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Content of this talk

© Brief review on determinantal point processes (DPPs)

@ L[l-limit for generalized accumulated spectrograms

@ Circular Unitary Ensemble (CUE)

@ Two DPPs on the 2-dimensional sphere and limit theorems
© An extension to the d-dimensional sphere

@ An extension to compact Riemannian manifolds
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Reproducing kernel Hilbert space (RKHS)

@ Let S be a set and H a Hilbert space of C-valued functions on S.
e H is said to be a reproducing kernel Hilbert space (RKHS) if, for
every y € S, the point evaluation map L, : H =+ C

Ly(f) =f(y) (feH)
is bounded (continuous).

@ Since L, is a bounded linear functional, by Riesz's theorem, we have
Ky, € H such that

Ly(f) = (f, Ky)n-
e K(x,y) = K,(x) is called a reproducing kernel in the sense that

fly)=(f,K(,y)n VFfeH, VyeSs.

Theorem (Moore-Aronszain)

Let K be a Hermitian positive definite kernel K : S x S — C. Then, there
exists a unique Hilbert space Hi of C-valued functions on S for which K
is a reproducing kernel.
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Example: Paley-Wiener space

@ Band limited functions:

={fe LQ(R) : supp?C [—a,a]},

where f(w) = Jg f(x)e™ ™ dx.

a . a
f(w)e"”xdw‘ < \/7||f]|
_a T

sina(x —y)
m(x =)

1
¢
£ < 5
@ Reproducing kernel:
Ki(x,y) = — 0y(x) (a — o0).
o RKHS (PW,, K,) is called the Paley-Wiener space.
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Determinantal point processes (DPPs)

We recall determinantal point processes (DPPs) on S.
@ S: a base space (locally compact Polish space)
@ A(ds): Radon measure on S

@ Conf(S) ={{ =)0 :x € S5,&(K) < oo for all bounded set K}:
the set of Z>p-valued Radon measures

e Hy C L2(S,\): reproducing kernel Hilbert space (RKHS) with kernel
K(,):SxS—C.

Theorem (Determinantal point process with (K, A) or Hk)

There exists a point process £ = £(w) on S, i.e., a Conf(S)-valued random
variable such that the nth correlation function w.r.t. A®" is given by

Pty -+ 5n) = det(K(s1, )7t
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DPP and Gaussian process — RKHS

RKHS

Moore-Ardnszain  Lineanstructure

correlation kernel
Positive definite kernel K — Determinantal point process
covariance kernel

Gaussian process
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Determinantal point processes (DPPs) Il

e Example. (Paley-Wiener Space): S =R, A(dx) = dx and

sina(x —y
K(x.y) = 22 ),
X—=Yy
The RHKS Hg is PW,, then the corresponding DPP is the limiting

CUE (also GUE) eigenvalues process.
Later we will discuss a generalization of this procss.
o Example (Bargmann-Fock space): S = C and A(dz) = 7 te 1" dz
and
K(z,w) = e*".

The RKHS Hg is the Bargmann-Fock space, i.e.,
Hy = {f € [*(C,\) : f is entire}

The DPP in this case is the Ginibre point process.
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Determinantal point processes (DPPs) I

@ Number of points: If K is of rank N, i.e., dim Hyk is N, then the
number of points is N a.s.
@ Density of points w.r.t. A\(dx) and negative correlation:

p1(x) = K(x,x)
pa(x.y) = K(x, x)K(y,y) = |K(x, ) < pr(x)p1(y)
e Gauge invariance: For u: S — U(1), a gauge transformation
K(s,t) — K(s, t) == u(s)K(s, t)u(t)

does not change the law of DPP.
o Scaling property: When S = R? and \(dx) = dx, for a configuration

