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Gibbs measures: Ginibre versus Dyson
B Non-Hermitian (Ginibre) 2D M = U(D+ N)U* {A € C"}

n _ no12 ) 1
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B Both are determinantal and exactly solvable
B Both are Gibbs measures and Coulomb gases
B Ginibre is not log-concave (contrary to Dyson)
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Coulomb kernel in mathematical physics

B Coulomb kernelinRY, d > 2,

]
|ogm if d =2,

]
e fdzs

x€RY—g(x) =

B Fundamental solution of Poisson’s equation

o if d = 2,

Ag=—c where ¢4y =
9="cad% ? {(d—z)ysd—‘y if d > 3.

B For both Dyson and Ginibre: two dimensional repulsion
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LCoulomb gases

Coulomb energy and equilibrium measure
B Coulomb energy of probability measure p on RY:
sw) = [[ gl yu(@xu(dy) eRU{+e)

B Coulomb energy with confining potential (external field)

(gov —|—/V
B Equilibrium probability measure (electrostatics)

W, = arginf &y

B If V is stronger than g at infinity then u, is compactly supported
B If V is smooth then . has density

AV
2¢cy
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Examples of equilibrium measures

d | Interaction g | Confinement V' | Equilibrium g,

1 2 00Tntervarc (X) arcsine

1 2 x? semicircle (Dyson)

2 2 |x|2 uniform on a disc (Ginibre)
>3 d [|x]1? uniform on a ball
>2 d radial radial in a ring
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Coulomb gas or one component plasma

B Energy of n Coulomb charges 1 at positions xi,..., X, in R?

1 n
H(x1,...,X,) = - Y v(x)+
=

%ZQ(XI_XJ)

i
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LCoqumb gases

Coulomb gas or one component plasma
B Energy of n Coulomb charges 15 at positions Xy, ..., x, in RY:
HOx o) = [ V0@ + [ ol pun(ax)un(ay)
xX#y

&7 (1)

B Empirical measure: p, = 1 ¥, 8,
B Gibbs measure on (R9)™:

exp(—ﬁ%H(xh...,xn))

P(dx) = 7

dx.
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Coulomb gas or one component plasma

B Energy of n Coulomb charges 15 at positions Xy, ..., x, in RY:

HOxt. ) = [ Vioun(ax) + [ PECETCHITCY

&7 (ttn)
B Empirical measure: p, = 1 ¥, 8,
B Gibbs measure on (R9)™:
exp( — 5267 ()
P(dx) =

dx.
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B Energy of n Coulomb charges 15 at positions Xy, ..., x, in RY:

HOxt. ) = [ Vioun(ax) + [ PECETCHITCY
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B Empirical measure: p, = 1 ¥, 8,
B Gibbs measure on (R9)™:
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LCoulomb gases

Coulomb gas or one component plasma

B Energy of n Coulomb charges 15 at positions Xy, ..., x, in RY:

HOxt. ) = [ Vioun(ax) + [ PECETCHITCY

&7 (ttn)
B Empirical measure: p, = 1 ¥, 8,
B Gibbs measure on (R9)™:
exp(— BatT (1)) 5,
P(dx) = Z dx, Bn= FUR

B o e Bol(Vitn)+(A7 aktn) s CLT with Gaussian Free Field
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Empirical measure and equilibrium measure

B Random empirical measure under IP:

M If Vis smooth and if B, = gnz >> n then with probability one
Up — Uy
n—oo

B Laplace method ~~ Large Deviation Principle (Gozlan-C.-Zitt)

IogIP’(dist(/.L,,,u*) > r) 8
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LCoulomb gases

Empirical measure and equilibrium measure

B Random empirical measure under IP:

M If Vis smooth and if B, = gnz >> n then with probability one
Up — Uy
n—oo

B Laplace method ~~ Large Deviation Principle (Gozlan-C.-Zitt)

IogIP’(dist(/.tn,u*) > r) B
P e 2 dist([l,tr,],lf*)zr (6 (n) — 6u(n.)).

