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Addition of random matrices

Matrix model: Given real A = diag(ai1,...,ay) and B = diag(by,...

consider the model

H=A+UBU"

where U is a Haar unitary matrix.

Global spectral distribution [Voiculescu '91]:

Let HA = % 2 0a; HB = % 2_i O,

When N is large, The empirical spectral distribution of H

1 .
P = NZ(SA“ A1 = ... 2 Ay . eigenvalues of H

is close to the free additive convolution us H pup.

,ON),

We choose neither A nor B to be multiples of identity.



Our questions

Theorem [Voiculescu '91] For any fixed interval Z C R,

1) — H A ':)\7‘ A
|\ (Z) T;T pe(Z)| 25,0 N - oo MU(I)ZHZ NE }

Alternative proofs [Speicher'93, Biane’'98, Collins'03, Pastur-Vasilchuk'00]

Question 1 (local law) Does the convergence still hold if |Z| = o(1), and how

small can |Z| be? (Answer: )
Question 2 (convergence rate) What is the convergence rate of
sup e (Z) — pa B pup(D)| (Answer: )
C

Question 3 (Spectral rigidity) What is the size of
[Ai — il

where ~; is the N — i+ 1-th N-quantile of us H ugp.



Stieltjes transform

Definition: For any probability measure p, its Stieltjes transform m,(z) is

mu(z) = /idu(x), 2 eCt.

Inverse formula: one to one correspondence between measure and its Stielt-
jes transform: density of u given by

o(B) = ZlimImm,(E + in).
™ nl0

Notation: For o = A, B, and AH B, we will use m.,(z) to denote the Stieltjes
transfrom of ua, up and uaH up, respectively. Note that for us = %25% and
pp =+ > &, we have

1 1 1 1
mA(Z):NZ ) mB(z):NZbi—z'

a; — 2




Analytic definition of free additive convolution

Theoerm [Belinschi-Bercovici ‘06, Chistyakov-Gotze ‘05] There exist
unique analytic wq,wp : Ct = CT, s.t. Swi(z) > Iz and Iimmoo%ni") =1
for k = A, B, such that

ma(wp(z)) = mp(wa(z)), —[ma(wp(z)]™ = wa(z) +wp(z) — 2.

e wi(z),wp(z): subordination functions

Let m(z) :=ma(wp(z)) = mp(wa(z)).

Claim: m(z) is a Stieltjes transform of a probability measure: us H up.

e Algebraic definition: Addition of freely independent random variables [Voiculescu
‘86].

e Subordination phenomenon: [Voiculescu ‘93], [Biane ‘98].



examples

semicircle HH semicircle

semicircle H Bernoulli
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Bernoulli H Bernoulli

1/2 1/2 1/2 1/2

three point masses H three point masses

1/4 1/2 1/4 1/4 1/2 1/4

regular bulk: where the density is positive and finite

regular edge: where the density vanishes as a square root



Optimal local law for the regular bulk

Assumption: ||A|,||B|| < C; pa = fa, 4B = 18, Ma, 4g NOt ONe point mass

Theorem [B-Erd&s-Schnelli '15b] local law for Stieltjes transform
1
mu(E +in) —mapp(B+ )| <, N 7<n<l, Eebulk,
n

where my is the Stieltjes transform of upy.

U

Theorem [B-Erd&s-Schnelli '15b] local law for spectral distribution

(L) — pa 8 pp(Z)| 1

7] < NZ| N1 7] € 1, T C bulk

Previous works: [Kargin'12] (n > (log N)~%/?), [Kargin'l5] (n > N~/7),

[B.-Erdés-Schnelli’15a] (n > N—2/3).

