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Role of volatility mixing in wealth condensation transition
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We study the role of heterogeneous volatility in a networked wealth dynamics model and its impact on the
wealth condensation transition. Extending the Bouchaud–Mézard framework, we introduce binary volatility
in networks and investigate how its configuration affects the effective power-law tail exponent of the wealth
distribution. Using a stochastic block model, we control the mixing between volatility groups and show that
the effective exponent is governed not only by the global parameter � = 2J/β2 but also by the volatility
configuration in the network. We find that local interactions between nodes with different volatility induce the
neutralization of group-wise exponents, which lowers the aggregate tail exponent and yields a condensation tran-
sition across γc = 2. Our results identify volatility mixing as another control mechanism for wealth condensation
and highlight the importance of noise heterogeneity in nonequilibrium systems on networks.
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I. INTRODUCTION

Heavy-tailed wealth distributions are the hallmark of so-
cioeconomic inequality, where the tail exponent γ plays a
central role in determining the degree of concentration. In the
context of wealth dynamics, Bouchaud and Mézard [1] (BM)
established a paradigmatic framework, in which the stationary
wealth distribution exhibits a power-law tail exponent γ that
depends only on the ratio of interaction strength to squared
volatility, � ≡ 2J/β2 (see Fig. 1), both in the mean-field (MF)
case and Erdős–Rényi (ER) networks [2]. This framework
suggests that the condensation transition of wealth dynamics,
signaled by γ � 2, is governed by a single control parameter.

However, real systems are rarely homogeneous: individu-
als may differ not only in growth rates but also in volatility.
Although heterogeneity in growth has been studied [3,4], the
effect of heterogeneous volatility remains largely unexplored.
This is also important because volatility represents intrin-
sic fluctuations in wealth and can interact with the network
structure in ways that cannot be reduced to a single effective
parameter.

In this paper, we investigate the effect of volatility mixing
on the tail exponent of wealth distributions and the condensa-
tion transition in the BM model. In the context of a stochastic
block model (SBM), we tune the mixing between high- and
low-volatility groups while keeping degree statistics nearly
unchanged. This allows us to isolate the volatility configura-
tion effect itself. We show that the effective tail exponent (γ̂ )
is determined not only by the ratio � but also by the allocation
of volatility in the network. In particular, mixing between
nodes with different volatility induces the neutralization of
group-wise effective tail exponents, lowers the aggregate ef-
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fective tail exponent, and eventually drives the system to the
threshold γc = 2 for a condensation transition (see Fig. 1).
These results identify volatility configuration as an additional
control mechanism for condensation in nonequilibrium net-
worked systems.

The remainder of this paper is organized as follows: In
Sec. II, we introduce the heterogeneous BM model and an-
alyze its properties in the homogeneous limit (�β → 0) for
both the MF case and ER networks. Using the SBM, we relate
the volatility-volatility assortativity A to the probability of
interblock connections q. In Sec. III, we clarify the depen-
dence of γ̂ on q and establish a configuration-induced wealth
condensation transition. Finally, in Sec. IV, we summarize our
findings with some remarks on broader implications and pos-
sible directions for future study. More detailed explanations
and tests are also provided in Appendixes A and B.

II. MODEL

The power-law-tailed distribution of normalized wealth c
is characterized by

ρ(c) ∼ c−γ for large c, (1)

where γ is a power-law tail exponent. In particular, for γ � 2,
the mean of an ideal tail sector diverges, and a condensation
occurs. The threshold γc = 2 marks the condensation transi-
tion point, at which the inverse participation ratio (IPR), an
order parameter [5], and the Gini index become singular.

We introduce binary volatility into the BM model. A
stochastic differential equation (SDE) for the heterogeneous
BM (HBM) model is given by

dci = J

〈k〉
N∑

j=1

ai j (c j − ci )dt + βicidWt,i, (2)
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FIG. 1. (a) Visualization of the ER network with mean degree
〈k〉 = 4. (b) Effective tail exponent γ̂ of wealth distributions in the
BM model for various network types as a function of � = 2J/β2.
The solid line shows the analytical baseline for the MF case. The
other cases show numerical simulation results, where symbols and
error bars indicate means and standard deviations, respectively, over
128 runs. The mean degree is 〈k〉 = 4.00 ± 0.027. For all cases,
J = 10−3 and N = 104.

where ci denotes the normalized wealth [6] of node i, t is
time, Wt,i is a Wiener process associated with node i at time
t , βi = β± = β ± �β is the volatility of node i, J is the inter-
action strength between connected nodes, a is the adjacency
matrix of a given network with elements ai j , 〈k〉 is the mean
degree, and N is the total number of nodes. Throughout this
paper, Eq. (2) is interpreted in the Itô sense. In contrast to
the homogeneous BM model, the volatility configuration β =
(β1, . . . , βN ) for a given network plays the role of a quenched
disorder and also influences the wealth distribution.

