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Economic inequality emerges from the interplay between regional growth-rate differences and the interaction
network that couples regions. We propose a minimal income-dynamics model, where heterogeneity is governed
by growth-rate assortativity A and regional concentration R, allowing us to quantify the spatiotemporal patterns
of empirically observed log-income distributions. To systematically analyze these patterns, we derive closed-
form approximations for the Hellinger distance and the Gini index in limiting configurations. Our findings
highlight the spatial segregation of growth rates as a key driver of economic class division and demonstrate how
small-world shortcuts in the underlying network can disrupt this segregation. Finally, our framework provides a
robust explanation for the bimodality and strong regional correlations found in global income distributions.
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I. INTRODUCTION

Since the publication of Piketty’s Capital in the Twenty-first
Century [1] ignited a debate on the mechanism of economic
inequality, both wealth and income distributions have been
widely addressed in both theoretical [2–8] and empirical stud-
ies [9–20]. In World Inequality Report 2022 [21], global
income inequality for the period 1950–2010 was attributed to
regional location [10,11]. Such inequality, as represented by
the Gini index, peaked in the late twentieth century, and in-
come distributions were bimodal. Strong regional correlations
were observed in the global income levels of countries [22],
and the corresponding regional convergence was studied in
[23,24].

The most recent study by Milanovic [12] divided the his-
tory of global-income inequality into three eras: In the first
era, both within and between inequality increases, character-
ized by persistently increasing segregation of income levels.
In the second era, high global inequality and regional seg-
regation become chronic, characterized by the bimodality of
income distributions. In the third era, corresponding to the
contemporary era, it no longer exhibits any bimodality in in-
come distributions, caused by the acceleration of growth rates
in developing countries, such as China and India [12–14].

In this paper we provide a comprehensive picture of in-
equality in the first two eras of [12], where spatiotemporal
patterns of income dynamics exhibit bimodality (class divi-
sion between the rich and the poor) and regional segregation
(location dependence) of income levels [11]. We address fun-
damental questions in economic inequality: how can such
a mechanism be formulated, in the context of a prototype
pedagogical model, and what are the key ingredients of such
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a model? Modeling income dynamics as a binary mixture
of growth rates, which is analogous to quenched disorder
in physical systems, we implement both class division and
decoupling of two growth rate groups. Our hypothesis is
that bimodality and regional segregation of income levels are
driven by heterogeneity of growth rates and low connectivity
between regions with different growth rates. Hence, the model
is tested in a one-dimensional (1D) ring analytically and in a
sparse regular and small-world (SW) network numerically.

Our model can be considered as the heterogeneous case of
the wealth-dynamics model by Bouchaud and Mézard (BM)
[25], in which the configuration of binary growth rates is tuned
by regional growth rate assortativity A and concentration R
(see Fig. 1). For the homogeneous case, we provide rigorous
analytical derivations and more detailed results in Appendix A
and Sec. I in the Supplemental Material (SM) [26].

Since the allocation of binary growth rates influences the
spatiotemporal patterns of income dynamics, we unveil the
conditions under which bimodal income distributions can be
observed. In a 1D ring, a slowly decaying field exponent
η produces subdiffusive broadening of log-income within
groups, while configuration governs structure: R drives de-
coupling and bimodality, and A sets the pace of inequality
growth. Closed-form approximations for the Hellinger dis-
tance h and the Gini index g quantify these effects. Adding SW
shortcuts weakens long-range correlations, disrupts segrega-
tion, and collapses bimodality, identifying spatial segregation,
not growth rate differences alone, as a key mechanism of class
division. Finally, we conclude with a comprehensive picture
of global income inequality and a possible remedy to alleviate
it.