Notation A < B: |A| < N¢|B| with high probability for any given ¢ > 0.
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Extension to the edge: Assumption

Assumption: ||A|,||B| < C; pa = pa, pp = pp (sufficiently fast), with pa, pg
Jacobi type, i.e., uo and pg are a.c. with densities p,, pg supported on [E%,Ei]
and [Ef,Ei], respectively, and such that for some C' > 1,

_ pa(T)
cl< <C, e. EZ, EY
(aj—Eg)a—(Ein_—CB)OH' a.e. x €| +]
C_l < pﬁ(x) C, a.e. T € [Eé,Eﬁ_]

<
S (e - EPYS- (B — )P+

with exponents
-1 < a4,B+ < 1.

Theorem [B.-Erd&s-Schnelli '18] Let p, and ug be of Jacobi type. Then
suppp. H pusg = [E-, E4] for some E_ < E4 € R, and the density p,mp of
po B g satisfies

c1g Pap(2) <C, ae. xclE_, E4].

\/ZE—E_\/E_F—:E h

Similar problem was considered in [Olver-Nadakuditi "12].



Extension to the edge: Results

Assumption: ||A|,||B| < C; pa = pa, pp = pp (sufficiently fast), with pa, pg
Jacobi type

Theorem [B.-Erd6s-Schnelli '16-'18] Under the above assumption

(i)(local law) For any fixed v > 0, and any compact interval Z C R with
|Z| > N—1+7,

e (Z) — pa B pp(Z)] - 1

|Z] N|Z|
(ii) (convergence rate)
1
sup |ua(Z) — pa B us(D)| < =
ICR N

(iii) (rigidity) For any 1 =1,..., N,

INi — | < max{z‘—%, (N —i+ 1)_%}]\7_%
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Local law of Green function

Green function: G(z) := (H — 2)7!, note

1 1 1 1
mH(Z) = N E = tr G(Z) = N ZG'L'L(Z), tr = NTI’

Theorem [B.-Erd6s-Schnelli '16-'18] Let z = E + in. Under the previous
assumption, for any N=177 < n < 1 with any small v >0
(i) (Green function subordination)
dij
a; — wB(Z)

(ii) (Local law for Stieltjes transform)

1
g

VN7

max ‘Gz‘j(Z) —
1,7

L1
Nn
(iii) (Improvement of (ii) outside the support)
1
N(k+n)’

when E € R\ supp(pa B up) and « > N—35+e,

() = mazms(2)

ma(2) = masp(2)| < i = dist(E, dsupp(ua B up))
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Local laws in RMT

Local laws for Wigner type matrices were widely studied in the last ten years.
A key difference for the additive model is the complicated dependence struc-
ture of the entries of the Haar unitary.

For the model discussed: Universality of local bulk eigenvalue statistics was
proved in [Che-Landon '17]

Some reference (on optimal scale)
e (Wigner type) [Erdds-Schlein-Yau '07-'09], [Tao-Vu '09-'12], [Erdds-Yau-
Yin '10-'12], [ErdOs-Knowles-Yau-Yin '13], [Gotze-Naumov-Tikhomirov-Timushev

'16], [GOtze-Naumov-Tikhomirov '15-'19],...

e (Addition of Wigner type) [Lee-Schnelli '13], [Knowles-Yin '14], [He-Knowles-
Rosenthal '16], [Ajanki-Erdds-Kriiger '16], [Erdos, Kriiger, Schroder, '18]...

e (Random d-regular graph) [Bauerschmidt-Knowles-Yau '15]...
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Perturbed subordination equation for random matrix

Subordination equation: ¢, , ,.(wa(z),wp(z),z) = 0, where

—(ma(w2)) ™t —wi —wo + 2
Dy upwi,ws, z) (=
2. 2) <—<m3<w1>>1—wl—w2+z>

Approximate subordination functions
trAG(z)

my(z) 7
By (A+UBU* — z2)G = I, we have

trtUBU*G(2)

mp(2)

wi(z) ==z — wh(z) 1=z —

(mu(2))7h = —wi(z) — wh(z) + 2.

