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Rectifiability
We say that E C R? is rectifiable if it is #!-a.e. contained in a countable
union of curves of finite length.

E is n-rectifiable if it is #"-a.e. contained in a countable union of C! (or
Lipschitz) n-dimensional manifolds.
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Rectifiability
We say that E C R? is rectifiable if it is #!-a.e. contained in a countable
union of curves of finite length.

E is n-rectifiable if it is #"-a.e. contained in a countable union of C! (or
Lipschitz) n-dimensional manifolds.

E is n-AD-regular if
H"(B(x,r)NE)~r" forallxe E, 0<r<diam(E).
E is uniformly n-rectifiable if it is n-AD-regular and there are M, 6 > 0
such that for all x € E, 0 < r < diam(E), there exists a Lipschitz map
g:R"D B,(0,r) 5> RY,  ||[Vg]e < M,

such that
H"(E N B(x,r)Ng(Ba(0,r))) > 6r".
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Rectifiability
We say that £ C RY is rectifiable if it is 7{1-a.e. contained in a countable
union of curves of finite length.

E is n-rectifiable if it is #"-a.e. contained in a countable union of C! (or
Lipschitz) n-dimensional manifolds.

E is n-AD-regular if
H"(B(x,r)NE)~r" forallxe E, 0<r<diam(E).
E is uniformly n-rectifiable if it is n-AD-regular and there are M,6 > 0
such that for all x € E, 0 < r < diam(E), there exists a Lipschitz map
g :R" > B,(0,r) = RY, 1VElloo < M,
such that
H"(E N B(x,r)Ng(Ba(0,r))) > 6r".

Uniform n-rectifiability is a quantitative version of n-rectifiability
introduced by David and Semmes (originating from P. Jones TST).
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The Riesz and Cauchy transforms

Let 1 be a Borel measure in RY.
Example: the Hausdorff measure H%, where H"(E) < oc.
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The Riesz and Cauchy transforms

Let 1 be a Borel measure in RY.
Example: the Hausdorff measure H%, where H"(E) < oc.

1

In R?, the n-dimensional Riesz transform of f € L} (u) is

Ruf(x) = lime o Rpef(x), where

X—-Yy
R7fxz/ ——=—f(y)du(y).
e ( ) |x—y|>e |X_Y|n+1 ( ) ( )
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The Riesz and Cauchy transforms

Let 1 be a Borel measure in RY.

Example: the Hausdorff measure H%, where H"(E) < oc.
In RY, the n-dimensional Riesz transform of f € L1 () is

Ruf(x) = lime o Rpef(x), where

X—Yy
R7fxz/ ——=—f(y)du(y).
e ( ) |x—y|>e |X_Y|n+1 ( ) ( )

In C, the Cauchy transform of f € L} (1) is C,f(z) = limen,0Cpcf(2),
where

Cef(z) = /| &) o).

z—g>e 2§
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The Riesz and Cauchy transforms

Let 1 be a Borel measure in RY.

Example: the Hausdorff measure H%, where H"(E) < oc.
In RY, the n-dimensional Riesz transform of f € L1 () is

Ruf(x) = lime o Rpef(x), where

X—Yy
R7fxz/ ——=—f(y)du(y).
e ( ) |x—y|>e |X_Y|n+1 ( ) ( )

In C, the Cauchy transform of f € L} (1) is C,f(z) = limen,0Cpcf(2),
where 7€)
C,u,ef(z) = /| ~ ¢ d:u(g)

z—g>e 2§

The existence of principal values is not guarantied, in general.
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The Riesz and Cauchy transforms

We say that R, is bounded in L?(u) if the operators R, are bounded in
L2(p1) uniformly on € > 0.
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The Riesz and Cauchy transforms

We say that R, is bounded in L?(u) if the operators R, are bounded in
L2(4) uniformly on £ > 0. Analogously for C,,.
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The Riesz and Cauchy transforms

We say that R, is bounded in L?(u) if the operators R, are bounded in
L2(4) uniformly on £ > 0. Analogously for C,,.

