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Consider a complex matrix X = Cn×n

Computes eigenvalues zj ∈ C and its singular values λj ≥ 0.



Relations for Fixed Matrices

λ1 ≥ λ2 ≥ . . . ≥ λn; |z1| ≥ |z2| ≥ . . . ≥ |zn|

1. One exact equality:

| det X | =
∏n

j=1
λj =

∏n

j=1
|zj |.

2. Schur’s Inequality:

tr XX † =
∑n

j=1
λ2

j ≥
∑n

j=1
|zj |2.

3. Weyl’s Inequalities:∑k

j=1
φ(λj) ≥

∑k

j=1
φ(|zj |)

for all k = 1, . . . ,n.
4. Horn’s Theorem:

(1)+ (3) for φ(x) = x
⇒ ∃X ∈ Cn×n with
EV zj and SV λj .

(1909)

488 I. ScHua. 

Ub e r  d ie  c h a ra kte r is t is c h e n  Wu rz e ln  e in e r lin e a re n  S u b s titu t io n  
m it  e in e r h n w e n d u n g  a u f d ie  Th e o rie  d e r In te g ra lg le ic h u n g e n .  

Vo n  

I. S cour in Berlin. 

Is i e ine  a lge bra is che  Gle ie hung in de r Form 

/ 

~ 1  ~ a ~ - - x ,  . . ' ,  ag.n 

61,nl ~ an2  ) "" "~ a n n - - X  

----0 

ge ge be n und s ind col, eo2, . . . ,  e% ihre  Wurze ln, so lii~t s ich, wie  He rr 
A. Hirs c h *) ge ze igt ha t, in s e hr e infa che r We is e  e ine  obe re  Gre nze  ffir 
die  a bs olute n Betr~ige  de r e% a nge be n; be de ute t n~mlich a  die  grS~te  
unte r de n n 2 Za hle n la~.~.], s o is t 

,t ~,, t _~ na .  
In  de r vorlie ge nde n Arbe i~ m~ichte  ich a uf e inige  a nde re , we s e ntlich 
sch~irfe re  Ungle ichunge n a ufme rks a m ma che n, die  ffir die  a bs olute n Be- 
triige  de r e% be s te he n. Die  e infa chs te  und zugle ich wichfigs te  unte r ihne n 
is t die  Ungle iohung 

~,=1 x,2 

Inde m ich noch a nge be , we lche  Be de utung bie r da s  Auftre te n de s  Gle ich- 
he its ze iche ns  be s itzt, e rh~lte  ich e inen S a tz (S a tz II), de r e ine  Re ihe  yon 
be ka nnte n Re s ulta te n fibe r He rmite s cha  Forme n uncl orthogona le n S ub- 
s titutione n a ls  s pe zie lle  F~lle  umschlieBt. 

*) ,,S ur les  ra cine s  d 'une  dqua tion fondamenta le", Acta  Mathematics , Bd. 25, 
S . 3 6 7 .  
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MATHEMA TICS: H. WEYL

an extension (T, y6) of Q such that T contains E as local subgroup and
{1 E = q| E. We call the pair (Y, X) elementary with respect to Q if every
extension of X is extensible over Q from Y.
We can now state a group-theoretic equivalent of the condition P2( Y, X)

= 0.
THEOREM 3. Let X, Y be local subgroups of a group Q such that (1) Y

is a local subgroup of X; (2) Q is simply connected relative to Y; (3) X
contains no elements of order 2. A necessary and sufficient condition thtat
(Y, X) be elementary with respect to Q is that P2(Y, X) = 0
With the aid of Theorem 3, it is possible to give a proof of the existence

of Lie groups in the large based on the vanishing of the second homotopy
group rather than on the theorem of E. Levi.3 The details will appear
elsewhere.

'For definition see Reidemeister, Einfuhrung in die kombinatorische Topologie, p. 27.
2 Although this seems not to be explicitly stated in the literature, it is implied in E.

Cartan, La topologie des groupes de Lie, p. 13 and pp. 18-23.
3 See Pontrjagin, Topological Groups, p. 269 (theorem 78).

INEQUALITIES BETWEEN THE TWO KINDS OF EIGENVALUES
OF A LINEAR TRANSFORMATION

By HERMANN WEYL

THE INSTITUTE FOR ADVANCED STUDY, PRINCETON, NEW JERSEY

Communicated May 15, 1949

With a linear transformation A in an n-dimensional vector space (matrix
consisting of n X n complex numbers asi,) there are connected two kinds
of eigenvalues: the roots z = al, . . ., an of the characteristic polynomial
zE - A| of A (E = unitmatrix) and therootsz = Kl, . . ., KnOf zE - KI
where K is the Hermitian matrix A *A composed of A and its Hermitian
conjugate A *. The Kj are non-negative, and one would naturally compare
the Xi = a, 2 with the Ki. If A is normal, A*A = AA*, they coincide;
in general, however, they do not. Arrange the K as well as the X in de-
scending order,

Xl i X2> ... 2 Xn, K1> K2 ... K.

I shall prove the following
THEOREM. Let p(X) be an increasing function of the positive argument

X, (p(X) > (p(X') for X > X' > 0, such that sp(et) is a convex function of t and
p(O) = lim s(X) = 0. Then the eigenvalues Xi and Kj in descending order

? -* 0
satisfy the inequalitios

408 PROC. N. A. S.
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P(Xj) + +(O(Xm) <. (Kl) + **+ (Km) (m =1, 2, ..., n), (1)
in particular

X1 + ...+ Xm < K1 + + Km' (m =1, 2,..., n) (2)

for any real exponent s > 0.
According to a familiar argument'

X1 < Kl. (3)
Indeed the equation Ax = aix has a vector solution x = a * 0: Aa =
ala, a*A* = ala*, hence a*A*Aa = uatca(a*a) or

a*Ka = X,(a*a), a*a > 0.