Observe that

(mu(2)) " = (ma(w$(2)))
= ®,, 05 WG, wg, 2)

(mu(2)) " = (mp(wq(2))) "
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Denote by
Ni(z) ‘= wi(z) —wi(2), i=A,B,

In order to estimate A;(z), we need two ingredients:
(i): A stability analysis of the equation &, ,,(wa(z),ws(z),2) = 0.

(ii): An estimate of ®,, ., (w5, ws, 2) = (P, PS)T, where

¢ = (mp) ! — (ma(w$)) L, ¢ = (mpg) ! — (mp(wy)) L.
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Local stability for subordination equation

Expansion of the perturbed subordination eq. around (wa(z),wp(z),2) gives

SAA+ TaNg + - = &5 + (Fi(wp) — 1)P§
SAg+ TeN\% + - = &5 + (Fp(wa) — 1) DS
where F;(-) = —1/m;(-),i = A, B are the negative reciprocal Stieltjes trans-

forms, and

S = (Fi(wp(2)) = 1)(Fp(wa(2)) = 1) = 1

Ta = o (Fi@n() (Fh@a(2)) —1)° + Fhwa) (Fiwn()) - 1))

and 7Tp is defined analogously.

Basic facts:

S(z) ~\/k+mn, Ta(z) ~ 1, Te(z) ~ 1
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Estimate of the random &

Roughly, our aim is to show that

S™Moam
5 + (Fy(wp) — )b < —2F,
Nn
C\,
5 + (Fp(wa) — 1)@ < —22, =92
n

Basic facts:

Ve + 1, E € supp(pua B pup)

%ﬂ, E € R\ supp(ua B pp)

Smamp(z) ~ Swa(z) ~ Swp(z) ~

Recall

i = (mu(2) " = (mawi=) ", 5= (mu(2) " — (ma(Wi(=))

Hence, essentially, one needs to bound

mpg — ma(wg) ZiZ(Gu’— 1 )

N a; — wx

?

and its analogue via switching the role of A and B.
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Heuristic of Green function subordination

Goal:

1 trBG ~
Gii ~ Wl =z — &) 5.~ vy

c?

= z _
a; — wh trG(z)

By (A4 B — 2)G(z) = I, we have (a; — 2)Gi; + (BG); = 1, so that

We shall show

-~ ~ 1
BG);itrG — Gi;trBG| < ———,
(56) = VR

and
‘— E d'((BG)--trG — G--trBG)’ < —%
N ; 1 (4 17 Nn

for some specifically chosen (random) d;'s.
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Ward Identity

For t € R, set

1 .
=) = ey e = XX

Left invariance of Haar measure implies

0= % _EGi(2) = —iE(Go(:)[X, UBU"|Go(2)),

which further implies

EG ® (BG) = E(GB) @ G
Therefore,
E(EG)“U’G = EG“tI’EG

First try for concentration: use the randomness of U at once: Gromov-
Milman, can only reach n > N7
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Recursive moment estimate

Let Qz = (EG)MU’G — GiitI’EG

Set for k,¢ € N, and some specifically chosen d;’s,

m™ = Q)@ mF0 = (% ZszZ>k(%Zm>e

Proposition For any N 177 <n <1, and &k > 2

E[mgk,kz)] [ (\/__)mw 1k:)] _I_E[O<(Nin)m§k—2,k)]

FE[0- (om0
E[m(k’k)] :]E[O<(\smﬂ> (k 1k)] +E[O<((\$J$7/H> )m(kz—Q,k)}

77 7
[ <\$mH >m(k:—1,k:—1)}

1

Then the desired estimates of Q; and < Zd@Z follow by using Young and
Markov inequalities.
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Householder reflection as partial randomness

Proposition [Diaconis-Shahshahani '87] U: Haar on U(N),

- 1 e %
U= —e""(I —rir}) < - > , r =2 €1+ Vi

ler + e “ivi]|2

vi € St uniform, U € U(N —1): Haar, vi, U' independent.

Remark: Analogously, we have independent pair v; and U* for all i. Actually,
—el%(I —r;ry) is the Householder reflection sending e; to v;.
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THANK YOU!
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