), from Koebe’s 1/4 Theorem, we get

min{dist (0, 71[0, u1 (t)]), dist (0, 72[0, ua(¢)])} < e *.

By Beurling’s estimate, dist(0,71[0, u1(t)]) =< dist(0, 72[0, u2(t)]). So
max{dist (0, 71[0, u1 (t)]), dist (0, 12[0, ua(¢)])} < e *.

This means Py[dist(z1,7;) < r,j =1,2] < Po[T" > —log(r)].

Extend u to [0, 00) such that u(t) = limype w(t) if ¢ > T*. It turns out
that for any ¢t > 0, u(t) is an (J¢)-stopping time. Then

Po[T" > —log(r)] = Pofu(—log(r)) € R]

=Ey [M4H2(Q(* IOg(T)))] * G]D);al,bl;az,bz (0)

In order to compute E4[My_,2(u(t))], we will work on a system of SDEs.
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We now assume that (11,72) are commuting radial SLE,(2,2,2) curves
so that the joint law of their driving functions is P4. For each

(t1,t2) € R, let g, +,) be the conformal map from D(t1,t2) to D, which
fixes 0 and satisfies gEtLtQ)(O) > 0. Let m(tq,t2) = log(gztl,tQ)(O)). Let

aj(t1,t2) = Gity,15) (M (t5)) and bj(t1, t2) = gay,10)(b5), 7 = 1,2.

We may find continuous real valued functions W7, Vi, Wo, Vo on R such
that a; = Wi and /b\j = ¢Vi. By symmetry, we may assume that

Wi > Vi > Wy > Vo> W, — 2. Let cota(x) denote the function
cot(x/2). Because of the covering radial Loewner equation, we find
that V1 and V5 satisfy differential equations:

O, Vi, = Oy mxcota(Vy, — W),  j, k€ {1,2}.



N
ODE FoOR VJ“

We will focus on the values of W; and Vj, j = 1,2, along the curve u,
and write X" (¢t) for X (u1(t),us(t)). By Assumption (ii) we know that
m"(t) =t. So
Oy 1 [y (g * U (£) + O m [yyp) * up(t) = 1.
We have ODEs for V}*, j =1,2:
2

at‘/]u(t) — Z atk m |y(t) * 'U/gg(t) * COtQ(‘/ju — W]g)
k=1

Because of Assumption (i) we have V* — V3* = m. So 0;V* = 0;V3*. Let
Z; =W; —V; €(0,2m), j =1,2. We then solve

sin(Z}')
 sin(ZY) +sin(Z2¢)’
We write P; for the RHS. Note that P + P = 1.

Otj m|g(t) * U;(t) j = 1,2.



N
SDE FOR WJ’-“

The SDEs for W}* and W3' are more involved. The statement is that
there exist two independent Brownian motions B} (¢) and Bj(t) such
that W{* and W3 satisty

dWj' =/kP;dB} + Ps_j cota(W}' — W' ;)dt

2
+ P [Cotg(W]” W)+ Y cote(W — Vi) dt.
k=1

Here the first drift term comes from the growth of n3_;, and the drift
terms in the second line comes from the drift terms for the radial
SLE.(2,2,2) curve n;. The fact that B} (t) and B¥(t) are independent
follows from the commutation relation between n; and ;.



DI1rFFUSION PROCESS

Then we get SDEs for Z}' and Z3:

o K sin(Z}) IBY 4cos(Z}') — 19
77\ sin(ZY) + sin(Z%) ijsin(Zf)Jrsin(Zg)’ I=as

We have Z3 € (0,7). Let Z{ = (Z} = Z§)/2. Then Z{ € (0,7) and
Z" € (—m/2,7/2). Define BY(t) such that BY(0) =0 and

sin(Z}") sin(Z%)
dBY = dBY + dBY.
+ \/ sin(ZY) + sin(Z4) ! \/sin(Z}‘) +sin(Zzy) 2

Then BY and B" are both Brownian motions. But they are not
independent. Instead, d(BY, B"); = cot(ZY}) tan(Z")dt.




DI1rFFUSION PROCESS

We get the following SDEs for ZY and Z:
u \/E u u
azy = TdB+ + 2cot(ZY )dt;

dz" = Vde“ — 2tan(Z"“)dt.

After linearly scaling the time and space, we can make Z% and Z“ into
two radial Bessel processes, whose marginal transition density are
known. Our task is to derive the joint transition density of them.



DI1rFFUSION PROCESS

Let X =cos(ZY) and Y =sin(Z"). Then X,Y € (—1,1), and satisfy
the SDEs
IX = —‘fx/l ~ X24B — (2 n g)th;
NG u K
dY =+ 1-Y2dB! - (2 n g)Ydt;

d(X,Y) = —ZXYdt.

Since X2 +Y?2 =1 —sin(Z¥)sin(ZY) < 1, we see that (X,Y) € D. We
will derive the transition density for the diffusion process (X,Y).