Since every vector satisfies the inequality x*Kx . Kl(X*X), (3) follows.
The linear vector transformation A induces certain linear transforma-

tions A[1, A [21, A[3], ..., A[n] for the space elements (skew-symmetric
tensors) of rank 1, 2, 3,..., n. For instance A 3 = |a],| is given by

aij,, aik,, ail,
= aki,, akk', aki'

azi,, alk,, allI,

where J and J' range over the triples (i, k, 1) and (i', k', I') with the re-
strictions i < k < 1, i' < k' < 1', respectively. Application of the in-
equality (3) to these matrices AM[l, A21, . . . yields the relations

l < K1. \1X2 < KjK2, *. I . .. Xn < Kl .* . Kn (4)

(with the equality sign prevailing in the last of them). Everything will
be settled as soon as I prove the following
LEMMA: Let Ki, 'Xi (i = 1 ..., m) be non-negative numbers such that

X 2 X2 > ....Xm (5)
and

XI< KI, X1X2 < KK2, *.l,X*... Xm < Kl ... Km; (6)

then

Eio(tX) < Ejfp(Kj) (i = 1 * *, m) (7)
for any function (p of the nature described in the Theorem.

Of two real numbers a, ,B let max.(a, f3) denote a if a > ,B and ,3 if
,B > a. With a variable argument z > 0 form the functions

m m
f(z) = II max.(1, Kcz) and g(z) = H max.(1, Xiz).

j=1 i = 1
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7KH� VLQJXODU� YDOXHV� RI� D� PDWUL[� $� �ZLWK� FRPSOH[� HOHPHQWV�� DUH� WKH
QRQ�QHJDWLYH� VTXDUH� URRWV� RI� WKH� HLJHQYDOXHV� RI�$�$�� ZKHUH� $��LV� WKH
FRQMXJDWH� WUDQVSRVH� RI�$�� /HW� XV� FDOO� D� SDLU� RI� Z�WXSOHV� �;L�� �� �� �� ��;Ä��
�DL�� �� Ŷ��� ��DQ�� DOORZDEOH� LI� WKHUH� H[LVWV� DQ� QWK� RUGHU� PDWUL[� ZLWK� HLJHQ�
YDOXHV� ;L�� �� ��Ŷ���;ª�DQG� VLQJXODU� YDOXHV� ©L�� Ŷ��� �� ��Dª�� �:H\O� >O@� KDV
SURYHG� WKDW� LI� �;L���� ������;Ä��� �DL�� ����Ŷ���DÄ�� LV� DOORZDEOH� DQG� LI

���� ©L� A� ������ A� DÄ� A� ������DQG�����_�;L�_� A� ������ �� _�;ª�_�

WKHQ

���� _�;L�_�_� ;�_� "��DL�DN� IRU� �� A� N� A� Q�
���� _�;L�_�_� ;ª�_�  � DL�DÄ�

'U�� 6H\PRXU� 6KHUPDQ� KDV� UDLVHG� WKH� TXHVWLRQ� DV� WR� ZKHWKHU� WKHVH
DUH� WKH� RQO\� JHQHUDO� UHODWLRQV� EHWZHHQ� DQ� DOORZDEOH� SDLU�� :H� DUH� JRLQJ
WR� DQVZHU� WKLV� TXHVWLRQ� LQ� WKH� DIILUPDWLYH� �7KHRUHP� ����� 7KHRUHP� �
VKRZV� WKDW� WKH� DERYH� LQHTXDOLWLHV� DOVR� FKDUDFWHUL]H� WKH� VHTXHQFH� RI
SULQFLSDO� PLQRUV� RI� D� SRVLWLYH� GHILQLWH� +HUPLWLDQ� PDWUL[� ZLWK� SUH�
VFULEHG� HLJHQYDOXHV�

7ZR� PDWULFHV� 0�� 1� DUH� VDLG� WR� EH� XQLWDULO\� HTXLYDOHQW� �QRWDWLRQ�
0a1�� LI� WKHUH� H[LVW� XQLWDU\� PDWULFHV� 8�� 9� VXFK� WKDW� 0�  � 819�
%\� WKH� GLDJRQDO� RI� D� PDWUL[� �$WM�� ZH� PHDQ� WKH� Z�WXSOH� �A�L�L�� �� �� �� �
$Q�Q��� $� WULDQJXODU� PDWUL[� LV� RQH� VXFK� WKDW� DOO� HOHPHQWV� EHORZ� WKH
GLDJRQDO� YDQLVK�� ,W� LV� HDVLO\� SURYHG� WKDW� LI� �[L�� �� �� Ŷ���[Ä�� LV� D� SHUPXWD�
WLRQ� RI� �\L�� Ŷ�Ŷ��� ��\Ä��� WKHQ� DQ\� WULDQJXODU� PDWUL[� ZLWK� GLDJRQDO
�[L�� �� �� �� ��[Q�� LV� XQLWDULO\� HTXLYDOHQW� ZLWK� D� WULDQJXODU� PDWUL[� ZLWK
GLDJRQDO� �\OW� �� Ŷ�Ŷ��\Q��

7KHRUHP� ��� ,I� WKH� SDLU� �;L����������;Ä��� �©L�� Ŷ���©Ä�� VDWLVILHV� ����
����� ����DQG� LIDQ!�� DQG�;��!��RU� ��ALAQ�� WKHQ�WKLV� SDLU� LV� DOORZDEOH�

3URRI��� /HW� '� EH� WKH� GLDJRQDO� PDWUL[� ZLWK� GLDJRQDO� �©L�� �� �� �� ��©Ä��
,W� LV� NQRZQ� WKDW� D� PDWUL[� $� KDV� VLQJXODU� YDOXHV� ©L�� �� �� �� ��DÄ� LI� DQG

3UHVHQWHG� WR� WKH� 6RFLHW\�� 1RYHPEHU� ���� ������ UHFHLYHG� E\� WKH� HGLWRUV� 2FWREHU� ���
�����DQG�� LQ� UHYLVHG� IRUP�� -XQH� ���������

��7KLV� SDSHU� ZDV� ZULWWHQ� ZKLOH� WKH� DXWKRU� UHFHLYHG� SDUWLDO� VXSSRUW� IURP� WKH� 2IILFH
RI�1DYDO� 5HVHDUFK�

�3DUWLDO� UHVXOWV� LQ� WKLV� GLUHFWLRQ� ZHUH� REWDLQHG� E\� 3DUNHU� >�@�� )RU� RWKHU� SURRIV� RI
:H\O
V� WKHRUHP� VHH� >�@� DQG� >�@�

��7KLV� SURRI� ZDV� NLQGO\� VXSSOLHG� E\� WKH� UHIHUHH�� ,W� XVHV� WKH� DXWKRU
V� LGHD� EXW� LV
PXFK� VLPSOHU� WKDQ� WKH� RULJLQDO� DUJXPHQW�

�
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an extension (T, y6) of Q such that T contains E as local subgroup and
{1 E = q| E. We call the pair (Y, X) elementary with respect to Q if every
extension of X is extensible over Q from Y.
We can now state a group-theoretic equivalent of the condition P2( Y, X)

= 0.
THEOREM 3. Let X, Y be local subgroups of a group Q such that (1) Y

is a local subgroup of X; (2) Q is simply connected relative to Y; (3) X
contains no elements of order 2. A necessary and sufficient condition thtat
(Y, X) be elementary with respect to Q is that P2(Y, X) = 0
With the aid of Theorem 3, it is possible to give a proof of the existence

of Lie groups in the large based on the vanishing of the second homotopy
group rather than on the theorem of E. Levi.3 The details will appear
elsewhere.