For a complete network (ai j = 1 − δi j), Eq. (2) reduces, in
the thermodynamic limit (N → ∞), to

dci = J (1 − ci )dt + βicidWt,i. (3)

In the homogeneous limit of �β → 0, Eq. (3) becomes the
MF case of the BM model. The stationary distribution of
the MF-BM model is an inverse-gamma distribution with tail
exponent γ = 2 + 2J/β2. Even when �β �= 0, each volatil-
ity group still follows the corresponding MF result of the
BM model because Eq. (3) depends only on ci and βi.
The aggregate wealth distribution is therefore a mixture of
two inverse-gamma distributions with exponents γ± = 2 +
2J/β2

±. Hence, in the MF limit, the group-wise tail exponents
remain unchanged despite the presence of heterogeneous
volatility.

For ER networks, the power-law tail of ρ(c) has also been
numerically confirmed. Moreover, the effective tail exponent
γ̂ does not depend on the individual values of J and β2, but
only on their ratio [1]. For convenience, we denote it as the
control parameter �:

� ≡ 2J/β2. (4)

Figure 1 shows the dependence of γ̂ on � for various cases.
Although the MF case of the BM model always yields γ > 2
and therefore no condensation, the BM model on ER networks
can exhibit γ̂ � 2 and a wealth condensation transition. As
shown in Fig. 1(b), for 〈k〉 = 4, the transition occurs around
� ≈ 0.4. It is noted that the effective tail exponent γ̂ is esti-
mated using a maximum-likelihood procedure together with a

data-driven tail cutoff (Appendix A), and finite-size effects in
tail fitting are assessed separately (Appendix B).

However, for the case of binary volatility (�β �= 0) with
β± = β ± �β, corresponding group-wise exponents γ̂± differ
substantially from the values obtained simply by substituting
β± into the result for the homogeneous limit. This difference
arises from local interactions between nodes with heteroge-
neous volatility, which distinguishes the networked model
from the MF case. Since the values of γ̂± depend on how
βi is allocated to the nodes of a given network, we study
this configuration effect on wealth condensation in the HBM
model. To characterize the configurational property relevant to
the effective tail exponent, we consider the volatility-volatility
assortativity A of heterogeneous volatility, which measures
the tendency of nodes with similar volatility to be connected
for a given network:

A ≡ Cov(β, β ′)√
Var(β )Var(β ′)

, (5)

where β and β ′ denote the volatility of two connected nodes,
respectively. In principle, −1 � A � 1, but the attainable
bound depends on the details of the network structure [7,8].
When N+ = N−, the random permutation of binary volatility
values for an ER network yields A ≈ 0. Although one may
adjust A repeatedly by swapping the volatility values of a pair
of nodes from an arbitrary initial configuration, this approach
cannot go beyond the structural limit imposed by the given
network. As a result, it becomes difficult to independently
control other configurational properties, such as the degree–
volatility correlation (B1) (see Appendix B 3 for details).
These limitations can be naturally overcome by introducing
a stochastic block model (SBM).

In this paper, we consider an SBM consisting of two
equally sized blocks, a and b. Its block connection matrix is
given by

Pab =
[

p(1 − q) pq

pq p(1 − q)

]
, (6)

where p denotes the overall probability of connection between
nodes in the SBM, and q controls the probability of connec-
tions between blocks [see Fig. 2(a)].

For a given mean degree 〈k〉, the corresponding ER net-
work has the connection probability p0 = 〈k〉/(N − 1), while
the SBM has p ≈ 2p0 in the large-N limit and the mean degree
〈k〉 is independent of q. In particular, when q = 1/2, the SBM
is equivalent to an ER network in which every pair of nodes
is connected with probability p/2. The assignment of β+ and
β− to two blocks yields

A = 1 − 2q. (7)

Hence, the probability of interblock connection q serves as a
convenient control parameter for adjusting A without signifi-
cantly altering the overall network structure.

