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Quasisymmetry: definition

f : X −→ Y - homeomorphism

η : [0,∞) → [0,∞) an increasing map, η(0) = 0.

f is η-quasisymmetric if

dY (f (x), f (y))

dY (f (x), f (z))
≤ η

(
dX (x , y)

dX (x , z)

)
for all x , y , z ∈ X with x ̸= z .

f is quasisymmetric if it is η-quasisymmetric for some η.

The inverse of a quasisymmetric map is also quasisymmetric.
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Quasisymmetry

R

f

r

R/H

x
f(x)

H = η(1) here.

This is weakly quasisymmetric map. Equivalent to quasisymmetry for
“nice” X and Y .
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Quasisymmetry and Quasiconformality

A homeomorphism f : X → Y is K -Quasiconformal/QC if for every
x ∈ X

Dilf (x) = lim sup
r→0

maxdX (x,y)≤r dY (f (x), f (y))

mindX (x,z)≥r dY (f (x), f (z))
≤ K

Every quasisymmetric map is K -QC with K = η(1).

If X , Y are domains in Rd , d ≥ 2, then every K -QC map is locally
QS.
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Dimension can always be increased

If dimX > 0 and 0 < ε < 1 then the Snowflake map

id : (X , d) → (X , dε)

is a QS map which increases dimension to 1
ε
dimX .

Theorem. (Bishop, ’99)

If E ⊂ Rn, dimE > 0, and ε > 0 then there is a QS map f : Rn → Rn

s.t.
dim f (E) > n − ε.
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Conformal dimension

Topological dimension of a metric space X

inf
f∈Homeo

dimH f (X )= dimTop X .

Conformal dimension of a metric space X

inf
f is QS

dimH f (X )= dimC X .

Introduced by P. Pansu in 1989 as a tool to study the
quasi-isometric classification of the symmetric spaces. Extensively
used to classify hyperbolic groups.

X is minimal if
dimC X = dimH X .
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Some Examples

dimRn = dimC Rn = n

dimMn = dimC(M
n) = n for an n-dimensional submanifold of Rn.

Let X be R2 with the metric
d((x1, y1), (x2, y2)) = |x1 − x2|+ |y1 − y2|1/2. Then

dimX = dimC X = 3

Sierpiński Gasket SG , dim(SG) = log 3
log 2

, dimC(SG) = 1.(Tyson, Wu,

’06)
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Sierpiński Gasket SG , dim(SG) = log 3
log 2

, dimC(SG) = 1.(Tyson, Wu,

’06)

Ilia Binder Quasisymmetric images of Brownian graph: minimal dimension



Quasisymmetric
images of Brownian

graph: minimal
dimension

Ilia Binder

The objects we
study.

Quasisymmetry and
dimension.

What is known about
conformal dimension.

McMullen sets and
Fractal percolation.

SLE

Results and proofs.

Results

Modulus of a curve family
and Fuglede modulus

Fractal percolation:
constructing measure
family with positive
modulus

Brownian graph:
constructing measure
family with positive
modulus using local
times.

Some Examples

dimRn = dimC Rn = n

dimMn = dimC(M
n) = n for an n-dimensional submanifold of Rn.

Let X be R2 with the metric
d((x1, y1), (x2, y2)) = |x1 − x2|+ |y1 − y2|1/2. Then

dimX = dimC X = 3
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What is known?

Theorem. (Beurling-Ahlfors’56)

There is a set E ⊂ R of full measure and a qs map f s.t. |f (E)| = 0.

Theorem. (Tukia’89)

There is a set E ⊂ R of full measure such that dimC(E) = 0.

Theorem. (Hakobyan’06)

There are sets E ⊂ R s.t. |E | = 0 but dimC E = 1.

Theorem. (Kovalev’06)

If dimX < 1 then dimC X = 0.

Theorem. (Bishop, Tyson’01)

For any α ≥ 1, there exists a X ⊂ Rd such that dim(X ) = dimC(X ) = α.
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McMullen self-affine sets

Let m, n ∈ N and m < n. Divide the unit square into n rows and m
columns.

