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Figure: Ising model at critical temperature (by H. Duminil-Copin and S. Smirnov)
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SLE

SLE (Schramm-Léwner evolution)

Figure: Simulations by Tom Kennedy
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Outline
Objects in this talk:
@ chordal SLE in a domain
@ two-sided whole-plane SLE
k > 0 (either space-filling or non-space-filling in case « € |4, 8]),
d =1+ k/8 resp. d = 2 dimension of the curve.
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Regularity results:
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Regularity results:
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@ modulus of continuity
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Outline

Regularity results:
@ )-variation
@ modulus of continuity

e natural parametrisation
@ capacity parametrisation

@ uniformising maps
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Variation regularity

Variation regularity

7 has finite 1)-variation if there exists C < oo such that

> v(ln(tia) —n(e)]) < €

for any partition 0 = tg < t; < ... < tpm = 1,
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Variation regularity

Variation regularity

7 has finite 1)-variation if there exists C < oo such that

> v(ln(tia) —n(e)]) < €

for any partition 0 = tg < t; < ... < tpm = 1,
or equivalently, if it has a parametrisation such that

[ii(t) —ii(s)] < o7H(|t — s]).

@ Variation regularity is independent of the choice of parametrisation.

o finite p-variation (i.e. ¢/(x) = xP) = dimyg < p.

sup Z¢<|77(ti+13w— n(fi)|> < 1}_

to<---<tr

[7]p-var := inf {I\/I >0
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Variation regularity

Variation regularity

For two-sided whole-plane variant (restricted to a compact time interval):

Theorem (Holden, Y.)
SLE,; has finite y-variation for 1(x) = x9(log log 1)=(¢=1),

and not for b with lim,~ g :ggi; — 0.

Moreover,

IP([”]lb—var > U) 5 exp (—Cud/(d_1)> '
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Variation regularity

Variation regularity

For two-sided whole-plane variant (restricted to a compact time interval):

Theorem (Holden, Y.)
SLE,; has finite v-variation for 1)(x) = xd(log log %)_(d—l),

and not for 3 with lim,~ o zg; — 0.

P([n]y-var > u) < exp (_Cud/(d—1)> '

Moreover,

Previous results:

@ exponent d is optimal:
Beffara (2008): lower bound.

Werness (2012), Friz, Tran (2017): upper bound for ordinary SLE.
Gwynne, Holden, Miller (2020): upper bound for space-filling SLE.
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Variation regularity

Variation regularity

For two-sided whole-plane variant (restricted to a compact time interval):

Theorem (Holden, Y.)
SLE,; has finite y-variation for 1(x) = x9(log log 1)~(¢=1),

and not for b with lim,~ o :ggi; — 0.

IED([’r]]dJ—var > U) 5 exp (_Cud/(d—1)> '

Moreover,

Remark: The same result should hold for SLE in a (regular) domain.
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Modulus of continuity Natural parametrisation

Modulus of continuity (natural parametrisation)

Minkowski content of 7[s, t] (“fractal length”): (Lawler, Rezaei (2015))

area {z | dist(z,n[s, t]) < e}
c2—d

Cont(ns, €]) = lim

(Conty—p = area).

Yizheng Yuan (U Cambridge) Regularity of SLE trace 06 June 2023

11 /29



Modulus of continuity Natural parametrisation

Modulus of continuity (natural parametrisation)

Minkowski content of 7[s, t] (“fractal length”): (Lawler, Rezaei (2015))

area {z | dist(z,n[s, t]) < e}
c2—d

Cont(ns, €]) = lim

(Conty—p = area).

Natural parametrisation: Conty(n[s, t]) = |t — s|.
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Modulus of continuity Natural parametrisation

Modulus of continuity (natural parametrisation)

For two-sided whole-plane variant, parametrised by Minkowski content
(restricted to a compact time interval):

Theorem (Holden, Y.)