We also denote
Rp=R,1, Cu=2C,l
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Harmonic measure

Q c R™! open and connected.
For p € Q, wP is the harmonic measure in Q with pole in p.
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Harmonic measure

Q c R™! open and connected.

For p € Q, wP is the harmonic measure in Q with pole in p.

That is, for E C 99, wP(E) is the value at p of the harmonic extension of
XE to Q.
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Harmonic measure

Q c R™! open and connected.

For p € Q, wP is the harmonic measure in Q with pole in p.

That is, for E C 99, wP(E) is the value at p of the harmonic extension of
XE to Q.

Questions about the metric properties of harmonic measure:
When H" ~ wP?

Which is the connection with rectifiability?

Dimension of harmonic measure?
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Metric properties of harmonic measure

@ In the plane if Q is simply connected and H!(9Q) < oo, then
H! ~ wP. (F.& M. Riesz)

@ Many results in C using complex analysis (Makarov, Jones, Bishop,
Wolff,...).

@ The analogue of Riesz theorem fails in higher dimensions
(counterexamples by Wu and Ziemer).

@ In higher dimension, need real analysis techniques.
Connection with uniform rectifiability studied recently by Hofmann,
Martell, Uriarte-Tuero, Mayboroda, Azzam, Badger, Bortz, Toro,
Akman, etc.
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Connection between harmonic measure and Riesz transform
Let £(x) the fundamental solution of the Laplacian in R"*1:

1

Cn —|X‘”_1 .

E(x) =
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Connection between harmonic measure and Riesz transform
Let £(x) the fundamental solution of the Laplacian in R"*1:

1

Cn —|X‘”_1 .

E(x) =
The kernel of the Riesz transform is

K(x) = \XIL“ = cVE(x).
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Connection between harmonic measure and Riesz transform

Let £(x) the fundamental solution of the Laplacian in R"*1:

1

S(X) = Cp W

The kernel of the Riesz transform is
K(x) = x |n+1 = cVE(x).

The Green function G(-,-) of Q is

Glxip) = £(x—p) — [ £lx = 1) d?().
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Connection between harmonic measure and Riesz transform

Let £(x) the fundamental solution of the Laplacian in R"*1:

1

(‘:(X) = Cp W

The kernel of the Riesz transform is
K(x) = x |n+1 = c VE(x).
The Green function G(-,-) of Q is
Glxip) = £(x—p) — [ £lx = 1) d?().
Therefore, for x € Q:
€VG(x.p) = K(x — p) — [ K(x = y) dr(y)

That is, RwP(x) = K(x — p) — ¢ VxG(x, p).
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Riesz transforms and rectifiability

Theorem (Nazarov, T., Volberg, 2012)

Let E C R™1 with H"(E) < oo, and u = HE. If R, : L?(n) — L?(p) is
bounded, then E n-rectifiable.
If, additionally, E is n-AD-regular, then E is uniformly n-rectifiable.
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Riesz transforms and rectifiability

Theorem (Nazarov, T., Volberg, 2012)

Let E C R™1 with H"(E) < oo, and u = HE. If R, : L?(n) — L?(p) is
bounded, then E n-rectifiable.
If, additionally, E is n-AD-regular, then E is uniformly n-rectifiable.

@ David-Semmes problem.
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Riesz transforms and rectifiability

Theorem (Nazarov, T., Volberg, 2012)

Let E C R™1 with H"(E) < oo, and u = HE. If R, : L?(n) — L?(p) is
bounded, then E n-rectifiable.
If, additionally, E is n-AD-regular, then E is uniformly n-rectifiable.

@ David-Semmes problem.

@ Case of lower density 0 by Eiderman-Nazarov-Volberg.
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Riesz transforms and rectifiability

Theorem (Nazarov, T., Volberg, 2012)

Let E C R™1 with H"(E) < oo, and p = HE. If R, : L?(n) — L?(p)
bounded, then E n-rectifiable.

If, additionally, E is n-AD-regular, then E is uniformly n-rectifiable.

@ David-Semmes problem.

