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0 Orthogonal polynomials in the Ginibre random matrix
model with two point insertions

Joint work with Mario Kieburg and Sampad Lahiry

I will also report on recent result
> S. Berezin, A.B.J. Kuijlaars and |. Parra,
Planar Orthogonal Polynomials As Type | Multiple
Orthogonal Polynomials,
SIGMA 19 (2023), 020, 18 pages.
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1 Ginibre matrix model with insertions

1 n n P n 5
Z I lz—2P (TT I 12 — aiPPo™ ) TT e V=
n

N <ici<n i=1j=1 i=1

» Ginibre matrix model with p insertions (repelling charges)
located at aq,...,ap.

> Model is determinantal with correlation kernel built out of
the orthogonal polynomials

p
/Pn,N(Z)Ek 11z — ;" | e NMPgaz) =0, k=0,...,n1
C .

7j=1

where P, y(2) = 2" +---.
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1 Ginibre matrix model with insertions

1 n n p n )
H |Z7, — Zj|2 H H |Zz' — aj 2¢;N H e_N|zi|

Zn,N 1<i<j<n i=1j=1 i=1

» Limit n,N — oo, n/N —¢>0

> Eigenvalues fill out a 2D
domain, the droplet

» Each a; has region around it
that is free from eigenvalues

Conjecture: Zeros of P, y tend to
system of curves inside the convex
hull of the droplet.
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1 One insertion

n n
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n

N 1<i<i<n i=1 i=1

> Zeros tend to a curve.
Balogh, Bertola, Lee, McLaughlin 2015 a

» P, n is orthogonal on a contour

1 pz=a)¥
ﬁﬁpn’N(Z)Z W@ 2dz =10
for k=0,1,...,n— 1.
> P, n satisfies a Riemann-Hilbert problem of size 2 x 2

> Deift-Zhou steepest descent analysis gives strong
asymptotic formulas see also Kriiger, Lee, Yang 2023
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1 Two insertions at +ia

1 n n n 5
7~ 1 = alP {111+ e T
N 1<i<i<n i=1 i=1
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2  Potential theory
1

I(u)Z/ loglz_w,
Ur() = [ 1og ﬁdu(w)

dpa(z)dps(w)

Droplet €); in Ginibre model with insertions is characterized by
equilibrium problem in potential theory

> Minimize
1 p
10)+ 7 [ {127 = Leslogls — ayl | d(z)
j=1

among probability measures on C.

> Minimizer is Xm%
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2  Motherbody

» Motherbody (or potential theoretic skeleton) is probability
measure y; on curve A; satisfying

Urt(z) = UXu 5 (),  z€C\ Q.

with inequality > in .
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2  Theorem on motherbody

In the model with two insertions with and ¢ small.

Theorem

The motherbody exists and is supported on an interval
[—x1,21]. It is characterized by a vector equilibrium problem
Minimize

I(ul)—i-I(uz)—I(ul,ug)—%/log(a:Q—i-aZ)dul(x)—i-%/log|x]d,u2(x)
among pairs ({11, 12) of measures with

» supp(p1) C [—x1,21] and [dp; =1, w1 is motherbody
> supp(pz) C R and [ du; = =<,

> ( dpa(z) < Sdx } (upper constraint)
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2 Consequence 1: Riemann surface
For minimizer (i1, u2) we have
supp(p1) = A1 = [~z1,71]
a

supp(wtdm — p2) = Ag = (—00, —x2] U [x2,00)

From A; and A, we build a three sheeted Riemann surface with
sheets

'Rlz(C\Al, RQZC\(A]_UAQ), RgZC\AQ,

—r1 I —Ty —T1 Ty Ty —Iy Ty
—_— e
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2 Consequence 2: Schwarz function

Si(z) = t/ i (5) + 2cz

z—s 22+a2

Sa(z) = o (s —l— d'u2 for £Imz >0,
z—S
d t 2

Sy(z) = —t/ Z“Q_(S) + J; C:Fz'a,

defines a meromorphic function on the Riemann surface.

