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Quantum group construction of boundary correlation fns:

(K. & Peltola [arXiv:1408.1384])
@ seek: n-point correlation functions defined for x; < --- < x,
* Mobius covariant, satisfy PDEs, behavior as |xj;1 — xj| — 0
@ use: quantum group Ug(slz) and its representations My
@ correspondence: associate functions to vectors v € ®J'-7:1 Mg,

* representation theoretic properties of v guarantee
desired properties of the function

SLE question(s):
@ Chordal SLE boundary visiting probabilities
(Jokela & Jarvinen & K. [arXiv:1311.2297])

~» multi-point boundary Green's function for SLE [tawier & .1
~~ correlation fn of SLE covariant measure on bdry [aiberts & Sheffield]
~ lattice model probas, e.g. Potts model bdry spin correlation
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Quantum group construction of boundary correlation fns:

(K. & Peltola [arXiv:1408.1384])
@ seek: n-point correlation functions defined for x; < --- < x,
* Mobius covariant, satisfy PDEs, behavior as |xj;1 — xj| — 0
@ use: quantum group Ug(slz) and its representations My
@ correspondence: associate functions to vectors v € ®J'-7:1 Mg,

* representation theoretic properties of v guarantee
desired properties of the function

SLE question(s):
@ Chordal SLE boundary visiting probabilities
(Jokela & Jarvinen & K. [arXiv:1311.2297])

~» multi-point boundary Green's function for SLE [tawier & .1
~~ correlation fn of SLE covariant measure on bdry [aiberts & Sheffield]
~ lattice model probas, e.g. Potts model bdry spin correlation

o Extremal-multiple SLEs
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The quantum group Ugy(sl2)

q = elm/x (assume k ¢ Q)
o Algebra Uy(slp): gen. E,F,K,K~! and g-Chevalley relations
KE = ¢?EK,  KF =q2FK, KK 1=K 1K=1
EF — FE = —L (K — K1)

q—q~1
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The quantum group Ugy(sl2)

q = elm/x (assume k ¢ Q)
o Algebra Uy(slp): gen. E,F,K,K~! and g-Chevalley relations

KE = PEK,  KF =q2FK, KK l=KlK=1
EF — FE = (K- K1)

q T
@ Irreducible rep. M, of dimension d: basis ug, f41,-- -, td—1

Ko =q" 2, Foy=pi,  Eqp=[11d —jlp

q"—q7" no. “
where [n] = =1+ are"g-integers
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The quantum group Ugy(sl2)

q = elm/x (assume k ¢ Q)
o Algebra Uy(slp): gen. E,F,K,K~! and g-Chevalley relations

KE = PEK,  KF =q2FK, KK l=KlK=1
EF — FE = (K- K1)

g1

@ Irreducible rep. M, of dimension d: basis ug, f41,-- -, td—1
Kopj=q" "%, Fopp= i1, Epy=[i][d = jlpia

where [n] = qq__;’_l are " g-integers "

@ Tensor products of representations: for v w € V ® W set

Kalle Kytola Hidden quantum group symmetry in SLEs



The quantum group Ugy(sl2)

q = elm/x (assume k ¢ Q)
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@ Irreducible rep. M, of dimension d: basis ug, f41,-- -, td—1
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@ Tensor products of representations: for v w € V ® W set
K(veaw)=KveKw,
E(vaw)=EveKw+v®E.w,
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where [n] = qq__;’_l are " g-integers "

@ Tensor products of representations: for v w € V ® W set
K(veaw)=KveKw,
E(vaw)=EveKw+v®E.w,
Fivaw)=Fveaw+KlveFw

@ Semisimple tensor products of the irreps:

Kalle Kytola Hidden quantum group symmetry in SLEs



The quantum group Ugy(sl2)

q = elm/x (assume k ¢ Q)
o Algebra Uy(slp): gen. E,F,K,K~! and g-Chevalley relations

KE = PEK,  KF =q2FK, KK l=KlK=1
EF — FE = (K- K1)

g1

@ Irreducible rep. M, of dimension d: basis ug, f41,-- -, td—1
Kopj=q" "%, Fopp= i1, Epy=[i][d = jlpia

where [n] = qq__;’_l are " g-integers "

@ Tensor products of representations: for v w € V ® W set
K(veaw)=KveKw,
E(vaw)=EveKw+v®E.w,
Fivaw)=Fveaw+KlveFw

@ Semisimple tensor products of the irreps:

Mdz ® Md1 = Md1+d2—1 83 Md1+d2—3 DD M|d17d2\+1
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Defining " spin chain - Coulomb gas correspondence “