@ Case of lower density 0 by Eiderman-Nazarov-Volberg.

is

@ The proof only works in codimension 1. In RY forl<n<d—1, the

result is open.
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Riesz transforms and rectifiability

Theorem (Nazarov, T., Volberg, 2012)

Let E C R™1 with H"(E) < oo, and u = HE. If R, : L?(n) — L?(p) is
bounded, then E n-rectifiable.
If, additionally, E is n-AD-regular, then E is uniformly n-rectifiable.

@ David-Semmes problem.
@ Case of lower density 0 by Eiderman-Nazarov-Volberg.

@ The proof only works in codimension 1. In RY forl<n<d—1, the
result is open.

@ A previous case solved by Hofmann, Martell, Mayboroda:
For = H"|sq, where Q is a uniform domain, using harmonic
measure.

X. Tolsa (ICREA / UAB) Harmonic measure, Riesz transforms, and rectifiability 12 May 2017 8 /19



Riesz transforms and rectifiability

Theorem (Nazarov, T., Volberg, 2012)

Let E C R™1 with H"(E) < oo, and u = HE. If R, : L?(n) — L?(p) is
bounded, then E n-rectifiable.

If, additionally, E is n-AD-regular, then E is uniformly n-rectifiable.

@ David-Semmes problem.
@ Case of lower density 0 by Eiderman-Nazarov-Volberg.

@ The proof only works in codimension 1. In RY forl<n<d—1, the
result is open.

@ A previous case solved by Hofmann, Martell, Mayboroda:
For = H"|sq, where Q is a uniform domain, using harmonic
measure.

@ The case n =1 proved previously by Mattila-Melnikov-Verdera
(AD-regular case) and David and Léger, using curvature.
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A converse to Riesz theorem

Theorem
Let Q C R™! be open. Let E C 9Q with 0 < H"(E) < oo such that
w|g =~ H"|g. Then E is n-rectifiable.
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A converse to Riesz theorem

Theorem
Let Q C R™! be open. Let E C 9Q with 0 < H"(E) < oo such that
w|g =~ H"|g. Then E is n-rectifiable.

@ Proof by
[Azzam, Mourgoglou, T.]
+ [Hofmann, Martell, Mayboroda, T., Volberg].

@ A special case for n = 1 by Pommerenke.
@ It solves a question posed by Bishop in the 1990’s.

@ Previous related results by Martell, Hofmann and Uriarte-Tuero with
stronger quantitative assumptions and consequences.
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Idea of the proof of the theorem

Let x € E and x’ € Q such that dist(x’,0Q) ~ . Then use the identity

RwP(x') = K(xX' — p) — ¢V G(X, p).
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Idea of the proof of the theorem
Let x € E and x’ € Q such that dist(x’,0Q) ~ . Then use the identity
RuwP(x') = K(X' — p) — ¢V G(X, p).
By standard estimates for Green's function and the fact that wP|g ~ H"|g

G(x.p) - wP(B(x,4)
e "~ HIL(B(x,e)NoQ) ~

Ve G(X,p)l S
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Idea of the proof of the theorem
Let x € E and x’ € Q such that dist(x’,0Q) ~ . Then use the identity
RuwP(x') = K(X' — p) — ¢V G(X, p).
By standard estimates for Green's function and the fact that wP|g ~ H"|g

G(x.p) - wP(B(x,4)
e "~ HIL(B(x,e)NoQ) ~

Ve G(X,p)l S

Then

P(B
IRewP(x)] < |RwP(x')| + C sup M < .
r>0

Thus R.wP(x) < oo for all H"-a.e. x € E.
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Idea of the proof of the theorem

Let x € E and x’ € Q such that dist(x’,0Q) ~ . Then use the identity

RwP(x') = K(xX' — p) — ¢V G(X, p).