II. MODEL

We introduce a binary mixture of growth rates into the
BM model on a network topology. The following stochastic
differential equation (SDE) is for the heterogeneous BM
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FIG. 1. (a) Schematic illustration of income dynamics with a bi-
nary mixture of regional growth rate in the HBM model: • (α+, red)
and • (α−, blue) for α± = α ± �α and income (C) transfer (either
→ or ←) between two nearest-neighboring sites. (b), (c) Snap-
shots of spatiotemporal patterns for a top-rich/bottom-poor 10%
(orange/green) class are taken from a single run for two extreme
configurations: (Amin,Amax): The position index n is shown in hori-
zontal from left to right, and time t is in vertical from top to bottom.
Here N = 103, α = 10−2, �α = 10−3, β2 = 10−3, and J = 10−1 in
Eq. (1). (d) Random pair swapping trajectories of (A,R). A path
starts from two extreme configurations with (Amin/max,Rmin/max) (see
insets). Each random pair-swapping trial is represented by color gra-
dation. The interval of simulation samples (◦) is 0.1 in [Amin,Amax].

(HBM) model [see Fig. 1(a)]:

dCn = αnCndt + βCndWt,n + J
(
C̄(k)

n − Cn
)
dt, (1)

where Cn is the income at a node n, dt is a time interval, Wt,n is
the Wiener process at n at time t , αn = α ± �α is the growth
rate at n, β is volatility, J is the strength of interaction between
two coupled neighbors, and C̄(k)

n is the average income for k
neighbors at n, respectively. Initially, all nodes have the same
income. This SDE follows the Itô interpretation. We note that
both α and �α are positive constants, preserving α > �α.

Since the SDE [Eq. (1)] incorporates quenched disorder,
the growth-rate configuration remains static. The disorder of
the growth rate configuration disrupts the translational in-
variance of the system. The transformation analysis of the
ordinary BM model cannot hold.

Without loss of generality, we consider the case that the
number of nodes for the group of α+ is the same as that
of α−: N+ = N− and α± = α ± �α [see Figs. 1(b) and 1(c)
for two extreme configurations]. In Fig. 1(b) the alternative
allocation generates the spatiotemporal patterns of top-rich
(orange)/bottom-poor (green) 10 while in Fig. 1(c), the fully
separated allocation displays regional segregation (class divi-
sion) and long-range spatial correlations (clustering).

Statistical properties and control parameters

We quantify the statistical properties of the allocation of
α± and generate all possible configurations in terms of two
relevant control parameters.

The first parameter of Fig. 1(d), growth-rate assortativity
A, quantifies the connectivity between regions with similar α

values connected in a given network:

A ≡ Cov(α, α′)√
Var(α)Var(α′)

, (2)

where α and α′ are the growth rates in two connected regions
for a given network, respectively.

For the binary mixture in the 1D ring with N+ = N−,
A = ρ (1) − ρ (2), where ρ (1) and ρ (2) are homogeneous and
heterogeneous link densities, respectively (see Sec. II A in
SM [26] for the definition and detailed derivations). The actual
bounds [27] of A depend on the network topology [28]. In the
1D ring, the alternative allocation of growth rates becomes
the lower bound of A, and the fully separated allocation be-
comes the upper bound of A: Amin = −1 for Fig. 1(b) and
Amax = +1 − 4/N for Fig. 1(c), illustrated as the insets in
Fig. 1(d).

The second parameter in Fig. 1(d), R, is derived from the
phase order parameter in the Kuramoto model [29], which
represents the polar concentration of growth rates in the 1D
ring. Intuitively, R serves as a topological metric that quanti-
fies the spatial clustering of growth rates on the ring as well.

Thus, (r±, ψ±) is r±eiψ± = 1
N±

∑
j eiφ(±)

j , where φ
(±)
j is the

angular argument for binary growth rate groups, respectively.
In the 1D HBM model, all regions are assigned in a

1D ring with the same intervals. Thus, φ j = 2πm/N , where
m ∈ {0, . . . , N − 1}. For the case of N+ = N− and r± 	= 0,
two important quantities become r+ = r− = r and �ψ =
|ψ+ − ψ−| = π . For any configuration, �ψ is either π or
“not defined” (r = 0), so we only consider r. For the perfectly
disassortative case with Amin and the perfectly assortative case
with Amax, r → 0 and r → 2/π as N → ∞, which are the
minimum and the maximum, respectively (see Sec. II B and
Fig. S5 in SM [26] for detailed definitions and discussions).
Hence, R is defined as a statistical control parameter:

R ≡ r/(2/π ). (3)

III. RESULTS

To characterize spatiotemporal patterns in income distribu-
tions, we employ two standard statistical measures: Hellinger
distance h [30] and Gini index g [31].