* anchor xg, chamber %s,xo) ={xo<x1<x<--<xp} CR"
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Defining " spin chain - Coulomb gas correspondence“

* anchor xg, chamber %gxo) ={xo<x1<x<--<xp} CR"
* parameters dq,d>,...,d, € N

Fxo). ® Mdj — {functions on %gXO)}
j=1

Informally, F*0)[v](x) = “.[F[v] f(x;w)dw",
where the integration surface ['[v] depends on v € @7_; Mg,.
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Defining " spin chain - Coulomb gas correspondence“

* anchor xg, chamber x00) — {o<x1<xp<-<xp} CR"
* parameters di,d>,...,d, € N

Fbo). ® Mg, — {functions on %Ef(")}
j=1
Informally, F*0)[v](x) = “.[F[v] f(x;w)dw",
where the integration surface ['[v] depends on v € @7_; Mg,.
FOOlp @ ® py] = ¢(X°)
Zo

(below), extend linearly
T T2 . Tn

Ilw“,ln

SDEIXO)/n(X) =
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Defining " spin chain - Coulomb gas correspondence“

* anchor xg, chamber x00) — {o<x1<xp<-<xp} CR"
* parameters di,d>,...,d, € N

Fbo). ® Mg, — {functions on %Ef(")}
j=1
Informally, F*0)[v](x) = “.[F[v] f(x;w)dw",
where the integration surface ['[v] depends on v € @7_; Mg,.
FOOlp @ ® py] = (p(x‘))
Zo

(below), extend linearly
T T2 . Tn

Ilw“,ln

SDEIXO)/n(X) =

foc[I(x — xi)%(d;fl)(dﬁl) x TT(ws — Wr)% < [T(w, — X,,)fﬁ(d,-—l)
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"Spin chain - Coulomb gas correspondence”

Theorem (K. & Peltola)

o 4y @1 Mgy — {functions on X1}
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(v highest weight vector, if E.v = 0) (v in trivial subrepresentation, if E.v = 0 and K.v = v)
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o 4y @1 Mgy — {functions on X1}
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(v highest weight vector, if E.v = 0) (v in trivial subrepresentation, if E.v = 0 and K.v = v)

Theorem (K. & Peltola)

o 4y @1 Mgy — {functions on X1}

(xn If v is a highest weight vector, then F(0)[v]: 2 s
independent of xp, thus defines a function F|[v|: X, — C.
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"Spin chain - Coulomb gas correspondence”

(v highest weight vector, if E.v = 0) (v in trivial subrepresentation, if E.v = 0 and K.v = v)

Theorem (K. & Peltola)

o 4y @1 Mgy — {functions on X1}

(xn If v is a highest weight vector, then F(0)[v]: 2 s
independent of xp, thus defines a function F|[v|: X, — C.

eoE) If v is a highest weight vector, then F[v]: X, — C satisfies n
linear homogeneous PDEs of orders di, ..., d,.
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"Spin chain - Coulomb gas correspondence”

(v highest weight vector, if E.v = 0) (v in trivial subrepresentation, if E.v = 0 and K.v = v)

Theorem (K. & Peltola)

o 4y @1 Mgy — {functions on X1}

(xn If v is a highest weight vector, then F(0)[v]: 2 s
independent of xp, thus defines a function F|[v|: X, — C.

eoE) If v is a highest weight vector, then F[v]: X, — C satisfies n
linear homogeneous PDEs of orders di, ..., d,.
(cov) f(XO)[V]: 365,*0) —Cis
- translation invariant

- homogeneous, if v is K-eigenvector
- Mobius covariant, if v is in trivial subrepresentation
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"Spin chain - Coulomb gas correspondence”

(v highest weight vector, if E.v = 0) (v in trivial subrepresentation, if E.v = 0 and K.v = v)

Theorem (K. & Peltola)

o 4y @1 Mgy — {functions on X1}

@, If v is a highest weight vector, then f(XO)[v]: 3€$,X°) —Cis
independent of xp, thus defines a function F|[v|: X, — C.
eoE) If v is a highest weight vector, then F[v]: X, — C satisfies n
linear homogeneous PDEs of orders di, ..., d,.
(cov) f(XO)[V]: 365,*0) —Cis
- translation invariant

- homogeneous, if v is K-eigenvector
- Mobius covariant, if v is in trivial subrepresentation

(»sv) My, ® Mg, = €D, My induces a decomposition of @7_; Mg,.
FO ]~ Ca = 3)% x FO (],
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On the proof: asymptotics with subrepresentations