III. RESULTS

In the SBM, a wealth distribution exhibits nearly the same
effective tail exponent γ̂ as that in the ER network in the ho-
mogeneous limit of �β → 0 since the degree distributions of
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FIG. 2. (a) Three illustrations of SBM used for HBM model
simulations. Here, q is the probability of interblock connections,
and node colors represent higher (•, β+) and lower (•, β−) volatil-
ity. (b) Corresponding group-wise effective tail exponents γ̂± for
q = {0.0, 0.05, 0.50} at (�1, �2) = (0.01, 1).

the two networks are nearly identical. However, for �β �= 0,
γ̂ strongly depends on q.

At q = 0, two blocks form completely separated ER
networks. Consequently, each group has an effective tail expo-
nent γ̂± corresponding to �1,2 = 2J/β2

±. However, for q > 0,
local interactions between nodes with different volatility mod-
ify γ̂±. Specifically, the gap between two exponents decreases,
producing a neutralization effect (see Fig. 2). This trend is
consistent with the form of the interaction term in Eq. (2),
which redistributes wealth in proportion to the difference in
normalized wealth between connected nodes.

As q increases, two nodes with different volatility interact
more frequently, and the difference between two group-wise
effective tail exponents decreases. Since this neutralization
does not occur in the MF case, it originates from local inter-
actions on the network.

In the homogeneous BM model, γ̂ is determined solely
by the control parameter �, while in the heterogeneous BM
model, by contrast, the configurational property of volatility
acts as an additional control dimension that determines the
aggregate effective exponent γ̂ . In order to demonstrate this,

we fix �1 = 2J/β2
+ and construct a phase diagram in the plane

of (q,�2), where �2 = 2J/β2
−. The value of γ̂ extracted from

the whole distribution ρ(c) varies not only with �2 but also
with q. Moreover, for the appropriate values of (q,�1,�2),
the system undergoes a wealth condensation transition at
γc = 2, indicating a phase boundary in the plane of (q,�2).
Figure 3 shows that the larger q is, the smaller γ̂ becomes,
and the overall inequality of the system becomes enhanced.

The neutralization of γ̂± does not affect the total distribu-
tion symmetrically. In all parameter regimes that we tested,
group-wise distributions ρ±(c) show that the tail population
is larger in the low-volatility group than in the high-volatility
group. Consequently, the tail of the aggregate distribution
ρ(c) is governed primarily by the tail behavior of the β− group
(see Fig. 3). This is also reflected in the phase diagrams. Be-
cause the low-volatility group contributes much more strongly
to the tail, the wealth shares of the two groups also differ
substantially (see Fig. 7). This gap in wealth shares decreases
as q increases, indicating that interblock connections hinder
the net transfer of wealth from the high-volatility group to the
low-volatility group.

Lastly, we explore the HBM model beyond binary volatil-
ity and symmetric two-block SBM settings, in terms of the
following three cases. (i) Continuous volatility within each
block. Instead of assigning a single volatility value to each
block, we draw the volatility from a uniform distribution
within each block:

βa ∼ Uniform (β+ − δβ, β+ + δβ ),

βb ∼ Uniform (β− − δβ, β− + δβ ). (8)

Thus, the mean volatility in the two blocks is still given by
β+ and β−, respectively. This setup reduces to the previous
one of binary volatility in the limit δβ → 0. We set δβ =
|β+ − β−|/2 and examine the resulting group-wise wealth
distributions. (ii) Asymmetric block sizes. We consider the case
of different block sizes, Na �= Nb. To control the mean degree
〈k〉 in the limit of N → ∞, we use the following block matrix:

Pab =
[

pa(1 − q)
( pa+pb

2

)
q( pa+pb

2

)
q pb(1 − q)

]
, (9)

where pa = 〈k〉/(Na − 1) and pb = 〈k〉/(Nb − 1). (iii) Sym-
metric multiblock SBM. Finally, we consider a symmetric

