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Bilinear analog of the spherical averaging operator

@ This talk is mainly about a bilinear analog of the spherical averaging
operator and its variable coefficient generalizations. Define

By(f,g)(x) = / Flx — y)g(x — By)doly),

Sd—1

where § € O4(R) and ¢ is the surface measure on S9—1
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Bilinear analog of the spherical averaging operator

@ This talk is mainly about a bilinear analog of the spherical averaging
operator and its variable coefficient generalizations. Define

By(f, £)(x) = / Flx — y)g(x — By)doly),

Sd-1

where 6 € O4(R) and o is the surface measure on S9-1.

@ We shall see that in a variety of ways it is a natural bilinear analog of
the spherical averaging operator

Aif(x) = ./sd—l f(x —ty)do(y).
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Structure of the talk

@ We are going to recall the basic mapping properties of the linear
spherical averaging operator.
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Structure of the talk

@ We are going to recall the basic mapping properties of the linear
spherical averaging operator.

@ We shall motivate the definition of the bilinear spherical operator
using the discrete distance graph paradigm.
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Structure of the talk

@ We are going to recall the basic mapping properties of the linear
spherical averaging operator.

@ We shall motivate the definition of the bilinear spherical operator
using the discrete distance graph paradigm.

@ We shall describe some of the instances when the bilinear spherical
averaging operator arises in geometric measure theory.
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Structure of the talk

@ We are going to recall the basic mapping properties of the linear
spherical averaging operator.

@ We shall motivate the definition of the bilinear spherical operator
using the discrete distance graph paradigm.

@ We shall describe some of the instances when the bilinear spherical
averaging operator arises in geometric measure theory.

@ We shall state and prove sharp LP(R?) x L9(R?) — L"(R?) for the
spherical averaging operator in dimension two and describe the state
of affairs in higher dimensions.
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Structure of the talk

@ We are going to recall the basic mapping properties of the linear
spherical averaging operator.

@ We shall motivate the definition of the bilinear spherical operator
using the discrete distance graph paradigm.

@ We shall describe some of the instances when the bilinear spherical
averaging operator arises in geometric measure theory.

o We shall state and prove sharp LP(R?) x L9(R?) — L"(R?) for the
spherical averaging operator in dimension two and describe the state
of affairs in higher dimensions.

@ We shall state and prove the corresponding sharp bounds for the
variable coefficient analog of the spherical averaging operator in
dimension two.
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Spherical averaging operator

@ The classical spherical averaging operator is given by

Af) = [ Flx=)doly).
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Spherical averaging operator

@ The classical spherical averaging operator is given by

Ak = [ fx—e)do(y).

@ where o is the surface measure on S9! and t > 0.

Alex losevich (Peter Jones conference) Bilinear operators and curvature May 9, 2017 4 /28



Spherical averaging operator

@ The classical spherical averaging operator is given by

Ak = [ fx—e)do(y).

@ where o is the surface measure on S9! and t > 0.

@ This operator is ubiquitous in a variety of areas of mathematics and
physics. For example, the initial value problem
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Spherical averaging operator

@ The classical spherical averaging operator is given by

Ak = [ fx—e)do(y).

@ where o is the surface measure on S9! and t > 0.

@ This operator is ubiquitous in a variety of areas of mathematics and
physics. For example, the initial value problem

Au = uy; u(x,0)=0; u(x,0)="r(x); d=3
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Spherical averaging operator

@ The classical spherical averaging operator is given by

Ak = [ fx—e)do(y).

@ where o is the surface measure on S9! and t > 0.

@ This operator is ubiquitous in a variety of areas of mathematics and
physics. For example, the initial value problem

Au = ugy; u(x,0) =0; ue(x,0)=F(x); d=3

@ is solved by
u(x, t) = ctA¢f(x).
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A discrete analog of A,f(x)

@ Let P be a finite point set in RY, d > 2. Define a graph, called the
distance graph, by taking points of P as vertices and connect two
vertices x and y by an edge if [x — y| = t.
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A discrete analog of A,f(x)

o Let P be a finite point set in RY, d > 2. Define a graph, called the
distance graph, by taking points of P as vertices and connect two

vertices x and y by an edge if |[x — y| = t.