Md‘—>Mdj+1®Mdj d=d+di1—1-2m
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On the proof: asymptotics with subrepresentations

Mg = Mg, ® Mg, o — 76799 g —di 4 djyy—1—-2m
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On the proof: asymptotics with subrepresentations

Md‘—>Md+1®Md, uor—>T(d +1), d=d+di1—1-2m

(dd diy K [di—1=K]! [dja—1—m+K]l k(@ —#)
zk( ) [k]'[d 1] m k]’[dz 1]| (q_q—l)m (Hk®lu‘m—k)
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On the proof: asymptotics with subrepresentations

Md‘—>Md+1®Md, uor—>T(d +1), d=d+di1—1-2m

(dd diy K [di—1=K]! [dja—1—m+K]l k(@ —#)
zk( ) [k]'[d 1] m k]’[dz 1]| (q_q—l)m (Hk®lu‘m—k)

Calculation for v =y, ® -+ @ py,, ® (Fl.70) ® My @ @ gy
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On the proof: asymptotics with subrepresentations

Md‘—>Md+1®Md., uor—>T(d +1), d=d+di1—1-2m

(ddd ) di—1—k]! [diy1—1—m+k]!  gk(dr—k)
e Xl )k[[k]![dj—]l]E[ik]![dz—l]!] (g—ql—l)"’ (1 @ i)

Calculation for v =y, ® -+ ® ., (F 7'0) ®u/ ® - @y

Zo Ty .. Tj+1 . Tn

Fro](x) =
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On the proof: asymptotics with subrepresentations

Mg = Mg, ® Mg, o — 76799 g —di 4 djyy—1—-2m

(ddd) di—1-k 1-m+k k(dy —k)
(= )k[[kl'[d ]1][ mﬂk]'[dz 11'] (a=a-ym (K ©Hm-k)

Calculation for v =y, ® -+ ® ., (F 7'0) ®u/ ® - @y

Zo Ty .. Tj+1 . Tn

Fro](x) =

dominated convergence:
(x0)
];.‘,dj,%-ﬂ,‘.‘ [vI(-)

s FO) (6

J L s
()i 9ne

where A% 2(1+d?>~d?—d? | )+r(dj+dj1—d—1)
a —

2K
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On the proof: anchor point independence

Write <p§1X°) ;. (x) in terms of a$? o (x)

.....

.....

.....

.....
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On the proof: anchor point independence

Write <p§1X°) (x) in terms of aan) (%)

SOEIXO)/n(X) =

Highest weight vectors:
If E.v =0, then in F*)[v](x), the coefficient of ag,, ) mn(X)
vanishes whenever m; # 0.

Kalle Kytola Hidden quantum group symmetry in SLEs



On the proof: anchor point independence

Write <p§1X°) (x) in terms of aan) (%)

SOEIXO)/n(X) =

Highest weight vectors:
If E.v =0, then in F*)[v](x), the coefficient of ag,, ) mn(X)
vanishes whenever m; # 0.

~ Flv](x) well defined for x € X,
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On the proof: Stokes formula and highest weight vectors

® 3y ., the (-dimensional integration surface of 4,051)(0),,1

o g(wi;wy, ..., wy) single valued, symmetric in last £ — 1 vars
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On the proof: Stokes formula and highest weight vectors

® 3y ., the (-dimensional integration surface of 4,051)(0),,1

o g(wi;wy, ..., wy) single valued, symmetric in last £ — 1 vars
Stokes formula / integration by parts:
""" . Zle %(g(w,; TR ,wp) F(x; w)) dwy ---dwy
= T {7 @) 41 — g g2

X f@...,/jfl,... (v(wi, .. wemr) F(%wa, . wimq)) dwy - -'dWe—l}
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On the proof: Stokes formula and highest weight vectors

® 3y ., the (-dimensional integration surface of 4,051)(0),,1
o g(wi;wy, ..., wy) single valued, symmetric in last £ — 1 vars
Stokes formula / integration by parts:
""" . Zle %(g(w,; TR ,wp) F(x; w)) dwy ---dwy
= T {7 @) 41 — g g2
X f@...,/jfl,... (v(wi, .. wemr) (X wa, .. wimq)) dwg - - de_l}
where y(wq, ..., wy_1)

_A(d.— — 8
= [T/ [x0 —xi| "= @D TT] [x0 — we | = glxoima, ..., we1).
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On the proof: Stokes formula and highest weight vectors

(x0)
Ilw“,ln
o g(wi;wy, ..., wy) single valued, symmetric in last £ — 1 vars

® 3y ., the {-dimensional integration surface of ¢

Stokes formula / integration by parts:
..... In Zf:l %(g(wr; Wi, W ,wp) F(x; w)) dwy - - dwy

= S - Dl — gl gD

x [ L (v(wi, .. wemr) (X wa, .. wimq)) dwg - - de_l}
where y(wq, ..., wy_1)

_A(d.— — 8
= [T/ [x0 —xi| "= @D TT] [x0 — we | = glxoima, ..., we1).

