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Lenz with his student Ising, 
suggested a model:
Squares of two colors, 

representing spins s=±1
Nearby spins want to align, 

temperature parameter x :
W(config)=x#{+-neighbors}

Partition function
Z = ∑ config W (config)
Probability P(cfg) =W(cfg)/Z

To explain the phase transition in ferromagnetics, 

The Lenz-Ising model



Lenz with his student Ising, 
suggested a model:
Often written :
W(config)=x#{+-neighbors}

≍ exp(-β∑ neighbors s(u)s(v))
Here spins  s(u)=±1
and x= exp(2β)

In magnetic field multiply 
by exp(-µ∑ us(u))

The Lenz-Ising model
To explain the phase transition in ferromagnetics, 



Ising, 1924 There is no phase transition in 1D
Peierls, 1936 There is a phase transition in 2D
Kramers-Wannier, 1941 Derive
Onsager, Kaufman, K-O, 1944-50
Derive the partition function, magnetization,…
Yang, Kac, Ward, Potts, Montroll, Hurst, Green, 
Kasteleyn, McCoy, Wu, Tracy, Widom, Vdovichenko, 
Fisher, Baxter, … many results by different methods.
“Exact solvability” (not always rigorous!)
Petermann-Stueckelberg, Fisher, Kadanoff, Wilson, 
1951-66, renormalization group
Belavin-Polyakov-Zamolodchikov, Cardy, 1985, 
Conformal Field Theory

)21/(1 +=critx

The 2D Ising model 



Dobrushin BC: boundary is
red below, blue above.
Remark. For square lattice

x<xcrit x=xcrit x>xcrit

Prob ≍ x#{+-neighbors}

The phase transition in 2D

)21/(1 +=critx



0 < xcrit < x*crit

The renormalization picture
[Stueckelberg, Fisher, Kadanoff, Wilson]

Well understood: interfaces for x< xcrit [Pfister-Velenik],
at xcrit [Chelkak-Smirnov], for x> xcrit should get percolation.

3 fixed points on [0,∞[



Conformal Field Theory
- a physics approach to critical points

Conformal transformations
= those preserving angles
= analytic maps
Locally translation +
+ rotation + rescaling
CFT [Belavin, Polyakov, 
Zamolodchikov 1984]:
In the scaling limit, postulate 
conformal invariance
Infinite symmetries allow to 
(unrigorously) derive many 
quantities [Cardy, …]



Physics of the Ising model

• Phase transition in D>1
• Curie point and exponents arise from 

renormalization
• Exact solvability in D=2 

(incl. some math results)
E.g. magnetization exponent = 1/8

• Conformal Field Theory in D=2
• D=3 expected to be similar, recent 

advances of CFT [Rychkov, …]
• D≥4 easier



Mathematical approaches
- a recent rigorous alternative● Schramm-Loewner

Evolution: a 
geometric description 
of the interfaces 
scaling limits at 
criticality – an SLE(κ) 
random curve
● Discrete complex 
analysis: a way to 
rigorously establish 
existence and 
conformal invariance 
of the scaling limit



A tool to study variation of conformal 
maps and domains, introduced 
to attack Bieberbach’s conjecture
K. Löwner (1923), "Untersuchungen 
über schlichte konforme Abbildungen 
des Einheitskreises. I", Math. Ann. 89
Instrumental in the eventual proof

L. de Branges (1985), "A proof of the Bieberbach
conjecture", Acta Mathematica 154 (1): 137–152
Thm Let F(z)=Σ an z n be a map of unit disk into 
the plane. Then |an|≤ n , equality for a slit map. 
Wide open: find γ s.t.|an|≲ nγ for bounded maps.

Loewner Evolution

Gt



Schramm-Loewner Evolution

conformal Gt

Loewner Equation
𝜕𝜕t Gt + Ut = 𝟐𝟐

Gt
Schramm’s SLE: a fractal curve 
obtained for random Ut = 𝜿𝜿Bt

- a Brownian motion
SLE=BM on the moduli space. 
Calculations from Itô calculus, 
interesting fractal properties 
Lemma [Schramm] If an 
interface has a conformally
invariant scaling limit, it is SLE(κ)



• Draw the slit 
Schramm-Loewner Evolution



• Draw the slit 
• Stop at ε capacity increments

Schramm-Loewner Evolution



• Draw the slit 
• Stop at ε capacity increments
• Open it up by a conformal 

map Gε = 𝒛𝒛 − Uε + 𝟐𝟐ε
𝒛𝒛

+…

Schramm-Loewner Evolution

Gε

Gε

Gε



• Draw the slit 
• Stop at ε capacity increments
• Open it up by a conformal 

map Gε = 𝒛𝒛 − Uε + 𝟐𝟐ε
𝒛𝒛

+…

• Composition of iid maps 
Gnε = 𝒛𝒛 − Unε + 𝟐𝟐nε

𝒛𝒛
+ … =

= Gε(Gε(Gε( … ))) =
= 𝒛𝒛 − (Uε + … + Uε ) +

𝟐𝟐nε
𝒛𝒛

+ …

Schramm-Loewner Evolution

Gε

Gε

Gε



• Draw the slit 
• Stop at ε capacity increments
• Open it up by a conformal 

map Gε = 𝒛𝒛 − Uε + 𝟐𝟐ε
𝒛𝒛

+…

• Composition of iid maps 
Gnε = 𝒛𝒛 − Unε + 𝟐𝟐nε

𝒛𝒛
+ … =

= Gε(Gε(Gε( … ))) =
= 𝒛𝒛 − (Uε + … + Uε ) +

𝟐𝟐nε
𝒛𝒛

+ …

• Ut is a Brownian motion!
• “A random walk on the 

moduli space”