B Quantitative estimates? How to relate dist and &y (-) — &v(s)?
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Probability metrics and topologies

B Coulomb divergence (Large Deviations rate function)
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B Bounded-Lipschitz or Fortet—Mourier distance
dow(1.v) = sup [ ) (1~ v)(0).
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LConcentration of measure

Probability metrics and topologies
B Coulomb divergence (Large Deviations rate function)
Ev(p) — Ev(i)

B Coulomb metric
E(n—v)
B Bounded-Lipschitz or Fortet—Mourier distance
dBL(:u7v): sup f(x)(ﬂ_")(dx)a
lIfllLip<1
[[f]leo<1

B (Monge-Kantorovich-)Wasserstein distance

Woliv) = inf (X~ V")

X~u,Y~v
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Probability metrics and topologies
B Coulomb divergence (Large Deviations rate function)

Ev(p) — Ev(u)

B Coulomb metric
E(u—v)
B Bounded-Lipschitz or Fortet—Mourier distance

dBL(.u7v): sup f(X)(.LL—V)(dX),
[ FllLip<1
[[lle<1

B (Monge-Kantorovich-)Wasserstein distance

1/p
_ H _ylP
Wp(u,V)—(ﬂethN)/ x—y| ﬂ(dx,dy)) -
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Probability metrics and topologies
B Coulomb divergence (Large Deviations rate function)
Ev(p) — Ev(p)

B Coulomb metric
E(u—v)
B Bounded-Lipschitz or Fortet—Mourier distance

dBL(.u7v): sup f(X)(.LL—V)(dX),
lIfllLip<t
[[fll<1
B Kantorovich-Rubinstein duality
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[IfllLip<1
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LConcentration of measure

Probability metrics and topologies
B Coulomb divergence (Large Deviations rate function)
Ev(p) — Ev(p)

B Coulomb metric
E(u—v)
B Bounded-Lipschitz or Fortet—Mourier distance

dBL(.u7v): sup f(X)(.LL—V)(dX),
[17l|ip<1
[[fll<1

B Kantorovich-Rubinstein duality

der (1,v) < Wi, v) = sup [ 1(x)(u — v)(ax).

[IfllLip<1
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LConcentration of measure

Local Coulomb transport inequality

Theorem (Transport type inequality — C.-Hardy-Maida)

D C R compact, supp(i + V) C D, &(1) < o0 and &(v) < oo,

Wi(p,v)? < Cop&(u—v).

B Constant Cp is &~ Vol(Byyoi(p))
B Extends free transport inequality to any d
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B Potential: if U*(x) = g* u(x) then AU*(x) = —cgq 14
B Electric field: VUH(x). “Carré du champ”: |[VU*|?
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Idea of proof of Coulomb transport inequality
B Potential: if U*(x) = g* u(x) then AU*(x) = —cq it

B Integration by parts & Schwarz’s inequality in RY and L?
co / F(x) (1 — v)(dx) = — / F(X)AUF (x)dx
v 5 1/2
< Iflup (101 [ VU (0 Pax)
B Integration by parts again
/ IVUR—Y (x)[2dx = — / UR=Y () AU (x)dx

=cq&(U—V).
B Finally Wy (i, v)? < |D|cg&(n—v).
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Coulomb transport inequality for equilibrium measures

Corollary (Transport type inequality — C.-Hardy-Maida)

For any probability measure . on R? with & (1) <

dr(K, )? < Car (é"v(u) - é"V(H*))-

Moreover if V has at least quadratic growth then

Wi (1, 1)? < Cw, (Sv(m) — Ev(s))-

B Growth condition is optimal for W
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Theorem (Concentration inequality — C.-Hardy-Maida)

If V has reasonable growth then for every B,n,r

]P’<dBL(Iln,u*) > f) <e e
Moreover if V has at least quadratic growth then W instead of dgy .

B Optimal order in n
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Concentration of measure for Coulomb gases

Theorem (Concentration inequality — C.-Hardy-Maida)

If V has reasonable growth then for every B,n,r
P(dpr (i, 1) > 1) < e PP Hlocallinlogn)+0p = % o(f)n

Moreover if V has at least quadratic growth then W instead of dgy .