By standard estimates for Green's function and the fact that wP|g ~ H"|g

G(x.p) - wP(B(x.4<)

X’G /7 S
VxRS == 3 3 Blx o) noq) ~

Then b(B
RewP(x)] < [RewP(x)] + C sup 2 ELT)) ,(nx’ D .
r>0
Thus R.wP(x) < oo for all H"-a.e. x € E.
This implies there exists F C E with H"(F) > 0 such that Ry is
bounded in L2(H"|f).
So F is n-rectifiable by the Nazarov-T.-Volberg theorem.
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A two-phase problem
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A two-phase problem

Theorem (Azzam, Mourgoglou, T., Volberg)

Let Q1,Qy C R, with Q1 N Qp = @, 0Q1 N 0N, # @, with harmonic
measures wt, w?. Let E C 091 N0y be such that w! < w? < w! on E.
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A two-phase problem

Theorem (Azzam, Mourgoglou, T., Volberg)

Let Q1,Qy C R, with Q1 N Qp = @, 0Q1 N 0N, # @, with harmonic
measures wt, w?. Let E C 091 N0y be such that w! < w? < w! on E.
Then E contains an n-rectifiable subset F with

WHE\ F)=w?(E\ F) =0 on which w! < w? < H" < w'.
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Remarks

@ Proof of the case n = 1 by Bishop. Particular previous case by
Bishop, Carleson, Garnett, Jones.
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Remarks

@ Proof of the case n = 1 by Bishop. Particular previous case by
Bishop, Carleson, Garnett, Jones.

® Proof by Azzam - Mourgoglou - T. assuming the domains satisfy the
CDC condition.
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Remarks

@ Proof of the case n = 1 by Bishop. Particular previous case by
Bishop, Carleson, Garnett, Jones.

® Proof by Azzam - Mourgoglou - T. assuming the domains satisfy the
CDC condition.

® Proof by Azzam - Mourgoglou - T. - Volberg in full generality, which
solves a conjecture by Bishop.
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Remarks

@ Proof of the case n = 1 by Bishop. Particular previous case by
Bishop, Carleson, Garnett, Jones.

® Proof by Azzam - Mourgoglou - T. assuming the domains satisfy the
CDC condition.

® Proof by Azzam - Mourgoglou - T. - Volberg in full generality, which
solves a conjecture by Bishop.

@ A partial result in higher dimensions by Kenig, Preiss and Toro:
harmonic measure is concentrated in a subset of dimension n
assuming €23 and €, are NTA domains.
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solves a conjecture by Bishop.
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Remarks

Proof of the case n = 1 by Bishop. Particular previous case by
Bishop, Carleson, Garnett, Jones.

Proof by Azzam - Mourgoglou - T. assuming the domains satisfy the
CDC condition.

Proof by Azzam - Mourgoglou - T. - Volberg in full generality, which
solves a conjecture by Bishop.

A partial result in higher dimensions by Kenig, Preiss and Toro:
harmonic measure is concentrated in a subset of dimension n
assuming €23 and €, are NTA domains.

The proof uses a blow up argument inspired by Kenig-Preiss-Toro, the
Alt - Caffarelli - Friedman monotonicity formula,
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Remarks

@ Proof of the case n = 1 by Bishop. Particular previous case by
Bishop, Carleson, Garnett, Jones.

® Proof by Azzam - Mourgoglou - T. assuming the domains satisfy the
CDC condition.

® Proof by Azzam - Mourgoglou - T. - Volberg in full generality, which
solves a conjecture by Bishop.

@ A partial result in higher dimensions by Kenig, Preiss and Toro:
harmonic measure is concentrated in a subset of dimension n
assuming €23 and €, are NTA domains.

@ The proof uses a blow up argument inspired by Kenig-Preiss-Toro, the
Alt - Caffarelli - Friedman monotonicity formula, and a criterion of
rectifiability by Girela-Sarrién - T. in terms of Riesz transforms,
inspired by the Nazarov - T. - Volberg theorem.
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Remarks

@ Proof of the case n = 1 by Bishop. Particular previous case by
Bishop, Carleson, Garnett, Jones.

® Proof by Azzam - Mourgoglou - T. assuming the domains satisfy the
CDC condition.

® Proof by Azzam - Mourgoglou - T. - Volberg in full generality, which
solves a conjecture by Bishop.