& =) ;0x, we define
Sc(g) = Z(scx,--

If {(w) is DPP with K, then 5.({(w)) is also DPP with
Ke(x,y) = ¢ /K(c x,cty)
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DPP associated with partial isometry

e We say that W : L2(S1, A1) — L?(S2, \2) is partial isometry if
IWEli2(5,00) = IIflli2(s,,0y)  For all £ € (ker W)t
o Let W: [2(S1,M\1) — L?(S2, \2) and its dual
W* 1 12(S2, X\2) — L%(S1, A1) be partial isometries, or equivalently,
Ki=W'W, Kjz:=WW?" (orthogonal projections)
@ Suppose that both K7 and K> are of locally trace class, i.e.,
PrnK1Ppy, Pa,CoPh, are of trace class

for any bounded set A; C S; (i = 1,2).
@ Then K7 and K3 admit kernel Ki(x,x') and Kx(y,y’), which are
reproducing kernels of (ker W)+ and (ker W*)=, respectively.
e Let =; (i = 1,2) be the DPPs associated with (Kj, \;) (i = 1,2),
respectively.
M.Katori-T.Shirai, Partial Isometry, Duality, and Determinantal Point Processes,
available at https://arxiv.org/abs/1903.04945
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Orthogonal polynomial ensemble

(1) Orthogonal polynomial ensemble.
W L3(R,\) — £3(Zso)
defined by the kernel

(WF)(n) = /R 2n () ()N ()

where {¢s(x)}nez, are orthonormal polynomials for L2(R, \).

KfO,l,...,Nfl}(X y Z QO_] :> DPP =; on R.

Ko () m) — / 2n()$m(x)A(dx) = DPP =, on Zso.

Duality relation: for any m=20,1,...,

P(El([r,oo)) = m> - IP’(EQ({O, 1,...,N—1}) = m)
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Weyl-Heisenberg ensemble

(2) Weyl-Heisenberg ensemble (Abreu-Pereira-Romero-Torquato('17)):

o W: [%(RY) — L?(RY x RY) is the short-time Fourier transform
defined by

Wf(z) = /Rd f(t)g(t — x)e®™¢tdt, z:=(x,£) e RY x RY,

where g is a window function such that [|g||;2(gey = 1.
@ It is easy to see that

WW = lj2(gay, K =WW?*(orthogonal proj. on [2(RY x RY)).

e DPP on R? x RY associated with K is called Weyl-Heisenberg
ensemble.
Example: When d =1, g(t) = 21/4e=7t by identifying R x R with C, we

have

iTtRezlmz
e

S — e (e DV P )
elm Rew Imw

The corresponding Weyvl-Heisenberg ensemble is the Ginibre point process.
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DPP associated with partial isometry

We focus on a generalized framework of Weyl-Heisenberg ensembles.

o Let W: [2(S1,\1) — L?(S2, X2) be an isometry and its dual
W* 1 L2(Sy, X\2) — L2(S1, A1) be a partial isometry, i.e.,
W*W — IL2(517)\1)’
WW?* =: K (orthogonal projection on (ker W*)*
@ Suppose that K5 is of locally trace class, i.e., K, admits a kernel

Ka(y,y").
@ Let =, the DPP on S; associated with (K2, \2).
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Generalized accumulated spectrogram

@ =; is the DPP on S, associated with (K2, A2).
@ For A C S, such that E[=2(A)] < oo, we define the restriction

(K2)A := PaK2Pp  (trace class)
and consider the eigenvalue problem
(Ko)ad™ = MoV (=12,
such that
1> N> N> >0

and d>J(-A) is the normalized eigenfunction for ;LJ(-A).

@ Set Np = [E[=2(A)]] and define a generalized accumulated
spectrogram
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Example 1

Weyl-Heisenberg case (Ginibre case):
@ For AC R xR~ C, we set Ny = [E[=(A)]] and define

Z(WZ)J| Ye 2" (accumulated spectrogram),

where Np = [E[Z(A)]].
@ (Corresponding to Circular law for Ginibre)
Let Dy = {(x,§) e R?2: x> +¢2 <1} C C. As R — o0,
pR]D)l(R') — 1]1))1 in Ll(C),

where Ngp, ~ TR2.

Tomoyuki Shirai  (Kyushu University)
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Example 2

Weyl-Heisenberg case (Ginibre case):

@ For A = star, we have the following figure.

In the talk, | used here the figure 3 in the following paper.

