Harmonic Means of Wishart Matrices
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Take two positive definite matrices P1 and P9
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The AMHM inequality:

-1 1~ —1
P1 + P2 _< P1 + PQ
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So the operator norm is smaller...
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*
The matrix W = % has limiting spectral measure
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This is invertible with probability 1.
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Covariance Estimation

The matrix W is an estimate of the Covariance Matrix (in this case I).
The MP-Law show’s W isn’t good in this high-d setting.
Quantitatively

i w -1 — 2 8.
pﬁlﬁoo” | —=~v+2y/7 as

Is there something closer to I in operator norm?
Optimizing the Frobenius Norm has been done. (Ledoit, Peché, Wolf)
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Bear with me here...

Let’s imagine I have multiple matrices {X;}!" | all P x N.

Suppose we form the average

1 n
A= E;Wi,
1=

X; X!
here W; = }\72

Just line up the X;, side by side

lim ||A—I||—>z+2\/§ as.
P,N—oo n n

Closer now.
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Alternative Means

Take their Harmonic Mean:

H=n(Wi' s w, )

Result: the limiting ESD is

n
G Viey —z)(z—e)
where
2
ei:1—fy+—7i2\/§,/1—fy+1
n n n
Also:

li H-I|=1—-¢e.=vy——+2 1— =
i Tl =1 =g 2 [T g



Figure of the ESD vs LSD P = 500, N = 1000 and n = 2

Empirical Eigenvalue Distribution of H
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Improved Operator Norm Estimate

We have the a.s. result

lim [H—1|< lim [A—1]
P,N—o0 P,N—o0

)

for n < n*(7).

Indeed this is equivalent to

2
7——7+2\/7 1—y+2<Tqo )t
n n n n n

For n = 2 it’s always true for v € (0, 1)

VI 12 <2+ V2



Error Comparison for . = 2 as a function of v
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Is this Just an Ildentity Matrix Fact?

Answer: No, but general Covar is tricky.

Submultiplicative bound

SINE Y[ -1
|vsnvs - 5| < [VEavE - 5| 2= - 1

A —1f

So if we have )

- [ZE I — 1

lim sup <1

P,N—00 A —1
then

|vEnvE x|
lim sup <1

B ]
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Condition on the Condition Number!

The ratio \ (2)
= D=7 = T
e= IBIIET = 220

is the condition number of X

For v = % the condition number can be below

5 [1
< 24/2 ~ 1.44337567 . ..
¢ 4\/;

and the result still holds.

More on general Y. later.
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Applications: Data Splitting

Suppose 1" = nN is my total observations, define

p:lmfzie@l)

PT—T n )
Then
lim ||[A—1I|=T+2VT
P/ T—o0
and

lim |[H—1|=n-2T+vVIy/1-(n—-1)T
P/T—oo

The argmin is 2! If T is at least twice P split your data in two and take

the harmonic mean.
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Proof of Results (Techniques)

Need X; to be P X N complex gaussian entries and

for some K.
Then W; are asymptotically free and () is a non-commutative polyno-

mial (result due to Donati-Martin and Capitaine)

Slim QW1 W)l = Q. pa)

the variables p; are freely independent non-commutative Free Poisson

Random Variables.
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Free Probability Calculation

The p; can be thought of as bounded linear operators on some Hilbert
space whose spectrum is the MP-law with parameter y

There is a unit vector €g in the hilbert space such that

v(pf) = {eo, pjeo) = /kaMP,v(dw)a

Free independence means

V(ﬁ{Ql (b1 —V[Qz(pz)]}> =0

=1
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Free random variables have an explicit way of computing their laws
(Voiculescu).

Let ft be a measure compactly supported on the positive reals,

my(z) :/M

zZ—XT

Kyu(my(2)) = mu(Ku(2)) = 2.
Define 41 B 19 as the measure such that

Ru(2) 1= Fu(z) — -

RmEﬂuQ(Z) = Rm(z) + Rm(z)
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More Proof Ingredients

We add the R-transforms and work backwards to get the spectrum.

We are studying is H which we want to say (more on this) converges to

h:= n(pl_1 +-t p;l)il

If we compute
n
nR-1(z) = Z Rpi_1(z)
=1

we can obtain the Stieltjest transform of

nh_1
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More Proof Ingredients

Trick due to Edelman and Rao
Each M, (Z) satisfies a quadratic

fyzmpj(z)2 +mp; (2)(1—2—=7)+1=0.

This means each pj_l satisfies a quadratic

7z2mpj_1(z)2 - mpj—l(z)[z(l +v)—=1]+1=0.

If you directly invert to get K ol (Z ) you are doing more work than you
J

need to.

Plug in 2 = Kp.—1 (w) and then plug in the R-transform.
j
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More Proof Ingredients

You get the quadratic

’yZqu(Z)Q + (v = 1)R,-1(2) +1=0.

Manipulate some more and you get

%mh(:é)2 + (=7 —2)mu(z) +1=0.

Calculation is quick but how to justify and why does the operator norm
converge?
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More Proof Ingredients

Only have non-commutative polynomials in W;.

Use Neumann series to approximate Wi_l and then H.

Use operator norm bounds on smallest singular value of X; due to Rudel-
son and Vershynin — applies for subgaussian!

And AMHM inequality:

P(|[H]| > 1) <P([[A]] > 1) < nP([[W1] > 1)

We prove that there exists a k£ > O:
P ({max (W, W, [E], [E57Y]) > #})

is summable in P.
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