@ A partial result in higher dimensions by Kenig, Preiss and Toro:
harmonic measure is concentrated in a subset of dimension n
assuming €23 and €, are NTA domains.

@ The proof uses a blow up argument inspired by Kenig-Preiss-Toro, the
Alt - Caffarelli - Friedman monotonicity formula, and a criterion of
rectifiability by Girela-Sarrién - T. in terms of Riesz transforms,
inspired by the Nazarov - T. - Volberg theorem.

@ Other contributions: ACF, Badger, Engelstein,...
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Harmonic functions and uniform rectifiability

Theorem
Let E C R"*! be n-AD-regular and Q = R"1\ E.
The following are equivalent:

(a) E is uniformly n-rectifiable.

(b) There is C > 0 such that if u is a bounded harmonic function on Q
and B is a ball centered at E,

/B|Vu(x)|2 dist(x,0Q) dx < C HUH%‘X’(Q) r(B)". (1)
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Harmonic functions and uniform rectifiability

Theorem
Let E C R"*! be n-AD-regular and Q = R"1\ E.
The following are equivalent:

(a) E is uniformly n-rectifiable.

(b) There is C > 0 such that if u is a bounded harmonic function on Q
and B is a ball centered at E,

/B|Vu(x)|2 dist(x,0Q) dx < C HUH%‘X’(Q) r(B)". (1)

(a)=(b) by Hofmann, Martell, Mayboroda.

°
@ (b)=(a) by Garnett, Mourgoglou and T.

X. Tolsa (ICREA / UAB) Harmonic measure, Riesz transforms, and rectifiability 12 May 2017 13 /19



To prove (b)=-(a) we show:

Theorem
Let E,Q C R™! be as above. Let j1 = Mg and let D, be a dyadic lattice
of cubes associated to L.
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To prove (b)=-(a) we show:

Theorem

Let E,Q C R™! be as above. Let j1 = Mg and let D, be a dyadic lattice
of cubes associated to pu. Then E is uniformly n-rectifiable if and only if
there exists a partition of D, into trees T & | satisfying:
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To prove (b)=-(a) we show:

Theorem

Let E,Q C R™! be as above. Let j1 = Mg and let D, be a dyadic lattice
of cubes associated to pu. Then E is uniformly n-rectifiable if and only if
there exists a partition of D, into trees T & | satisfying:

(a) The family of roots of T € I fulfils the packing condition

Z p(Root(7T)) < Cu(S) forallSeD,.
Tel:Root(T)CS

(b) For each T € | with R = Root(T), there exists a point pr € Q with

cY(R) < dist(pr, R) < dist(pr,0Q) < c/(R)

Q)
h that, for all Q € T, wPT (5Q) ~
such that, for a wPT(5Q) (R)
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Remarks

@ Assuming E uniformly rectifiable, to obtain the corona decomposition
above we test the square function condition (1) with suitable
functions v and we use stopping time arguments.
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Remarks

@ Assuming E uniformly rectifiable, to obtain the corona decomposition
above we test the square function condition (1) with suitable
functions v and we use stopping time arguments.

@ To show that the corona decomposition implies the uniform

rectifiability of £ we show that this implies that R, is bounded in
L2(p), by a suitable T1 type theorem.
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Remarks

@ Assuming E uniformly rectifiable, to obtain the corona decomposition
above we test the square function condition (1) with suitable
functions v and we use stopping time arguments.

@ To show that the corona decomposition implies the uniform
rectifiability of £ we show that this implies that R, is bounded in
L2(p), by a suitable T1 type theorem.

@ This is a characterization of uniform rectifiability in terms of harmonic
measure.
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Remarks

@ Assuming E uniformly rectifiable, to obtain the corona decomposition
above we test the square function condition (1) with suitable
functions v and we use stopping time arguments.

@ To show that the corona decomposition implies the uniform
rectifiability of £ we show that this implies that R, is bounded in
L2(p), by a suitable T1 type theorem.

@ This is a characterization of uniform rectifiability in terms of harmonic
measure.