SLE, satisfies |n(t) — n(s)| < ¢(|t — s|) for (t) = t/4(log 2)1-1/9,
and not for ¢ with limg o E g — 0.
Moreover,

P([n]p-He1 > u) < exp <_Cud/(d—1)) ‘
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Modulus of continuity (natural parametrisation)

For two-sided whole-plane variant, parametrised by Minkowski content
(restricted to a compact time interval):

Theorem (Holden, Y.)

SLE, satisfies |n(t) — n(s)| < ¢(|t — s|) for o(t) = t'/9(log 1)1~1/9,
and not for ¢ with limy o % — 0.
Moreover,

P([1]p-Her > u) S exp (—Cud/(d_1)> ‘

Previous results:

@ exponent 1/d is optimal:
Zhan (2019): x < 4 (upper bound for xk < 8).
Gwynne, Holden, Miller (2020): space-filling SLE.
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Modulus of continuity Natural parametrisation

Modulus of continuity (natural parametrisation)

For two-sided whole-plane variant, parametrised by Minkowski content
(restricted to a compact time interval):

Theorem (Holden, Y.)

SLE, satisfies |n(t) — n(s)| < ¢(|t — s|) for o(t) = t/4(log 1)1-1/7,
and not for ¢ with limy o E g — 0.
Moreover,

P([n]p-He1 > u) < exp <—cUd/(d—1)> .

Remark: The same result should hold for SLE in a (regular) domain.
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Modulus of continuity Natural parametrisation

Comments on the proofs

General argument: These results follow from probabilistic bounds on the
increments of stochastic processes.
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Modulus of continuity Natural parametrisation

Comments on the proofs

General argument: These results follow from probabilistic bounds on the
increments of stochastic processes.

Main inputs:
@ scaling and translation invariance of two-sided whole-plane SLE

@ whole-plane reversibility properties

@ domain Markov property

Remark: The same results apply to Brownian motion (with d = 2) or
uniformly elliptic Markov processes (with d = dy, walk dimension).
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Modulus of continuity Natural parametrisation

Comments on the proofs

Arguments can also be applied to discrete models converging to SLE.
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Modulus of continuity Natural parametrisation

Comments on the proofs

Arguments can also be applied to discrete models converging to SLE.

Example: Loop-erased random walk (parametrised by length).
n° — SLE;  with respect to ||-||oo.

(Lawler, Schramm, Werner (2004), Benes, Lawler, Viklund (2016), Lawler,
Viklund (2021))
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Modulus of continuity Natural parametrisation

Comments on the proofs

For two-sided infinite LERW (Lawler 2020),
SL;P P([né]tp-HBI > u) < exp (_Cud/(d—1)> ’

sup B([7}ymvar > 1) S exp (—cu?/(@D)

with ¢(t) = t¥/9(log 1)171/9 and 1(x) = x9(log log )71
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Modulus of continuity Natural parametrisation

Comments on the proofs

For two-sided infinite LERW (Lawler 2020),
SL;P P([né]tp-HBI > u) < exp (_Cud/(d—1)> ’

sup B([7}ymvar > 1) S exp (—cu?/(@D)

with ¢(t) = t¥/9(log 1)171/9 and 1(x) = x9(log log )71

In particular, the convergence 7° — 1 holds in ||-||z.pal resp. [[[1.5-var for
; o(t) _ P(x) _
limeo 20 = 0 and lim,~ o o) = 0.