Highest weight vect.: v=> C, ; (), ®---®uy)st. E.v=0
¢
S Choin f@/l, . >oreq aiwr (g(w,; ) f(x; w)) dw = 0.
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On the proof: partial differential equations

Benoit & Saint-Aubin differential operators:

d; di—k 2
: (k/4)9 " (d; — 1)! 0) H
DU) = Z Z Hk—l( J n')zzk n.) X‘C—nl e ‘C—nk
k=1 np,...m>1 Llj=1\2 =11 i=j+1 i
m+...+n=d;

where Lg) (j=1,...,nand p € Z) are 1°* order diff. operators
8 = — Sy — )P (1 -+ p) EHEEE 4 () )
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On the proof: partial differential equations

Benoit & Saint-Aubin differential operators:

d; di—k (4. 2 . .
pU) Z Z (k/4)%~ " (d; — 1)! i) el

k—1 j k -m — Nk
k=1 n,..n>1 Hj:l( -1 ni)(Zi:j-}—l n;)
m+...+n=d;

where Lg) (j=1,...,nand p € Z) are 1°* order diff. operators
8 = — Sy — )P (1 -+ p) EHEEE 4 () )

The integrand f(x; w) satisfies
(D(f)f)(x;w) = (Wi wa e W we) X F(xw)).
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On the proof: partial differential equations

Benoit & Saint-Aubin differential operators:

d; di—k (4. 2 . .
pU) Z Z (k/4)%~ " (d; — 1)! i) el

k—1 j k -m — Nk
k=1 n,..n>1 Hj:l( -1 ni)(Zi:j-}—l n;)
m+...+n=d;

where Lg) (j=1,...,nand p € Z) are 1°* order diff. operators
8 = — Sy — )P (1 -+ p) EHEEE 4 () )

The integrand f(x; w) satisfies
(D(f)f)(x;w) = (Wi wa e W we) X F(xw)).

Highest weight vectors:
If E.v =0, Stokes formula gives DY) F[v](x) = 0.
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On the proof: covariance under Mobius transformations

cpgl)q’) (X1, Xn) :/ (X1, s X Wa, oo, wy) dwy -+ - dwy

BI
Mobius covariance: if I/(X]_) << v(xy) for v(z) = ijig want
(4= 1)(2(d;+1)—r)
‘F[V](V(Xl)7 Xn) XHU XJ S ‘F[V](Xlw e 7Xn)

@ translation invariance, z — z + &:
9051)(0+’E (X1+£7"'7Xn+£)_90l1 ,,,,, (Xla"'axn)
* make changes of variables w) = w, —i—{
® homogeneity, z — Az:
A
<p§1X°) (AX1, ..., M) = A2 <p§1x°) (X1, ceey Xn)
* make changes of variables w/ = )\W,
@ special conformal transformations, zZ Hﬁ:
* vary a infinitesimally
* use a property of the integrand f

* apply Stokes formula
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Summary of "spin chain - Coulomb gas correspondence “

Theorem (K. & Peltola)

]:c(/l, d, ®Md — {functions on xl )}
j=1

xn If E.v =0, then F[v]: X, — C is well-defined.
boe) If E.v =0, then DU F[v] =0 for j =1,.
coy FUOD[v](v(x)) x [T; /()™ f(xf’)[v}( )
- for any translation v
1

- for any affine v, if K.v = g9 tv
- for any Mobius transformation v, if K.v =v and E.v =0

(asy) If v e (®,->j+1 Md,-) ®@ Mg ® (®i<j Mdi)’ then

condiydi g, WVIG
S 9, dj 41 xjv,xjngﬁ ‘F(Xi)i[v]( Y IYE )

(xj+1—x7)"d
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Multi-point boundary zig-zag amplitude for chordal SLE

PH:x, 00 [SLE,€ visits B:(y1), then B:(y2), then ...then BE(yN)]

8—r
~ const. x EN K XCN(X;y17.y27"'7yN)
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Multi-point boundary zig-zag amplitude for chordal SLE

