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Gaussian Free Field (GFF)

[Courtesy of J. Miller]

Distribution hwith Gaussian weightexp
[

−1
2(h,h)∇

]

, and
Dirichlet inner product in domainD

( f1, f2)∇ := (2π)−1
∫

D
∇ f1(z) ·∇ f2(z)dz

= Cov
(

(h, f1)∇,(h, f2)∇
)



L IOUVILLE QG

RANDOM MEASURE

µ= “eγhdz”
♦



QUANTUM MEASURE

µγ := lim
ε→0

exp
[

γhε(z)
]

εγ2/2dz,

wherehε(z) is the GFF average on a circle of radiusε,
converges weakly forγ < 2 to a random measure, denoted by
eγh(z)dz.

[Høegh-Krohn ’71; Kahane ’85; D. & Sheffield ’11]

QUANTUM BOUNDARY MEASURE

νγ := lim
ε→0

exp
[ γ

2
ĥε(z)

]

εγ2/4dz,

converges weakly forγ < 2 to aboundaryrandom measure,
denoted bye(γ/2)h(z)dz.



Scaling Exponents of (Random) Fractals
SAW in half plane - 1,000,000 steps 

ε

εx~

x2

[Courtesy of T. Kennedy & J. Miller]

Probabilities & Hausdorff Dimensions(e.g.,SLEκ)
P≍ ε2x, ˜P≍ εx̃, d = 2−2x (= 1+κ/8)

δ-Quantum Ball: P≍ δ∆, ˜P≍ δ˜∆



KNIZHNIK , POLYAKOV, ZAMOLODCHIKOV ’88

x and∆ (x̃ and∆̃) are related by theKPZ formula

x=

(

1− γ2

4

)

∆+
γ2

4
∆2

Kazakov ’86; D. & Kostov ’88[Random matrices]

David; Distler & Kawai ’88 [Liouville field theory]

KPZ Theorem – D. & Sheffield ’11
Benjamini & Schramm ’09; Rhodes & Vargas ’11[Hausdorff
dimension]
David & Bauer ’09; Berestycki, Garban, Rhodes, Vargas ’14
[Heat kernel]



Multifractality
[Mandelbrot, ’74; Frisch & Parisi ’86; Halsey & al. ’86]

w
H~ r α

w∈ Fα : dimFα = f (α)



The standard multifractal formalism also relatesf (α) to its
symmetric Legendre transformτ(n) via

f (α)+ τ(n) =αn

n=
∂ f (α)

∂α
, α =

∂τ(n)
∂n

,

wheren is the order of the multifractal moment of the
harmonic measure. Then thescaling dimensionx(n) (which
obeysKPZ) is canonically defined by

τ(n) =: 2x(n)−2,

and gives in particular the Hausdorff dimension of the fractal
asD =−τ(0) = 2−2x(0).



Multifractal Exponents &QG
...or pretending to be aphysysist[@ S. Treil]

r R

n

w

x(n) = Uκ

(

1
2
U−1

κ (n)+
1
2

)

• Inspired byLawler and Werner’s ’98 cascade relationsfor
Brownian intersection exponents
• Welding of quantum wedges[Sheffield ’10; D., Miller &
Sheffield ’14; Astala, Jones, Kupiainen, Sacksman ’10]



KPZ & SLE

Conformal dimensions∆ in QGandx in C

x=Uκ (∆) =
1
4

∆(κ∆+4−κ) , γ2 = κ =
16
κ′ 6 4

Inverse KPZ map

∆ =U−1
κ (x) =

1
2κ

(

√

16κx+(κ−4)2+κ−4

)



Quantum Wedge Welding
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Tip Multifractal Exponents &QG

x̂(n) = Uκ

(

1
2
Û−1

κ (n)+
1
2

)

• ModifiedKPZ relation[D., Sheffield, Viklund ’10]

• Inverse modified KPZ map

Û−1
κ (x) =

1
2κ

(

√

16κx+(κ−8)2+κ−8

)



Multifractal spectra
Bulk SLE harmonic measure spectrum
[D. ’00; Beliaev & Smirnov ’05; Rushkin et al. ’06; Gwynne,
Miller & Sun ’14 (a.s.)]

f bulk(α) = α+
(4+κ)2

8κ
− (4+κ)2

8κ
α2

2α−1
.

