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Gaussian Free Field (GFF)

[Courtesy of J. Miller]

Distribution hwith Gaussian weighéxp[—3(h,h)g], and
Dirichlet inner product in domainD

(f1. )y = (2n)—1/DDf1(z)-mf2(z)dz
— COV((h,fl)D,(h,fz)D)



LIOUVILLE QG
RANDOM MEASURE
u="e"dz
o



QUANTUM MEASURE

Ly 1= lim exp|yhe(2)| £¥'/2dz

—0

wherehs(z) is the GFF average on a circle of radajs
converges weakly foy < 2 to a random measure, denoted by

e¥h(@) g2
[Hoegh-Krohn ’71; Kahane '85; D. & Sheffield '11]

QUANTUM BOUNDARY MEASURE

vy = lim exp{% ﬁg(z)} e¥/4dz

e—0

converges weakly foy < 2 to aboundaryrandom measure,
denoted byelY/2h(2)gz



Scaling Exponents of (Random) Fractals

[Courtesy of T. Kennedy & J. Miller]
Probabilities & Hausdorff Dimension(g.g., SLE,)

P=egX Pxef d=2-2x (=1+k/8)

~
~

d-Quantum Ball: P=&, P=&"



KNIZHNIK , POLYAKOV, ZAMOLODCHIKOV '88

x andA (X andA) are related by th&PZ formula

X = <1f> A+ fAZ

4 4

Kazakov '86; D. & Kostov '8§Random matrices]

David; Distler & Kawal '88[Liouville field theory]

KPZ Theorem — D. & Sheffield '11

Benjamini & Schramm '09; Rhodes & Vargas 'JHausdorff
dimension]

David & Bauer '09; Berestycki, Garban, Rhodes, Vargas '14
[Heat kernel]



Multifractality
[Mandelbrot, '74; Frisch & Parisi '86; Halsey & al. '86]

WE Fo: dimgFy = f(Q



The standard multifractal formalism also relafés) to its
symmetric Legendre transfornin) via

of (a) at(n)
"9’ on ’
wheren is the order of the multifractal moment of the
harmonic measure. Then teealing dimensiox(n) (which
obeysKPZ) is canonically defined by

T(n) =:2x(n) — 2,

and gives in particular the Hausdorff dimension of the fahct
asD = —1(0) =2—2x(0).



Multifractal Exponents 8QG
...0r pretending to be ghysysisf@ S. Trell]

e Inspired byLawler and Werner’s '98 cascade relatidas
Brownian intersection exponents

e Welding of quantum wedgd$&heffield '10; D., Miller &
Sheffield '14; Astala, Jones, Kupiainen, Sacksman ’10]



KPZ & SLE
Conformal dimensionA in QGandxin C

1 16
X=Ux (8) = 78 (KA+4-K), f:K:W<4

Inverse KPZ map

A=Uc1(x) :2—1K <\/16KX—I—(K4)2—|—K4>




Quantum Wedge Welding




Tip Multifractal Exponents 8QG
. 1~ 4 1
X(n) = Uk (QUK (n) + §>

e Modified KPZ relation[D., Sheffield, Viklund '10]

e Inverse modified KPZ map

Ut (x) = 2—]|'< (\/16KX—|—(K—8)2—|—K—8>




Multifractal spectra
Bulk SLE harmonic measure spectrum
[D. '00; Beliaev & Smirnov '05; Rushkin et al. '06; Gwynne,
Miller & Sun '14 (a.s.]
(A+K)*> (4+K)* 0?

Foulk(a1) = 0+ 8K = 8k 20—1

Tip spectrunyHastings '02; Beliaev & Smirnov '05;
Johansson-Viklund & Lawler '09a.s.]

4\ (44+K)? Kk a?
f“p(“)_“(l_E)+ 8<  82a—_1

Boundary SLE collisions spectruplberts, Binder &
Viklund 16 (a.s.]




SLEg/3 Multifractal Spectrum
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Mixed Multifractal Spectrum
[Binder '96] Logarithmic spirals

&
g

H (W,r) ~r°

WE TG,)\ <
J(w,r) ~ Alnr

dim,‘]'-o(,)\ — f((x,)\)



Scaling Law

-1 27 %

fl@) = atb- 2% b X (245)

fla,\) = (1+)\2)f(1f)\2)—b)\2

ba?
20 —1— )2

= Oo+b—

Binder & D.’02 (QG)’08 (CG)’16 (SLE)
Belikov, Gruzberg & Rushkin '08CG)
Aru’13 (SLE)



Liouville Quantum Multifractality
H~ 19

WE Fo: H ~r% dimgy = f(a)
Quantum balld := g, Hy
wWe Fo o H ~ 3%, dmgy = fo(ag)

fe(0g) is thequantunmultifractal spectrunpjdimension here
up to a factoD,,, theHausdorff dimensiof the LQG
surface].