PH:x, 00 [SLE,€ visits B:(y1), then B:(y2), then ...then BE(yN)]

8—r
~ const. x EN K XCN(X;y17.y27"'7yN)

Yoo T Y1 Y2 YN

o relabel pointsyL_<-~<y2_<y1_<x<yf<y2+<...y;
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Multi-point boundary zig-zag amplitude for chordal SLE

PH:x, 00 [SLE,€ visits B:(y1), then B:(y2), then ...then BE(yN)]

NE=E

~ const. X e NN><CN(X;_y17.y27"'7.yN)

Yoo T Y1 Y2 YN

o relabel pointsyL_<-~<y2_<y1_<x<yf<y2+<...y;

@ order of visits w € {+, —}N
¥ we=—/4+ &  tithvisit on left/right
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Multi-point boundary zig-zag amplitude for chordal SLE

PH:x, 00 [SLE,€ visits B:(y1), then B:(y2), then ...then BE(yN)]

NE=E

~ const. X e NN><CN(X;_y17.y27"'7.yN)

Yoo T Y1 Y2 YN

o relabel pointsyL_<-~<y2_<y1_<x<yf<y2+<...y;

@ order of visits w € {+, —}N
¥ we=—/4+ &  tithvisit on left/right

— — + +\ _ .
° CW(y[_ yeees Y1 9% 01 7"'>yR) —CN(X,Y1>Y2>---7}/N)



The system for chordal SLE boundary zig-zag amplitude

(cov) ( is translation invariant
. 8—k
(cov) C is homogeneous of degree —N=-*
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The system for chordal SLE boundary zig-zag amplitude

(cov) ( is translation invariant
(cov) (w is homogeneous of degree N8_—”

(pDE){Zaxﬁz(i ﬁﬂz“s )}gw( X yE) =0

~ martingale [T g/{(y) = x Co(ge(y, )s- -+ Xer -, 8e(v))
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The system for chordal SLE boundary zig-zag amplitude

(cov) ( is translation invariant
(cov) (w is homogeneous of degree NB_—"‘

(pDE){Zaxﬁz(i ﬁﬂz“s )}gw( X yE) =0

~ martingale [T g/{(y) = x Co(ge(y, )s- -+ Xer -, 8e(v))

(asv) As yli — X, asymptotics are

8—r Col. &, .. if yF firstinw
|y1i—x|f< X Col(...) = ol Vs ) v .

0 otherwise
where @& = (w2, ws, ..., wi4Rr) € {+, —}LFR-1
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The system for chordal SLE boundary zig-zag amplitude

(cov) ( is translation invariant
(cov) (w is homogeneous of degree NB_—"‘

(pDE){Zaxﬁz(i ﬁﬂz“s )}gw( X yE) =0

~ martingale [T g/{(y) = x Co(ge(y, )s- -+ Xer -, 8e(v))

(asv) As yli — X, asymptotics are

C@(...,Qfﬁ,...) ifylifirstinw
0 otherwise '
_}L+R—1

8—k

|y1i —x| = xX(u(...)—
where & = (wp,ws, ..., wiR) € {+,
(Asy) As yji,yﬁH — y, asymptotics are

C@(,)ﬁ,) if consecutive
0 )

+ =+ =
=Ygl P X Gul(o.) =
i =il Gol--) otherwise

where & € {4, —}-TR=1 is obtained by omitting one
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The system for chordal SLE boundary zig-zag amplitude

(cov) ( is translation invariant
(cov) (w is homogeneous of degree NB_—"‘

(PDE) {%gz+2(i ﬁ-l-(zms )}Cw( Yo ,...,yR)—O

~ martingale [T g/{(y) = x Co(ge(y, )s- -+ Xer -, 8e(v))
eoe) moreover L + R third order linear homogeneous PDEs for (,,

(asv) As yli — X, asymptotics are

8—r Col. &, .. if yF firstinw
|y1i—x|f< X Col(...) = ol Vs ) v .

