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Ising model

@ Simply connected 0 € 2 € C, discretise Qs := QN §(1 + 4)Z>
@ Probability of o : Qs — {£1}: ]P’g(s [o0] o exp [6 D i aiaj}
@ Phase transition: for 5 < ., unique limiting measure as 2 — C
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-
Scaling limit: 6 — 0

e Fix + boundary condition and 8 = . = In(1 + v/2). There is a
scaling regime, i.e. a continuous field theory, that emerges as § — 0:

@ Resulting limit shows conformal invariance:
BeHo16 Interfaces converge to CLE3
HoSm13 Energy density scales E?{SJF [c00(144)5] = % + @5 + 0(9)
CHI15 Spin scales E?{JF [o0] = Crg/8(0)61/8 + o(61/%)
where rq(a) is the conformal radius of a € Q.
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-
Scaling limit: 6 — 0

N ~1/8
CHI15 Ef [og] = Crg/3(0)6Y/8 + o(6/%)
where rq(a) is the conformal radlus of a € Q.

Theorem (Gheissari, Hongler, P., 2017)

=il
HoSm13 Egcé’—'— [61+i5 = % — 000 (1+4)6 ] = —TQT(O)(S + 0(5)

For any finite collection of edges B = {e1,ea,...} in Cy := (1 +1i)Z?,
o Bt [T, €es) = EE ([T €] + P(B)rg ' (0)3 + o(0)

Egy ool ceio] _ B2 [0 e
Ege ™ [oo] EZ¢ [o0]

ci] "+Re[P'(B)d, logra(0)] 6 + 0(0)

where the C1 limits and P, P’ are explicit and independent of ).

Example
]EBC’+ 000 (141)5026 .
Qs IE[;éc»"';O] ] = 2(\@ — 1) + 5\/3 7. d, log T‘Q(O) -0+ 0(5)
5

v
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© Proof of the critical case
@ Ising fermions
@ Discrete complex analysis
@ Proof ingredients

© Near-critical case
@ What survives?
@ Current work
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Proof of the critical case sing fermions

Combinatorial representations

Low-temperature expansion

@ Trace edges between
opposite spins
o 25t =Y, e 20kl

Bi-"_ J—
[ EQ& [UO] =
> e 28wl (,1)#loop50(w)
B+
ZQ(;

® B [0(144)502]
=Py [ed ¢ w]
—Py T [ed € w]

where e := %
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Combinatorial representations

High-temperature expansion

@ Dual model at
tanh(B*) := e~ 28

@ Krammers-Wannier duality
B*.free _ ZB,+
ZQE ree — Z
° Eg; [0a08) =

5. tanh"l g*
/87+
2
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Proof of the critical case sing fermions

Fermion-fermions

@ Define an observable Fo,(d = (a,vz), ) on {corners} U {edges}

O
SRR
LA

S

X

W(¥) = *9TC

LR
KRR

<
ERRRL

H H . Bv+
@ Spin correlation across ed: BT [0(144)5025] X D ores
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Proof of the critical case Ising fermions

Spin-fermions

@ Introduce monodromy at 0:

CiL, 0]

® Fig,0(e0,2) x Y, 6—2Bc|v|€*%W(v)(_1)1{6*5%’}(_1)#loopso(~/)

Eg’+ [000(14-2')5025]
5 -
Eg? [0_0] X che F[Q(;,O] (67 C)
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Proof of the critical case Ising fermions

Core idea: discrete-continuous correspondence

@ Discrete fermions are discrete meromorphic

@ Discrete fermions should converge to their continuous counterparts,
which are typically meromorphic and have characteristic b.c.

@ Define full-plane discrete meromorphic fermions and subtract from
the domain fermions to remove the poles, then take them separately
to limit

@ Once convergence in bulk is obtained, model the continuous picture
with known discrete full-plane functions
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Proof of the critical case Ising fermions

Analogies

(Hongler and Smirnov, 2013) : Fo, (€9, -)
o 5 Fg,(€8,2) » 1/z
e 5 1Fg,(és,-) — fa
fa(z) — 1/z holomorphic in Q, fq € v, 2]R on 0S.

out

fale) = - +751(0) +0(2)
Fq, (€6, z) = Fg, (€6, z) + [Fa, — Fc,] (€9, 2)

V2 1
Eq [004i5026] = -5 W( s+ o(0)
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Proof of the critical case Ising fermions

Analogies

(Chelkak, Hongler, Izyurov, 2015) : fio, 0)(*)
o 0 1Fc,0(2) = 1/vz
e 6712G5(2) = /2
® 67 Fia;0) = fioo:
fia,0(2) — 1/4/z holomorphic in [Q,0], fo € I/;ER on 9[Q,0].

fi00(2) = =+ 24V3+ O(VZ") (A = —70: 1ogr.(0)

F[Q&O](Z) = F[Cé70](z) + QRGAG(S(Z) + <2|m.,4(§5_(z)> + O((S)
E/BCH‘
W — 1+ 2Red-§ + o(6)
Eqo, " loo]
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Proof of the critical case Ising fermions