@ The edge operator on this graph is given by

Ef(x)= > f(y).

Ix—yl|=t

May 9, 2017 5/28

Bilinear operators and curvature

Alex losevich (Peter Jones conference)



A discrete analog of A,f(x)

o Let P be a finite point set in RY, d > 2. Define a graph, called the
distance graph, by taking points of P as vertices and connect two
vertices x and y by an edge if |[x — y| = t.

@ The edge operator on this graph is given by

Ef(x)= Y f(y).

[x—y|=t

@ Hence it is reasonable to think of the spherical averaging operator
A¢f(x) as the edge operator for the continuous version of the
distance graph.
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A discrete analog of A,f(x)

o Let P be a finite point set in RY, d > 2. Define a graph, called the
distance graph, by taking points of P as vertices and connect two
vertices x and y by an edge if |[x — y| = t.

@ The edge operator on this graph is given by

Ef(x)= Y f(y).

[x—y|=t

@ Hence it is reasonable to think of the spherical averaging operator
A¢f(x) as the edge operator for the continuous version of the
distance graph.

@ This viewpoint has been used by many authors in recent decades to
study discrete problems using analytic methods.
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Lebesgue space bounds for A.f(x)

@ A classical result due to Strichartz and Littman (independently) says
that
A [P(RY) — LI(RY)
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Lebesgue space bounds for A.f(x)

@ A classical result due to Strichartz and Littman (independently) says
that
A: : LP(RY) — LI(RY)

o for (%, %,) contained in the triangle with the endpoints
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Lebesgue space bounds for A.f(x)

@ A classical result due to Strichartz and Littman (independently) says
that
A: : LP(RY) — LI(RY)
o for (%, %) contained in the triangle with the endpoints

(0,0), (1,1) (dil’ dil> |
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Lebesgue space bounds for A.f(x)

@ A classical result due to Strichartz and Littman (independently) says
that
A: : LP(RY) — LI(RY)

o for (%, %) contained in the triangle with the endpoints

©.0. 1) (555 551)

@ The exponents are best possible as demonstrated by taking f(x) to be
the indicator function of a ball of radius 4, ¢ small.
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Outline of the proof of Lebesgue space bounds for A;f(x)

o Let
AFF(x) = o (L= |- P () x (),

where ¢ is a smooth cut-off function.
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Outline of the proof of Lebesgue space bounds for A;f(x)

o Let
1

z 1 2\Z—
Af(x) = @(1— 1) o() * F(x),
where ¢ is a smooth cut-off function.

@ When z = 0, we recover the spherical averaging operator A:f(x).
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Outline of the proof of Lebesgue space bounds for A;f(x)

o Let
1

where ¢ is a smooth cut-off function.

Atf(x) =

@ When z = 0, we recover the spherical averaging operator A:f(x).

e When Re(z) =1, A, : L}(RY) — L=(R).
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Outline of the proof of Lebesgue space bounds for A;f(x)

o Let
z—1

z 1 2\%—
Af(x) = @(1— |- 19) () F(x),
where ¢ is a smooth cut-off function.
@ When z = 0, we recover the spherical averaging operator A:f(x).

e When Re(z) =1, A; : LY(R?) — L>®(RY).

o When Re(z) = -1, Zf\f(f) = m(ﬁ)A(f), where m is bounded,
which allows us to conclude that
d—1

AZ : 12(RY) — L2(RY) for Re(z) = -
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Outline of the proof of Lebesgue space bounds for A;f(x)

o Let
1

where ¢ is a smooth cut-off function.

