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An example

Let An and Bn be the n × n Toeplitz matrices


1 1

2 0 0 . . .
1
2 1 1

2 0 . . .
0 1

2 1 1
2 . . .

. . . . . . . . . . . . . . .




1 −1
2

1
2 −1

2 . . .
−1

2 1 −1
2

1
2 . . .

1
2 −1

2 1 −1
2 . . .

. . . . . . . . . . . . . . .


Then

[S(A−1n+1)− S(A−1n )] = [S(B−1n+1)− S(B−1n )]−1

where S(·) denotes the sum of all matrix elements.



Canonical systems

ΩṀ = zHM on [0,∞)

I H = H(t) is a given real 2× 2 matrix-valued
function

I H ∈ L1loc[0,∞), H ≥ 0 a.e., H 6= 0 a.e.

I Ω =

(
0 1
−1 0

)
I z ∈ C is ”spectral” parameter

I Fundamental solution (”matrizant”)

M = M(t, z) =

(
A B
C D

)
, M(0, z) = I



Why canonical systems?

I Easy to solve if z = 0

I Every ”self-adjoint” system is ' to a canonical
system

I Roughly speaking:

Dirac(L1loc) ' CS(W 1,1
loc ), detH ≡ 1,

and

Schroedinger(L1loc) ' CS(W 2,1
loc ), detH ≡ 1



De Branges spaces

Recall: M(t, z) =

(
A B
C D

)
Fact: ∀t, E = A− iC is a dB function i.e.

ΘE =
A + iC

A− iC
is an inner function in C+.

dB space B(E ) = E (H2 	ΘEH
2) has reproducing

kernel

K (z ,w) =
1

π

C (z)A(w)− A(z)C (w)

z − w̄
Fact (if no ”jump intervals”)

Bt ≡ B(Et) =WL2
H(0, t),

where

W :

(
f1
f2

)
7→ F (z) =

1

π

∫ ∞
0
〈H(t)

(
f1
f2

)
,

(
At(z̄)
Ct(z̄)

)
〉 dt



Spectral measures

Def: µ is a spectral measure of H if

∀t, Bt
iso
⊂ L2(µ).

Facts:

I spectral measures exist (any ”limit point” of
|Et |−2)

I uniqueness of µ = µH (if
∫∞
0 trace(H) =∞)

I µ is regular, i.e.
∫
R

dµ(x)
1+x2 <∞

I W : L2H → L2(µ) is unitary.

dB Theorem: if B1,B2 ⊂ L2(µ) and µ is regular, then B1 ⊂ B2 or B2 ⊂ B1

By definition, two SAS are equivalent if they have the same dB spaces, or equivalently,

same spectral measures



Paley-Wiener spaces

If H ≡ I , then(
A B
C D

)
=

(
cos tz − sin tz
sin tz cos tz

)
,

so
Et = e−itz , µ = m, Bt = PWt ,

K (z ,w) =
1

π

sin t(z − w̄)

z − w̄
.

Also, PWt = FL2[−t; t]



CS of Paley-Wiener type

Def: H ∈(PW) if ∀s∃t, Bt
.

= PWs

Thm: If H ∈(PW), then det(H) 6= 0 a.e. and∫∞
0

√
detH =∞, so the CS is equivalent to a

system with detH = 1 a.e.

Remark: detH ≡ 1 ; H ∈ (PW) but

detH ≡ 1 & H ∈ W 1,1
loc ⇒ H ∈ (PW)



PW-sampling measures

Def: µ ∈(PW) if µ is sampling for all PW-spaces:

∀t ∃C ∀f ∈ PWt , ‖f ‖PW � ‖f ‖L2(µ)

Lemma. Suppose det(H) = 1 a.e. and µ = µH .
Then H ∈(PW) ⇔ µ ∈(PW). We have
Bt = PWt(µ) in this case.

Examples of PW-measures:

I µ � m

I most periodic measures

I if (µ−m)̂ ∈ L1
loc (Gelfand-Levitan condition for Dirac systems)



Characterization of PW-measures

Theorem. µ ∈(PW) iff
(i) ∀x ∈ R, µ(x , x + 1) ≤ const
(ii) ∀t ∃δ ∃L,

|I | ≥ L ⇒ Cδ(I ) ≥ t|I |,

where Cδ(I ) is the maximal number of disjoint
intervals α intersecting I and satisfying |α| ≥ δ and
µ(α) ≥ δ.

[Logvinenko-Sereda, Ortega, Seip, . . . ]



Inverse spectral problem

dB Theorem: every regular measure is the spectral measure of some CS

Theorem. ∀µ ∈ (PW) ∃H such that det(H) = 1
a.e. and µ = µH .

H is almost unique: H and Ȟ have the same
spectral measure iff

∃k ∈ R, Ȟ = T ∗kHTk , Tk :=

(
1 k
0 1

)



Krein’s strings

Corollary: 1-to-1 correspondence between
PW-measures µ symmetric wrt 0 and diagonal

Hamiltonians H =

(
h 0
0 h−1

)
∈ (PW)

Pf: (
h11 h12
h12 h22

)
7→
(

h11 −h12
−h12 h22

)
descends to µ 7→ µ?, µ?(e) = µ(−e).



