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C  “”

Any (reasonable) critical lattice model converges in
the scaling limit to a conformal field theory ( CFT ).

W     ?

→

CFT: conformally invariant quantum field theory
[Polyakov ’70s, BPZ ’80s...] 1



D  :   

2



G SLE(κ)   L 

γ(t)

gt : H \ γ[0, t]→ H

x1· ·x2 · · ·

Wt = gt(γ(t))

gt(x2)
·

· · ·

I driving process of one curve γ: image of tip

I randomness from 1D Brownian motion B

I interaction encoded in partition function Z
I dWt =

√
κ dBt + κ ∂1logZ

(
Wt, gt(x2), gt(x3), . . .

)
dt

I dgt(x j) = 2 dt
gt(x j)−Wt

I defining properties:

Z = Z (κ) must satisfy system of BPZ PDEs ∀ j κ2 ∂2

∂x2j
+

∑
i, j

(
2

xi − x j

∂

∂xi
−

6/κ − 1
(xi − x j)2

)Z(x1, . . . , x2N) = 0

and Möbius covariance
Z

(
f (x1), . . . , f (x2N)

)
=

( ∏
1≤ j≤ 2N

∣∣∣ f ′(x j)
∣∣∣ κ−62κ

)
Z(x1, . . . , x2N)

(for f : H→ H s.t. f (x1) < · · · < f (x2N))

[Schramm ’99; Bauer-Bernard-Kytölä ’05; Dubédat ’07; Kozdron-Lawler ’07...] 3
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G   D  

I universality class labeled by κ > 0, central charge c(κ) =
(3κ−8)(6−κ)

2κ
I discrete crossing probabilities

δ→0
−→ probabilities of connectivities of SLE(κ) curves:

lim
δ→0
Pδβ [ connectivity = α ] = Mα,β

Zα(x1, . . . , x2N)
Fβ(x1, . . . , x2N)

I amplitudes for α encoded in pure partition functions Zα

I boundary conditions β encoded in b.c.c. partition functions Fβ

I CFT prediction: “Zα = 〈Φ1,2(x1) · · · Φ1,2(x2N) 〉α”
singled out via fusion rules  works for κ ∈ (0, 8]

I Coulomb gas integral formulas

Zα(x1, . . . , x2N) =
∏
i< j

(xi − x j)2/κ
∫

Γα

∏
r, j

(wr − x j)−4/κ
∏
r<s

(wr − ws)8/κ dw1 · · · dwN

[Feı̆gin-Fuchs ’80s; Dotsenko-Fateev ’80s; Cardy ’80s; Bauer-Bernard-Kytölä ’05;
Dubédat ’07; Flores-Kleban-Simmons-Ziff ’17; P. & Wu (et al.) ’18–22’; Izyurov ’22...] 4
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A    

Virasoro algebra Vir: Lie algebra generated by (Ln)n∈Z and central C

[Ln, Lm] = (n − m)Ln+m +
C
12

n(n2 − 1) δn+m,0, [C, Ln] = 0

I primary field Φ should generate Vir-module MΦ � Vir.vΦ

(slightly more precisely, vΦ := lim
z→0

Φ(z) | 0〉 via “state-field correspondence”)
L0vΦ = hvΦ, LnvΦ = 0 for n ≥ 1, C.vΦ = c vΦ,

where c ∈ C central charge and h = h(Φ) ∈ C weight of Φ

I MΦ � Vc
h/N isomorphic to quotient of some Verma module Vc

h
I any submodule N of Vc

h generated by some singular vector w s.t.
w ∈ Vc

h such that L0w = h′w, LnvΦ = 0 for n ≥ 1

Thm. [Feı̆gin & Fuchs ’84] Vc
h contains singular vector iff

h = hr,s(κ) :=
(r2 − 1)

4
κ

4
+

(s2 − 1)
4

4
κ

+
(1 − rs)

2
, c = c(κ) := 13 − 6

(
κ

4
+

4
κ

)
for some r, s ∈ Z>0 and κ ∈ C \ {0}.