'For definition see Reidemeister, Einfuhrung in die kombinatorische Topologie, p. 27.
2 Although this seems not to be explicitly stated in the literature, it is implied in E.

Cartan, La topologie des groupes de Lie, p. 13 and pp. 18-23.
3 See Pontrjagin, Topological Groups, p. 269 (theorem 78).
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With a linear transformation A in an n-dimensional vector space (matrix
consisting of n X n complex numbers asi,) there are connected two kinds
of eigenvalues: the roots z = al, . . ., an of the characteristic polynomial
zE - A| of A (E = unitmatrix) and therootsz = Kl, . . ., KnOf zE - KI
where K is the Hermitian matrix A *A composed of A and its Hermitian
conjugate A *. The Kj are non-negative, and one would naturally compare
the Xi = a, 2 with the Ki. If A is normal, A*A = AA*, they coincide;
in general, however, they do not. Arrange the K as well as the X in de-
scending order,

Xl i X2> ... 2 Xn, K1> K2 ... K.

I shall prove the following
THEOREM. Let p(X) be an increasing function of the positive argument

X, (p(X) > (p(X') for X > X' > 0, such that sp(et) is a convex function of t and
p(O) = lim s(X) = 0. Then the eigenvalues Xi and Kj in descending order

? -* 0
satisfy the inequalitios
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P(Xj) + +(O(Xm) <. (Kl) + **+ (Km) (m =1, 2, ..., n), (1)
in particular

X1 + ...+ Xm < K1 + + Km' (m =1, 2,..., n) (2)

for any real exponent s > 0.
According to a familiar argument'

X1 < Kl. (3)
Indeed the equation Ax = aix has a vector solution x = a * 0: Aa =
ala, a*A* = ala*, hence a*A*Aa = uatca(a*a) or

a*Ka = X,(a*a), a*a > 0.

Since every vector satisfies the inequality x*Kx . Kl(X*X), (3) follows.
The linear vector transformation A induces certain linear transforma-

tions A[1, A [21, A[3], ..., A[n] for the space elements (skew-symmetric
tensors) of rank 1, 2, 3,..., n. For instance A 3 = |a],| is given by

aij,, aik,, ail,
= aki,, akk', aki'

azi,, alk,, allI,

where J and J' range over the triples (i, k, 1) and (i', k', I') with the re-
strictions i < k < 1, i' < k' < 1', respectively. Application of the in-
equality (3) to these matrices AM[l, A21, . . . yields the relations

l < K1. \1X2 < KjK2, *. I . .. Xn < Kl .* . Kn (4)

(with the equality sign prevailing in the last of them). Everything will
be settled as soon as I prove the following
LEMMA: Let Ki, 'Xi (i = 1 ..., m) be non-negative numbers such that

X 2 X2 > ....Xm (5)
and

XI< KI, X1X2 < KK2, *.l,X*... Xm < Kl ... Km; (6)

then

Eio(tX) < Ejfp(Kj) (i = 1 * *, m) (7)
for any function (p of the nature described in the Theorem.

Of two real numbers a, ,B let max.(a, f3) denote a if a > ,B and ,3 if
,B > a. With a variable argument z > 0 form the functions

m m
f(z) = II max.(1, Kcz) and g(z) = H max.(1, Xiz).

j=1 i = 1
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'U�� 6H\PRXU� 6KHUPDQ� KDV� UDLVHG� WKH� TXHVWLRQ� DV� WR� ZKHWKHU� WKHVH
DUH� WKH� RQO\� JHQHUDO� UHODWLRQV� EHWZHHQ� DQ� DOORZDEOH� SDLU�� :H� DUH� JRLQJ
WR� DQVZHU� WKLV� TXHVWLRQ� LQ� WKH� DIILUPDWLYH� �7KHRUHP� ����� 7KHRUHP� �
VKRZV� WKDW� WKH� DERYH� LQHTXDOLWLHV� DOVR� FKDUDFWHUL]H� WKH� VHTXHQFH� RI
SULQFLSDO� PLQRUV� RI� D� SRVLWLYH� GHILQLWH� +HUPLWLDQ� PDWUL[� ZLWK� SUH�
VFULEHG� HLJHQYDOXHV�

7ZR� PDWULFHV� 0�� 1� DUH� VDLG� WR� EH� XQLWDULO\� HTXLYDOHQW� �QRWDWLRQ�
0a1�� LI� WKHUH� H[LVW� XQLWDU\� PDWULFHV� 8�� 9� VXFK� WKDW� 0�  � 819�
%\� WKH� GLDJRQDO� RI� D� PDWUL[� �$WM�� ZH� PHDQ� WKH� Z�WXSOH� �A�L�L�� �� �� �� �
$Q�Q��� $� WULDQJXODU� PDWUL[� LV� RQH� VXFK� WKDW� DOO� HOHPHQWV� EHORZ� WKH
GLDJRQDO� YDQLVK�� ,W� LV� HDVLO\� SURYHG� WKDW� LI� �[L�� �� �� Ŷ���[Ä�� LV� D� SHUPXWD�
WLRQ� RI� �\L�� Ŷ�Ŷ��� ��\Ä��� WKHQ� DQ\� WULDQJXODU� PDWUL[� ZLWK� GLDJRQDO
�[L�� �� �� �� ��[Q�� LV� XQLWDULO\� HTXLYDOHQW� ZLWK� D� WULDQJXODU� PDWUL[� ZLWK
GLDJRQDO� �\OW� �� Ŷ�Ŷ��\Q��

7KHRUHP� ��� ,I� WKH� SDLU� �;L����������;Ä��� �©L�� Ŷ���©Ä�� VDWLVILHV� ����
����� ����DQG� LIDQ!�� DQG�;��!��RU� ��ALAQ�� WKHQ�WKLV� SDLU� LV� DOORZDEOH�

3URRI��� /HW� '� EH� WKH� GLDJRQDO� PDWUL[� ZLWK� GLDJRQDO� �©L�� �� �� �� ��©Ä��
,W� LV� NQRZQ� WKDW� D� PDWUL[� $� KDV� VLQJXODU� YDOXHV� ©L�� �� �� �� ��DÄ� LI� DQG

3UHVHQWHG� WR� WKH� 6RFLHW\�� 1RYHPEHU� ���� ������ UHFHLYHG� E\� WKH� HGLWRUV� 2FWREHU� ���
�����DQG�� LQ� UHYLVHG� IRUP�� -XQH� ���������

��7KLV� SDSHU� ZDV� ZULWWHQ� ZKLOH� WKH� DXWKRU� UHFHLYHG� SDUWLDO� VXSSRUW� IURP� WKH� 2IILFH
RI�1DYDO� 5HVHDUFK�

�3DUWLDO� UHVXOWV� LQ� WKLV� GLUHFWLRQ� ZHUH� REWDLQHG� E\� 3DUNHU� >�@�� )RU� RWKHU� SURRIV� RI
:H\O
V� WKHRUHP� VHH� >�@� DQG� >�@�

��7KLV� SURRI� ZDV� NLQGO\� VXSSOLHG� E\� WKH� UHIHUHH�� ,W� XVHV� WKH� DXWKRU
V� LGHD� EXW� LV
PXFK� VLPSOHU� WKDQ� WKH� RULJLQDO� DUJXPHQW�
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Relations for Fixed Matrices

λ1 ≥ λ2 ≥ . . . ≥ λn; |z1| ≥ |z2| ≥ . . . ≥ |zn|

1. One exact equality:

| det X | =
∏n

j=1
λj =

∏n

j=1
|zj |.

2. Schur’s Inequality:

tr XX † =
∑n

j=1
λ2

j ≥
∑n

j=1
|zj |2.

3. Weyl’s Inequalities:∑k

j=1
φ(λj) ≥

∑k

j=1
φ(|zj |)

for all k = 1, . . . ,n.

4. Horn’s Theorem:
(1)+ (3) for φ(x) = x
⇒ ∃X ∈ Cn×n with
EV zj and SV λj .

(1909)

488 I. ScHua. 

Ub e r  d ie  c h a ra kte r is t is c h e n  Wu rz e ln  e in e r lin e a re n  S u b s titu t io n  
m it  e in e r h n w e n d u n g  a u f d ie  Th e o rie  d e r In te g ra lg le ic h u n g e n .  

Vo n  

I. S cour in Berlin. 

Is i e ine  a lge bra is che  Gle ie hung in de r Form 

/ 

~ 1  ~ a ~ - - x ,  . . ' ,  ag.n 

61,nl ~ an2  ) "" "~ a n n - - X  

----0 

ge ge be n und s ind col, eo2, . . . ,  e% ihre  Wurze ln, so lii~t s ich, wie  He rr 
A. Hirs c h *) ge ze igt ha t, in s e hr e infa che r We is e  e ine  obe re  Gre nze  ffir 
die  a bs olute n Betr~ige  de r e% a nge be n; be de ute t n~mlich a  die  grS~te  
unte r de n n 2 Za hle n la~.~.], s o is t 

,t ~,, t _~ na .  
In  de r vorlie ge nde n Arbe i~ m~ichte  ich a uf e inige  a nde re , we s e ntlich 
sch~irfe re  Ungle ichunge n a ufme rks a m ma che n, die  ffir die  a bs olute n Be- 
triige  de r e% be s te he n. Die  e infa chs te  und zugle ich wichfigs te  unte r ihne n 
is t die  Ungle iohung 

~,=1 x,2 

Inde m ich noch a nge be , we lche  Be de utung bie r da s  Auftre te n de s  Gle ich- 
he its ze iche ns  be s itzt, e rh~lte  ich e inen S a tz (S a tz II), de r e ine  Re ihe  yon 
be ka nnte n Re s ulta te n fibe r He rmite s cha  Forme n uncl orthogona le n S ub- 
s titutione n a ls  s pe zie lle  F~lle  umschlieBt. 

*) ,,S ur les  ra cine s  d 'une  dqua tion fondamenta le", Acta  Mathematics , Bd. 25, 
S . 3 6 7 .  

(1949)

MATHEMA TICS: H. WEYL

an extension (T, y6) of Q such that T contains E as local subgroup and
{1 E = q| E. We call the pair (Y, X) elementary with respect to Q if every
extension of X is extensible over Q from Y.
We can now state a group-theoretic equivalent of the condition P2( Y, X)

= 0.
THEOREM 3. Let X, Y be local subgroups of a group Q such that (1) Y

is a local subgroup of X; (2) Q is simply connected relative to Y; (3) X
contains no elements of order 2. A necessary and sufficient condition thtat
(Y, X) be elementary with respect to Q is that P2(Y, X) = 0
With the aid of Theorem 3, it is possible to give a proof of the existence

of Lie groups in the large based on the vanishing of the second homotopy
group rather than on the theorem of E. Levi.3 The details will appear
elsewhere.

'For definition see Reidemeister, Einfuhrung in die kombinatorische Topologie, p. 27.
2 Although this seems not to be explicitly stated in the literature, it is implied in E.

Cartan, La topologie des groupes de Lie, p. 13 and pp. 18-23.
3 See Pontrjagin, Topological Groups, p. 269 (theorem 78).
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With a linear transformation A in an n-dimensional vector space (matrix
consisting of n X n complex numbers asi,) there are connected two kinds
of eigenvalues: the roots z = al, . . ., an of the characteristic polynomial
zE - A| of A (E = unitmatrix) and therootsz = Kl, . . ., KnOf zE - KI
where K is the Hermitian matrix A *A composed of A and its Hermitian
conjugate A *. The Kj are non-negative, and one would naturally compare
the Xi = a, 2 with the Ki. If A is normal, A*A = AA*, they coincide;
in general, however, they do not. Arrange the K as well as the X in de-
scending order,

Xl i X2> ... 2 Xn, K1> K2 ... K.