Tip spectrum[Hastings ’02; Beliaev & Smirnov ’05;
Johansson-Viklund & Lawler ’09(a.s.)]

f tip(α) = α
(

1− 4
κ

)

+
(4+κ)2

8κ
− κ

8
α2

2α−1
.

Boundary SLE collisions spectrum[Alberts, Binder &
Viklund ’16 (a.s.)]



SLE8/3 Multifractal Spectrum
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Mixed Multifractal Spectrum
[Binder ’96] Logarithmic spirals

z

z
0

θ(   )

w∈ Fα,λ ⇐⇒







H (w, r)∼ r α

ϑ(w, r)∼ λ ln r







dimFα,λ = f (α,λ)



Scaling Law

f (α) = α+b− bα2

2α−1
, b=

1
2κ

(

2+
κ
2

)2

f (α,λ) = (1+λ2) f

(

α
1+λ2

)

−bλ2

= α+b− bα2

2α−1−λ2

Binder & D. ’02 (QG) ’08 (CG) ’16 (SLE)

Belikov, Gruzberg & Rushkin ’08(CG)

Aru ’13 (SLE)



Liouville Quantum Multifractality

w
H~ r α

w∈ Fα : H ∼ rα, dimFα = f (α)

Quantum ball:δ :=
∫

B(w,r)µγ

w∈ F G
αG

: H ∼ δαG, dimF G
αG

= fG(αG)

fG(αG) is thequantummultifractal spectrum[dimension here
up to a factorDH , theHausdorff dimensionof the LQG
surface].



Probability Distribution(γ =
√

8/3) [A= 2; 20; 200]
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 /A

AP

t

t := − logr, A :=− logδ, δ :=
∫

B(w,r)
µγ

PA(t) =
A√
2π t3

exp

[

− 1
2t

(A−at)2
]



Large Deviations
Planar case: in a ball of radiusr

Pα(t)≍ e−t[2− f (α)]

t :=− logr, − logH = α t,

Quantum case:Conditioned onA andαG, convolution∫ ∞

0
Pα(t)PA(t)dt ≍ e−A[1− fG(αG)]

A :=− logδ, − logH = αGA,
α

αG
=

A
t
.

fG(αG) is thequantummultifractal spectrum, i.e., the
“dimension” of the set of points where the measure on a
δ-quantum ball scales asδαG [up to a factorDH , the
Hausdorff dimension of the LQG surface].



Quantum Multifractal Spectrum
Thequantummultifractal formalism relatesfG(α) to its
symmetric Legendre transformτG(n) := ∆(n)−1 via

fG(α)+ τG(n) = αn

n=
∂ fG(α)

∂α
, α =

∂τG(n)
∂n

,

whereKPZ yields thequantumdimension

∆(n) =U−1
κ (x(n))

from the scaling dimensionx(n) such thatτ(n) := 2x(n)−2.



SLE Quantum Harmonic Spectrum
From the quantum gravity formulae above, we get

τ(n) =
n−1

2
+
(

1+
κ
4

)

τG(n)

α =
1
2
+
(

1+
κ
4

)

αG

f (α) =
1
2
+
(

1+
κ
4

)

fG(αG).

fG(αG) =
4+κ
4κ

− 1
4κ

1
αG

− (4−κ)2

16κ
αG, αG > 0,

0< κ 6 4, κ = 16/κ′, 46 κ′,

max
αG

fG(αG) =1/2,∀κ.