Remark: These choices of 1, ¢ are optimal (due to the corresponding
result for SLE>).
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Modulus of continuity Capacity parametrisation

Modulus of continuity (capacity parametrisation)

Half-plane capacity of 1[0, t] C H:

TmmﬂuRL

hcap(n[0, t]) = Jim yEY[Im B
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Modulus of continuity Capacity parametrisation

Modulus of continuity (capacity parametrisation)

Half-plane capacity of 1[0, t] C H:

TmmﬂuRL

hcap(n[0, t]) = Jim yEY[Im B

Capacity parametrisation: hcap(n[0, t]) = 2t.
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Modulus of continuity Capacity parametrisation

Modulus of continuity (capacity parametrisation)

For SLE in H, parametrised by half-plane capacity (restricted to a compact
time interval):

Theorem
SLE,, satisfies |n(t) — n(s)| < ¢(|t — s|) for

(1) = t“(log %)B for k # 8,
A= (log1)~Y4(loglog 2)2*¢  for k =8,

where o = 1 — m, B = [explicit formula],, < 0.54.
Moreover,

B([nlp-rer > u) S u™”

for some p > 1.
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Modulus of continuity Capacity parametrisation

Modulus of continuity (capacity parametrisation)

For SLE in H, parametrised by half-plane capacity (restricted to a compact
time interval):

Theorem
SLE,, satisfies |n(t) — n(s)| < ¢(|t —s|) for

(1) = t“(log %)5 for k # 8,
A= (log1)~Y*(loglog 1)2*¢  for k =8,

where ov =1 — 55" pT -l 3 = [explicit formula], < 0.54.

Previous results:
@ exponent « is optimal: Viklund, Lawler (2011)
@ exponent 1/4 is optimal: Kavvadias, Miller, Schoug (2021x)
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Modulus of continuity Capacity parametrisation

Modulus of continuity (capacity parametrisation)

For SLE in H, parametrised by half-plane capacity (restricted to a compact
time interval):

Theorem
SLE,; satisfies [n(t) — n(s)| < ¢(|t — s|) for

(1) = to‘(log%)g for k # 8,
AN (log1)~Y4(loglog 1)2*¢  for k =8,

where o = 1 — m, 3 = [explicit formula], < 0.54.

Remark: This is the best one can get with only one-point estimates.
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Modulus of continuity Capacity parametrisation

Modulus of continuity (capacity parametrisation)

The optimal m.o.c. should be

o(t) = t*(log ) ((log )’

where 8 = 8r (Bi=s = 1/4)

N2+8(24+N)\/8+K740N75127K,\/Nz —16(24+K)v8+r+112K+1088

. . > ds
if and only if /1 T(s) < 00.
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Uniformising maps

Uniformising maps

For SLE in H, consider the conformal maps f;: H — H \ fill(5[0, t]).

Lo

1) £
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Uniformising maps

Uniformising maps

For SLE in H, consider the conformal maps f;: H — H \ fill(5[0, t]).

Lo

1) £

For fixed t,

vt for k # 4,
v i(log 1)71/3+E  for k= 4.

| (u+iv)l 5{

(Rohde, Schramm (2005), Kang (2007), Belyaev, Smirnov (2009), Gwynne,
Miller, Sun (2018), Kavvadias, Miller, Schoug (2021x))
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Uniformising maps

Uniformising maps

For SLE in H, consider the conformal maps f.: H — H \ fill(5[0, t]).
For fixed t,

it iv)] < y1+¢ for k # 4,
~ v i(log 1)7Y3+E for k = 4.

(Rohde, Schramm (2005), Kang (2007), Belyaev, Smirnov (2009), Gwynne,
Miller, Sun (2018), Kavvadias, Miller, Schoug (2021x))

Q: What about sup,|f/(w)|?
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Uniformising maps

Uniformising maps

For SLE in H, consider the conformal maps f.: H — H \ fill(5[0, t]).
For fixed t,

it iv)] < y1+¢ for k # 4,
~ v i(log 1)7Y3+E for k = 4.

(Rohde, Schramm (2005), Kang (2007), Belyaev, Smirnov (2009), Gwynne,
Miller, Sun (2018), Kavvadias, Miller, Schoug (2021x))
Q: What about sup,|f/(w)|?