FIG. 3. (a) Aggregate effective tail exponent γ̂ in the plane of (q,�2) at fixed �1 = 10−2. (b) Phase diagram of condensed (γ̂ � 2) and
noncondensed (γ̂ > 2) regimes in the plane of (q, �2). (c) and (d) Group-wise effective tail exponents γ̂± in the plane of (q, �2), respectively.
In all panels, the underlying network is an SBM with 〈k〉 = 4.00 ± 0.027, and numerical simulations are performed for �1 = 10−2, J = 10−3,
and N ≈ 104. Here, estimated exponents are averaged over 128 independent runs.
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FIG. 4. From top to bottom, the panels present schematic
illustrations for modified experimental setups (top), group-wise nor-
malized wealth distributions ρ±(c) for q = {0.05, 0.5} (middle), and
group-wise effective tail exponents γ̂± as functions of q (bottom),
respectively. From left to right, the columns show the correspond-
ing numerical results for (a) continuous volatility distributions
within each block (βa, βb), (b) an SBM with asymmetric block
sizes (Na �= Nb), and (c) a symmetric multiblock SBM with M = 4,
respectively.

SBM with M blocks of equal size. To control the mean degree
〈k〉 in the limit N → ∞, we use the following block matrix:

P =

⎡
⎢⎢⎢⎢⎢⎣

p(1 − q) pq
M−1 · · · pq

M−1
pq

M−1 p(1 − q) · · · pq
M−1

...
...

. . .
...

pq
M−1

pq
M−1 · · · p(1 − q)

⎤
⎥⎥⎥⎥⎥⎦, (10)

where p = 〈k〉/(N/M − 1). The case M = 2 reduces to the
symmetric two-block setup considered mainly in our study. In
numerical simulations, we examine a symmetric four-block
SBM and assign volatility values to the four blocks that are
equally spaced on a logarithmic scale.

The only difference is that the assortativity A is no longer
represented by Eq. (7), although it remains a decreasing func-
tion of q. Moreover, the degree–volatility correlation remains
nearly zero, except for the asymmetric case, leaving assorta-
tivity as the dominant influence.

The numerical results for these three cases are shown in
Fig. 4. We emphasize that these results also exhibit the neu-
tralization of the tail exponents and the dominance of the
low-volatility group in the tail population, demonstrating that
our findings for the effect of volatility mixing on wealth con-
densation transitions are not limited to binary volatility and
symmetric two-block settings.

IV. CONCLUSION

We investigated the role of heterogeneous volatility in the
Bouchaud–Mézard model and showed that the configuration
of volatility fundamentally alters the statistics of wealth dis-
tributions. In contrast to the homogeneous case, in which the
tail exponent is uniquely determined by the control parameter
�, we found that the effective exponent γ̂ depends on the
volatility mixing structure, controlled here by the probabil-
ity of interblock connection q. This configurational effect is
absent in the MF limit and emerges only when nodes with
heterogeneous volatility interact locally on a sparse network.

A key mechanism underlying this behavior is the neutral-
ization of group-wise tail exponents through local exchange
between nodes with different volatility. As volatility mixing
becomes more frequent, the disparity between subpopula-
tions becomes reduced at the group level, yet the aggregate
tail becomes heavier because the overall effective exponent
decreases. In this way, wealth condensation can be induced
not only by tuning a global parameter, such as �, but also
by changing the configurational correlations in the noise in-
tensity. The phase diagram in the plane of (q,�2) and the
complementary robustness checks in Appendix B support this
interpretation.

Our findings suggest a broader perspective on nonequi-
librium systems with heterogeneous noise. Although earlier
examples, such as active matter [9,10] and the random-field
Ising model [11,12], emphasize correlations in the noise it-
self, our results show that correlations in noise amplitude
(i.e., correlated volatility) can also control macroscopic phase
behavior even when the driving noises remain mutually un-
correlated. In the context of wealth dynamics, this identifies
the volatility configuration as an additional control dimension
for inequality formation and condensation.
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APPENDIX A: DETAILS OF
NUMERICAL SIMULATIONS

We describe the numerical procedure used to estimate the
effective tail exponent γ̂ . A linear fit to the double-logarithmic
plot of ρ(c) is highly sensitive to the histogram binning and
does not provide estimates of γ̂ consistent with the control pa-
rameter �. We use the maximum-likelihood estimator (MLE)
for the Pareto distribution as follows:

γ̂ = 1 + n

[
n∑

i=1

ln

(
ci

cmin

)]−1

, (A1)
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FIG. 5. Degree distributions of giant connected components
(GCCs) of ER networks and SBMs for various q. Black dots are the
theoretical probability mass function for the GCC of the ER network
with k0 = 3.915. Colored histograms show the degree distribution
obtained from 100 independent random network generations. For all
cases, the mean degree is 〈k〉 = 4.00 ± 0.027.

where ci denotes the normalized wealth satisfying ci > cmin,
cmin is the lower cutoff for the tail, and n is the number of
samples. To estimate cmin, we use the Kolmogorov–Smirnov
(KS) statistic [13]. In summary, we determine cmin using a
goodness-of-fit test based on the KS statistic and calculate γ̂

using the MLE for the Pareto distribution for each run of the
HBM simulation. In the main text, Fig. 3 shows γ̂ averaged
over 128 runs at t = 105.

For network generation, we retain only the giant connected
component (GCC), since disconnected nodes do not exchange
wealth and would otherwise distort the stationary normalized
wealth distribution. In an ER network, the degree distribution
converges to a Poisson distribution as N → ∞:

pER(k) = λke−λ

k!
,

where λ is the mean degree. The degree distribution of the
GCC is

pGCC(k) = λke−λ(1 − uk )

k!(1 − u)
.

Here, u satisfies the self-consistent equation u = e−λ(1−u). The
mean degree of the GCC is

〈k〉GCC = λ − W0(−λe−λ), (A2)

where W0 is the zeroth branch of the Lambert W function, and
〈k〉GCC is always larger than λ. Therefore, to obtain the target
mean degree 〈k〉GCC = 4 in numerical simulations, the ER
network generation parameter must be chosen slightly below
4. Numerically, λ ≈ 3.915 gives 〈k〉GCC = 4.

The same preprocessing is applied to the SBM. After re-
stricting networks to their GCCs, the ER and SBM networks
used in numerical simulations have nearly identical mean
degrees, degree distributions, and average path lengths. The
corresponding SBMs yield almost the same wealth distribu-
tions and effective tail exponents γ̂ in the homogeneous limit
of �β → 0 [see Fig. 1(b) in the main text]. Since the ER net-
work and the SBM have almost identical degree distributions,
their GCCs also have almost identical degree distributions
regardless of q (see Fig. 5).

APPENDIX B: COMPLEMENTARY
NUMERICAL SIMULATIONS

1. Power-law test and size dependence

We examine the statistical evidence for power-law tails
and their robustness across parameter regimes. Bouchaud
and Mézard [1] reported power-law-tailed wealth distribu-
tions in random networks with a mean degree 〈k〉= 4.
Garlaschelli [14] discussed the relevance of log-normal be-
havior in sparsely connected clusters, whereas Souma et al.
[15] showed that shortcuts in small-world networks can
generate power-law tails even at a sparse and fixed mean
degree. Motivated by these observations, we go beyond the
visual inspection of double-logarithmic plots and compare
the candidate tail distributions using a log-likelihood ratio
test [13,16].

For the GCC of an ER network with a mean degree 〈k〉= 4,
whether the tail is better described by a power-law or a
truncated log-normal distribution depends on the control pa-
rameter � and the system size N . For N = 104, the power-law
fit is preferred for � � 1, while for N = 8×104, it is already
preferred for � � 0.588. Thus, the parameter region favoring
the power-law fit broadens as N increases. The same trend
is observed in the HBM model on the SBM. For smaller �,
the finite-N tail is better fitted by a truncated log-normal dis-
tribution. However, the corresponding MLE estimates (μ̂, σ̂ )
clearly depend on the system size, whereas the effective tail
exponents γ̂ collapse well and show only weak dependence
on the system size (see Fig. 6).

These results suggest that in the small-� regime, the trun-
cated log-normal fit may reflect finite-size rounding rather
than the asymptotic tail form. As N increases, the tail extends
to large c, and the fitted log-normal tail becomes progressively
flatter, while γ̂ remains approximately stable. This behavior
is consistent with a crossover to a power-law scaling in the
thermodynamic limit N → ∞. We therefore interpret γ̂ as
an effective scaling exponent, without claiming that finite-N
samples follow a pure power-law over the entire fitted range.
Under this interpretation, the cases with γ̂ � 2 are consistent
with condensation in the thermodynamic limit.