SLE8/3 Quantum Multifractal Spectrum

f
G
(α
)

α

κ= 8
3

fG(α) =
5
8
− 3

32α
− 1

24
α, α > 0



SLEκ Quantum Multifractal Spectra

f
G
(α
)

α

κ=4

κ= 8
3

κ=2

fG(α) =
4+κ
4κ

− 1
4κ

1
α
− (4−κ)2

16κ
α, α > 0,

0< κ 6 4, κ = 16/κ′, 46 κ′,

max
α

fG(α) =1/2,∀κ.



SLE Quantum Tip Spectrum
We get

f tip
G (αG) =

8+κ
4κ

− 1
4κ

1
αG

− (8−κ)2

16κ
αG, κ 6 4, αG > 0,

max
αG

f tip
G (αG) = 1/2, ∀κ 6 4;

f tip
G (αG) =

8+κ′

16
− κ′

64
1

αG
− (8−κ′)2

16κ′ αG, 46 κ′, αG > 0,

max
αG

f tip
G (αG) = min{κ′/8,1}, ∀κ′, 46 κ′.



SLE Quantum Mixed Spectrum
After some computations, we get the parametric form

fG(αG,λG) =
4+κ
2κ

[

1− 1

2
√

1−λ2

]

− 1
4κ

1+λ2

αG
− (4−κ)2

16κ
αG,

λG =
2λ

1+λ2

αG
+ 4+κ

2

√
1−λ2

∈ [−αG,αG], λ ∈ (−1,1),

αG ∈ [λG,+∞),

0< κ 6 4, κ = 16/κ′, 46 κ′.

max
αG

fG(αG,λG) =
1
2
+

2
κ

(

1−
√

1+4λ2
G

)

,

max
λG

fG(αG,λG) = fG(αG,0).



Random Planar Maps& Loop Models

[Courtesy of E. Guitter]

Clusters:Percolation, closed SAWs, Ising,O(N) and Potts models.

Random quadrangulation weighted by the partition functionof anO(N)

loop model.



Extreme nesting in CLE
LetN z(ε) be the number of loops of a CLEκ, κ ∈ (8/3,8)
surrounding the ballB(z,ε), andΦν the set of pointszwhere

lim
ε→0
N z(ε)/ log(1/ε) = ν.

Theorem[Miller, Watson & Wilson ’14]

dimH Φν = 2− γκ(ν)
γκ(ν) = νΛ∗(1/ν),ν > 0;1−2/κ−3κ/32,ν = 0

Λ∗(x) := sup
λ∈R

(λx−Λ(λ))

Λ(λ) = log







−cos(4π/κ)

cos
(

π
√

(

1− 4
κ
)2

+ 8λ
κ

)









Nesting ofO(N)-loops on a random planar map
Large deviations in volumeV [Borot & Bouttier ’15]

P [N = ad lnV]≍V→∞ V−Θ(d)

2πΘ(d) = d log

(

2d

N
√

1+d2

)

+arccot(d)−arccos
N
2

a=
1
2π

(dilute); a=
1

2π(1−b)
(dense)

N = 2cos(πb), b∈ [0,
1
2
], N ∈ [0,2]

2πΘ(d) = sup
s∈[0, 2

N ]

{

d logs+arccos
Ns
2

−arccos
N
2

}

Q: Are these two results related?A: LQG with parameterγ
Tip: b=

∣

∣1− 4
κ
∣

∣; γ = min{
√

κ,4/
√

κ}.



Quantum Thermodynamics

PA(t) ∝ exp

[

− 1
2t

(

A−aγt
)2
]

, aγ := 2/γ− γ/2

t :=− logε; A=−γ−1 logδ

In the plane, Legendre transform

γκ(ν) = λ−νΛ(λ),
1
ν
=

∂Λ(λ)
∂λ

.

In Liouville Quantum Gravity

Θ(d) = ∆(λ)−dΛ(λ),
1
d
=

∂Λ(λ)
∂∆(λ)

,

where∆(λ) :=
√

a2
γ +2λ−aγ is KPZ for λ.



HAPPY BIRTHDAY, NIKOLA Ï !