Theorem

S1 is the Schwarz function for the droplet, i.e.,

Si(z) =z  for z € 9Q.
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3 Riemann Hilbert problem

Recall planar orthogonality
d 2
/ Pon(2)2" | [] 12 — a; 9N | e NVEFdA(z) =0, k=0,...,n-1.
C -
7j=1

» Planar orthogonal polynomials are multiple orthogonal of
type Il on a contour around the origin Lee, Yang, 2019

There are p weights w, ..., w, (varying with n and N) such that
1
—,%Pn’]v(z)zkwj(z)dz =0, j=1,...,p,k=0,...,n; — 1
2mi Jo

with [ 2] <n; <21, X2;n; = n.
> It comes with Riemann Hilbert problem of size p+1 x p+ 1.
Van Assche, Geronimo, K, 2001
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3 Alternative

» In case ¢;N is an integer for every j, then P, y is also
multiple orthogonal of type | Berezin, Kuijlaars, Parra 2023
There are auxiliary polynomials Q1,...,Q,, deg@Q; < c¢;N — 1
such that

21

1 H§:1(z —aj)oN & eNaiz k
— g (Pn,N(Z) e + Z QJ(Z)W 2"dz = 0,

for k=0,...,n+|c|[N -1 with [c| = >"_, ¢;.

> It comes with alternative type | Riemann Hilbert problem
of size p+ 2 x p+ 2, that (in the present setting) can be
reduced to size p+ 1 xp+ 1.
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4  Asymptotic analysis

Ginibre model with two insertions

> Type Il weights are expressed as Bessel functions of second
kine in case of model with two insertions

> Type | weights are simpler, and we are able to apply the
Deift/Zhou steepest descent analysis to the type | RH
problem.

> Major role is played by the g-functions

9i(2) = [log(z = 9)duj(s), j=1.2

that are associated with the minimizers (i1, 112) of the
vector equilibrium problem.
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4  Strong asymptotics of polynomials

Ginibre model with two insertions, a2 > 2¢ > 0 and small ¢.

Theorem

Suppose n, N — oo with n —tN bounded and cN integer. Then
P, n(z) = M1 (z)e™9?) (1 + O(n_l)) asn — oo

uniformly for z in compact subsets of C\ [—z1, z1].
Zeros of P, y tend to the interval [—x1,x1] with p, as limiting
distribution.

Agrees with known asymptotics in exterior
region see e.g. Hedenmalm, Wennman, 2021

Also asymptotic formulas on (—x1+¢,z1—¢)
and near +zx; in terms of Airy functions.
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4  Overview of RH analysis

Type | RH problem for analytic Y : C\ v — C3*3
> Y, =Y_Jy on v with

(22 4 a2)cNe—iaNz

L0 Zn—l—?cN
Jy(z) —_ e~ 2iaNz
Zn—i—QCN

0 1

» Asymptotic condition (Ig + O(z‘1)> diag (z”, 2N, z‘"‘dv)
as z — o0
> Then PnyN(Z) = Y171(Z)

Sequence of transformations( Y - X T~ S— R )
for OP: Deift, Kriecherbauer, McLaughlin, Venakides, Zhou, 1999
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4  Transformation Y — X (preliminary step)

Y — X takes different form in four components of C\ (y UR).
> X, =X_Jx on yUR with

1 0 en(Vl—Vg)
Jx =10 1 0 on 7,
0 0 1
nVq
Je — (1) 61 8 on part of R
X 0 —ee 1 inside ~y
Je — (1) (1) 8 on part of R
X 0 _ea 1 outside ~y
t+2
with Vi(z) = Elog(z2 +a?) and Vy(z) = +ee log z.
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4  Transformations X — T +— S

> X — T uses the g-functions. It normalizes the RH problem
(almost) at infinity.

» T+ S is opening of lenses L; around A; for j = 1,2

> S has jumps on following contour:

8[12 8[42

AQ AZ
—CL‘Q €2

6L2 8L2

D9
D9
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4 Parametrices and transformation S — R

» Construction of global parametrix
» Construction of Airy parametrices around +£x; and +zx,

> S +— R leads to R with all jump matrices I3 4+ small as
n — 0.

Conclusion:

as n — o0

w140 ()

uniformly for z € C.

Thank you for your attention !
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