Atf(x) =

@ When z = 0, we recover the spherical averaging operator A:f(x).
e When Re(z) =1, A; : LY(R?) — L>®(RY).

o When Re(z) = — %1, Zf\f(f) = m(f)f(f), where m is bounded,
which allows us to conclude that

AZ - [2(R?) — L%(RY) for Re(z) = _a-1

@ Stein’s analytic interpolation theorem yields the claimed result.
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Generalized Radon transform

@ More generally, consider

RIG)= [ A0dean)
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Generalized Radon transform

@ More generally, consider

RIG)= [ o)

@ where 1) is a smooth cut-off, o+ is the measure on

{y:olx,y) =1t}
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Generalized Radon transform

@ More generally, consider

RIG)= [ o)

@ where v is a smooth cut-off, o, + is the measure on

{y:o(x,y) =t}
@ and
det ° Vil #0
Ve’ 2
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Generalized Radon transform (continued)

@ A result due to Phong and Stein says that under the assumptions
above,
R L?(RY) — 12, (RY).
2
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Generalized Radon transform (continued)

@ A result due to Phong and Stein says that under the assumptions
above,
R L?(RY) — 12, (RY).
2

@ It is not difficult to use this result and then imitate Strichartz’
argument above to see that

R : LP(RY) — LI(RY)
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Generalized Radon transform (continued)

@ A result due to Phong and Stein says that under the assumptions
above,
R L?(RY) — 12, (RY).
2

@ It is not difficult to use this result and then imitate Strichartz’
argument above to see that

R : LP(RT) — LI(RY)

o for ( , ) in the triangle with the endpoints (0,0), (1,1) and

(i i) the same range as the spherical averaging operator.
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LP-improving measures

@ In general, it is interesting to ask whether a given compactly
supported Borel measure 1 on RY is LP-improving in the sense that

F s pl] aqray < ClIf|lLp(roy for some g > p.
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LP-improving measures

@ In general, it is interesting to ask whether a given compactly
supported Borel measure 1 on RY is LP-improving in the sense that

F 5 pl] Laqray < ClIf|lp(rey for some g > p.
@ Numerous authors examined this problem from a variety of points of

view over the years. The point particularly relevant to our discussion
is that

|1(€)| — 0 as || — oo is not a necessary condition.
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LP-improving measures

@ In general, it is interesting to ask whether a given compactly
supported Borel measure 1 on RY is LP-improving in the sense that

F 5 pl] Laqray < ClIf|lp(rey for some g > p.

@ Numerous authors examined this problem from a variety of points of
view over the years. The point particularly relevant to our discussion
is that

l(&)| — 0 as || — oo is not a necessary condition.

@ For example, the Cantor-Lebesgue measure associated with the
Cantor set of constant disection is LP-improving (Christ; Oberlin).
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What is the "right” bilinear analog of the spherical

averaging operator?

@ Let us go back to the discrete settings. Let P be a finite point set in
R? of size n.
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What is the "right” bilinear analog of the spherical

averaging operator?

@ Let us go back to the discrete settings. Let P be a finite point set in
R? of size n.

@ Connect a triple of points x, y, z by a hyper-edge if Axyz is an
equilateral triangle with the side-length t.
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What is the "right” bilinear analog of the spherical

averaging operator?

@ Let us go back to the discrete settings. Let P be a finite point set in
R? of size n.

@ Connect a triple of points x, y, z by a hyper-edge if Axyz is an
equilateral triangle with the side-length t.

@ The hyper-edge operator is given by

H(f, g)(x) = > f(y)e(z)

[x—y|=|x—z|=|y—z|=t
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What is the "right” bilinear analog of the spherical

averaging operator?

@ Let us go back to the discrete settings. Let P be a finite point set in
R? of size n.

@ Connect a triple of points x, y, z by a hyper-edge if Axyz is an
equilateral triangle with the side-length t.