0 otherwise
where @& = (w2, ws, ..., wi4Rr) € {+, —}LFR-1

(Asy) As yji,yﬁH — y, asymptotics are

C@(,)ﬁ,) if consecutive
0 )

+ =+ =
=Ygl P X Gul(o.) =
i =il Gol--) otherwise

where & € {4, —}-TR=1 is obtained by omitting one
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Quantum group construction of SLE zig-zag amplitudes

® Coly s muX,nn ,y,'?") defined on X, g1 will be {, = Flw.],
with judiciously chosen v, € M?R ® My ® M?L
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Quantum group construction of SLE zig-zag amplitudes

® Coly s muX,nn ,y,'?") defined on X, g1 will be {, = Flw.],
with judiciously chosen v, € M?R ® My ® M?L

(cov) K.vy, =q vy, (K-eigenvalue for correct homogeneity)
oe) E.v, =0 (highest weight vector for well-def. and PDEs)
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Quantum group construction of SLE zig-zag amplitudes

® Coly s -, ,...,yR) defined on X, g1 will be {, = Flw.],
with judiciously chosen v, € M?R ® My ® M?L
(cov) K.vy, =q vy, (K-eigenvalue for correct homogeneity)
oe) E.v, =0 (highest weight vector for well-def. and PDEs)

Decompose M3 @ My = M, & Mj.
Denote projection to M, by 7(?), and on MR @ My @ ML define

? =iditf Y 0 7@ @ idjh
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Quantum group construction of SLE zig-zag amplitudes

® Coly s -, ,...,yR) defined on X, g1 will be {, = Flw.],
with judiciously chosen v, € M?R ® My ® M?L
(cov) K.vy, =q vy, (K-eigenvalue for correct homogeneity)
oe) E.v, =0 (highest weight vector for well-def. and PDEs)

Decompose M3 @ My = M, & Mj.
Denote projection to M, by 7(?), and on MR @ My @ ML define
? =iditf Y 0 7@ @ idjh

v if yli first in w

(ASY) wf)(vw) = {0

_ ,where & = (w2, ...,wWitR)
otherwise
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Quantum group construction of SLE zig-zag amplitudes

® Coly s -, ,...,yR) defined on X, g1 will be {, = Flw.],
with judiciously chosen v, € M?R ® My ® M?L
(cov) K.vy, =q vy, (K-eigenvalue for correct homogeneity)
oe) E.vy, =0 (highest weight vector for well-def. and PDEs)

Decompose M3 @ My, = My & My and My @ M3 = M, & M.

Denote projection to M, by 7(?), and on MR @ My @ ML define

Wf) id%gR—l) @7 ® 1d®l‘ and 77(2) id%,’: 7 g id%,gL_l).
o if first

(ASY) wf)(vw) =% ! v |.rs nw ,where & = (w2, ...,wWitR)
0  otherwise
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Quantum group construction of SLE zig-zag amplitudes

® Coly s -, ,...,yR) defined on X, g1 will be {, = Flw.],
with judiciously chosen v, € M?R ® My ® M?L
(cov) K.vy, =q vy, (K-eigenvalue for correct homogeneity)
oe) E.vy, =0 (highest weight vector for well-def. and PDEs)

Decompose M3 @ My, = My & My and My @ M3 = M, & M.
Denote projection to M, by 7(?), and on MR @ My @ ML define
Wf) id%gR—l) @7 ® 1d®l‘ and 77(2) id%,’: 7 g id%,gL_l).
v if y1 first in w

(ASY) wf)(vw) = {0

Decompose M3 @ M3 = My & M3 & Ms. On M?R QR M ® M?L,
define 77( ) prOJectlng to My in positions of yji,yﬁl.

_ ,where & = (w2, ...,wWitR)
otherwise
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Quantum group construction of SLE zig-zag amplitudes

® Coly s -, ,...,yR) defined on X, g1 will be {, = Flw.],
with judiciously chosen v, € M?R ® My ® M?L
(cov) K.vy, =q vy, (K-eigenvalue for correct homogeneity)
oe) E.vy, =0 (highest weight vector for well-def. and PDEs)

Decompose M3 @ My, = My ® My and My @ M3 = M, & M,.
Denote projection to M, by 7(?), and on MR @ My @ ML define

Wf) id%gR—l) @ ® 1d®l‘ and 77(2) id%,’: @71 ® id%,gL_l).

2
s wi)(vw) - {0 otherwise

Decompose M3 @ M3 = My & M3 & Ms. On M?R QR M ® M?L,
(d )

vy if y1 first in w R
,where & = (w2, ...,wWitR)

define 73 prOJectlng to My in positions of yji,yﬁl.