B Optimal order in n
B Explicit constants a, b, ¢ if V is quadratic
B Implies speed of convergence:

\Jlogn g —
]P(W1 (,Lln,,u*) > f) < e_cnzrz’ r> n ifd=2,
n 19 ifd> 3.
B See also Rougerie & Serfaty
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B Starting point

(W1 (1) > 1) = —
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I—Concentration of measure

Idea of proof of concentration
B Starting point

(W1 (1) > 1) = —

/ e 3767 () gy
Z JWy (o) >r

B Normalizing constant

1
V4

< exp {nzgfv(u*) —n (ﬁ

S -sw) |-

<
V)

)
¢
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LConcentration of measure

Idea of proof of concentration
B Starting point

1 _Bpp#
PWi (k. p2) 2 7) = E/W (T )>,e 257 (t) g x.
1 nstx ) —

B Normalizing constant

% < o {nzgé”v(ﬂ*) _n ([2_3(59(“*) — S(H*)) } :

B Regularization: g superharmonic, u,(,e) = Up* Ag,

—1PE] (1n) < —rPE(SD) +nE(Re) +n Y (V5 Ae — V) ()
i=1
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LConcentration of measure

Idea of proof of concentration
B Starting point

1 _Bpp#
PWi (k. p2) 2 7) = E/W (T )>,e 257 (t) g x.
1 nstx ) —

B Normalizing constant

% < o {nzgé”v(ﬂ*) _n ([2_3(59(“*) — S(H*)) } :

B Regularization: g superharmonic, u,(,e) = Up* Ag,

—1PE] (1n) < —rPE(SD) +nE(Re) +n Y (V5 Ae — V) ()
i=1

B Coulomb transport —&y (us?) + & (11.) < —EW2(us?, ).
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Concentration for spectrum of Ginibre matrices

Corollary (Ginibre Random Matrices)

If M is n X n with iid Gaussian entries of variance 2—7 inC

W Eigenvalues of M o< exp(—nYq |xi|?) [Ti<; [xi — x;|?
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LConcentration of measure

Concentration for spectrum of Ginibre matrices

Corollary (Ginibre Random Matrices)

If M is n X n with iid Gaussian entries of variance ]—7 in C then

P(Win ) > ) < e rimogrioly+f-toss

B Eigenvalues of M o< exp(—nY/Lq |xi[® — Lz 9(xi — X))
B Hered=2,0=2V= ||2

B Provides a.s. W1 (Un, e) = ﬁ( M)_

n
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LConcentration of measure

Concentration for spectrum of Ginibre matrices

Corollary (Ginibre Random Matrices)

If M is n X n with iid Gaussian entries of variance ]—7 in C then

P(Win ) > ) < e rimogrioly+f-toss

B Eigenvalues of M o< exp(—nYy |x[% = Lz 9(x — X))
M Hered=2 =2 V=]
B Provides a.s. W1 (i, le) = ﬁ( @)

B Bernoulli 1 random matrices (universality)
Un — Ue (Tao-Vu 2010) but P(W; (U, Le) > r) is not known
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Concentration for spectrum of Ginibre random matrices

Dynamics of gases of particles
LConcentration of measure

1.0

0.5

0.0

-0.5

-1.0

plot (eig(rand(n,n)+i*randn (n,n))/sqgrt (2+n)))

Dynamics leaving invariant in law this picture
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Outline

Dynamics for planar case
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|—Dynamics for planar case

Ginibre process

B Ginibre energy H(x1,...,Xn) = :—7):,?:1 |x;|2 + #):,-;éjlog|Xi1ij|
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B Ginibre process on D C C" = (R?)" reversible for P oc e FrH
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I—Dynamics for planar case

Ginibre process

B Ginibre energy H(x1,...,X,) = :—72,5’:1 |x;|2 + #Z,-#jlogm
B Ginibre process on D C C" = (R?)" reversible for IP o ¢~ FnH

2
X =,/ 5,487~ VHO ).
n
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LDynamics for planar case

Ginibre process

B Ginibre energy H(xi,

CoesXn) = lZI 1 |Xi|2+#2i;&j|0g \x,'—1_x,-|
B Ginibre process on D C (C” (R?)" reversible for P’ o< e~ PrH
, 2 X" X"
dx;" =, /B dB)" — —x’ "dt— = - Z

t
X" = X2
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LDynamics for planar case

Ginibre process

M Ginibre energy H(xi, ..