L. D. Abreu, K. Grochenig, and J. L. Romero, On accumulated
spectrograms, Trans. Amer. Math. Soc 368 (2016), 3629-3649.
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L1-limit law of generalized spectrograms

Weyl-Heisenberg case:
e For A C R x RY(~ C), we set Ny = [E[Z2(A)]] and define

on(z) =D [0M(2)2, z=(x.€) e RY xR,

Theorem (Abreu-Grochenig-Romero ('16))

Under a mild condition for A € RY x R?, for Weyl-Heisenberg ensemble
on R xRY, as R — oo,

pR/\(R-) — 1/\ in Ll(Rd X Rd).
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CUE eigenvalues and Poisson point process

e CUE (circular unitary ensemble) is the group % (N) of N x N unitary
matrices with Haar measure.

Figure: CUE eigenvalues (left) and Poisson (right) (N = 100)
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Cirucular Unitary Ensemble (CUE)

o Let % (N) be the group of N x N unitary matrices with Haar measure.
@ The probability distribution of eigenvalues {e _191'}J-N:1 is

1 ==
2 [T 16/ — eV=2%32do; ... doy
ntem 1<j<k<N

@ They form a DPP on T = R/2#xZ with A(df) = df/(27) on T and

N—-1
Ku(0,9) =) eV Hhlev-Tke
k=0

= u(0)

sin N0 — ¢)/2 ——
sin(0 — )2 U9
| S —
::RN(Gv(p)
where u(f) = eV~ 1IN-1)8/2,
o RKHS: Hyx = span{eV~ ¢ k =0,1,...,N —1} C L%(T, df).
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Limiting DPP for CUE eigenvalues

o CUE eigenvalues form an N-points DPP on T! = R /277 with

sin N(6 — ') /2

Ku(®. ) = sin(f — 0')/2

o p1(#) = Kn(6,60) = N and the empirical dist. of points converges to
the uniform dist. on T?.

@ Scaling £ =3 . dp, — Sn(§) = D_; 0, where x; = N6;,

Ll 0y _ Lsinbx=y)/2  sinlx~y)/2
NN T Nsin( - 5)2 T (x—y)/2

= Ksinc(X7Y)-

@ From this observation, we can see that

N-point DPP on T < the DPP on R! with Kine (PW-space)
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Two ways of generalizations of CUE

We have two generalizations of CUE on T ~ S! to the sphere S.

@ Vandermonde determinant of distances:

H ‘eiej — ei9k|2 _ H sz — Zk”]%@ (ZJ' c Sl)

1<j<k<n 1<j<k<n

© DPP with the projection kernel onto an eigenspace:

=2
-

Kn(0,0) = 3 e*0eie
0

x
Il

with \(df) = df/(2n) on St. Here e? is an eigenfunction of the
Laplacian Ag1 = j’—;:
—ASI eik9 — k2eik9.

L2(S?) is spanned by {e™?},.
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(1) Spherical ensemble

@ Ginibre random matrix:

G ~ Ginibre(N) <= {G,-J-},A’Ij:l are i.i.d. and Gj ~ Nc(0,1).

Let A, B ~ Ginibre(N) be independent.
(Krishnapur '09) The eigenvalues of A~1B forms a DPP on C with

Kn(z,w) = (1 + zw)N -1
N

M) = S ey

dm(z)

Density of points: Ky(z,z)\(dz) = de(z).

The reproducing kernel Hilbert space (RKHS) is the space of
polynomials:

Hg, =span{z":n=0,1,...,N -1}
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Spherical ensemble

@ Through the stereographic projection, it is considered as a point
process on the Riemann sphere C = C U {o0}.
@ The distribution w.r.t. the surface measure is given by

(const.) H |P; — Pk||2s on C,
1<j<k<N

Figure: Pullback of eigenvalues of A~!B by the stereographic projection
(N = 500)
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Spherical ensemble

(const.) H |P; — Py||2s on C~S?
1<j<k<N

e This DPP is O(3)-invariant, and uniformly distributed with density
N /4.

@ This may be considered as a spherical version of CUE eigenvalues.

