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Introduction Percolation model

Site percolation on the square lattice

Let p ∈ [0, 1]. Each vertex (site) is

open with probability p (black),
closed with probability 1− p (white),

independently from each other.

θ(p) := Pp(0↔∞).

pc := inf{p | θ(p) > 0}.
Cluster = open connected component.

From now on, p = pc .
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Introduction Percolation model

Scale invariance and RSW

Lemma (RSW)

nPpc

( )

3n

≥ c > 0.

Consequences:

Ppc ( )abπ1(a, b) :=

{
≥
(
a
b

)α
,

≤
(
a
b

)α′
.

Quasi-multiplicativity

π1(a1, a2)π1(a2, a3) � π1(a1, a3).

We set π1(n) := π1(1, n).
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Introduction Percolation model

Largest critical cluster in Λn

Largest cluster in Λn := [−n, n]2: C(1)
n .

Epc #C(1)
n





≥ cn2π1(n) easy

≤ Cn2π1(n) BCKS ’99

→ an2π1(n) in progress

Theorem (BCKS ’99)

There are constants c ,C > 0 such that
for all n ≥ 1

Ppc (#C(1)
n ≥ xn2π1(n)) ≤ Ce−cx .

Theorem (K.)

There are constants c ,C > 0 such
that for all n ≥ 1

Ppc (#C(1)
n ≥ n2π1(n/u))

{
≤ Ce−cu

2

≥ ce−Cu
2

.

On the triangular lattice

Ppc (#C(1)
n ≥ xn2π1(n))

{
≤ Ce−cx

96/5

≥ ce−Cx
96/5

.
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Introduction Proof of the upper bound

Proof of the upper bound

Let Vn = {v ∈ Λn | v ↔ ∂Λ2n}.

By BCKS ’99, enough to show Pp(#Vn ≥ n2π1(n/u)) ≤ Ce−cu
2

.

Epc

(
#Vn
k

)
=

∑

X :|X |=k

Ppc (X ⊆ Vn)

Ppc (X ⊆ Vn) ≤ Cπ1(n)
∏

j

Cπ1(dj)

#{X with merger times d1, . . . , dk−1}
≤ C kO(D)n2

∏

j

dj

Epc

(
#Vn
k

)
≤ ckn2π1(n)

∑

d1,...,dk−1

O(D)
∏

l

dlπ1(dl) ≤
(
cn2π1(n)

)k
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Introduction Proof of the upper bound

Recall d1 = 1
2 minx 6=y∈X ||x − y ||

⇒ ∀x , y ∈ X , x 6= y , ||x − y || ≥ 2d1.

Pigeon-hole principle ⇒ 2d1 ≤ n/b
√
k − 1c.

In general, 2dl ≤ n/b
√
k − lc

Group together dk−1, dk−2, dk−22+1 ≤ n, dk−22 , . . . , dk−24+1 ≤ n/2, . . .

Epc

(
#Vn
k

)
≤ ckn2π1(n)

∑

d1≤,...,≤dk

O(D)
∏

l

dlπ1(dl)

...

≤ ck
(
n2

k
π1(n/

√
k)

)k

. �
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Introduction Proof of the upper bound

What is self-destructive percolation?

Let p, δ ∈ [0, 1].
Two percolation configurations:

ω - intensity p (measure Pp).
σ - intensity δ (small).

ω
close infinite cluster−−−−−−−−−−−→ ω.

ωδ = ω ∨ σ is an enhancement of ω.

Call Pp,δ the measure for ω, σ, ωδ, . . . .

δc(p) = sup{δ : Pp,δ(0
ωδ←→∞) = 0}.

Theorem (K., Manolescu, Sidoravicius ’13)

There exists δ > 0 such that, for all p > pc ,

δc(p) > δ.
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Thank you!
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Introduction Proof of the lower bound

Proof of the lower bound

Pp(#Vn ≥ n2π1(n/u)) ≤ Ce−cu
2

Epc #Vn ≥ cn2π1(n)

}

(1) Pp(#Vn ≥ cn2π1(n)) ≥ c ′ > 0

Lemma (RSW)

n

2n

Ppc

( )
≥ c > 0.

Lemma (FKG)

For all increasing events A,B

Ppc (A ∩ B) ≥ Pp(A)Pp(B)

⇒ Ppc (Dominon(u)) ≥ e−cu
2

On Dominon(u), C(1)
n ≥ #{v ∈ Λ u−1

u n | v ↔ ∂Λ2 n
u
(v)} := An(u).

(1)⇒ Ppc (An(u) ≥ cu2(n/u)2π1(n/u)) ≥ c ′u
2

> 0. �
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