I shall prove the following
THEOREM. Let p(X) be an increasing function of the positive argument

X, (p(X) > (p(X') for X > X' > 0, such that sp(et) is a convex function of t and
p(O) = lim s(X) = 0. Then the eigenvalues Xi and Kj in descending order

? -* 0
satisfy the inequalitios
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I shall prove the following
THEOREM. Let p(X) be an increasing function of the positive argument

X, (p(X) > (p(X') for X > X' > 0, such that sp(et) is a convex function of t and
p(O) = lim s(X) = 0. Then the eigenvalues Xi and Kj in descending order
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satisfy the inequalitios
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P(Xj) + +(O(Xm) <. (Kl) + **+ (Km) (m =1, 2, ..., n), (1)
in particular

X1 + ...+ Xm < K1 + + Km' (m =1, 2,..., n) (2)

for any real exponent s > 0.
According to a familiar argument'

X1 < Kl. (3)
Indeed the equation Ax = aix has a vector solution x = a * 0: Aa =
ala, a*A* = ala*, hence a*A*Aa = uatca(a*a) or

a*Ka = X,(a*a), a*a > 0.

Since every vector satisfies the inequality x*Kx . Kl(X*X), (3) follows.
The linear vector transformation A induces certain linear transforma-

tions A[1, A [21, A[3], ..., A[n] for the space elements (skew-symmetric
tensors) of rank 1, 2, 3,..., n. For instance A 3 = |a],| is given by

aij,, aik,, ail,
= aki,, akk', aki'

azi,, alk,, allI,

where J and J' range over the triples (i, k, 1) and (i', k', I') with the re-
strictions i < k < 1, i' < k' < 1', respectively. Application of the in-
equality (3) to these matrices AM[l, A21, . . . yields the relations

l < K1. \1X2 < KjK2, *. I . .. Xn < Kl .* . Kn (4)

(with the equality sign prevailing in the last of them). Everything will
be settled as soon as I prove the following
LEMMA: Let Ki, 'Xi (i = 1 ..., m) be non-negative numbers such that

X 2 X2 > ....Xm (5)
and

XI< KI, X1X2 < KK2, *.l,X*... Xm < Kl ... Km; (6)

then

Eio(tX) < Ejfp(Kj) (i = 1 * *, m) (7)
for any function (p of the nature described in the Theorem.

Of two real numbers a, ,B let max.(a, f3) denote a if a > ,B and ,3 if
,B > a. With a variable argument z > 0 form the functions

m m
f(z) = II max.(1, Kcz) and g(z) = H max.(1, Xiz).

j=1 i = 1
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'U�� 6H\PRXU� 6KHUPDQ� KDV� UDLVHG� WKH� TXHVWLRQ� DV� WR� ZKHWKHU� WKHVH
DUH� WKH� RQO\� JHQHUDO� UHODWLRQV� EHWZHHQ� DQ� DOORZDEOH� SDLU�� :H� DUH� JRLQJ
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VKRZV� WKDW� WKH� DERYH� LQHTXDOLWLHV� DOVR� FKDUDFWHUL]H� WKH� VHTXHQFH� RI
SULQFLSDO� PLQRUV� RI� D� SRVLWLYH� GHILQLWH� +HUPLWLDQ� PDWUL[� ZLWK� SUH�
VFULEHG� HLJHQYDOXHV�

7ZR� PDWULFHV� 0�� 1� DUH� VDLG� WR� EH� XQLWDULO\� HTXLYDOHQW� �QRWDWLRQ�
0a1�� LI� WKHUH� H[LVW� XQLWDU\� PDWULFHV� 8�� 9� VXFK� WKDW� 0�  � 819�
%\� WKH� GLDJRQDO� RI� D� PDWUL[� �$WM�� ZH� PHDQ� WKH� Z�WXSOH� �A�L�L�� �� �� �� �
$Q�Q��� $� WULDQJXODU� PDWUL[� LV� RQH� VXFK� WKDW� DOO� HOHPHQWV� EHORZ� WKH
GLDJRQDO� YDQLVK�� ,W� LV� HDVLO\� SURYHG� WKDW� LI� �[L�� �� �� Ŷ���[Ä�� LV� D� SHUPXWD�
WLRQ� RI� �\L�� Ŷ�Ŷ��� ��\Ä��� WKHQ� DQ\� WULDQJXODU� PDWUL[� ZLWK� GLDJRQDO
�[L�� �� �� �� ��[Q�� LV� XQLWDULO\� HTXLYDOHQW� ZLWK� D� WULDQJXODU� PDWUL[� ZLWK
GLDJRQDO� �\OW� �� Ŷ�Ŷ��\Q��

7KHRUHP� ��� ,I� WKH� SDLU� �;L����������;Ä��� �©L�� Ŷ���©Ä�� VDWLVILHV� ����
����� ����DQG� LIDQ!�� DQG�;��!��RU� ��ALAQ�� WKHQ�WKLV� SDLU� LV� DOORZDEOH�

3URRI��� /HW� '� EH� WKH� GLDJRQDO� PDWUL[� ZLWK� GLDJRQDO� �©L�� �� �� �� ��©Ä��
,W� LV� NQRZQ� WKDW� D� PDWUL[� $� KDV� VLQJXODU� YDOXHV� ©L�� �� �� �� ��DÄ� LI� DQG

3UHVHQWHG� WR� WKH� 6RFLHW\�� 1RYHPEHU� ���� ������ UHFHLYHG� E\� WKH� HGLWRUV� 2FWREHU� ���
�����DQG�� LQ� UHYLVHG� IRUP�� -XQH� ���������

��7KLV� SDSHU� ZDV� ZULWWHQ� ZKLOH� WKH� DXWKRU� UHFHLYHG� SDUWLDO� VXSSRUW� IURP� WKH� 2IILFH
RI�1DYDO� 5HVHDUFK�

�3DUWLDO� UHVXOWV� LQ� WKLV� GLUHFWLRQ� ZHUH� REWDLQHG� E\� 3DUNHU� >�@�� )RU� RWKHU� SURRIV� RI
:H\O
V� WKHRUHP� VHH� >�@� DQG� >�@�

��7KLV� SURRI� ZDV� NLQGO\� VXSSOLHG� E\� WKH� UHIHUHH�� ,W� XVHV� WKH� DXWKRU
V� LGHD� EXW� LV
PXFK� VLPSOHU� WKDQ� WKH� RULJLQDO� DUJXPHQW�

�
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use

21� 7+(� (,*(19$/8(6�2)� $�0$75,;�:,7+
35(6&5,%('� 6,1*8/$5�9$/8(6�

$/)5('� +251

7KH� VLQJXODU� YDOXHV� RI� D� PDWUL[� $� �ZLWK� FRPSOH[� HOHPHQWV�� DUH� WKH
QRQ�QHJDWLYH� VTXDUH� URRWV� RI� WKH� HLJHQYDOXHV� RI�$�$�� ZKHUH� $��LV� WKH
FRQMXJDWH� WUDQVSRVH� RI�$�� /HW� XV� FDOO� D� SDLU� RI� Z�WXSOHV� �;L�� �� �� �� ��;Ä��
�DL�� �� Ŷ��� ��DQ�� DOORZDEOH� LI� WKHUH� H[LVWV� DQ� QWK� RUGHU� PDWUL[� ZLWK� HLJHQ�
YDOXHV� ;L�� �� ��Ŷ���;ª�DQG� VLQJXODU� YDOXHV� ©L�� Ŷ��� �� ��Dª�� �:H\O� >O@� KDV
SURYHG� WKDW� LI� �;L���� ������;Ä��� �DL�� ����Ŷ���DÄ�� LV� DOORZDEOH� DQG� LI

���� ©L� A� ������ A� DÄ� A� ������DQG�����_�;L�_� A� ������ �� _�;ª�_�

WKHQ

���� _�;L�_�_� ;�_� "��DL�DN� IRU� �� A� N� A� Q�
���� _�;L�_�_� ;ª�_�  � DL�DÄ�

'U�� 6H\PRXU� 6KHUPDQ� KDV� UDLVHG� WKH� TXHVWLRQ� DV� WR� ZKHWKHU� WKHVH
DUH� WKH� RQO\� JHQHUDO� UHODWLRQV� EHWZHHQ� DQ� DOORZDEOH� SDLU�� :H� DUH� JRLQJ
WR� DQVZHU� WKLV� TXHVWLRQ� LQ� WKH� DIILUPDWLYH� �7KHRUHP� ����� 7KHRUHP� �
VKRZV� WKDW� WKH� DERYH� LQHTXDOLWLHV� DOVR� FKDUDFWHUL]H� WKH� VHTXHQFH� RI
SULQFLSDO� PLQRUV� RI� D� SRVLWLYH� GHILQLWH� +HUPLWLDQ� PDWUL[� ZLWK� SUH�
VFULEHG� HLJHQYDOXHV�

7ZR� PDWULFHV� 0�� 1� DUH� VDLG� WR� EH� XQLWDULO\� HTXLYDOHQW� �QRWDWLRQ�
0a1�� LI� WKHUH� H[LVW� XQLWDU\� PDWULFHV� 8�� 9� VXFK� WKDW� 0�  � 819�
%\� WKH� GLDJRQDO� RI� D� PDWUL[� �$WM�� ZH� PHDQ� WKH� Z�WXSOH� �A�L�L�� �� �� �� �
$Q�Q��� $� WULDQJXODU� PDWUL[� LV� RQH� VXFK� WKDW� DOO� HOHPHQWV� EHORZ� WKH
GLDJRQDO� YDQLVK�� ,W� LV� HDVLO\� SURYHG� WKDW� LI� �[L�� �� �� Ŷ���[Ä�� LV� D� SHUPXWD�
WLRQ� RI� �\L�� Ŷ�Ŷ��� ��\Ä��� WKHQ� DQ\� WULDQJXODU� PDWUL[� ZLWK� GLDJRQDO
�[L�� �� �� �� ��[Q�� LV� XQLWDULO\� HTXLYDOHQW� ZLWK� D� WULDQJXODU� PDWUL[� ZLWK
GLDJRQDO� �\OW� �� Ŷ�Ŷ��\Q��

7KHRUHP� ��� ,I� WKH� SDLU� �;L����������;Ä��� �©L�� Ŷ���©Ä�� VDWLVILHV� ����
����� ����DQG� LIDQ!�� DQG�;��!��RU� ��ALAQ�� WKHQ�WKLV� SDLU� LV� DOORZDEOH�

3URRI��� /HW� '� EH� WKH� GLDJRQDO� PDWUL[� ZLWK� GLDJRQDO� �©L�� �� �� �� ��©Ä��
,W� LV� NQRZQ� WKDW� D� PDWUL[� $� KDV� VLQJXODU� YDOXHV� ©L�� �� �� �� ��DÄ� LI� DQG

3UHVHQWHG� WR� WKH� 6RFLHW\�� 1RYHPEHU� ���� ������ UHFHLYHG� E\� WKH� HGLWRUV� 2FWREHU� ���
�����DQG�� LQ� UHYLVHG� IRUP�� -XQH� ���������

��7KLV� SDSHU� ZDV� ZULWWHQ� ZKLOH� WKH� DXWKRU� UHFHLYHG� SDUWLDO� VXSSRUW� IURP� WKH� 2IILFH
RI�1DYDO� 5HVHDUFK�

�3DUWLDO� UHVXOWV� LQ� WKLV� GLUHFWLRQ� ZHUH� REWDLQHG� E\� 3DUNHU� >�@�� )RU� RWKHU� SURRIV� RI
:H\O
V� WKHRUHP� VHH� >�@� DQG� >�@�

��7KLV� SURRI� ZDV� NLQGO\� VXSSOLHG� E\� WKH� UHIHUHH�� ,W� XVHV� WKH� DXWKRU
V� LGHD� EXW� LV
PXFK� VLPSOHU� WKDQ� WKH� RULJLQDO� DUJXPHQW�

�
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



Relations for Fixed Matrices

λ1 ≥ λ2 ≥ . . . ≥ λn; |z1| ≥ |z2| ≥ . . . ≥ |zn|

1. One exact equality:

| det X | =
∏n

j=1
λj =

∏n

j=1
|zj |.

2. Schur’s Inequality:

tr XX † =
∑n

j=1
λ2

j ≥
∑n

j=1
|zj |2.

3. Weyl’s Inequalities:∑k

j=1
φ(λj) ≥

∑k

j=1
φ(|zj |)

for all k = 1, . . . ,n.
4. Horn’s Theorem:

(1)+ (3) for φ(x) = x
⇒ ∃X ∈ Cn×n with
EV zj and SV λj .