-3 Xn) = 1 g il +-
B Ginibre processon D C C" =

]
+ 7 Lizjlog ity
(Rz) reversible for P’ o< e ~Pr
ax;" = /2 3
n

X]’ _Xln
dB’"—2—X dt—Z—Z

dt
j#, |Xln Xjn|2
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Ginibre process
M Ginibre energy H(xi,...,Xp) = 1 X704 [x[2+ % Zi¢j|°g]x,1_x,~|
B Ginibre process on D C C" = (Rz) reversible for P’ o< e~ PrH

. Xh _X’n
dx;" = /2 dB’”—2—X dt—Z—Z it
Bn P 2 X" — X2

B Mean-field interacting particle system X" = (Xt”")1§,§n
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Ginibre process
M Ginibre energy H(xi,...,Xp) = 1 X704 [x[2+ % Zi#jl"gm
B Ginibre process on D C C" = (Rz) reversible for P’ o< e~ PrH
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B Mean-field interacting particle system X" = (Xt”")1§,§n

B 2D: no convexity / Brascamp—Lieb / Bakry—Emery / Caffarelli
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B Ginibre process on D C C" = (R?)" reversible for PP o e =P
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dx" = [257 4B —zfx’ ”dt—2—2 ot
n i |)(7 —Xj ’

B Mean-field interacting particle system X/" = (Xt"”)1§,§n
B 2D: no convexity / Brascamp—Lieb / Bakry—Emery / Caffarelli
B 1D log-gases are log-concave:
» Freeman Dyson — Journal of Mathematical Physics (1962)
A Brownian-motion model for the eigenvalues of a random matrix.



Dynamics of gases of particles

L Dynamics for planar case

Ginibre process

B Ginibre energy H(xi,...,Xp) = 1

n 2 1
L X2+ & Yizilog =]

B Ginibre process on D C C" = (R?)" reversible for PP o e =P

) Xj’ani’n
dx" = [257 4B —zfx’ ”dt—2—2 ot
n i |)(7 —Xj ’

B Mean-field interacting particle system X = (X;"), -,
B 2D: no convexity / Brascamp—Lieb / Bakry—Emery / Caffarelli
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» Freeman Dyson — Journal of Mathematical Physics (1962)
A Brownian-motion model for the eigenvalues of a random matrix.
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L Dynamics for planar case

Ginibre process

B Ginibre energy H(xi,...,Xp) = 1

n 2 1
L X2+ & Yizilog =]

B Ginibre process on D C C" = (R?)" reversible for PP o e =P

) Xj’ani’n
dx" = [257 4B —zfx’ ”dt—2—2 ot
n i |)(7 —Xj ’

B Mean-field interacting particle system X" = (Xt””)1§,§n

B 2D: no convexity / Brascamp—Lieb / Bakry—Emery / Caffarelli
B 1D log-gases are log-concave:
» Freeman Dyson — Journal of Mathematical Physics (1962)
A Brownian-motion model for the eigenvalues of a random matrix.
» Lé&szl6 Erdds & Horng-Tzer Yau — Courant Lecture Notes (2017)
Dynamical Approach To Random Matrix Theory
» Michel Lassalle — CRAS (1991)
Polynémes de Hermite généralisés

» Optimal Poincaré and log-Sobolev constants (C.-Lehec)
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LDynamics for planar case

Second moment dynamics

Theorem (Second moment dynamics — Bolley-C.-Fontbona)

(Rt)i>0 = 211x:02) 10 IS an ergodic Cox-Ingersoll-Ross process:

8a, a n n—
dR=,/ R:dB; + — ——R d
‘ nBn (Bt [ﬁn t] “
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Dynamics of gases of particles