@ The hyper-edge operator is given by

H(f, g)(x) = > f(y)e(z)

[x—y|=|x—z|=|y—z|=t
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What is the "right” bilinear analog of the spherical

averaging operator? (continued)

@ where K is the indicator function of the set

{(u,v) € t§* x tS* - u— v = tS1}
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What is the "right” bilinear analog of the spherical

averaging operator? (continued)

@ where K is the indicator function of the set

{(u,v) € tSt x tS* 1 u— v = St}

= {(u,0u) : u € tSTYU{(u,0 7 u) : u e tS'},
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What is the "right” bilinear analog of the spherical

averaging operator? (continued)

@ where K is the indicator function of the set

{(u,v) € tSt x tS* 1 u— v = St}

= {(u,0u) : uec tSYYU{(u,07 u) : u e ST},

@ where 0 is the rotation by 7.
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What is the "right” bilinear analog of the spherical

averaging operator? (continued)

@ where K is the indicator function of the set

{(u,v) € tSt x tS* 1 u— v = St}

= {(u,0u) : uec tSYYU{(u,07 u) : u e ST},

@ where 0 is the rotation by %

@ This puts the discrete operator in the form

fo—u (x — 6*u).

|ul=t
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The model bilinear generalized Radon transform

@ This suggests that a reasonable model for the bilinear generalized
Radon transform in R? is

By(f,g)(x) = / f(x —y)g(x —0y)da(y),

Sl
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The model bilinear generalized Radon transform

@ This suggests that a reasonable model for the bilinear generalized
Radon transform in R? is

Bu(F,£)0) = [ Flx = y)ilx = 0)do(y),

@ where 0 is a rotation counter-clockwise by the angle 6 and o is the
arc-length measure on S*.
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The model bilinear generalized Radon transform

@ This suggests that a reasonable model for the bilinear generalized
Radon transform in R? is

Bu(F,£)0) = [ Flx = y)ilx = 0)do(y),

@ where 0 is a rotation counter-clockwise by the angle 6 and o is the
arc-length measure on S*.

@ We will also discuss a natural variable coefficient analog of this
operator in the style of the generalized Radon transforms studied by
Phong, Stein and others in the 80s and and 90s.
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Geometric configurations

@ This operator has arisen before, in a more or less disguised form, in
the work of Bourgain, Greenleaf, A.l., Furstenberg, Katznelson,
Weiss, Ziegler and others in problems involving showing that a
suitably "large” subset of Euclidean space contains vertices of an
equilateral triangle.
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Geometric configurations

@ This operator has arisen before, in a more or less disguised form, in
the work of Bourgain, Greenleaf, A.l., Furstenberg, Katznelson,
Weiss, Ziegler and others in problems involving showing that a
suitably "large” subset of Euclidean space contains vertices of an
equilateral triangle.

@ The most general result in the context of sets of positive upper
density is due to Tamar Ziegler:
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Geometric configurations

@ This operator has arisen before, in a more or less disguised form, in
the work of Bourgain, Greenleaf, A.l., Furstenberg, Katznelson,
Weiss, Ziegler and others in problems involving showing that a
suitably "large” subset of Euclidean space contains vertices of an
equilateral triangle.

@ The most general result in the context of sets of positive upper
density is due to Tamar Ziegler:

Theorem

Let E C RY, of positive upper Lebesgue density. Let Es denote the
S-neighborhood of E. Let V = {0,v!,v?,... vk71} C RY, where k > 2 is
a positive integer. Then there exists Iy > 0 such that for any | > Iy and
any 0 > 0 there exists {x*,...,x*} C E; congruent to

IV ={0,I?, ... IvK-1)
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Geometric configurations

@ In the context of compact sets of a given Hausdorff dimension, there
is the following result due to A.l. and Bochen Liu:
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Geometric configurations

@ In the context of compact sets of a given Hausdorff dimension, there
is the following result due to A.l. and Bochen Liu:

(A.l. and B. Liu, 2016) There exists €4 > 0 such that if the Hausdorff
dimension of a compact set E C RY, d > 3, is greater than d — e, then E
contains vertices of an equilateral triangle.
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Geometric configurations

@ In the context of compact sets of a given Hausdorff dimension, there
is the following result due to A.l. and Bochen Liu:

(A.l. and B. Liu, 2016) There exists €4 > 0 such that if the Hausdorff
dimension of a compact set E C RY, d > 3, is greater than d — e, then E
contains vertices of an equilateral triangle.