24 /37



TRANSITION DENSITY

Suppose that the transition density p:((z,y), (z*,y*)) for (X,Y) exists
and is smooth. Then for any fixed (z*,y*) € D and ¢y > 0, the process
My :=p(to —t, (X(t),Y (1)), (z*,y*)), 0 <ty < t, is a martingale, which
implies by Itd’s formula that p.((-,-), (x*, y*)) satisfies the PDE:

where

L= gu — )82 + g(l —y%)02 - gxyazay 2+ g)(xaz +yd,).

We note that if f(x,y) on D is an eigenvector for £ with eigenvalue A,
then e f(z,y) is a solution of (1). We expect that p can be written as
an infinite sum of such functions.



EIGENVECTORS

To derive the eigenvectors of £, first note that for n,m € Z with
n,m >0,

16
L(z"y™) = — g(n +m)(n+m+ ;)x"ym—l-

+ gn(n — Da" %y + gm(m — 1)z"y™ 2
Let A; = —£s(s + 1) < 0. Then £(z"y™) equals Ay * 2"y™ plus a
polynomial of degree less than n + m. Thus, for any n,m > 0, we get a
polynomial P, ,,) expressed as 2"y plus a polynomial of degree less
than n +m such that LP, ) = AtmPn,m). For any fixed n > 0, any
linear combinations of P, _g), 0 < s <mn, is also an eigenvector of £ of
eigenvalue A,.



ORTHOGONAL POLYNOMIALS

Let U(z,y) = (1 — 2% — yQ)%_l, and define the inner product

(. g = / /D £, 9) g, 9) ¥ (2, y)dady.

We find that for any smooth functions f and g on D,

(Lf, 90w =(f,L£g)v.

Thus, if f and g are eigenvectors of £ with different eigenvalues, then
they are orthogonal w.r.t. (-, )y. We may now derive a family of
functions v, ), 0 < n < oo, 0 <7 < n, such that each v, is a linear
combination of P ,,_s), 0 < s <n, and so is an eigenvector of £ with
eigenvalue A\, and all v, 5) form an orthonormal basis w.r.t. (-, -)y.



N
ORTHOGONAL POLYNOMIALS

Using the theory of orthogonal polynomials of several variables, we
may express v(, ) in terms of Jacobi polynomials.

8 _1p—92i )
Unj1 = hn,j,lpj(” R (902 1) cos((n — 24)0), 0 < 2j <,
8 _1p—92i )
Unge = haga Pl (207 < 1) M sin((n - 2§)0), 0<2j<n—1,
(2-1,n-2j) . . . 8 .
where P, "~ are Jacobi polynomials of index (£ — 1,n — 2j),

j
(r,8) is the polar coordinate of (z,y), and hy, j» > 0 are normalization

constants. Using the knowledge on Jacobi polynomials, we find that
the series

Z Z \Il(a:*, y*)v(n,s) (.CC, y)v(n,s) (.’L’*, y*)e)\nt

n=0 s=0

converges for any ¢t > 0, and solves the PDE -0, + £ = 0.
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TRANSITION DENSITY

We now briefly explain why the limit p;((z,y), (z*,y*)) is the transition
density for (X,Y). Let (X,Y) start from (z,y) € D. We need to show
that for any polynomial f of x,y and any t > 0,

ELf(X(1), Y (1)) = / /D F@ 5@, y), (@, y™))dady”
Express the RHS as f(t, (z,y)). It equals

Z<f7 v(n,s)>‘lf * U(n,s) (l‘, y)e)\nt'

n,s

Since there are only finitely many non-zero terms in the series,
f(t,(x,y)) solves the PDE —9; + £ = 0. By Itd’s formula, for any fixed
to >0, My := f(to—t,(X(t),Y(t))), 0 <t <tp,is a bounded
martingale. Since My = f(to, (z,y)) and My, = f(X(t0), Y (t0)), we get
E[f(X(t0),Y (t0))] = f(to, (z,y)), as desired.



INVARIANT DENSITY

Using X = cosa(Z1 + Z3) and Y = siny (2} — Z3), we can then derive
the transition density pf ((21, 22), (2%, 23)) for (Z§, ZY%).

Using the orthogonality of v(, s W.r.t. (-,)w, we know that the leading
term CW(x*,y*) in the series for p.((z,y), (z*,y*)) is an invariant
density for (X,Y). As t grows, the leading term stays constant, and
other terms decay to zero. So the transition density for (X,Y)
approaches the invariant density for (X,Y’) as t — oo despite of the
initial value. After a coordinate change, we get an invariant density

pZ (25, 23) for (Z%, ZY), which is the limit of p7 ((z1, 22), (27, 23)).