+ . .
1 3) v if yE, yE, consecutive in w
s () =0, 7l(v) =4 N .
’ 0  otherwise

where & € {4, —}:TR=1 is obtained by omitting one.
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The solutions in terms of “spin chain -Coulomb gas”

@ The linear problem for (v,,) is well posed — solutions exist
and are unique up to an overall normalization
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The solutions in terms of “spin chain -Coulomb gas”

@ The linear problem for (v,,) is well posed — solutions exist
and are unique up to an overall normalization

2 2
-1 vp =1z po® 1 — 2g ;1 ®po  and vo =

K—8
C+(x;y1) = const. X |y; — x| & (obvious)
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The solutions in terms of “spin chain -Coulomb gas”

@ The linear problem for (v,,) is well posed — solutions exist
and are unique up to an overall normalization

N=1) Vp = 2M0®M1 4u1®uo and v_ =
+(X .yl) - CODSt X |.y1 - X|_ (obvious)

- v = %((q + g*)po11 — 1020

—(1+ ¢*)p01 — (1 — ¢*)u110 + ,Uzoo) and 3 more

CJ,_J,_(X y]_,y2) = const. X 2F]_ (i, HK8, i };/22 })/3) [Schramm & Zhou]
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The solutions in terms of “spin chain -Coulomb gas”

@ The linear problem for (v,,) is well posed — solutions exist
and are unique up to an overall normalization

N=1) Vp = 2M0®M1 4u1®uo and v_ =
+(X .yl) - CODSt X |.y1 - X|_ (obvious)

- v = %((q + g*)po11 — 1020

—(1+ ¢*)p01 — (1 — ¢*)u110 + ,Uzoo) and 3 more

CJ,_J,_(X y]_,y2) = const. X 2F]_ (i, HK8, i };/22 })/3) [Schramm & Zhou]

(v=3) 8 explicit vectors v, in b4-dimensional space

(v=4) 16 explicit vectors v, in 162-dimensional space
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Girsanov transform and the proof strategy

H

Xo Yy y+te
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Girsanov transform and the proof strategy

H

PH;)@OO [SLEK h|tS BE(.y)]
8—kK 8=k

~ const. X e = X |y —x|r

~ const. X £ = X G(xy)

Xo Yy y+te
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Girsanov transform and the proof strategy

H

PH.x,00 [SLE hits B:(y)]

8—r 8—r
~ const. X € = X |y —x| =
8—
) ~ const. X £ = x (1(x;y)

Xo Yy y+te

@ Covariant local martingale Z; = \g{(y)|8_TH G (Xe; ge(y))
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Girsanov transform and the proof strategy

H

PH;)@OO [SLEK h|tS BE(.y)]
8—kK 8=k

~ const. X e = X |y —x|r

~ const. X £ = X G(xy)

-

Xo Yy y+te

@ Covariant local martingale Z; = \g{(y)|8_TH G (Xe; ge(y))

@ P measure of SLE, in H from x to oo conditioned to visit y
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Girsanov transform and the proof strategy

H

PH;)@OO [SLEK h|tS BE(.y)]
8—kK 8=k

~ const. X e = X |y —x|r

~ const. X £ = X G(xy)

-

Xo Yy y+te

@ Covariant local martingale Z; = \g{(y)|8_TH G (Xe; ge(y))

@ P measure of SLE, in H from x to oo conditioned to visit y

5 8-r
g el I T EA OO e SIOY-20)
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Girsanov transform and the proof strategy

H

PH;)@OO [SLEK h|tS BE(.y)]
8—kK 8=k

~ const. X e = X |y —x|r

~ const. X £ = X G(xy)

>
Xo yyte
@ Covariant local martingale Z; = \g{(y)|8_TH G (Xe; ge(y))

@ P measure of SLE, in H from x to oo conditioned to visit y
B 8—kK
- wha |, = 2 eI G e )
- under P driving process is dX; = /rdB; + Xt dt
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Girsanov transform and the proof strategy

H

PH;)@OO [SLEK h|tS BE(.y)]
8—kK 8=k

~ const. X e = X |y —x|r

~ const. X £ = X G(xy)

>
Xo yyte
@ Covariant local martingale Z; = \g{(y)|8_TH G (Xe; ge(y))

@ P measure of SLE, in H from x to oo conditioned to visit y

D 88—k
- @, = 7 eI G(Xealy)
- under P driving process is dX; = /rdB; + ﬁgf‘mdt

@ Recursive method for getting (n in terms of (n_1:

Kalle Kytola Hidden quantum group symmetry in SLEs



Girsanov transform and the proof strategy

H

PH.x,00 [SLE hits B-(y)]
8—k 8—r

~ const. X € = X |)/_X|T
8—r

S ~ const. X £ = x (1(x;y)

Xo Yy y+te

@ Covariant local martingale Z; = \g{(y)|8_TH G (Xe; ge(y))

@ P measure of SLE, in H from x to oo conditioned to visit y

B 88—k
- wha |, = 2 eI G e )