Choose a certain pattern D ⊂ {1, . . . , n} × {1, . . . ,m} of rectangles
and remove the rest. Repeat this process with every remaining
rectangle. Iterate and get a set ED

Let rj be the number of the rectangles in the j-th column of the
pattern D. Assume rj ≥ 1 for all j .

dimM ED = 1 + logn
1

m
(r1 + . . .+ rm).

Almost every vertical cross-section has Hausdorff dimension

Vert(ED) =
1

m

m∑
j=1

logn rj = logn
m
√
r1 · . . . · rm.

dimH(ED) = logm

(∑m
j=1 r

logn m
j

)
(McMullen, ’86)

Except for the case r1 = r2 = · · · = rm,

1 + Vert(ED) < dimH ED < dimM ED .
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A self-affine version of fractal percolation

Fractal percolation introduced by Mandelbrot (’74).

Fix a pattern of rectangles D ⊂ {1, . . . , n} × {1, . . . ,m} with rj ≥ 1
for all j .

In the n-th step independently replace every rectangle left from step
n − 1 by a shuffled copy of D: For a permutation
σ : {1, 2 . . . , m} → {1, 2 . . . , m}, Dσ is the pattern with σ(j)-th
column equal to j-th column of D.

Different ways to shuffle the columns have the same probability and
are independent for different rectangles. The intersection is a fractal
percolation cluster ẼD .

Almost surely, ẼD satisfies

1 + Vert(ẼD) = dimH ẼD = dimM ẼD .
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In this example we a.s. get

dimH Ẽ = 1 + log3
3

2
.

Here the second term is the a.s. dimension of a random Cantor set in
the line.
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SLE

What is the conformal dimension of SLEκ trace?

Conjecture.

SLEκ trace is a.s. minimal.

dimC(SLEκ) = min(1 + κ/8, 2)
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Conformal dimension of McMullen sets and fractal percolation
clusters

Theorem. (B., Hakobyan’15)

Let ED be a self affine McMullen set. Then

dimC ED ≥ 1 + Vert(ED).

Theorem. (B., Hakobyan’15)

Let ẼD be a fractal percolation cluster. Then almost surely it is minimal:

dimC ẼD = dimH ẼD = dimM ẼD = 1 + Vert(ẼD).

Theorem. (B., Hakobyan, Li’22)

Let B(t) be standard one-dimensional Brownian motion,
ΓB = {(t,B(t))} be its graph. Then almost surely it is minimal

dimC ΓB = dimH ΓB =
3

2
.
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Modulus of a curve family

Let Γ be a collection of curves in a metric measure space (X , µ, d).

A Borel function ρ : X → [0,∞] is admissible for Γ, or ρ ∧ Γ if∫
γ

ρdγ ≥ 1,

where dγ is the arclength element.

For p ≥ 1 define p-modulus of Γ (extremal width) as

modp(Γ,X , µ) = inf
ρ∧Γ

∫
X

ρpdµ.

modp(Γ,X , µ) is an outer measure on the set of rectifiable curves.

If p < q then, by Minkowski inequality,

modp(Γ,X , µ) ≤ µ(X )1−p/qmodq(Γ,X , µ)p/q.

modp(Γ,X , µ) > 0 =⇒ modq(Γ,X , µ) > 0
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An application: lower bound on Conformal dimension

Theorem. (Tyson/Bishop-Tyson, ’01)

Let metric measure space (X , d , µ) satisfies the following conditions

It is doubling: there exists a constant C so that

µ(B(x , 2r)) ≤ Cµ(B(x , r))

for all balls B(x , r) ⊂ X .

µ is q-smooth: for all B(x , r) ⊂ X µ(B(x , r)) ≤ Crq.

There is a curve family Γ in X s.t.

modpΓ > 0 for some 1 < p ≤ q.

Then
dimC X ≥ q.