CHANGE OF MEASURES
The underlying probability for the above argument is Py. We now
derive corresponding results for P5. Under P, the lifetime 7 for
(Z}, Zy) is a.s. finite. Using the lemma, we get

dPQ‘?ﬂ(t) N {TU > t} _ Mff_ﬁ(t) £>0

dPy|Fyy N{T >t} Mg ,,(0)"  —
We may define G* such that M ,(t) = e"*!G¥(Z¥(t), Z4(t))~L. So
we obtain the transition density {oth for (Z}', Zy) under Ps:

~ * % -« kox G* %1, 22
P (21, 22), (21, 23)) = e *'pf (21, 22), (21’22))C?1LE,ZT,Z§;

This means that, under the law Py, if (Z}', Z¥) starts from (21, 22),
then for any ¢ > 0 and any measurable function f on D,

Ball oo f(20.28)) = [ [ 1t 05 (1,20, (1. 55)) s

In particular, Po[T" > t] = [ [, b7 ((21, 22), (27, 25))d=}d=3.



QUASI-INVARIANT DENSITY

Using pZ (2%, z3) we then derive a quasi-invariant density

o/ T N lpozo(zi‘,z;) u u . u u N
Do (25, 25) = 2 Gt ) for (Z}, Z§) under Py: if (Z}, Z§) has initial
density pZ (2%, z3), then for any t > 0, Po[T" > t] = e~*! and the law
of (Z¥(t), Z¥(t)) conditional on the event T > t is still pZ (2}, 23).
Using the convergence of p? ((21, 22), (27, 23)) to pZ (2}, 23) we get the
convergence of e“'pZ (21, 22), (2}, 23)) to ZGY(21, 22)pZ, (25, 23).

To complete the proof of the theorem, we use Koebe’s distortion
theorem and the technique in [Lawler-Rezaei], which was used to derive
Green’s function in Euclidean distance.



SKETCH PROOF OF THE THEOREM

Suppose r is very small. Choose big 5 > 0 such that r < e™% < 1.
Then dist(z1,n;) <r, j = 1,2, if and only if T" > t( and the images of
m (ui(to + -)) and na(ua(to + -)) under gy, (10)us(to)» denoted by 71 and
72, both visit the region Q := gy, (¢,),us(t0) {12] < 7}).

By Koebe’s distortion theorem, Q ~ {|z| < e!°r}. By DMP for 2-SLE,
m and 7 form a 2-SLE, in D from aj (¢o) to By(to), j =1,2. From the
assumption on (ug,ug), we know that /l;?f(to) and /gg(to) are opposite
points on dD. Because t is big, P[T" > tg] & e~ 0% x G¥(z1, 29) and
the joint law of the arguments of Zi?(to)/?b\?(to), j = 1,2, conditional on
the event T™ > ty is close to the quasi-invariant density. Putting these
ingredients together, we then finish the proof of the theorem.



TWO-CURVE TWO-POINT GREEN’S FUNCTION

We expect some subsequent works after this. Some of them will be
joint with Xin Sun (Columbia University).

One project is to derive the two-curve two-point Green’s function for
2-SLE, i.e., the limit of the rescaled probability that two curves of a
2-SLE both pass through two small discs centered at two different
points. We will follow the approach of [Lawler-Werness] and expect
that the two-point Green’s function can be written as the product of a
one-point Green’s function and the expectation of another one-point
Green’s function in a random domain.



N
MINKOWSKI CONTENT

After that we plan to derive the existence of (2 — ay)-dimensional
Minkowski content of the intersection of two curves of a 2-SLE
following the approach of [Lawler-Rezaei], which may be further used
to prove the following decomposition statement for 2-SLE: the following
two procedure gives the same measure on the triple (1,72, 2):

(1) first sample a 2-SLE (11,72) and then sample a point z on 11 N2
according to the Minkowski content;

(11) first sample z according to the two-curve Green’s function, then
sample a 4-SLE connecting z with the marked boundary points,
and join two pairs of them at z to get (n1,72).

The decomposition may be further used to derive 2-SLE loop measure.
It is expected to be an infinite measure on a pair of loops, which touch
but not cross each other, such that conditional on any loop, the other
loop is a single SLE loop in a complement domain of the first loop.



INTERSECTION OF FLOW LINES

Another long term plan is to derive the one-point, two-point Green’s
function and Minkowski content of the intersection of two flow lines
11, M2. The two flow lines commute with each other in the sense that
conditional on any one curve, the other is an SLE,(p). The force value
p can vary in an interval. When p = 0, we get the 2-SLE,; as a special
case. Another special case gives the cut-point set of a single chordal
SLE, € (4,8). The Hausdorff dimension of ; Nn2 was derived in
[Miller-Wu]. The exponent « will be 2 — dimg (1 N 72).

The existence of Green’s function will improve this estimate in
[Miller-Wu], which has the form of

P[dist(z,m N 1) < ] ~ o),



Thank you!