(1909)

488 I. ScHua. 

Ub e r  d ie  c h a ra kte r is t is c h e n  Wu rz e ln  e in e r lin e a re n  S u b s titu t io n  
m it  e in e r h n w e n d u n g  a u f d ie  Th e o rie  d e r In te g ra lg le ic h u n g e n .  

Vo n  

I. S cour in Berlin. 

Is i e ine  a lge bra is che  Gle ie hung in de r Form 

/ 

~ 1  ~ a ~ - - x ,  . . ' ,  ag.n 

61,nl ~ an2  ) "" "~ a n n - - X  

----0 

ge ge be n und s ind col, eo2, . . . ,  e% ihre  Wurze ln, so lii~t s ich, wie  He rr 
A. Hirs c h *) ge ze igt ha t, in s e hr e infa che r We is e  e ine  obe re  Gre nze  ffir 
die  a bs olute n Betr~ige  de r e% a nge be n; be de ute t n~mlich a  die  grS~te  
unte r de n n 2 Za hle n la~.~.], s o is t 

,t ~,, t _~ na .  
In  de r vorlie ge nde n Arbe i~ m~ichte  ich a uf e inige  a nde re , we s e ntlich 
sch~irfe re  Ungle ichunge n a ufme rks a m ma che n, die  ffir die  a bs olute n Be- 
triige  de r e% be s te he n. Die  e infa chs te  und zugle ich wichfigs te  unte r ihne n 
is t die  Ungle iohung 

~,=1 x,2 

Inde m ich noch a nge be , we lche  Be de utung bie r da s  Auftre te n de s  Gle ich- 
he its ze iche ns  be s itzt, e rh~lte  ich e inen S a tz (S a tz II), de r e ine  Re ihe  yon 
be ka nnte n Re s ulta te n fibe r He rmite s cha  Forme n uncl orthogona le n S ub- 
s titutione n a ls  s pe zie lle  F~lle  umschlieBt. 

*) ,,S ur les  ra cine s  d 'une  dqua tion fondamenta le", Acta  Mathematics , Bd. 25, 
S . 3 6 7 .  

(1949)
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an extension (T, y6) of Q such that T contains E as local subgroup and
{1 E = q| E. We call the pair (Y, X) elementary with respect to Q if every
extension of X is extensible over Q from Y.
We can now state a group-theoretic equivalent of the condition P2( Y, X)

= 0.
THEOREM 3. Let X, Y be local subgroups of a group Q such that (1) Y

is a local subgroup of X; (2) Q is simply connected relative to Y; (3) X
contains no elements of order 2. A necessary and sufficient condition thtat
(Y, X) be elementary with respect to Q is that P2(Y, X) = 0
With the aid of Theorem 3, it is possible to give a proof of the existence

of Lie groups in the large based on the vanishing of the second homotopy
group rather than on the theorem of E. Levi.3 The details will appear
elsewhere.

'For definition see Reidemeister, Einfuhrung in die kombinatorische Topologie, p. 27.
2 Although this seems not to be explicitly stated in the literature, it is implied in E.

Cartan, La topologie des groupes de Lie, p. 13 and pp. 18-23.
3 See Pontrjagin, Topological Groups, p. 269 (theorem 78).

INEQUALITIES BETWEEN THE TWO KINDS OF EIGENVALUES
OF A LINEAR TRANSFORMATION

By HERMANN WEYL

THE INSTITUTE FOR ADVANCED STUDY, PRINCETON, NEW JERSEY

Communicated May 15, 1949

With a linear transformation A in an n-dimensional vector space (matrix
consisting of n X n complex numbers asi,) there are connected two kinds
of eigenvalues: the roots z = al, . . ., an of the characteristic polynomial
zE - A| of A (E = unitmatrix) and therootsz = Kl, . . ., KnOf zE - KI
where K is the Hermitian matrix A *A composed of A and its Hermitian
conjugate A *. The Kj are non-negative, and one would naturally compare
the Xi = a, 2 with the Ki. If A is normal, A*A = AA*, they coincide;
in general, however, they do not. Arrange the K as well as the X in de-
scending order,

Xl i X2> ... 2 Xn, K1> K2 ... K.

I shall prove the following
THEOREM. Let p(X) be an increasing function of the positive argument

X, (p(X) > (p(X') for X > X' > 0, such that sp(et) is a convex function of t and
p(O) = lim s(X) = 0. Then the eigenvalues Xi and Kj in descending order

? -* 0
satisfy the inequalitios
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P(Xj) + +(O(Xm) <. (Kl) + **+ (Km) (m =1, 2, ..., n), (1)
in particular

X1 + ...+ Xm < K1 + + Km' (m =1, 2,..., n) (2)

for any real exponent s > 0.
According to a familiar argument'

X1 < Kl. (3)
Indeed the equation Ax = aix has a vector solution x = a * 0: Aa =
ala, a*A* = ala*, hence a*A*Aa = uatca(a*a) or

a*Ka = X,(a*a), a*a > 0.

Since every vector satisfies the inequality x*Kx . Kl(X*X), (3) follows.
The linear vector transformation A induces certain linear transforma-

tions A[1, A [21, A[3], ..., A[n] for the space elements (skew-symmetric
tensors) of rank 1, 2, 3,..., n. For instance A 3 = |a],| is given by

aij,, aik,, ail,
= aki,, akk', aki'

azi,, alk,, allI,

where J and J' range over the triples (i, k, 1) and (i', k', I') with the re-
strictions i < k < 1, i' < k' < 1', respectively. Application of the in-
equality (3) to these matrices AM[l, A21, . . . yields the relations

l < K1. \1X2 < KjK2, *. I . .. Xn < Kl .* . Kn (4)

(with the equality sign prevailing in the last of them). Everything will
be settled as soon as I prove the following
LEMMA: Let Ki, 'Xi (i = 1 ..., m) be non-negative numbers such that

X 2 X2 > ....Xm (5)
and

XI< KI, X1X2 < KK2, *.l,X*... Xm < Kl ... Km; (6)

then

Eio(tX) < Ejfp(Kj) (i = 1 * *, m) (7)
for any function (p of the nature described in the Theorem.