@ In R2 this result is, in general, false (Falconer). Chan, Laba and
Pramanik proved that a positive result is possible if one assumes that
E C R? carries a measure with a decaying Fourier transform.
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Bounds for the model operator

Theorem
(Greenleaf, losevich, Krause and Liu, 2016) With the notation above,

0+,

By : LP(R?) x L9(R?) — L"(R?)
if (%, %, %) is in the polyhedron with the vertices (0,0, 0), (%, %, 1),
(0,3,3). (3,0,%), (1,0,1), (0,1,1) and (3, 3, 3)-
If @ = 7, the vertices of the polyhedron are (0,0,0), (0, %, %) (%, 0, %)

(1,0,1), (0,1,1) and (2,2,1).
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Bounds for the model operator

Theorem
(Greenleaf, losevich, Krause and Liu, 2016) With the notation above,

0+,

By : LP(R?) x L9(R?) — L"(R?)
if (%, %, %) is in the polyhedron with the vertices (0,0, 0), (%, %, 1),
(0,3,3). (3,0,%), (1,0,1), (0,1,1) and (3, 3, 3)-
If @ = 7, the vertices of the polyhedron are (0,0,0), (0, %, %) (%, 0, %)

(1,0,1), (0,1,1) and (2,2,1).

@ These exponents are best possible, at least on the scale of normed
spaces, p,q,r > 1.
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Typical difficulties with bilinear operators

o Let Tyf(x)= [f(x— (y)dy. Then Plancherel tells us that

Tk : L2A(RY) — [2(RY) if and only if K € L>°(RY).
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Typical difficulties with bilinear operators

o Let Tkf(x) = [ f(x —y)K(y)dy. Then Plancherel tells us that

Tk : L2(RY) — [2(RY) if and only if K € L®°(RY).

o Let Bi(f,g)(x) = [ [ f(x — u)g(x — v)K(u, v)dudv. The
corresponding natural estimate in this setting is

Bk : L2(RY) x [2(RY) — LY(RY).
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Typical difficulties with bilinear operators

o Let Tkf(x) = [ f(x —y)K(y)dy. Then Plancherel tells us that

Tk : L2(RY) — [2(RY) if and only if K € L®°(RY).

o Let Bi(f,g)(x) = [ [ f(x — u)g(x — v)K(u, v)dudv. The
corresponding natural estimate in this setting is

Bk : L*(RY) x L2(R?) — LY(RY).

e It is known that K € L“(]Rd X ]Rd) does not, in general, guarantee
that this estimate holds. Just take Tx(f, g)(x) = H(fg)(x), where H
is the Hilbert transform.
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The bilinear multiplier of the model operator

e Since By(f,g)(x) = [s1 f(x — y)g(x — Oy)do(y), the bilinear
multiplier is equal to
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The bilinear multiplier of the model operator

e Since By(f,g)(x) = [s1 f(x — y)g(x — Oy)do(y), the bilinear
multiplier is equal to

m(&,n) = 3(§+07n) = Jo (2r1 +07n])
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The bilinear multiplier of the model operator

e Since By(f,g)(x) = [s1 f(x — y)g(x — Oy)do(y), the bilinear
multiplier is equal to

m(&,m) = 5(§+07n) = Jo (2r1¢ +07n]) .