First, h is defined as

h(ρ1, ρ2) ≡
√

1

2

∫
(
√

ρ1(x) −
√

ρ2(x))2dx, (4)

where 0 � h � 1 and ρi(x) is a probability distribution of
log-normalized income x [32]. This follows the Lebesgue
measure. The entire ρ can be decomposed by ρα± (see Fig. 2),
ρ = (ρα− + ρα+ )/2. Hence h(ρα− , ρα+ ) = 0 (1) is a perfectly
coupled (decoupled) state (see Figs. 1 and 2).

Second, g is defined as

g ≡ 1

2〈c〉
∫ ∞

0

∫ ∞

0
ρ(c)ρ(c′)|c − c′|dcdc′, (5)

where 0 � g � 1 and ρ(c) is a probability distribution of
normalized income c ≡ C/C̄. Hence, g = 0 (1) is the perfect
equality (extreme inequality as a condensation state with the
whole income monopolized by a few regions).
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FIG. 2. Configuration effect on decoupling by Hellinger dis-
tance h: (a) h in Eq. (4) plotted at t = 105 against A with
R(A); see Fig. 1(d). Selected snapshots for unimodal and bi-
modal distributions: (b), (c), (d), and (e) are the cases of (A,R) =
(−1.0, 0.0), (−0.5, 0.0), (0.5, 0.7), and (1.0, 1.0) for t = 104, re-
spectively. Here N = 104, results are obtained by 128 runs, and the
other parameters are the same as Fig. 1.

For the sampling of growth rate configurations, we per-
form the random pair swapping algorithm: (1) Start from
two extreme configurations, (Amin,Rmin) and (Amax,Rmax),
respectively. (2) Select a random pair of regions and switch
positions. If this process is repeated for large iterations,
(A,R) almost converges to near (0,0) [see Fig. 1(d)]. To
elucidate the impact of growth rate configurations of regional
growth rates on income dynamics at a glance, we compare
two extreme cases of the configurations, Amin and Amax: For
the perfectly disassortative case, ρ(x, t ;Amin) is

ρ(x, t ;Amin) ≈ ρα± (x, t ) ∼ N
(
μt , σ

2
t

)
, (6)

where σ 2
t = β2tλ/(2Ja0), μt = −σ 2

t /2 for large t , and 0.5 �
λ � 1. These results are consistent with the homogeneous BM
model in the 1D ring topology (see Sec. I in SM [26] for de-
tailed derivations). For the case of h ≈ 0, ρα± almost perfectly
overlap each other [see Fig. 2(b)]. The perfectly disassortative
configuration neutralizes the impact of heterogeneous growth
rates on income distributions. For the perfectly assortative
case, ρ(x, t ;Amax) for large t is divided into three parts [see
Fig. 2(c)] with two well-separated Gaussian peaks: (1) Gaus-
sian peak around the first mode (head), ρ (h), (2) flat region
between the two peaks (body), ρ (b), and (3) Gaussian peak
around the second mode (tail), ρ (t):

ρ(x, t ;Amax) ≈
⎧⎨
⎩

ρ (h)(x, t ) ∼ N
(
μ−

t , σ 2
t

)
,

ρ (b)(x, t ) ∼ const,
ρ (t)(x, t ) ∼ N

(
μ+

t , σ 2
t

)
,

(7)

where μ±
t ≈ μt + ln[2/(1 + e∓2�αt )]. σ 2

t and μt are the same
as before. ρ (h) and ρ (t) are formed by lower and higher growth
rate nodes, respectively (see Sec. III and Figs. S6 and S7 in
SM [26] for details).