Analogies

(Gheissari, Hongler, P., 2017) : fq 0)(€9,-)
Continuous limits are simply a real constant times the [CHI15] case, but...

fin(E.2) = 2 +20.AVE+ O(V3)

Fig, 0)(80, 2) = Fic, (80, 2) + Ce |2ReAGs + 2ImAG5 | (2)

+ 20/ [ReAal + |mA(;;] (e) [é; - ég} (2)

+ 0(9)
Egc,-i- [(706 5] Eﬂc,+ [er ]
5 @ Cy € /
= + Re [P'({e})0. logra(0)] 6 + o(9)
Ege™ [oo] Ege* [oo]
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PlEaCa T
. .
S-holomorphicity

@ Fermions satisfy s-holomorphicity away from 0, a:
£z HO+ f() = HDO+ A

N

_
¢

4

e "R

s (& 4(5) = Rl - 7)

Corner phases < e~ zW(

7); Edge-corner relation <= XOR bijection

o Similarly, on a boundary edge eoui: Fo,(€out) € uout_%R
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PlEaCa T
. .
S-holomorphicity

@ S-holomorphic functions are discrete holomorphic on
{R,iR — corners}:

Discrete Cauchy-Riemann:

f(R1) — f(R2) +i(f(I1) — f(I2)) =0

Ry 1,
@ D. holomorphic functions are discrete harmonic on {R — corners}.
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Proof of the critical case Discrete complex analysis

Singularities

@ S-holomorphicity fails at ed, harmonicity fails near 0:

G
Ca e
es +
Cs
Fo, (€6, 1) + Fo, (€5, c3)
_F95 (5(5, 62) — F96 (557 04) = \/?e?ﬂriﬂ

@ Save: zero on any corner on monodromy face
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Proof of the critical case Discrete complex analysis

Integration of the square

@ S-holomorphic functions can be square-integrated on
{faces} U {vertex}:

9°F -+ 2F(E2TEE) VFi) < 1
> W= R [F s

R U -H)=28 M [
AU($) 20, SuiN <o

02 ZAH(V)- ‘) H(eM)

v, “Pm) )jou;{f'w‘ eM)' “)":J V,,? (CM)”
@ The square integral yields boundary-to-bulk estimates
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Proof of the critical case Proof ingredients

Harmonic measure of the slit plane

e ) = / T (s VE ey

0 ~ 27 J_. \1+|sind| V1 — e—2i0

\/Silhm(é_lz) =0, Rey/ %
T
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Proof of the critical case Proof ingredients

Discrete functions

@ On real corners, G5(z) :=
Dnzo (87 (2 — 2nd))o

@ Harmonic conjugate to
imaginary corners,
propagate to rest by
s-holomorphicity

e Gs(2) 920, %

° é(si(z) = 1iGs(z £9)

@ A posteriori

67m'/4G6(67ri/2Z) _

GF (2) + G5 (2)

N =
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Proof of the critical case Proof ingredients

Identification

@ In addition to precompactness, square integral IDs the limit in bulk
Fio,.0(€out) € Voud "R & 8% H(eouws) > 0,85, H(eour) =0

@ Bulk-to-singularity uses Beurling estimate on symmetrised versions
@ n energy densities are given by 2n-point fermions, further broken
down into 2-point fermions by identifying poles and b.c.

Fga (61, €2y ..y egn)
o = Pf[Fo;(€i, €))];
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\EEIS I NEEIN  \What survives?

i : 5 s 5 % "'.L"‘
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LT
Massive s-holomorphicity

@ Take the scaling limit with 5. — 8 = mJd for fixed m.
@ Massive s-holomorphicity:
Fm) = $5[£(S) + F(N)] = 65" [£(B) + FOW)], Isl = 1, 65 == 1

@ Massive s-holomorphicity leads to massive versions of aforementioned
notions, giving analogues of:
0:F = mF (Vekua equation), (A —m?)F = 0 (massive harmonicity)

@ Vekua-Bers theory motivates various generalisations of critical
constructions; (A — m?) generates extinguished Brownian motion

@ Square integral exists, since 9;F? = 2m|F|? € R:

AH(f) > 2m|F|*(f); A°H (v) < 2m|F|*(v)

@ Note that if m <0, A5H(v) < 0, and we have a priori bounds.
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Current work
Current work

Theorem (Hongler and P., 2018)

On Q) with smooth boundary and for m < 0, massive versions of the
fermions in [HoSm13] and [CHI15] converge to their continuous
counterparts in bulk and near monodromy.

In progress:

@ Cardy and Mussardo in 1990 conjectured a perturbed Virasoro
structure on the space of fields in massive Ising QFT

@ Lattice-level Virasoro structure (Hongler, Kytola, Viklund, 2017)
together with multipoint local correlation convergence could provide
discrete building blocks

@ Variable mass case; massive SLE?
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Near-critical case Current work

Thank you for listening!
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