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2D CouLomB GAS: Nick’s FAVORITE THING
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Nick’s FAVORITE THING

Mathematical theory of Coulomb gas is due to

Nikolai Makarov, Yacin Ameur, Hakan Hedenmalm, Nam-Gyu Kang,
Seung-Yeop Lee,...



APPLICATIONS

A\

Statistical Mechanics,

v

Quantum Hall Effect,

A\

Stochastic processes (Dyson diffusion),

A\

Hydrodynamics and Turbulence

A\

Conformal Field Theory and quantum gravity,

A\

Analytic (Quillen ) anomaly of spectral determinants

A\

Selberg Integrals



RELATION TO RIEMANN GEOMETRY

» The large N expansion generates objects of Riemann Geometry

» Provide a finite dimensional scheme to approximate geometry

Is Geometry - Nick’s next favorite thing?



2D COULOMB GAS ON A RIEMANN SURFACE

Joint works with T. Can, M. Laskin, S. Klevtsov, A. Zabrodin

Particles on a surface interacting through Coulomb force with a neutralizing
background
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BOLTZMANN WEIGHT IN COMPLEX COORDINATES cenus -

» Complex coordinates
ds* = &ij d'dx’ = 8:d2dz, /8 =gs;

» Volume form
dV = /gdzdz

» Kihler potential
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GEOMETRIC FUNCTIONAL

The integral

_Brk(z. 3 -
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CN
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converges if

N<B'k+%

» IfN < % + %, the support of the equilibrium distribution has a
boundary,

» IfN= % + %, the support of the equilibrium distribution is the entire
surface,

The functional Zy[g] depends only on geometry: curvature R and moduli




ANALOG OF RIEMANN-ROCH THEOREM

e PE — |\;,ﬁ|zef% XKz,
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i>j
The "wave-function" is the degree of the determinant
Up(z1,.,2y) = (detls, (z)])"
of holomorphic sections of line bundle L*

0:5;=0, (s;,85)= fSi(Z)Sj(_Z)e_ZK(Z’i)\/EdZdé-

The number of Holomorphic sections is

= X
N=k+L




GEOMETRIC FUNCTIONALS AND VARIATIONS

» Geometric functionals
Zy(g] =J [w[*dv
M

» Consecutive variation over metric
T;5¢" = 6log Zy[¢]

produces all interesting correlation functions
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EQUILIBRIUM MEASURE: DENSITY AS A FUNCTION OF
CURVATURE

Can, Laskin, PW, 2014
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EXPANSION OF THE BERGMANN KERNEL 3 =1

N-1
B=1:38s(z)=0, p= ¢ 3K(=8) Z Is, (2)]?
n=0

Ferrari, Klevtsov, Zelditch (2012);
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EMERGENT CONFORMAI. SYMMETRY ON SINGULAR SURFACES

p
10

conical metric g,; =2~ ¢

Density is singular: k — oo m,, = kZ”J " (p(r) — poo) AV

_a
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my—mo=—0q =y =),

y=1—-a, c¢c=1-3

A, is conformal dimension of the "twist" operator in CFT



GEOMETRIC FUNCTIONALS: GRAVITATIONAL "WESS-ZUMINO"

Z[g] =f |w|*dv
x

Large N expansion generates geometric invariants

local inR
log Z[g] = p, K*A@ [g] + p, KAV [g] + po AP [g] +p 4 J R*dV

Geometric functional with non-trivial co-cycle property

AP = = K dV — Aubin-Yau Py = 1
2V2 ’ 2 5
w_ 2 = . 1
A" = — | (-=A)"'RdV, —Mabuchi, p=—-
v 4
0) — -1 ¢
A" = | R(—=A)"'RdV — Polyakov, Po= g~



POLYAKOV’S LIOUVILLE ACTION OF QUANTUM GRAVITY

211 = e (-4,

c=1-38

log det (—A ) 1 R(—A)'RdV
& 487

Scaling on a cone g — Ag

det (—Ay,) = A %edet (—A,)

A, = _2L4(Y_1 - Y)




COHOMOLOGY OF MODULI SPACE AND AND COULOMB GAS

Moduli space .#,, or Teichmiilcer space: 3g — 3 complex parameters
Tir---5T3g-3, 8> 1.

The tangent space of ./, is represented by the Beltrami holomorphic
differentials u: that is area preserving transformation of the metric

|dz|*> — |dz + 6udz|?>, V;6u=0.

Weil-Petersson form on the moduli space: invariant 2-form with respect
to a coordinate choice of the moduli space

Qup = iJ(du A & i) — Weil-Petersson form



The wave-function on M

l_[(zi —zj)ﬁ — W(z,..,2y]T1, - Tg3)

i>j

yields the 2-closed (curvature) form on Lk

Q= i<5ﬂ|6M> = lfz 5H\P*(Zl""’ZN|T) A 5ﬂ\Ij(Zl, .o .,ZN|T)

. . . k
logZ is Kahler potential on L Q= fz 056, logZ

Q= (% + %) Qyp — Weil-Petersson form S. Klevtsov & P W.

kK 1-38
Chern numbers = Q= -+ Qup
2—cycle 4 12 2—cycle