@ It has been studied as u 2D one-component plasma/2D Coulomb gas
on S2.

@ The correlation kernel is given by

K(p,p') = K((0,¢),(¢',¢")
N (V72 sin(8/2)sin(d/2) + cos(6/2) cos(#'/2))

:47r

-1

where p = (6, ) is the polar coordinates of S2.
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Point process on the tangent space at the north-pole

e As N — oo, the empirical measure Z,N:l dp, converges weakly to
the uniform measure on S? almost surely.

@ We consider the pullback of points on the sphere by the exponential
map exp : T, (S?) — S?, i.e., using the polar coordinates (6, ),

Te,(S?) 3 (8 cos g, fsin ) — (sin 6 cos p, sin B sin @, cos f) € S,
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Limiting point process for spherical ensembles

o &y spherical ensemble, which is the eigenvalues process of A~1B for
A, B ~ Ginibre(N).  (N-point process on S?)

o Let e3 = (0,0,1) be the north pole and T,,(S?) be the tangent space
at e3.

e For fixed € > 0, we consider the pull-back of points on S? N B,(e3) by

the exponetial map exp : T.,(S?) — S? and denote it by 55\7).
@ Scaling map: For a configuration { = ), d,, we define

Sc(€) = Z_ Sex;-

Theorem (Katori-S.)

The scaled p.p. S\W(ff\f)) converges weakly to the Ginibre DPP.

Recall that the Ginibre DPP is the DPP on C associated with the kernel
K(z,w) =", \(dz)= mle 1P dz.
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(2) Harmonic ensemble for S?

o L2(S?): There is a spectral decomposition of L?(S?) as
o0
1*(8*) ~EPE,
(=0
where E; is the eigenspace of —Age corresponding to the eigenvalue

(0 +1)and dimE, =2¢+ 1.
@ Spherical harmonics:

20+ 1(¢— m)! .
Y9, p) = \/ = MPﬁ(cos@)e Y (=0 <m<Y),

where P! (x) is the associated Legendre polynomial of degree m.

o Eigenspace E;: Ey is spanned by the spherical harminoics

E, :S.pzm{Y,f7 m=—0,—0+1,...,0}.
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Projection kernel

o L2(S?) = @32, Es, where E; is the eigenspace of —Ag: for £( + 1).
@ Reproducing kernel for @é\l:_olEg: dmE, =2/ + 1.

N—

£ N—
KN(Xv.y Z X)Ye Z
=0 m=—/¢ =0

TV
projection onto Ey

|_l

where W¢(x, y) is the reproducing kernel for E;.
e DPP on S? associated with Ky: The number of points is N2.

@ As N — o0, the empirical measure converges weakly to the uniform
measure on S? in law.
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Limiting DPP associated with Ky

o For fixed ¢ > 0, £\ is the pull-back of
points on S2 N B.(e3) by the Sy P
exponential map exp : T,,(S?) — S2. S

o For{ =>4y,
Su(&) = 3 b

Theorem (Katori-S.)
The scaled p.p. SN(§§\7)) converges weakly to the DPP on T, (S?) ~ R?
associated with the kernel

1

K e —
() = = h(x =YD,
where Ji(r) is the Bessel function of the first kind.
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(3) Harmonic ensemble on S”

o Eigenspace Ey: E; is the eigenspace of —Agn corresponding to
l(l+n—1).
° Spherical harmonics on S": E; is spanned by the spherical harmonics

{y }m 1» Where dy = W.

@ Spectral decomposition:
(o]
= @ E,
=0

@ Projection onto Hy = @2";01&:

N—-1 dp

Kn(x,y) = ZZYK

/=0 m=1

~
projection onto Ep

e (Hpn, Kn) is a RKHS, and then 3 the rotation invariant DPP on S”.
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Limiting DPP for harmonic ensemble on S”

° 55\7) is the pull-back of points on
S" N Be(ent+1) by the exponetial map
exp: Te,.,(S") — S".

e For & =56y,

Sn() = Z O

Theorem (Katori-S.)