Truncated Toeplitz operators

If µ ∈(PW), then we can define bounded, invertible
operators

A = Aµ,t : PWt → PWt

by the formula (Af , g) =
∫
f ḡ dµ, (for all f and g).

Lemma. Let kt(z) be the kernel of Bt at w = 0,

and
◦
k t (z) = sin tz

πz . Then

kt = it
[
A−1µ,t

◦
k t
]

where it : PWt → Bt , f 7→ f .

[Pf: At = i∗t it ]



Recovering h11(t) (and the string)

Theorem. If µ ∈(PW) is the spectral measure of H ,
then

h11(t) = hµ(t) := π
d

dt
kt(0).

Pf:
∫ t

0 〈H(s)Xz(s),Xw(s)〉 ds = πKt(z ,w) where

X =

(
A
C

)
. Apply to z = w = 0, so X0 ≡

(
1
0

)
.

Corollary. If µ ∈(PW) is symmetric, then µ is the
spectral measure of

H =

(
hµ 0
0 1

hµ

)



Hilbert transform

(T µf )(z) =
1

π

∫ [
f (ζ)− f (z)

ζ − z
+
ζf (z)

1 + ζ2

]
dµ(ζ).

Theorem. If µ ∈(PW), then µ is the spectral
measure of

H =

(
hµ gµ

gµ ∗

)
where

gµ(t) = π
d

dt
(T µkt)(0)



Different initial conditions

ΩṀ = zHM , M =

(
A B
C D

)
dB function, spaces, spectral measure for IC

(
1
0

)
:

E = A− iC , Bt , µ = µH .

dB function, spaces, spectral measure for IC

(
0
1

)
:

Ẽ = B − iD, B̃t , µ̃ = µ̃H .

Involution µ 7→ µ̃:(
h11 h12
h12 h22

)
7→
(

h22 −h12
−h12 h11

)



Duality

Corollary. If H is diagonal, and both µ and µ̃ are
PW-sampling, then

H =

(
hµ 0
0 1

hµ

)
=

(
1
hµ̃ 0
0 hµ̃

)

General case:
two relations between hµ, gµ, hµ̃, and g µ̃

Warning: µ ∈(PW) ; µ̃ ∈(PW)



Clark’s measures

Lemma. µ and µ̃ are dual (as spectral measures) iff
there exists Θ ∈ H∞(C+), ‖Θ‖∞ ≤ 1, such that

Pµ = <1−Θ

1 + Θ
, Pµ̃ = <1 + Θ

1−Θ

Hint: Θ = A−iB
A+iB for the measures of

(
A B
C D

)



Periodic spectral measures

I M+(T) finite positive measures (with infinite
support) on the circle [0, 2π]. We identify them
with 2π-periodic measures on R.

I Fourier series µ ∼
∑∞
−∞ γke

ikx . The
”moments” are γk = γ−k ; µ is symmetric iff all
moments are real.

I Two Toeplitz matrices, Γ(µ) and ∆(µ):
γ0 γ1 γ2 . . .
γ−1 γ0 γ1 . . .
γ−2 γ−1 γ0 . . .
. . . . . . . . . . . .

 ,


0 γ1 γ2 . . .
−γ−1 0 γ1 . . .
−γ−2 −γ−1 0 . . .
. . . . . . . . . . . .





Solving the inverse problem for periodic measures

Theorem. If µ ∈ M+(T), then the functions hµ(t)
and gµ(t) are locally constant on R+ \ 1

2N, so

hµ(t) = h0, h1, h2, . . . , gµ(t) = g0, g1, g2, . . .

on
(0.0, 0.5) , (0.5, 1.0) , (1.0, 1.5) , . . .

and we have

hn = S
[
Γ−1n+1

]
− S

[
Γ−1n

]
,

gn = S
[
∆n+1Γ−1n+1

]
− S

[
∆nΓ−1n

]
.



Back to our example

I µ = 1 + cos, so Γ(µ) =

(
1 1

2
0 . . .

1
2

1 1
2

. . .

)
I We have Γ−1

1 = (1), Γ−1
2 = 4

3

(
1 − 1

2
− 1

2
1

)
, . . . and S1 = 1, S2 = 4

3
, . . .

I We conclude: h0 = 1, h1 = 1
3

, h2 = 2
3
, h3 = 2

5
etc.

I Find symmetric dual measure µ̃:

Pµ = <(1 + e iz ), Pµ̃ = <
1

1 + e iz
=

1

2
+

1

2
<

1− S

1 + S
,

so

µ̃ =
1

2
+ π

∞∑
−∞

δπ+2πk , Γ(µ̃) =

(
1 − 1

2
1
2

− 1
2
. . .

− 1
2

1 − 1
2

1
2

. . .

)

I Computation gives h̃0 = 1, h̃1 = 3, h̃2 = 3
2
, h̃3 = 5

2
etc.



Happy birthday ,Peter !