LDynamics for planar case

Second moment dynamics

8a, o, | n n—1
dR; = RidB; +4— | — — R;| dt.
t “nﬁn +dB; + p [ﬁn+ on t:|

In particular, with , = Gamma(n+ %' B, B,), for any t > 0

Wi (Law(R:), ) < e *7t Wy (Law(Ro), 7).
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Dynamics of gases of particles

LDynamics for planar case

Second moment dynamics

Theorem (Second moment dynamics — Bolley-C.-Fontbona)

(R) =0 = (311X:012) =0 15 an ergodic Cox-Ingersoll~Ross process:

Eigenvectors: YNV, R(z), ¥V, 3(2), XV, |z:> + cn.
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LDynamics for planar case

McKean—VlIasov mean-field limit

Theorem? (MKV Mean-field limit — Bolley-C.-Fontbona)
— i [0

If 6 = limp_se0 g2 € [0,00) then limp_,. pif

1= Mt with
e = oAU+ V- (VV + Vg i) he).
X" = [2%dB" -2 XX

oc,, ln oc
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McKean—VlIasov mean-field limit

Theorem? (MKV Mean-field limit — Bolley-C.-Fontbona)

Ifo =lim_e % € [0,00) then limp_,eo ' = Uy with

e = oAU+ V- (VV + Vg i) he).

. . P in J,n
B dx" = [2%dB" —2% X dt—2% Y, l—;i,,—;(,n—ﬁdt

1 n
B Empirical measure 4" =—-Y 6.
p Hy n ; X"
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LDynamics for planar case

McKean—VlIasov mean-field limit

Theorem? (MKV Mean-field limit — Bolley-C.-Fontbona)

Ifo =lim_e % € [0,00) then limp_,eo ' = Uy with

e = oAU+ V- (VV + Vg i) he).

. . P in J,n
B dx" = [25dB" —2% X "dt—2% Y, l—;i,,—;(,n—ﬁdt

1 n
B Empirical measure 4" =—-Y 6.
p Hy n ; X"

B Some sort of law of large numbers
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LDynamics for planar case

McKean—VlIasov mean-field limit

Theorem? (MKV Mean-field limit — Bolley-C.-Fontbona)

Ifo =lim_e % € [0,00) then limp_,e pf’ = y with

e = oAU+ V- (VV + Vg i) he).

ln X/n

B dX" = /2%dB;" — 2% x/"dt 2%y, ———X,n X

A dt.

.. n_ * )
M Empirical measure i’ = — :; Syin

B Some sort of law of large numbers
B Regimes: (0, Bn) = (n,n?) and (e, Bn) = (n,n)
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LDynamics for planar case

McKean—VlIasov mean-field limit

Theorem? (MKV Mean-field limit — Bolley-C.-Fontbona)

Ifo =lim_e % € [0,00) then limp_,e pf’ = y with

e = oAU+ V- (VV + Vg i) he).

W X" = [2%dB)" — 2% XN dt— 2%y, XX gy,

Bn [ X" —x)"2
1 n
. n_ * )
M Empirical measure i’ = — 21’ Syin
=

B Some sort of law of large numbers
B Regimes: (0, Bn) = (n,n?) and (e, Bn) = (n,n)

B cCarrilo-McCann-Villani, Fournier—Hauray—Mischler, Serfaty—Duerinckx, . . .
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|—Dynamic:; for planar case

Numerical analysis and stochastic simulation

B Overdamped Langevin dynamics

dX; = —aVH(X)dt + , /%ds,
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Dynamics of gases of particles

I—Dynamics for planar case

Numerical analysis and stochastic simulation
B Overdamped Langevin dynamics

[a
dX; = —aVH(Xt)dt+ EdBt
B Ergodic theorem lim

1 rt
—/ 5)(st = e_ﬁH
t—eo t Jo

<
V)

)
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LDynamics for planar case

Numerical analysis and stochastic simulation
B Overdamped Langevin dynamics

dX; = —aVH(X)dt + , /%ds,

1 rt
B Ergodic theorem lim ?/ SXSds:e_ﬁH
0

f—voo

B — Metropolis Adjusted Langevin Algorithm (MALA)
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LDynamics for planar case