@ k < 4: same result (simple curve)
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Uniformising maps

Uniformising maps

For SLE in H, consider the conformal maps f.: H — H \ fill(5[0, t]).
For fixed t,

it iv)] < y1+¢ for k # 4,
~ v i(log 1)7Y3+E for k = 4.

(Rohde, Schramm (2005), Kang (2007), Belyaev, Smirnov (2009), Gwynne,
Miller, Sun (2018), Kavvadias, Miller, Schoug (2021x))
Q: What about sup,|f/(w)|?

@ k < 4: same result (simple curve)

@ K € ]4,8[: no uniform bound (bubbles are swallowed)
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Uniformising maps

Uniformising maps

For SLE in H, consider the conformal maps f;: H — H \ fill(5[0, t]).

Theorem

For k > 8,
sup [f{(w)| < h(Imw)
te[0,1]

where

h(v) v22~1(jog %)B for k > 8,
V)=
v~l(log 1)~1/%(loglog 1)1*=  for k =8,

where a =1 — 3 = [explicit formula], < 0.54.

Kk
2442Kk—8+/8+kK’

P (sup i > ) S u”

t,W h(lm w

Moreover,

for some p > 1.
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Uniformising maps

Uniformising maps

For SLE in H, consider the conformal maps f.: H — H \ fill(n[0, t]).

Theorem

For k > 8,
sup |f/(w)| < h(Imw)
te[0,1]

where

h(v) v22~L(log %)5 for k > 8,
V)=
v l(log 1)"Y4(loglog 1)1**  for k=8,

where o = 1 — m, 3 = [explicit formula], < 0.54.

Remark: This is the best one can get with only one-point estimates.
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Uniformising maps

Uniformising maps

The optimal m.o.c. should be
_ 2a-1 1 5 Liog
h(v) = v=*"*(log =) "(log —)
"4 14

where 8 = & (Bi=s = 1/4)

K2+48(24+K)V/ 8+K74ON75127N\/N2 —16(24+K)v8+r+112Kk+1088

> ds
if ly if — .
if and only i /1 sﬁ(s)<oo

Yizheng Yuan (U Cambridge) Regularity of SLE trace 06 June 2023 27 /29



Uniformising maps

Uniformising maps

Recall m.o.c. in capacity parametrisation: |n(t) — n(s)| < ¢(|t — s|) for

o(t) = t1/2h(t1/2) — h(v) = v ip(v?).
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Uniformising maps

Uniformising maps

Recall m.o.c. in capacity parametrisation: |n(t) — n(s)| < ¢(|t — s|) for
o(t) = tY2h(11/?) = h(v) = v ip(v?).

This is to be expected:
Typically 2|t — s| = hcap(n][0, t]) — hcap(n[0, s]) ~ v? where
v = height(£,(nfs, t])).
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Uniformising maps

Uniformising maps

Recall m.o.c. in capacity parametrisation: |n(t) — n(s)| < ¢(|t — s|) for
o(t) = tY2h(11/?) = h(v) = v ip(v?).

This is to be expected:

Typically 2|t — s| = hcap(n][0, t]) — hcap(n[0, s]) ~ v? where

v = height(f;"1(n[s, t])), hence

diam(n][s, t]) =~ v|f/(iv)| = |t — S|1/2|f5’(i]t _ 5‘1/2)|'
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Uniformising maps

Comments on the proofs

The proof analyses the one-point martingales (for forward SLE) evaluated
at a chosen grid of points.
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Uniformising maps

Comments on the proofs

The proof analyses the one-point martingales (for forward SLE) evaluated
at a chosen grid of points.

e Compare Im gi(z) vs. dist(z,7[0, t]) < 'T;ﬁtz(ﬁ).
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Uniformising maps

Comments on the proofs

The proof analyses the one-point martingales (for forward SLE) evaluated
at a chosen grid of points.

e Compare Im gi(z) vs. dist(z,7[0, t]) < 'T;ﬁtz(ﬁ).

o Reduces to properties of radial Bessel processes.
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