@ This multiplier does not decay at all along the 2-plane

E+0Tn=0.
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The L2(R2) x L2(R?) — L(R?) bound

@ We may take f, g > 0 and obtain

Alex losevich (Peter Jones conference) Bilinear operators and curvature May 9, 2017 19 / 28



The L2(R2) x L2(R?) — L(R?) bound

o We may take f, g > 0 and obtain

180y = | [ 0= y)etx— 0y)do(y)ds
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The L2(R2) x L2(R?) — L(R?) bound

o We may take f, g > 0 and obtain

180y = | [ 0= y)glx — 6)do(y)ds

= / f(x) {/g(X+y - Hy)da(y)} dx
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The L2(R2) x L2(R?) — L(R?) bound

o We may take f, g > 0 and obtain

180y = | [ 0= y)glx — 6)do(y)ds

Z/f(X){/g(X+y—9y)d0(y)}dX

= / F(x) - (Tog)(x)d

Alex losevich (Peter Jones conference) Bilinear operators and curvature May 9, 2017 19 /



The L2(R?) x L2(R2) — L1(R?) bound (continued)

<1113 gy - 11 To8 0Ny
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The L2(R?) x L2(R2) — L1(R?) bound (continued)

< HfHL2(R2) 1 Tog ()] 13(r2)

< ClIFll 3 oy llEll 3

L3 (®r2) | L3 w2y
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The L2(R?) x L2(R2) — L1(R?) bound (continued)

< HfHL2(R2) 1 Tog ()] 13(r2)

< ClIFll 3 oy llgll 3

L3 (w2813 Ry

o This establishes the L3 (R2) x L3 (R2) — L}(R?) bound.
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The L2(R?) x L2(R2) — L1(R?) bound (continued)

< HfHLz(RZ) 1 Tog ()] 13(r2)

< ClIFll 3 oy llgll 3

L3 (w2813 Ry

o This establishes the L3 (R2) x L3 (R2) — L}(R?) bound.

@ The same argument yields the L (Rd) L%(Rd) — L9TH(RY)
bound for d > 2.
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The L?(R?) x L*(R?) — L?(R?) bound

o Let

!

0 . .
Sp = {(y,y’) eStxStija—-d|< 2}, with y = €', y/ = €'*.
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The L?(R?) x L*(R?) — L?(R?) bound

o Let

0 - )
59:{(y,y’)€51><51:|ao/|<2}, with y = e'®, y/ = e'“.

o We have
[1Bo(xe» XF)|IT2(r2)
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The L?(R?) x L*(R?) — L?(R?) bound

o Let

0 - )
59:{(y,y’)€51><51:|ao/|<2}, with y = e'®, y/ = e'“.

@ We have
1Bo(xes XF)|[72(z2)

- / / / XE(x—y)XF(x—Oy)xe(x—y)xF(x—Oy')do(y)do(y')dx
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The L?(R?) x L*(R?) — L?(R?) bound

o Let

0 - )
59:{(y,y’)€51><51:|ao/|<2}, with y = e'®, y/ = e'“.

@ We have
1Bo(xes XF)|[72(z2)

— / / / XE(x—y)XF(x—Oy)xe(x—y)xF(x—Oy')do(y)do(y')dx

/; /i/iXE(X_Y)XF(X_HY)XE(X_y/)XF(X—Qy’)da(y)dg(y’)dx
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The L?(R?) x L*(R?) — L?(R?) bound (continued)

+/§//XE(X—)/)XF(X—@y)XE(X_y’)XF(X_@y/) do(y)do(y')dx
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The L?(R?) x L*(R?) — L?(R?) bound (continued)

* / . / / Xe(x=Y)xF(x=Oy)xe(x—y)xr(x—0y") do(y)do(y")dx

< [ [ [ xetx=yxetx - ) doty)doty')ax
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The L?(R?) x L*(R?) — L?(R?) bound (continued)

* / . / / Xe(x=Y)xF(x=Oy)xe(x—y)xr(x—0y") do(y)do(y")dx

< | ] [ xetc=ypnrtx— 0y daty)dotyex

+/50 //XE(X — y)xe(x — ') do(y)do(y)dx.