Numerical analysis and stochastic simulation
B Overdamped Langevin dynamics

dX; = —aVH(X)dt + , /%ds,

1 rt
B Ergodic theorem lim ?/ SXSds:e_ﬁH
0

f—voo

B — Metropolis Adjusted Langevin Algorithm (MALA)
B Underdamped Langevin dynamics (adding momentum/inertia)

dX, =VU(Y,)dt
dY, = —VH(X,) — yVU(Y,)dt + \/gdB,.
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LDynamics for planar case

Numerical analysis and stochastic simulation
B Overdamped Langevin dynamics

dX; = —aVH(X)dt + , /%dBt

1 rt
B Ergodic theorem lim ?/ stds:e_ﬁH
0

f—voo

B — Metropolis Adjusted Langevin Algorithm (MALA)
B Underdamped Langevin dynamics (adding momentum/inertia)

dX, =VU(Y,)dt
dY, = —VH(X,) — yVU(Y,)dt + \/gdB,.

1 t
B Ergodic theorem lim —/ O(x, y)ds:e’ﬁH®e’7U
f—)oot 0 sy I's
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LDynamics for planar case

Numerical analysis and stochastic simulation

25/98

B Overdamped Langevin dynamics
[a

1t
B Ergodic theorem lim ?/ SXSds:e_BH
0

t—oo

B — Metropolis Adjusted Langevin Algorithm (MALA)
B Underdamped Langevin dynamics (adding momentum/inertia)
dY; = —VH(X;) - yVU(Y;)dt + \/%dB,.

1 t
B Ergodic theorem tlim 7/ 5(xs,ys)d3 —e Plge Y
—yoo 0
B — Hamiltonian or Hybrid Monte Carlo (HMC, C.—Ferré—Stoltz)
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LDynamics for planar case

Numerical analysis and stochastic simulation

25/98

B Overdamped Langevin dynamics

dX; = —aVH(X)dt + | /%dB,

1t
Ergodic theorem lim ?/ SXSds:e_BH
0

f—voo

— Metropolis Adjusted Langevin Algorithm (MALA)
Underdamped Langevin dynamics (adding momentum/inertia)
dY, = —VH(X,) — yVU(Y,)dt + \/%dB,.

1 t
Ergodic theorem tlim 7/ O(x,,v,)ds = e PHge
—yo0 0
— Hamiltonian or Hybrid Monte Carlo (HMC, C.—Ferré—Stoltz)
— Geometric ergodicity via Lyapunov (Lu—Mattingly)
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Eight trajectories for a Dyson Ornstein-Uhlenbeck HMC

&
T

Dyson HMC positions N=8

:

50
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Equilibrium measures

GUE mean Empirical Spectral Distribution beta=2 N=8 ‘GUE mean Empirical Spectral Distribution beta=2 N=50
03- P stogram
GUE mean £5D
Semicircie
02-
01-
Histooram n=50001
GUE mean ESD
semicircle
00 ; "
3 2 1 o 1 2 3 o 1 2 H
=] F = =
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LDynamics for planar case

Equilibrium measures

Quartic mean empirical distribution, beta=2, N=8 Quartic mean empirical distribution, beta=2, N=50

T3 Histogram n=8000 T3 Histogram n=50000
ibrium rium

oaf = & 0s _
osf 03
o2} 02
o1 01
00 00
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:
Ginibre mean Empirical Spectral Distribution bet Ginibre mean Empirical Spectral Distribution beta
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|—Dynamic:; for planar case

:
3D Coulomb with Euclidean confinement and beta=2, N=50 3D Log-gas with Euclidean confinement and beta=2,
30-
00040 00040
h Coulomb Equilibrium
25— 25 - H
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10- 10 -
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00 ‘li T T T 00
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LDynamics for planar case

Universal Gumbel fluctuation for edge of beta Ginibre?

Gumbel density mu=0.79 sigm: mbel density mu=105 sigm:

V 4n7n(u'|max —-1- Z—Z) ’%)o Gumbel.

Yo = log(n) — 2log(log(n)) — log(27).
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