5
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A    
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S  =⇒ BPZ PDE

Thm. [Feı̆gin & Fuchs ’84] Vc
h contains singular vector iff

h = hr,s(κ) :=
(r2 − 1)

4
κ

4
+

(s2 − 1)
4

4
κ

+
(1 − rs)

2
, c = c(κ) := 13 − 6

(
κ

4
+

4
κ

)
for some r, s ∈ Z>0 and κ ∈ C \ {0}

I each primary field Φ generates Vir-module MΦ � Vc
h/N

I N non-trivial? Generated by singular vector
w = P(L−m : m ∈ N).vΦ ∈ N =⇒ [w] = [0] ∈ Vc

h/N

where P polynomial in Vir-generators L−m

Upshot. PDEs for correlation functions of Φ:

D(z)〈Φ(z) Φ1(z1) · · ·Φd(zd)
〉

= 0

with D(z) = P(L(z)
−m : m ∈ N) and L(z)

−m = −
∑n

j=1

(
1

(z j−z)m−1
∂
∂z j

+
(1−m) h j
(z j−z)m

)
and h j = h(Φ j)

6
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E: “SLE(κ)  Φ1,2”   h1,2 = 6−κ
2κ

“insert” Φ1,2 at points x1 < x2 < · · · < x2N [Cardy ’84; Bauer-Bernard ’02]

dWt =
√
κ dBt + κ ∂1 logZ(Wt, gt(x2), gt(x3), . . . , gt(x2N)) dt

I parameter κ > 0, central charge c = 1
2κ (3κ − 8)(6 − κ) = 13 − 6

( κ
4 + 4

κ

)
I singular vector (L−2 − 3

2(2h1,2+1) L2
−1) v1,2

I (together with translation invariance) gives rise to PDE system ∀ i κ2 ∂2

∂x2i
+

n∑
j=1

(
2

x j − xi

∂

∂x j
−

2h1,2(κ)
(x j − xi)2

) 〈
Φ1,2(x1) · · ·Φ1,2(x2N)

〉︸                       ︷︷                       ︸
Z(x1,x2,...,x2N )

= 0

7



T      ... 

I “multiplication of fields” given by operator product expansion: e.g.

“ Φ1,2(z) Φ1,2(w) ∼
c1

(w − z)∆1,1(κ)
Φ1,1(w) +

c2
(w − z)∆1,3(κ) Φ1,3(w) ”

I c1, c2 ∈ C structure constants
I ∆1,1(κ) = 2h1,2(κ) − h1,1(κ) = 6−κ

κ
and ∆1,3(κ) = 2h1,2(κ) − h1,3(κ) = − 2

κ

Works well for generic κ < Q... However:

I anomaly: e.g. κ = 8 =⇒ ∆1,1(8) = ∆1,3(8)

 should use less restrictive form

“ Φ1,2(z) Φ1,2(w) ∼ c1(z,w) Φ1,1(w) + c2(z,w) Φ1,3(w) ”, |z − w| → 0

for some functions c1(z1, z2) and c2(z1, z2) allowing logarithms

8
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F  “SLE(κ)  Φ1,2”   h1,2 = 6−κ
2κ

“insert” Φ1,2 at points x1 < x2 < · · · < x2N [Cardy ’84; Bauer-Bernard ’02]

dWt =
√
κ dBt + κ ∂1 logZ(Wt, gt(x2), gt(x3), . . . , gt(x2N)) dt

I singular vector (L−2 − 3
2(2h1,2+1) L2

−1) v1,2
I PDE system ∀ i κ2 ∂2

∂x2i
+

n∑
j=1

(
2

x j − xi

∂

∂x j
−

2h1,2(κ)
(x j − xi)2

) 〈
Φ1,2(x1) · · ·Φ1,2(x2N)

〉︸                      ︷︷                      ︸
Z(x1 ,x2 ,...,x2N )

= 0

I s − 1 curves at x related to Φ1,s(x) (fusion)
[e.g. Duplantier & Saleur ’80s; Bauer & Saleur ’80s]

9



Q  


  

Zα (x) ∝
∏
i< j

(xi − x j)2/κ
∫

Γα

∏
r, j

(wr − x j)−4/κ
∏
r<s

(wr − ws)8/κ dw1 · · · dwN

Feı̆gin, Fuchs (unpubl.); Dotsenko, Fateev ’84; Felder, Fröhlich, Keller, Wieczerkowski ’89–’91;

. . .

Kytölä & P. ’14–’16; P. ’16–’20, Flores & P. ’18–

. . .