Schramm-Loewner Evolution

Gε

Gε

Gε



Differentiate the slit map

Gt = 𝒛𝒛 − Ut + 𝟐𝟐t
𝒛𝒛

+…

here 𝟐𝟐t is the slit capacity
𝜕𝜕t Gt + Ut =
= 𝐥𝐥𝐥𝐥𝐥𝐥 𝟏𝟏

ε Gt+ε + Ut+ε − Gt − Ut

= 𝐥𝐥𝐥𝐥𝐥𝐥 𝟏𝟏
ε Gε − 𝐈𝐈𝐈𝐈 ∘ Gt + Ut+ε − Ut

= 𝐥𝐥𝐥𝐥𝐥𝐥 𝟏𝟏
ε −Uε + 𝟐𝟐ε

𝒛𝒛
+ … ∘ Gt + Uε

= 𝐥𝐥𝐥𝐥𝐥𝐥 𝟏𝟏
ε

𝟐𝟐ε
𝒛𝒛

∘ Gt + … = 𝟐𝟐
Gt

Schramm-Loewner Evolution

Gε

Gt

Gt+𝜀𝜀

Loewner Equation 𝜕𝜕t Gt + Ut = 𝟐𝟐
Gt

Schramm LE: Ut = 𝜿𝜿Bt ,  a Brownian motion
Leads to a random fractal curve



SLE=BM on the moduli space. Calculations reduce 
to Itô calculus, interesting fractal properties 
Lemma [Schramm] If an interface has a 
conformally invariant scaling limit, it is SLE(κ)

Schramm-Loewner Evolution

Theorem [Schramm-Rohde]  SLE phases:

Theorem [Beffara] 
𝐇𝐇𝐇𝐇𝐇𝐇𝐇𝐇 𝑺𝑺𝑺𝑺𝑺𝑺 𝜿𝜿 = 1 +

𝜿𝜿
8 , 𝜿𝜿 < 𝟖𝟖

Theorem [Zhan, Dubedat] 
𝑺𝑺𝑺𝑺𝑺𝑺 𝜿𝜿 = 𝛛𝛛 𝑺𝑺𝑺𝑺𝑺𝑺 𝟏𝟏𝟏𝟏/𝜿𝜿 , 𝜿𝜿 < 𝟒𝟒



For 2D models (pioneered by Kenyon for dimers)
• Find an observable F (edge density, spin 

correlation, exit probability,…) which is
discrete analytic (preholomorphic) or harmonic

• Deduce scaling limit and conformal invariance. 
Relation to SLE and exponents

Discrete analytic function 
(on a planar graph) =
a flow which satisfies 
two Kirchhoff laws.
Local relations but 
leads to global info!

Discrete complex analysis

a

b

c
p

q

r

a+b+c=0 p+q+r=0



[Chelkak, S] Critical Ising and FK-Ising models have 
preholomorphic observables. Interfaces converge weakly 
to SLE(3) & SLE(16/3). Strong convergence – more work
[Chelkak, Duminil-Copin, Hongler, Kemppainen, S]

Ising and SLE

Hdim = 11/8 Hdim = 5/3



Random cluster (FK) model



FK loop model



A preholomorphic observable



A preholomorphic observable



A preholomorphic observable



A preholomorphic observable



A preholomorphic observable



A preholomorphic observable



Interfaces and SLEs



Interfaces and SLEs



How to describe the full scaling limit?

Spin correlations.
(Chelkak, Hongler, Izyurov, Smirnov, . . . )
A collection of clusters or crossings.  
(Schramm, Smirnov)
A collection of loops.
(Lawler, Werner, Sheffield, Miller, Wu, . . .)
A  branching tree  of SLEs.
(Camia-Newman, Sheffield, Kemppainen-Smirnov, . . . )

6



Exploration tree

cf. Sheffield:
Continuum version
and hexagonal lattice version
(definition less starlight-forward and non-canonical).

7



Exploration tree

Target independence:
Two branches coincide
until they disconnect the targets,  
then they are independent.

7



Boundary touching loops and exploration tree in FK Ising

9



Boundary touching loops and exploration tree in FK Ising

9



Boundary touching loops and exploration tree in FK Ising

The loop soup is canonically converted into a tree.  
There is also an inverse map from the tree to the  loops.

9













Clusters, loops and trees
• There is a canonical way to explore 

FK clusters, leading to a branching tree
• Tree are equivalent to clusters and loops
• Branches are nicely coupled (coincide up to 

separation, then independent)
• Branch independence suggests locality, so
expect a continuum tree of branching SLE(κ,κ-6)
• There are observables related to the tree
• Characterization of a diffusion by two 

moments is possible, gives us a Bessel 
process, and hence SLE(16/3,-2/3)

• Similar approach to spin Ising?



Happy birthday!
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