While the motions in the same growth rate group are
subdiffusive, represented by σ 2

t , the relative motion between
the different groups of α± is ballistic, represented by income
level segregation that increases linearly in t , �μ = 〈xα+�α〉 −
〈xα−�α〉 ≈ 2�αt . Since �μ increases faster than σt , there is
almost no overlap between ρ± for large t and it demonstrates
h ≈ 1. In other words, the perfectly assortative configura-
tion maximizes decoupling. Surprisingly, this linearity is also

FIG. 3. Configuration effect on inequality by Gini index g
against t : Each color reflects the selected samples of A with R in
Fig. 1(d). Path 1 (a) of (Amin,Rmin ) → (0, 0) and Path 2 (b) of
(Amax,Rmax) → (0, 0), respectively. As t elapses, the system ex-
hibits normal diffusion (below t1), subdiffusion (t1 � t � t2) and
finally reaches the configuration-effect dominant diffusion (above t2).
Insets in (a) and (b) are Var(X ) and Var(Xrich ), respectively, where
the guided lines are drawn for normal diffusion and subdiffusion
as described, respectively. Lorenz curves (c) and (d) of S against f
at t = 104 correspond to Figs. 2(b)–2(d) and Figs. 2(c)–2(e), where
plain and hatched shadow regions illustrate the contributions of class
division and diffusion to g, respectively.

consistent for Path 2 configurations such that �μ ≈ A ×
2�αt . It exhibits that configurational property A also controls
income level segregation �μ (see Sec. III and Figs. S8 and S9
in SM [26] for detailed derivations and numerical confirma-
tions).

For the perfectly disassortative case [see Fig. 3(a)],
g(t ;Amin) is

g(t ;Amin) ≈ erf (σt/2). (8)

Increasing g(t ) is only driven by subdiffusion because there is
almost no decoupling between ρα± (x, t ).

For the perfectly assortative case [see Fig. 3(b)],
g(t ;Amax) is

g(t ;Amax) ≈ 1

2

(
1 − 2

1 + e2�αt

)
+ 1

2
erf(σt/2). (9)

The first term of Eq. (9) captures the inequality between the
α± groups. It converges rapidly to 1/2 because the regional
segregation of income levels leaves the α− group (comprising
50% of the population) with a negligible share of the total in-
come. The second term accounts for the inequality within the
α+ group, converging gradually to 1/2 due to the subdiffusive
broadening of the Gaussian peaks shown in Fig. 2(c). Detailed
derivations are provided in Appendix B and Sec. III B in SM
[26]. This result serves as a compelling illustration of the dom-
inant influence of location (region or country) [11] on income
levels, highlighting the distinct contributions of between- and
within-group inequalities [14] to the global system.
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FIG. 4. SW effect on the HBM model: Spatiotemporal patterns
of top-rich (orange)/bottom-poor (green) 10% classes over positional
index n for a fully separated configuration with rewiring probability
(a) p = 0.1 and (b) p = 0.5 for adding shortcuts. (c) Snapshots of
log-income distributions for various p values at t = 104. The inset
displays income-level segregation �μ against p. Here we employ
the WS network with k = 4, and N = 103,�α = 10−3 in (a) and (b);
N = 104, �α = 5 × 10−3 in (c). The other parameters are the same
as Figs. 1(b) and 1(c).

In Fig. 3 we present the time evolution of g across various
α configurations. For all cases, the dynamics exhibit three
distinct regimes: (1) Normal diffusion, (2) Gaussian subdiffu-
sion, and (3) non-Gaussian diffusion [see insets of Figs. 3(a)
and 3(b)]. The transitions between these regimes occur at
timescales t1 = [2Ja0]1/(λ−1) and t2 = [2Ja0�α2/β2]1/(λ−2),
marking the crossovers from subdiffusion to normal diffusion
and subsequently to ballistic or super-diffusive motion. These
crossovers are highlighted by guidelines and shaded regions
(see Sec. III D and Fig. S10 in SM [26] also for detailed
derivations and numerical confirmations). Unlike the first two
regimes, which are characteristic of the homogeneous BM
model, the third regime is unique to the HBM model, arising
specifically from configuration effects.