9



Q  ??

Idea: quantum group Uq(sl2) (Hopf algebra):
q-deformation of sl2(C):

generators:

E =

0 1
0 0

 , F =

0 0
1 0

 , K =

q 0
0 q−1


relations:

KK −1 = 1 = K −1K, EF − FE =
K − K −1

q − q−1
,

KE = q 2EK, KF = q−2FK

10



Q  Uq(sl2) (H )

I universal enveloping algebra U(sl2):
- generators e, f , h
- relations e f − f e = [e, f ] = h, he − eh = [h, e] = 2e,

h f − f h = [h, f ] = −2 f
- coproduct ∆ : U(sl2)→ U(sl2) ⊗ U(sl2),

∆(x) = x ⊗ 1 + 1 ⊗ x

I -
-

I type-one representations Mς = M (s1) ⊗ · · · ⊗M (sd),
where ς = (s1, s2, . . . , sd)

11
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Q   ( r = 1, s ≥ 1 ) ( q = e 4πi/κ < e πiQ )

v ∈ Mς := M (s1)⊗· · ·⊗M (sd) ←→ F[v](x1, . . . , xd) =
∫
Γ(v) f (x;w) dw

vectors v ∈ Mς in
representations of Uq(sl2)

F
←→

functions F[v]
of d variables

highest weight vectors
( v s.t. E.v = 0 )

F
←→

solutions to BPZ PDEs:
D(xi)

si+1F[v] = 0 ∀i
( Γ(v) s.t. ∂Γ(v) = ∅ )

vectors with certain
K-eigenvalue

F
←→

conformally covariant
functions

projections of vector v to
subrepresentations

F
←→

asymptotic behavior of
function F[v] ( as |x j+1 − x j| → 0 )

braiding by R-matrix
F
←→ monodromy of function F[v]

12
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S Hς :=
{
v ∈ Mς | E.v = 0, K.v = v

}
⊂ Mς ( q = e 4πi/κ < e πiQ )

Solution space Sς is irreducible C[Brς]-module:

Thm. [Kytölä, P. ’16; P. ’20; Flores, P. ’23+]

Sς :=
{ conformally covariant solutions? to
BPZ PDE system D(zi)

si+1F = 0 ∀ i

}
� Hς

? (satisfying technical assumption)Thm. [Jimbo ’86; Martin & McAnally ’92; . . . ; Flores, P. ’20–]

Mς := M (s1) ⊗ · · · ⊗M (sd) �
⊕

s

L(s) ⊗M (s)

carries two commuting actions, quantum Schur-Weyl duality:

I Hopf algebra Uq(sl2) acts irreducibly on M (s)

I (colored) braid group algebra C[Brς] acts irreducibly on L(s)

Specifically: L(s) �
{
v ∈ Mς | E.v = 0, K.v = qsv

}
, so Sς � Hς � L(0)

13



B    ()  

I BPZ PDE system: with ς = (s1, . . . , sd),

D(z j)
s j+1Fς(z; z̄) = 0, D(z̄ j)

s j+1Fς(z; z̄) = 0, for all j = 1, . . . , d

where s j + 1 = degree of differential operator D(z j)
s j+1

I covariance: for all conformal maps f : C→ C,

Fς

(
f (z), f ( z̄)

)
=

( n∏
i = 1

(
∂ f (zi) ∂̄ f (z̄i)

)−h1,s+1

)
Fς(z, z̄)

I Fς is defined for
{
(z1, . . . , zd) ∈ Cd

∣∣∣ zi , z j for i , j
}

Thm. [Flores, P. (in prep.)]
Suppose κ ∈ (0, 8) \ Q

(
so c = 1

2κ (3κ − 8)(6 − κ) ≤ 1 irrational
)
.

There exists a unique single-valued, conformally covariant,
solution Fς(z, z̄) to the above BPZ PDEs.

(Uniqueness holds up to normalization in a natural solution space.) 14



OPE   

Corollary. We get the expected asymptotics / OPE:

Fς(z; z̄) ∼
z j, z j+1→ ζ

∑
s

Cs
s j,s j+1

(z j+1 − z j)
−h1,s j+1−h1,s j+1+1+h1,s+1 × c.c.