Alex losevich (Peter Jones conference) Bilinear operators and curvature May 9, 2017 22 /28



The L?(R?) x L*(R?) — L?(R?) bound (continued)

@ Let y = (cos(a),sin(a)), y' = (cos(c’),sin(«’)). To make a change
of variables for the first integral in the last expression, we consider
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The L?(R?) x L*(R?) — L?(R?) bound (continued)

e Let y = (cos(a),sin(a)), y' = (cos(c’),sin(«’)). To make a change
of variables for the first integral in the last expression, we consider

up = x1 — cos(a), up = xo — sin(«),

vi = x1 — cos(a + 0), va = xp — sin(a’ + 6).
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The L?(R?) x L*(R?) — L?(R?) bound (continued)

e Let y = (cos(a),sin(a)), y' = (cos(c’),sin(«’)). To make a change
of variables for the first integral in the last expression, we consider

up = x3 — cos(a), up = xo —sin(a),

v1 = x; — cos(a/ + 0),va = xp — sin(a + 6).

@ For the second integral, we make the change of variables

up = x3—cos(a), up = xp—sin(a), vi = x;—cos(a’), vo = xo—sin(a/).
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The L?(R?) x L*(R?) — L?(R?) bound (continued)

e Let y = (cos(a),sin(a)), y' = (cos(c’),sin(«’)). To make a change
of variables for the first integral in the last expression, we consider

up = x3 — cos(a), up = xo —sin(a),

v1 = x; — cos(a/ + 0),va = xp — sin(a + 6).

@ For the second integral, we make the change of variables

up = x3—cos(a), up = xp—sin(a), vi = x;—cos(a’), vo = xo—sin(a/).

@ The Jacobian in the first case is

sin(a — o’ — 0),
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The L?(R?) x L3(R?) — L?(R?) bound (concluded)

@ while the Jacobian in the second case is

sin(a — o).
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The L?(R?) x L3(R?) — L?(R?) bound (concluded)

@ while the Jacobian in the second case is

sin(a — o).

@ Note that both of these quantities are bounded away from 0 because
of the constraints on the angle between y and y’.
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The L?(R?) x L3(R?) — L?(R?) bound (concluded)

@ while the Jacobian in the second case is
sin(a — o).
@ Note that both of these quantities are bounded away from 0 because
of the constraints on the angle between y and y’.

@ As long as 0 < 0 < 7, though, we have that the Jacobian in both

cases is bounded from below by 1sin(%).
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The L?(R?) x L3(R?) — L?(R?) bound (concluded)

@ while the Jacobian in the second case is
sin(a — o).
@ Note that both of these quantities are bounded away from 0 because
of the constraints on the angle between y and y’.

@ As long as 0 < 0 < 7, though, we have that the Jacobian in both
cases is bounded from below by 1sin(%).

@ |t follows that

1 1 1
1Bs(xE: XF)ll 22y < C(IEI* + |E[[F])Z < 2C|E[2|F]2.

for some constant C depending only on 6.
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Sharpness examples

1 <1, (Banach cube).
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Sharpness examples

11
ot <L (Banach cube).

°
o
IN

o=

+
Q=

<141 142<141 (Smallball and annulus).

<IN
T =
QN
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Sharpness examples

0 0< %, %,% <1, (Banach cube).
2 1 1 1,2 1

o S+ <1+ 5+ <1+, (Smallball and annulus).
1,12

o o + ¢ < 7, (Dual of small ball and annulus).
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Sharpness examples

,1 <1, (Banach cube).

(4
o
IN
-
Ql=

(]
TN
+

Qe
IN

1+ 14p2<14 %, (Small ball and annulus).

T =
QN

[
T =
_|_
Q=

< %,(Dual of small ball and annulus).