Along Path 1, ρ+ and ρ− overlap significantly, resulting
in a single peak for the total distribution ρ(x) [see Figs. 2(b)
and 2(d)]. Consequently, g evolves on a single timescale, as
described by Eq. (8), with inequality driven solely by diffu-
sion. In this regime, g increases monotonically with A [see
Fig. 3(a)]. Along Path 2, ρ+ and ρ− separate, leading to a bi-
modal ρ(x) [see Figs. 2(c) and 2(e)]. Consequently, inequality
is governed by both class division and diffusion. As indicated
by Eq. (9), the substantial income gap between the two peaks
contributes a baseline value of 0.5 to g. This manifests as a
horizontal segment in the Lorenz curve, implying a kind of
economic extinction of the poor class [see Figs. 3(c) and 3(d)].
The remaining contribution to g arises from diffusion within
the rich class. We therefore analyze Var(Xrich ), defined for
incomes Xrich exceeding the median. In this case, decreasing
A enhances Var(Xrich ), driving the system toward a super-
diffusive regime that accelerates condensation (g → 1) [see
Fig. 3(b) and Sec. III D in SM [26] for details]. Remarkably,
introducing even modest heterogeneity and mixing within the
1D ring topology induces super-diffusive behavior, a phe-
nomenon absent in the homogeneous BM model.

Finally, we investigate the effect of small-worldness [33]
on income distributions in the HBM model (see Fig. 4 and
Sec. IV, and Figs. S11–S13 in SM [26] for detailed numerical
confirmations). We employ the Watts-Strogatz (WS) network,

initializing the growth-rate configuration for the case of Amax

prior to rewiring with probability p. This rewiring process
introduces heterogeneous links with probability p/2, thereby
reducing assortativity such that A � 1 − p. Increasing p es-
tablishes shortcuts between spatially segregated regions with
high and low growth rates. In contrast to the homogeneous
BM model, small-world (SW) shortcuts in the HBM model
disrupt not only long-range correlations but also regional
income segregation, effectively dismantling log-income bi-
modality. As p increases, rich and poor clusters shrink, and
long-range correlations decline [see Figs. 4(a) and 4(b)].
Moreover, regional income segregation weakens as poor (rich)
clusters emerge within high (low) growth-rate regions. Conse-
quently, the segregation of income levels �μ decreases, and
bimodality collapses as p rises [see Fig. 4(c) and Sec. IV in
SM [26] for detailed numerical verification].

IV. SUMMARY AND REMARKS

To sum up, we investigated how regional growth-rate con-
figurations affect income distributions. The emergence of
bimodality, spatial correlations, and regional segregation—
features consistent with global income patterns over the past
half-century—can be linked to the absence of small-world
connectivity in sparse regular networks, corresponding to
small η (see Appendix A). We found that regional concen-
tration of growth rates (R) is associated with the development
of bimodality and income-level segregation, whereas growth-
rate assortativity (A) influences the diffusive behavior and
long-term inequality.

For Watts-Strogatz (WS) topologies, the introduction of
small-world shortcuts connects high- and low-growth regions,
which tends to reduce long-range correlations and weaken
the bimodal structure of the income distribution. The reduced
diffusion across growth-rate interfaces bears some similarity
to localization effects induced by quenched disorder [34,35],
while the resulting segregation of income levels is reminiscent
of phase-separation-like behavior observed in nonequilibrium
active matter systems [36,37].