× F(s1,...,s,...,sd)(. . . , z j−1, ζ, z j+2, . . . ; c.c. )

where s belongs to a finite index set, Cs
r,t are structure constants

C s
r,t :=

(
Bs

r,t
)2B0

s,s

B0
r,r B0

t,t

([s]!)2
√

[r + 1][s + 1][t + 1][ r+t−s
2 ]!

[ r+s+t
2 + 1]![ s+r−t

2 ]![ t+s−r
2 ]!

and where [n]! = [1][2] · · · [n − 1][n] and [n] =
sin(4πn/κ)
sin(4π/κ) and

Bs
r,t :=

1(
r+t−s

2

)
!

r+t−s
2∏

j=1

Γ
(
1 − 4

κ
(r − j + 1)

)
Γ
(
1 − 4

κ
(t − j + 1)

)
Γ
(
1 + 4

κ
j
)

Γ
(
2 − 4

κ

(
r+s+t

2 − j + 2
))

Γ
(
1 + 4

κ

)
Compare with the work of Dotsenko & Fateev in the ’80s:
they calculated the 4-point function and structure constants!
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I    ...
’   

Idea: discrete crossing probabilities
δ→0
−→ probabilities of connectivities of SLE(κ) curves:

lim
δ→0
Pδβ [ connectivity = α ] = Mα,β

Zα(x1, . . . , x2N)
Fβ(x1, . . . , x2N)

Zα (x) ∝
∏
i< j

(xi − x j)2/κ
∫

Γα

∏
r, j

(wr − x j)−4/κ
∏
r<s

(wr − ws)8/κ dw1 · · · dwN

15



A  ??? (q = e 4πi/κ < e πiQ)

Setup. Let’s look at the special case (relevant for multiple SLE(κ))
where ς = (s1, s2, . . . , sn) = (1, 1, . . . , 1) and x1, x2, . . . xn ∈ R.

I Quantum group Uq(sl2) (Hopf algebra): q-deformation of sl2(C):

E =

0 1
0 0

 F =

0 0
1 0

 K =

q 0
0 q−1


I Braid group C[Brn]: gen. by coordinate switches of xi, xi+1

I Jones map C[Brn] −→ TLn(ν) is surjective (with explicit kernel)

7→ q1/2 × + q−1/2 ×

I Temperley-Lieb algebra TLn(ν) of fugacity ν = −q − q−1:
algebra of planar diagrams...

16



T-L  TLn(ν)

generators: and for 1 ≤ i ≤ n − 1

Thm. [Kauffman ’80s]
TLn(ν) = algebra of all diagrams with 2n
nodes connected by non-intersecting lines,
product given by concatenation.

irreducible representations: standard modules L(s)

= = ν ×

= = 0 ×

17
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T-L 

Caveat: Simple TLn(ν)-action for b.c.c. partition functions Fβ,
not for pure partition functions Zα! 18



C     

lim
δ→0
Pδβ [ connectivity = α ] = M(κ)

α,β

Z (κ)
α (x1, . . . , x2N)

F (κ)
β (x1, . . . , x2N)

F (κ)
β =

∑
β ∈ LPN

M(κ)
α,βZ

(κ)
α

(meanders [DiFrancesco-Golinelli-Guitter ’90s; Flores-Kleban-Simmons-Ziff ’17])

M(κ)
α,β :=

(
2 cos(4π/κ)

)#loops in (α, β) for (α, β) =

I Issue: {F (κ)
β : β ∈ LPN} not in general linearly independent!

I Pure partition functions {Z (κ)
α : α ∈ LPN} are linearly independent.

They are determined as solutions to PDE bdry value problem
(BPZ equations, fusion asymptotics) — CFT heuristics in action!
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S Hς :=
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}
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Sς :=
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� Hς

? (satisfying technical assumption)Thm. [Jimbo ’86; Martin & McAnally ’92; . . . ; Flores, P. ’20–]

Mς := M (s1) ⊗ · · · ⊗M (sd) �
⊕

s

L(s) ⊗M (s)

carries two commuting actions, quantum Schur-Weyl duality:

I Hopf algebra Uq(sl2) acts irreducibly on M (s)

I (colored) braid group algebra C[Brς] acts irreducibly on L(s)

Specifically: L(s) �
{
v ∈ Mς | E.v = 0, K.v = qsv

}
, so Sς � Hς � L(0)

20



T