The scaled p.p. SN(§§\7)) converges weakly to the DPP on T, (S") ~ R"
associated with the kernel

1
K - Jn(|x—
() = Gy alx =D

where J,(r) is the Bessel function of the first kind with index v.
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Example: generalized Paley-Wiener space

@ Frequency bounded functions: For a bounded Borel set B C R”,
PWg(R") := {f € [>(R") : supp  C B},

where F(w = Jan F(x)e™“>dx.

~ . |B’
f(w)e'“*dw| < 2(Rn)

F(x)] <

1
(2m)"

@ Reproducing kernel:

1 .
Kg(x,y) = (27T)n/Belw-(x—Y)dw

e RKHS (PWg(R"), Kg) is a generalization of the Paley-Wiener space.
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Multi-dimensional version of Paley-Wiener space

@ Correlation kernel:

1
K (M S — 1 (-
(o) = Gl
1\n .
— (= iu-(x—y)
(277) RnlBl(u)e du.

@ RKHS: Hy(n is the generalized Paley-Wiener space corresponding to
the unit ball Bj.
e Invariance: K("(x,y) is motion invariant and hence

K (x,y) = KD(]x = yl)

where 1
k(n) r)= ,,Jﬂ r
(0= G720
@ Forodd n=1,3,..., it is simplified as
Wy =S @y = L (SN
K = =25 k() 27r2r2( : cosr),...
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M: compact, smooth Riemannian manifold of dimension n.

Suppose that on a neighborhood on B.(p) of a point p € M, the
empirical measure converges to a measure with positive density on

Be(p).

e For sufficiently small € > 0 (smaller than the
injective radius at p), 55\7) is the pull-back of
points on M N B.(p) by the exponential map
exp: Tp(M) — M.

e For §,(\7) = 0x,

SaN(gf\i)) = Z Oanx; :d> 7

i
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The Weyl law and quantum ergodicity

o Let (M, g) be a compact, smooth Riemannian manifold of dimension
n and consider the eigenvalue problem

—Ampj = M),
where 0= A1 < A\» <--- and {¢;};>1 is an ONB of L2(M).

o Weyl law: As A\ — oo,

NA) = #{>1:X <A}~ (’Qil)‘nvol(/\/l)v,

where |Bj| is the volume of the unit ball of in R".
@ Quantum ergodicity: Does the following hold?

lpi(x)[2dx % dx as j — oo?

Thm. (Shnirelman-Zelditch-Colin de Verdiére) This is true along a
subsequence with density 1 if the geodesic flow on M is ergodic.
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(4) DPP associated with spectral projections for Ay

E),: the eigenspace of —Ay corresponding to A;.
Reproducing kernel (projection kernel) for &y .<AEx:

Ka(x,y) = Z i (x)ei(y).

Ai<A

Consider DPP &) (w) on M associated with Kj.
The counting function is equal to the number of DPP points:

B
(2m)n

N(N) = /MKA(x,x)dXN Vol(M)\",

where Bj is the unit ball in R”.
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Universality of DPP on Riemannian manifold

o For fg\e) = )_; 0x on the cotangent space T,(M) at p, which is the
pullback of the DPP &, on M N By(e).

S\EN =D 00 2 7

Theorem (Katori-S.)

The scaled DPP SA(ff\e)(w)) converges weakly to the DPP associated with

1 .
(27r)” /R 181 (u)e'u.(x—}/) du,

where Bj is the unit ball in R”.

K (x, y) =
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@ We discussed L!-limit for the accumulated spectrogram for DPPs
from the view point of hyperunifomity.

@ Two types of DPPs on S? are discussed.
© through the eigenvalues of A~1B (harmonic ensemble)
@ through the RKHS spanned by spherical harmomics (spherical
ensemble).
The former converges to DPP associated with the Bessel function Ji,
the latter converges to Ginibre DPP.

@ The DPP on S" associated with RKHS spanned by spherical
harmonics is introduced, and show the convergence toawards the
DPP associated with the generalized Paley-Wiener space

@ Furthermore, we considered the similar problem on compact
Riemannian manifolds, and we showed the universality.
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