Of two real numbers a, ,B let max.(a, f3) denote a if a > ,B and ,3 if
,B > a. With a variable argument z > 0 form the functions

m m
f(z) = II max.(1, Kcz) and g(z) = H max.(1, Xiz).

j=1 i = 1
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Relations for Random Matrices

1. No exact relation for arbitrary ensembles on Cn×n apart
from what we know from the previous slide.

2. Add bi-unitary invariance, meaning the probability measure
on Cn×n satisfies

dµ(UXV−1) = dµ(X ) for all U,V ∈ U(n).

⇒ The complex spectrum is isotropic⇒ focus on the
distribution of the squared eigenradii r = |z|2.

3. For n→∞, Haagerup-Larsson theorem (2000):

SSV

(∫ r

0
dµEV(r ′)− 1

)
=

1
r
,

where S is the S-transform of free probability theory.
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Bijection between SV and EV Distributions
Theorem: (MK, Kösters ’16)

1. Random Matrix X ∈ Cn×n is bi-unitarily invariant.

2. The jpdfs of the EV zj and squared SV aj are fEV and fSV, respectively.

3. Then, they are bijectively related via the integral

fEV(z) ∝|∆n(z)|2
∫
×n

j=1(iR+j)
d [s]

∫
Rn
+

d [a]

det a
fSV(a)

Perm[|zb|−2sc ]b,c=1,...,n
det[asc

b ]b,c=1,...,n

∆n(s)∆n(a)

with the Vandermonde determinant ∆n

• The s integral is actually regularised so that the integral is absolutely
convergent.

• There is an inverse of this integral transformation.
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Cross Correlations
Def.: For any measurable test function φ depending on R2k

+ the
(j , k)-point correlation measure is the marginal measure

E
[

(n − j)!(n − k)!

(n!)2

∑
1≤l1,...,lj ,p1,...,pk≤n

lα 6=lβ , pα 6=pβ when α 6=β

φ(rl1(X ), . . . , rlj (X ); ap1(X ), . . . ,apk (X ))

]

=

∫
Rj+k
+

dµj,k (r1, . . . , rj ; a1, . . . ,ak )φ(r1, . . . , rj ; a1, . . . ,ak )
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For n = 2
Proposition: (Allard, MK ’24)

1. The (2,2)-point correlation function is
dµ2,2(r1, r2; a1,a2) =Θ (amax − rmax) Θ (rmin − amin)

× fSV(a1,a2)

2|a1 − a2|
(r1 + r2) δ(r1r2 − a1a2)dr1dr2da1da2.

• Even when we start with a density the (n,n)-point correlation
function will not have a density!

2. The (1,2)-point correlation function is

f1,2(r ; a1,a2) = Θ (amax − r) Θ (r − amin)
fSV(a1,a2)

2|a1 − a2|

(
1 +

a1a2

r2

)
.

3. The (2,1)-point correlation function is

f2,1(r1, r2; a) = [Θ (a− rmax) + Θ (rmin − a)]
r1 + r2

2|a2 − r1r2|

× fSV

(
a,

r1r2

a

)
.
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General n > 2 and general Ensembles
Theorem: (Allard, MK ’24)

1. The (1,1)-point correlation function is

f1,1(r ; a1) ∝
n∑

j=1

∫
j+iR

ds
2πi

∫
Rn−1
+

n∏
b=2

dab r j−1−sfSV(a)

det

[
as−1

b
aτc(j)−1

b

]
∆n(s, τ(j))∆n(a)

,

with τ(j) = (1, . . . , j − 1, j + 1, . . . ,n).

2. The distribution of the squared eigenradii is not much more
enlightening.

We need more integrable structures!
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Polynomial Ensembles
Definition: (Kuijlaars, Stivigny ’14)

A bi-unitarily invariant random matrix is called a polynomial ensemble if
the jpdf of the squared singular values has the form

fSV(a) =
∆n(a) det

[
wk−1(aj)

]n
j,k=1

n! det [Mwk−1(j)]nj,k=1
≥ 0 for all a ∈ Rn

+,

whereMwk−1 is the Mellin transform of the weight function wk−1.

Remark: polynomial ensembles exhibit a determinantal point process

Rk (a1, . . . ,ak ) = det[K (ab,ac)]a,b=1,...,k , ρSV(a) =
1
n

K (a,a)

with K the kernel for the squared SV aj , not necessarily for the complex
eigenvalues zj !

The kernel is unique if it is a polynomial in the second entry!
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General n > 2 and Polynomial Ensembles
Theorem: (Allard, MK ’24)

1. The level density of the complex eigenvalues is

ρEV(r) =
1
n

∫ 1

0
dt
∫ ∞

0

dv
v

h
( r

v
, t
)

K
(

v ,
rt

t − 1

)
with

h(x , t) = Θ(1− x)
n
x

(
1
x
− 1
)n−2 [n

x
− 1− (n + 1)t

(
1
x
− 1
)]

(t − 1)n−1.

2. The (1,1)-point correlation function is

f1,1(r ; a) = ρSV(a)ρEV(r) + cov(r ; a)

with covariance density

cov(r ; a) =
1
n2

∫ 1

0
dt

1
a

h
( r

a
, t
)

K
(

a,
rt

t − 1

)
− 1

n2

∫ ∞
0

dv
v

∫ 1

0
dt h

( r
v
, t
)

K
(

a,
rt

t − 1

)
K (v ,a)
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Covariance Density
1. For two observables ψEV of one squared eigenradius and φSV of one

squared singular value, it is

Cov(ψEV, φSV) =

∫
R2
+

drda cov(r ; a)ψEV(r)φSV(a).

2. Its interpretation is for an A ⊂ R2
+:

I
∫

A drda cov(r ; a)� 0: it is likely to find an EV when one found a SV in
A and vice versa.

I
∫

A drda cov(r ; a)� 0: it is unlikely to find an EV when one found a SV
in A and vice versa.

I
∫

A drda cov(r ; a) ≈ 0: the occurrence of EV and SV in A is almost
uncorrelated.
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Example:
Induced Ginibre/Wishart-Laguerre Ensemble

(1,1)-point correlation function 2λf1,1(r , λ2)

n = 3 n = 50



Outline
1. Non-trivial hard statistics (currently writing up)

2. Computation of the finite n-correction of the
Haagerup-Larsson Theorem and other Free Probability
results

3. Computation of mixed correlation functions for j , k > 1

4. Computation of the correlation between the largest
(smallest) eigenradius and singular value.

5. etc.

covariance density 2λcov(r , λ2)

Laguerre ensemble Jacobi ensemble
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