
Harmonic Means of Wishart Matrices

Hi! I’m Asad Lodhia, I’m a postdoc at the University of Michigan.

Feel free to email me at alodhia@umich.edu

Based on joint work with Keith Levin and Liza Levina.

Thanks to the organizers for the invitation! I hope you enjoy it.
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The Wishart Ensemble
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he MP-Law show’s W isn’t good in this high-d setting.
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γ
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Figure of the ESD vs LSD P = 500, N = 1000 and n = 2



Improved Operator Norm Estimate

e have the a.s. result
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Error Comparison for n = 2 as a function of γ



Is this Just an Identity Matrix Fact?

nswer: No, but general Covar is tricky.

ubmultiplicative bound∥∥∥√ΣH
√

Σ− Σ
∥∥∥ ≤ ∥∥∥√ΣA

√
Σ− Σ

∥∥∥‖Σ‖‖Σ−1‖‖H− I‖
‖A− I‖

o if we have

lim sup
P,N→∞

‖Σ‖‖Σ−1‖‖H− I‖
‖A− I‖

< 1

then

lim sup
P,N→∞

∥∥∥√ΣH
√

Σ− Σ
∥∥∥∥∥∥√ΣA

√
Σ− Σ

∥∥∥ < 1



Is this Just an Identity Matrix Fact?

Answer: No, but general Covar is tricky.

ubmultiplicative bound∥∥∥√ΣH
√

Σ− Σ
∥∥∥ ≤ ∥∥∥√ΣA

√
Σ− Σ

∥∥∥‖Σ‖‖Σ−1‖‖H− I‖
‖A− I‖

o if we have

lim sup
P,N→∞

‖Σ‖‖Σ−1‖‖H− I‖
‖A− I‖

< 1

then

lim sup
P,N→∞

∥∥∥√ΣH
√

Σ− Σ
∥∥∥∥∥∥√ΣA

√
Σ− Σ

∥∥∥ < 1



Is this Just an Identity Matrix Fact?

Answer: No, but general Covar is tricky.

Submultiplicative bound∥∥∥√ΣH
√

Σ− Σ
∥∥∥ ≤ ∥∥∥√ΣA

√
Σ− Σ

∥∥∥‖Σ‖‖Σ−1‖‖H− I‖
‖A− I‖

o if we have

lim sup
P,N→∞

‖Σ‖‖Σ−1‖‖H− I‖
‖A− I‖

< 1

then

lim sup
P,N→∞

∥∥∥√ΣH
√

Σ− Σ
∥∥∥∥∥∥√ΣA

√
Σ− Σ

∥∥∥ < 1



Is this Just an Identity Matrix Fact?

Answer: No, but general Covar is tricky.

Submultiplicative bound∥∥∥√ΣH
√

Σ− Σ
∥∥∥ ≤ ∥∥∥√ΣA

√
Σ− Σ

∥∥∥‖Σ‖‖Σ−1‖‖H− I‖
‖A− I‖

So if we have

lim sup
P,N→∞

‖Σ‖‖Σ−1‖‖H− I‖
‖A− I‖

< 1

then

lim sup
P,N→∞

∥∥∥√ΣH
√

Σ− Σ
∥∥∥∥∥∥√ΣA

√
Σ− Σ

∥∥∥ < 1



Condition on the Condition Number!

he ratio

c := ‖Σ‖‖Σ−1‖ =
λmax(Σ)

λmin(Σ)

is the condition number of Σ
or γ = 1

2 the condition number can be below

c <
5

4

√
4

3
≈ 1.44337567 . . .

and the result still holds.

ore on general Σ later.
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Applications: Data Splitting

uppose T = nN is my total observations, define

Γ := lim
P,T→∞

P

T
=
γ

n
∈
(

0,
1

2

)
hen
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P,T→∞

‖A− I‖ = Γ + 2
√

Γ

and
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P,T→∞

‖H− I‖ = (n− 2)Γ +
√

Γ
√

1− (n− 1)Γ

he argmin is 2! If T is at least twice P split your data in two and take

the harmonic mean.
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Proof of Results (Techniques)

eed Xi to be P ×N complex gaussian entries and∣∣∣P
N
− γ
∣∣∣ ≤ K

P 2

for some K .

hen Wi are asymptotically free and Q is a non-commutative polynomial

(result due to Donati-Martin and Capitaine)

lim
P,N→∞

‖Q(W1, . . . ,Wn)‖ = ‖Q(p1, . . . , pn)‖F

the variables pj are freely independent non-commutative Free Poisson

Random Variables.
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Free Probability Calculation

he pi can be thought of as bounded linear operators on some Hilbert

space whose spectrum is the MP-law with parameter γ
here is a unit vector e0 in the hilbert space such that

ν(pkj ) := 〈e0, pkj e0〉 =

∫
xkρMP,γ(dx),

ree independence means

ν

( n∏
l=1

{
Ql(pl)− ν[Ql(pl)]

})
= 0
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More Proof Ingredients

ree random variables have an explicit way of computing their laws (Voiculescu).

et µ be a measure compactly supported on the positive reals,

mµ(z) =

∫
µ(dx)

z − x
Kµ(mµ(z)) = mµ(Kµ(z)) = z.

efine µ1 � µ2 as the measure such that

Rµ(z) := Kµ(z)− 1

z
Rµ1�µ2(z) = Rµ1(z) +Rµ2(z)
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More Proof Ingredients

e add the R-transforms and work backwards to get the spectrum.

e are studying is H which we want to say (more on this) converges to

h := n(p−11 + · · ·+ p−1n )−1

f we compute

nRp−1(z) =
n∑
i=1

R
p
−1
i

(z)

we can obtain the Stieltjest transform of

nh−1
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More Proof Ingredients

rick due to Edelman and Rao

ach mpj (z) satisfies a quadratic

γzmpj (z)2 +mpj (z)(1− z − γ) + 1 = 0.

his means each p−1j satisfies a quadratic

γz2m
p
−1
j

(z)2 −m
p
−1
j

(z)[z(1 + γ)− 1] + 1 = 0.

f you directly invert to get K
p
−1
j

(z) you are doing more work than you

need to.

lug in z = K
p
−1
j
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