_|_

Qlw
IN

1+ %, (Tangent rectangles 6 # ).

Tlw
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Sharpness examples

0 0< %, %,% <1, (Banach cube).

° %+% <141 %—k% <1+ %, (Small ball and annulus).

° % —1—% < 2, (Dual of small ball and annulus).

° % + % <1+ %, (Tangent rectangles 6 # ).

° %4—% <2+3 %4—% <2+ 32, (Dual of tangent rectangles 6 # 0, ).
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Sharpness examples

111
0 0< Sigr S 1, (Banach cube).
2 1 1 1,2 1
o S+ < 1+, 5+ < 1+ +, (Small ball and annulus).
1,1_2
o s+ < <, (Dual of small ball and annulus).

° % + % <1+ %, (Tangent rectangles 6 # 7).
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The general case

o Let

B(f.g)(x / / 5(81(x,y)—t1) 0(a(x, 2)—2)-6(3(y, 2)— ts) dydz.
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The general case

o Let

B(f.g)(x / / 5(61(x, y)—t1)-3(da(x, 2)—ta)-5(3(y 2)—ts) dydz.

o If 1 = o = ¢3 = ¢ with ¢(x,y) = |x — y/|, we recover the operator
Bz (f, g) above.
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The general case

o Let

B(f.g)(x / / 5(61(x, y)—t1)-3(da(x, 2)—ta)-5(3(y 2)—ts) dydz.

o If ¢1 = o = @3 = ¢ with ¢(x,y) = |x — y|, we recover the operator
Bz (f, g) above.

@ We obtain the same bounds for this operator as the ones we got for
By(f,g) with 6 # 7 provided the following conditions hold.
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The general case

o Let

B(f.g)(x / / 5(61(x, y)—t1)-3(da(x, 2)—ta)-5(3(y 2)—ts) dydz.

o If ¢1 = o = @3 = ¢ with ¢(x,y) = |x — y|, we recover the operator
Bz (f, g) above.

@ We obtain the same bounds for this operator as the ones we got for
By(f,g) with 6 # 7 provided the following conditions hold.

@ We need a curvature condition and a transversality condition.
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Geometric conditions

@ The curvature assumption is just the rotational curvature condition

on ¢3, namely
det 0 Vx¢3 # 0
2
T\-(vy0s)" 22

dx;dy;

on the set {(x,y) : ¢3(x,y) = t}.
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Geometric conditions

@ The curvature assumption is just the rotational curvature condition

on ¢3, namely
det 0 Vx93 # 0
2
\-(vy0s) 22

dx;dy;

on the set {(x,y) : ¢3(x,y) = t}.

@ The transversality assumption is that the determinant of the
following matrices is non-zero.
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Geometric conditions

@ The curvature assumption is just the rotational curvature condition

on ¢3, namely
det 0 Vx93 # 0
2
\-(vy0s) 22

dx;dy;

on the set {(x,y) : ¢3(x,y) = t}.

@ The transversality assumption is that the determinant of the
following matrices is non-zero.
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Geometric conditions (continued)
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Geometric conditions (continued)

° _dngg(X,Z) 0 1
dz¢3(y72) 0
det 0 dy/¢1(xay/) 7&0’
L 0 dy’¢3(ylyz/)_
o
-dz¢2(XaZ) 0 1
dz¢3(yaz) 0
0 sy | 7O
L 0 dzlgb3(y,/2/)_

Alex losevich (Peter Jones conference) Bilinear operators and curvature May 9, 2017 28 /28



Geometric conditions (continued)

°

det
°

det
°

det

Alex losevich (Peter Jones conference)

dy’¢3(y,7 /)_

dz¢2(sz) 0
dz¢3(y7z) 0
0 dz’¢2(xay/)
0 dz’¢3(y/7 Z/)
dY¢1(X7y) 0 |
d}’¢3(yaz) 0
0 dy’¢1(xv ,)
0
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