@ w may be mutually singular with H"|g (Bishop - Jones).
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More remarks

@ Corona decompositions related to the one above are a basic tool in
the work of David and Semmes.
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More remarks

@ Corona decompositions related to the one above are a basic tool in
the work of David and Semmes.

@ Connection with e-approximability and work of Kenig, Kirchheim,
Pipher and Toro.
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More remarks

Corona decompositions related to the one above are a basic tool in
the work of David and Semmes.

Connection with e-approximability and work of Kenig, Kirchheim,
Pipher and Toro.

An extension to operators Lu = divA Vu, with A elliptic, perturbation
of constant coefficient matrix, by Azzam, Garnett, Mourgoglou, T.
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Some open problems

@ Find a more “friendly” characterization of uniform n-rectifiability in
terms of harmonic measure.
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Some open problems

@ Find a more “friendly” characterization of uniform n-rectifiability in
terms of harmonic measure.

@ In codimension 1, show that R, is bounded in L?(p) if and only if

[ /r(s)ﬂ% B ) (HECDY? 4y & < ¢ iy

for all balls B ¢ R"1.
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Some open problems

@ Find a more “friendly” characterization of uniform n-rectifiability in
terms of harmonic measure.

@ In codimension 1, show that R, is bounded in L?(p) if and only if

[ /r(s)ﬂ% B ) (HECDY? 4y & < ¢ iy

for all balls B ¢ R"1.

@ In codimension 1, show that if R, is bounded in L2(1) and Ry =0
in supp « (in BMO sense), then 1 = cH,;, where L is an n-plane.
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Some open problems

@ Find a more “friendly” characterization of uniform n-rectifiability in
terms of harmonic measure.

@ In codimension 1, show that R, is bounded in L?(p) if and only if

[ /r(s)ﬂ% B ) (HECDY? 4y & < ¢ iy

for all balls B ¢ R"1.

@ In codimension 1, show that if R, is bounded in L2(1) and Ry =0
in supp « (in BMO sense), then 1 = cH,;, where L is an n-plane.

@ Solve the David-Semmes problem in R for n=2,...,d — 2.
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Another open problem and a conjecture

About the dimension of harmonic measure
Jones and Wolff showed that for all Q C R?, there exists E C 9 with
dimy E <1 such that w is concentrated on E, i.e. w(9Q\ E) = 0.
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For Q c R"!, n > 2, Bourgain showed that there exists E C 9Q with
dimy E <n+1-—¢,, €, >0, such that w is concentrated on E.
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dimy E <1 such that w is concentrated on E, i.e. w(9Q\ E) = 0.

For Q c R"!, n > 2, Bourgain showed that there exists E C 9Q with
dimy E <n+1-—¢,, €, >0, such that w is concentrated on E.

Question: Which is the sharp value of ¢,7
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Another open problem and a conjecture

About the dimension of harmonic measure
Jones and Wolff showed that for all Q C R2, there exists E C 9Q with
dimy E <1 such that w is concentrated on E, i.e. w(0Q\ E) = 0.

For Q c R"!, n > 2, Bourgain showed that there exists E C 9Q with
dimy E <n—+1-—¢,, ¢, >0, such that w is concentrated on E.
Question: Which is the sharp value of ¢,7

Wolff showed that ¢, < 1.
He constructed a domain Q C R3 which puts null harmonic measure in
any subset of 9Q with dimension 2 + 4, for some § = §(€2) > 0.
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Jones and Wolff showed that for all Q C R?, there exists E C 9 with
dimy E <1 such that w is concentrated on E, i.e. w(9Q\ E) = 0.

For Q c R"!, n > 2, Bourgain showed that there exists E C 9Q with
dimy E <n+1-—¢,, €, >0, such that w is concentrated on E.

Question: Which is the sharp value of ¢,7

Wolff showed that ¢, < 1.
He constructed a domain Q C R3 which puts null harmonic measure in
any subset of 9Q with dimension 2 + 4, for some § = §(€2) > 0.

Conjecture: ¢, = %
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Thank you.

Happy birthday Peter!
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