- under P driving process is dX; = /rdB; + Xt dt
@ Recursive method for getting (n in terms of (n_1:

- condition on first visit to y;
- after y; visit, continuation is SLE,,, still to visit y2, y3,..., yn
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Girsanov transform and the proof strategy

H

PH.x,00 [SLE hits B-(y)]
8—k 8—r

~ const. X e = X |y —x|r
8—r

S ~ const. X £ = x (1(x;y)

Xo Yy y+te

@ Covariant local martingale Z; = \g{(y)|8_Tﬁ G (Xe; ge(y))

@ P measure of SLE, in H from x to oo conditioned to visit y
P Z Son .
|, = %« ldWF QX aly)
- under P driving process is dX; = /rdB; + Xt dt
@ Recursive method for getting (n in terms of (n_1:
- condition on first visit to y;
- after y; visit, continuation is SLE,,;, still to visit Y25 Y35+ YN
- the solution (y is used to build a martingale w.r.t. P, whose
end value is {iy—1 — use optional stopping to conclude
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Boundary visits of interfaces in lattice models

LERW Percolation Q-FK model

]

IFH
- e
Rl

U
HE'J (AR

A
==
]

i
"_LL‘
T

COOC XX Y

— chordal SLE,.—» — chordal SLE,.—g . chordal SLE,—r(q)

as lattice mesh § ~\, 0
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Boundary visits of interfaces in lattice models

LERW Percolation Q-FK model

itk

HE'J [l

"_LL‘
HIEH

COOC XX Y

— chordal SLE,.—» — chordal SLE,.—g . chordal SLE,—r(q)

as lattice mesh § ~\, 0

@ sample configuration and find the curve (interface)
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Boundary visits of interfaces in lattice models

LERW Percolation Q-FK model

itk

HE'J [l

"_LL‘
HIEH

COOC XX Y

— chordal SLE,.—» — chordal SLE,.—g . chordal SLE,—r(q)

as lattice mesh § ~\, 0

@ sample configuration and find the curve (interface)

@ collect frequencies of boundary visits from the samples
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Boundary visits of interfaces in lattice models

LERW Percolation Q-FK model

=
HE'J [l

"_LL‘
HIEH

COOC XX Y

— chordal SLE,.—» — chordal SLE,.—g . chordal SLE,—r(q)

as lattice mesh § ~\, 0

@ sample configuration and find the curve (interface)
@ collect frequencies of boundary visits from the samples

o P[y visits x1, ..., xn] & const. x [,(8 /(x:)) = Cu(F(x1), - - ),
where f = conformal map to (H; 0, co)
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Lattice model simulation vs. evaluation of solution

N =1, one-point visit frequencies, log-log-scale

-8
G(xiy1) o« [y1—x| =

(set x = 0)

loglya| ™.

0.1 10 1000

loi
001 01 1 10 100 oyl

blue: percolation
red: @ =2 FK model (exact [smimov)) magenta: LERW
: Q@ = 3 FK model
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Lattice model simulation vs. evaluation of solution

N = 2, two-point visit frequencies, log-scale
the 4 pieces of (2(x; y1,y2) are hypergeometric functions

(set x =0, y; =1)

1000
10|

0.1

so01 /\\

Y2

blue: percolation
red: @ = 2 FK model (exact [Hongler & k) magenta: LERW
: Q@ = 3 FK model
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Lattice model simulation vs. evaluation of solution

N = 3, three-point visit frequencies, log-scale

solving for the 8 pieces of (3(x; y1,¥2,y3) not reducible to ODE

percolation
5.
1 \__/ 03
0.5
02
0.15]
01
0.05, 01
0.01’///_N
) o1 0 1 2 37 2 o1 2 3’

(setx =0,y1 =1, y3 =2) (setx =0,y =1,y3 =—1)
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Lattice model simulation vs. evaluation of solution

N = 3, three-point visit frequencies, log-scale

solving for the 8 pieces of (3(x; y1,¥2, y3) not reducible to ODE

10|

0.1

Y2

(setx =0,y =1,y3 =2)
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Lattice model simulation vs. evaluation of solution

N = 4, four-point visit frequencies, log-scale

solving for the 16 pieces of (a(x; y1, 2, y3, ya) not reducible to ODE

percolation

0.05 05
0.02
0.01

03
0.005|

-2 0 2 23 05 10 15 20 25 30°
(setx=0,y1 =1,y = —1,y3 =2) (setx=0y1=—Ly2=1y; =2)
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Thank you!
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