Corollary (Bishop-Tyson, ’01)

(0, 1)× Y is minimal for every Y ⊂ Rn or if Y is Ahlfors regular.
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Fuglede modulus.

Let (X , d , µ) be a metric measure space and Λ = {λ} be a
collection of measures such that every µ-measurable set is
λ-measurable for all λ ∈ Λ.

A Borel (or continuous) function ρ : X → [0,∞] is admissible for Λ,
or ρ ∧ Λ if ∫

ρdλ ≥ 1

for every λ ∈ Λ

For p ≥ 1 define p-modulus of Λ as

modp(Λ,X , µ) = inf
ρ∧Λ

∫
X

ρpdµ.

As for curves, if p < q

modp(Λ,X , µ) > 0 =⇒ modq(Λ,X , µ) > 0
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Main technical tool

Theorem. (Hakobyan’08)

Let (X , d , µ) be a doubling compact,metric measure space with
q-smooth measure µ.
Assume that there exists a collection E of subsets of X with

dimC E ≥ 1, ∀ E ∈ E .

Assume also that there exists a collection of measures Λ = {λE}E∈E and
C > 0, such that for all E ∈ E

1 suppλE = E .

2 There is C > 0 such that for all x ∈ E we have

λE (B(x , r) ∩ E) ≥ C · r .

3 modp(E) > 0 for some 1 ≤ p < q

Then dimC(X ) ≥ q.

The condition 2 can be relaxed (BHL ’22) to

∀x ∈ E : dimloc µ(x) := lim sup log λE (B(x,r))
log r

≤ 1.
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Constructing measure µ.

Let x =
∑∞

j=1

xj
mj be the base m representation of x . Let

K := {x ∈ [0, 1] : limn→∞
#xj=k, j≤n

n
= 1

m
, k = 0, 1, . . . ,m − 1}.

K has length one.

X0 := (K × [0, 1]) ∩ ED .

q := 1 + logn
m
√
r1 · . . . · rm.

dimX0 = q.

Need: X0 is minimal.

If (i , j) ∈ D, define µ(Rij) =
1

mrj
. Iterate to get a measure on ED .

µ(X0) = 1.

∀z ∈ X0 : dimloc µ(z) = q.

In stochastic case: µ(k) on a k-th generation rectangle R(k) is
defined to be equal to 1

mk r (k)
, where r (k) is the number of rectangles

in the same column as R(k). µ will be a weak∗-limit point of of µ(k).

K = {x ∈ [0, 1] with typical behaviour

limk→∞
log r (k)(x)

k
= log r1+r2+...rm

m
}; X0 := (K × [0, 1]) ∩ ED .

dimX0 = 1 + log r1+r2+...rm
m

. Again: need it to be minimal.
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Measure family Λ

λE – pullback of the length to E .

Λ = {λE ,E is a horizontal set}.

Lemma.

For any horizontal set E , E ∩ X0 is minimal.

Take an admissible function ρ(x , y) for Λ. Modify it to ρ1(x , y) by
replacing ρ(x , y) on any first-level rectangle by the values of ρ on
the rectangle R in the same column with the smallest integral∫
R
ρ(x , y) dµ(x , y).

ρ1 is still admissible and
∫
ρ(x , y) dµ(x , y) ≥

∫
ρ1(x , y) dµ(x , y).

Repeat the process to construct ρ2 which has the same values on all
second-level rectangles in the same column, and so on.

Take ρ∞(x , y) to be the weak limit of ρk(x , y). Then
ρ∞(x , y) = ρ∞(x) does not depend on y and still admissible for Λ.∫
ρ(x , y) dµ(x , y) ≥

∫
ρ∞(x , y) dµ(x , y) =

∫
ρ∞(x) dλE (x) ≥ 1.

mod1(Λ,X0, µ) = 1.
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Brownian motion and local time

Let B be a 1-dimensional Brownian motion.