2. Wealth distribution and asymmetric wealth
shares in the HBM model

Figure 7 shows the normalized wealth distributions and
group-wise wealth shares of two volatility groups. The com-
parison of group-wise distributions indicates that both the
effective tail exponent of the aggregate distribution and the
wealth shares are primarily governed by the low-volatility
group. As q increases, the difference between the two groups
in the tail sector decreases, and the disparity in their wealth
shares is reduced accordingly.

When the effective tail exponent satisfies γ̂ � 2, the sys-
tem lies deep in the condensation regime, where even a small
difference in the tail populations is strongly amplified in the
wealth shares. Consequently, the reduction in the wealth-share
disparity with increasing q remains negligible in this regime.
By contrast, as γ̂ increases, this condensation-induced am-
plification weakens, and the wealth-share disparity decreases
more noticeably with increasing q.
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FIG. 6. Estimated fitting parameters for tail distributions: (a), (b) the power-law parameters cmin and γ̂ , and (c), (d) the truncated log-normal
parameters (μ̂, σ̂ ). The cutoff cmin is determined by the KS statistic, while γ̂ and (μ̂, σ̂ ) are estimated by MLE. For the truncated log-normal
fit, the same cmin is used as the lower truncation point. The normalized wealth distributions ρ(c) are obtained from HBM simulations on ER
networks with 〈k〉 = 4.00 ± 0.027. All dots and error bars represent the mean and standard deviation, respectively, over 128 independent runs.

3. Isolating the effect of volatility–volatility assortativity
on a fixed network

We primarily considered a symmetric two-block SBM to
easily control assortativity A. The SBM is equivalent to an ER
network at q = 1/2, but not at other values of q. Consequently,
numerical simulations in the main text use different network
realizations for each A. To isolate the effect of A while keep-
ing the network fixed, we employ a random pair-swapping
algorithm. Such correlation control procedures are necessary
for investigating the effect of metadata configurations in em-
pirical networks.

The procedure consists of the following three steps: (i)
Randomly select two nodes and swap their assigned volatility
values. (ii) Accept the swap if it changes A in the desired
direction, and otherwise reject it. (iii) Repeat these steps until
the target value of A is reached. This procedure generates
configurations with different values of A on the same network.
However, changing A may also alter other correlations.

FIG. 7. (a) Double-logarithmic scaled plots of group-wise nor-
malized wealth distributions ρ±(c) in the HBM model on the SBM
for various q = {0.1, 0.3, 0.5}. (b) Corresponding group-wise wealth
shares 〈c±〉 against q. For all cases, (�1, �2) = (0.1, 1). All results
are averaged over 128 independent runs, and error bars indicate
standard deviations.

A relevant example is the degree–volatility correlation
(DV ), defined as

DV = Cov(k, β )√
Var(k)Var(β )

, (B1)

where k and β denote the degree and volatility of a node,
respectively. In the symmetric two-block SBM, interblock
connections are random, so the volatility assignment is not
biased by degree and DV ≈ 0, regardless of q. By contrast,
random pair swapping can change DV and A simultane-
ously. Therefore, we use a conditioned random pair-swapping
algorithm that accepts a swap only when the resulting con-
figuration satisfies |DV | < ε. This allows us to vary A while
keeping DV approximately fixed at zero.

We apply the conditioned random pair-swapping algorithm
to an ER network with 〈k〉 = 4.00 ± 0.027, which imposes
|DV | < ε = 10−2. For a fixed network, the attainable range of
A is structurally bounded [7]. After 100N swap attempts, the
attainable minimum and maximum values are approximately
−0.5 and 0.5, respectively. Figure 8 shows the results of
the HBM simulation for A ∈ {0.5, 0.0,−0.5}. These results
are consistent with those in the main text, showing both the
neutralization of the tail exponents and the dominance of the
low-volatility group in the tail population.

FIG. 8. Double-logarithmic scaled plots of group-wise normal-
ized wealth distribution ρ±(c) in the HBM model on the ER network
with a mean degree 〈k〉 = 4.00 for various A = {0.5, 0.0, −0.5}. For
each case, the volatility configuration is obtained by the conditioned
random pair-swapping algorithm and the degree–volatility correla-
tion is controlled as |DV | < 10−2. All results are obtained from 1280
ensembles.
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