Probability Distribution(y = 1/8/3) [A=2; 20, 209
AR()
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Large Deviations
Planar case: in a ball of radius
Po(t) = e 12 1(@)
t:=—logr, —log# = at,

Quantum caseConditioned orA andag, convolution

/ Py (t)Pa(t)dt < e All—felde)]
0

a A
A.=—logd, —logH =agA, — =—.
ofe t
fe(ag) is thequantummultifractal spectrum, i.e., the
“dimension” of the set of points where the measure on a
d-quantum ball scales &s¢ [up to a factoD,,, the

Hausdorff dimension of the LQG surface].



Quantum Multifractal Spectrum
The quantunmultifractal formalism relate$g(a) to its
symmetric Legendre transforog(n) := A(n) — 1 via

fa(a)+1g(n) = an
o afc;((]) B aTg(n)
" "%a 0 YT Ton

whereKPZ yields thequantundimension
A(n) = U (x(n))

from the scaling dimensiox(n) such that(n) := 2x(n) — 2.



SLE Quantum Harmonic Spectrum
From the quantum gravity formulae above, we get

tn) =" (14 5) e(n)
%+(1+4) ofe
f(a)= %+(1+4) fe(ag).

44k 1 1 (4—x)°
4K 4K0(G 16K
O0<k<4 k=16/k", 4 <K,

maXf(g(CXg) :1/2, VK.
dg

Og, Og >0,

fe(og) =



SLEg/3 Quantum Multifractal Spectrum
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SLE« Quantum Multifractal Spectra
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SLE Quantum Tip Spectrum
We get
| 8+k 1 1 (8—k)?
tip TR B
fe (0e) = 4K 4K Og 16K
maxfd (ag) = 1/2, VK < 4
G

Og, K< 4, ag >0,

i 8+Kk K 1 (8-K)?
9P (0g) = S dg. 4<kK'. ag>0

n;axftci;p(ag) = min{k’'/8,1}, Vk', 4 <K’
G




SLE Quantum Mixed Spectrum
After some computations, we get the parametric form

fo(dehe) Atk 1 - 11—|—)\2_(4—K)2a
CUSIET T Tk 2VI_N2| 4 ag 16
2)\
)\G — < —GG,CXG,)\G _1717

Odc € [Ag,+),
O0<k<4, k=16/K, 4<K.

1 2 5
rT&EGin(;(CXG,)\G) =5 + p (1— \/1+4}\G> :

ﬁ)]\ang(Gg,)\G) = fg(ﬂg, O).
G



Random Planar Map& Loop Models

[Courtesy of E. Guitter]

Clusters:Percolation, closed SAWSs, Isin@(N) and Potts models.
Random quadrangulation weighted by the partition functibanO(N)
loop model.



Extreme nesting in CLE
Let Az(€) be the number of loops of a CkEk € (8/3,8)
surrounding the baB(z ¢), and®, the set of pointz where

lim Az(g)/log(1/€) = .
e—0
Theorem/Miller, Watson & Wilson ’14]

dim, ®, =2 — (V)
Yk (V) = VA*(1/v),v > 0;1-2/k —3K/32,v =0
N (X) := sup(AX—A(A))
AER
— Ccoq417/K)

cos(n\/(l— 4)2 | %)

A(N) =log



Nesting ofO(N)-loops on a random planar map
Large deviations in volum¥ [Borot & Bouttier '15]

Pla =adlnV] =y_e V99

2d N
21O(d) =dlo +arccotd) — arccos-
(@) =diog (= ) + arccotd .
1 o 1
a= (dilute); a= 21— b) (dense
N =2cogmh), b e [0, %], N € |0, 2]

N N
2nO(d) = sup {d logs+ arccos— — arccos—}
sc[0, ] - -

Q: Are these two results related? LQG with parametey

Tip: b= |1—2|; y=min{Vk,4//K}.



Quantum Thermodynamics

1
Pa(t) [ exp[—z (A—ayt)2] , ayi=2/y—y/2
t:=—loge; A= —y tlogd

In the plane, Legendre transform

1 A
W(w) =2 —vAQ), =2,
In Liouville Quantum Gravity
1 A
O(d) =AM ~dAR), ;= aA—EAi

whereA(M) = \/a§ + 2\ — ay is KPZ for A.



HAPPY BIRTHDAY, NIKOLA !