Let an < 0 < bn with an → 0 and bn → 0. The local time of B is an
increasing stochastic process defined on zeros of B in the following
way:

L(t) = lim
n→∞

2(bn − an)D(an, bn, t)

where D(an, bn, t) is the number of downcrossings from bn to an
before time t.

L(t) defines a measure, of dimension 1
2
.

In general, we define La(t) to be the local time of the standard
Brownian motion B(t) at level a, i.e.,

La(t) = lim
n→∞

2−n+1Dn(a, t)

where Dn(a, t) is the number of downcrossings before time t of the
nth-dyadic interval containing a.

Almost surely, La defines measures of dimension 1
2
for all a. In

particular, almost surely

dim{t : B(t) = a} =
1

2
for every a.
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increasing stochastic process defined on zeros of B in the following
way:

L(t) = lim
n→∞

2(bn − an)D(an, bn, t)

where D(an, bn, t) is the number of downcrossings from bn to an
before time t.

L(t) defines a measure, of dimension 1
2
.

In general, we define La(t) to be the local time of the standard
Brownian motion B(t) at level a, i.e.,

La(t) = lim
n→∞

2−n+1Dn(a, t)

where Dn(a, t) is the number of downcrossings before time t of the
nth-dyadic interval containing a.

Almost surely, La defines measures of dimension 1
2
for all a. In

particular, almost surely

dim{t : B(t) = a} =
1

2
for every a.
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Constructing measure µ.

We define

µ (A) :=

∫ ∞

−∞
la(A ∩ Za)da.

There exists C > 0 such that

µ (B(x , r) ∩ Γ(B)) ≤ C · r
3
2
−ϵ.

for any ϵ > 0.
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Constructing minimal sets

Figure: A standard linear Brownian motion and the collection of En,m
j for 3

generations.

We construct a Cantor set E in the following way:
Pick subset of ΓB that lies between two adjacent hitting times of
Z0,Z1/2 and another subset that lies between two adjacent hitting
times of Z1/2,Z1 to be the first two elements of E .

Suppose a nth-generation element is given, then we pick two
subsets that lies between two adjacent hitting times of two adjacent
dyadic levels, if this hitting times are close enough. All these 2n+1

elements forms the (n + 1)th-generation of E .

Finally, E =
⋂∞

n=1

⋃2n

m=1 E
n,m.

Let E be the collection of all the Cantor sets constructed this way.
Λ will be collection of vertical lengths on sets from E .
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Proof of minimality of Brownian Graph

There exists a measure µ s.t. µ(B(x , r) ∩ Γ(B)) . r
3
2
−ϵ for any

ϵ > 0.

For any E ∈ E , dimC E ≥ 1.

The only thing left is to prove that mod1(Λ) > 0.

Figure: A standard linear Brownian motion and the collection of En,m
j for 3

generations.
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The modulus is positive.

Figure: Constructing ρn.

Let ρ be admissible for Λ. We replace ρ by an alternative admissible
ρ∞ with smaller mass.

Let ρ1 be a function on E1 such that the integral of ρ1 on every
1st-generation element that achieves the minimal among all the
1st-generations of the same level.

Similarly, define ρn iteratively in the same way to cover all the
nth-generation.

Finally, we define ρ∞ := lim infn→∞ ρn.
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Figure: A minimal graph with 3 generations.

For any E ∈ E , one can find F ∈ E such that∫
E

ρ∞dλE ≥
∫
F

ρλF ≥ 1.

Thus ρ∞ is admissible for Λ.

∫
X
ρdµ ≤

∫
X
ρ∞dµ where X is the space that E covers.

It is sufficient to prove that
∫
X
ρ∞dµ > 0.

Recall that µ(B(x , r)) =
∫ 1

0
la(B(x , r) ∩ Za)da.∫

X
ρ∞dµ ≥

(∫
E
ρ∞dλE

)
infa∈[0,1] L

a(Za ∩ X ) ≥
infa∈[0,1] L

a(Za ∩ X ) > δ > 0.
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Thank you!
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