Our model can be taken as a possible framework for inter-
preting aspects of the historical evolution of global inequality
[20,21,38], particularly the first two of the three eras identified
by Milanovic [12]. Sparse regular networks with large R
are consistent with the first era, in which both within- and
between-region inequalities increase. WS networks with small
p, which exhibit stationary bimodal distributions, may be re-
lated to the second era, where global inequality and regional
segregation become persistent. The third (contemporary) era,
which does not show clear bimodality, has been associated
with accelerated growth in developing economies such as
China and India [12–14]. Incorporating temporal growth rates,
α(t ), would be a natural extension, it is beyond the scope of
the present work. In addition, recent studies suggesting that
trade and migration contribute to reducing global inequality
[38,39] are qualitatively consistent with our results for WS
networks with sufficiently large p.

A natural direction for future work is to consider con-
tinuous spectra of growth rates. While normally distributed
growth rates have been studied in noninteracting [40] and
mean-field limits [41], their behavior on complex networks
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remains to be explored in more detail [42]. The role of hetero-
geneous volatility also remains an open question. Long-range
correlations are not limited to income, but have been reported
in other social indicators, such as housing prices [43] and
voting patterns [44]. In systems with spatial heterogeneity
in local conditions, including growth rates or infrastructure,
the metrics (A,R) could serve as one possible measure to
characterize configuration effects. Finally, capturing the full
history of global income inequality may require extensions to
temporal networks; in this context, the evolving structure of
the world trade network [45,46] could offer additional insight.
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APPENDIX A: HOMOGENEOUS BM MODEL
ON SPARSE REGULAR NETWORKS

In general, the original Bouchaud and Mézard (BM) model
[25] is represented by a stochastic differential equation (SDE):

dCn = αCndt + βCndWt,n +
∑

m( 	=n)

(JnmCm − JmnCn)dt, (A1)

where n is an agent index, Cn is the income of node n, dt is
a time interval, Wt,n is the Wiener process of n at time t , α

is the growth rate, β is the volatility and Jnm is the element
of an interaction matrix J, respectively. This follows the Itô
interpretation.

To focus on the relative income of the nodes, we denote a
normalized income c ≡ C/C̄, where C̄ is an average income.
Then we can rewrite Eq. (A1) with the proper notation [47] as

dcn = J
∑

{m|anm=1}

(
cm

km
− cn

kn

)
dt + βcndWt,n, (A2)

where amn is the element of the adjacency matrix a for an
interaction network, and the strength of the interaction be-
tween node n and node m is Jnm = J/km with J > 0, and the
degree of node m is km. For the case of random networks,
Jmn = amnJ/〈k〉 with the average degree 〈k〉. This rescaling
of C and the normalization by division C̄ do not alter Eq. (A1)
nor the Gini index g and the Hellinger distance h. In our nu-
merical simulation based on Eq. (A1), this process is identical
to Eq. (A2), which also guaranties 〈c〉 = 1. For a sufficiently
dense (or small-world) network, ρ(c, t ) converges to the sta-
tionary distribution for large t , and most previous studies
focus on it [48–55].

For a regular network, Eq. (A2) is reduced by

dcn = J
(
c̄(k)

n − cn
)
dt + βcndWt,n, (A3)

where c̄(k)
n is the average normalized income over k neighbors

of a node n. Equation (A3) is solved by the effective field
theory (EFT) ansatz [54]

c̄(k)
n → θ (η)c1−η

n , (A4)

where a field exponent η ∈ (0, 1] and a normalization factor
θ (η) from 〈c〉 = 1. The field exponent η displays the nonlinear
effect of local interactions, approximated by cn itself. There-
fore, Eq. (A3) can be rewritten as

dcn = J
[
θ (η)c1−η

n − cn
]
dt + βcndWt,n. (A5)

The study by Ma et al. [54] demonstrates that η converges to
a constant for sufficiently large z ≡ k/N (� 10−2) and ρ(c) is
the generalized inverse-gamma distribution.

However, for small z, η(t ) does not converge to a stationary
solution. Hence, the temporal behavior of η should be ana-
lyzed in the sparse regular network. Let x ≡ ln c and assume
that ηx is sufficiently small, then the first-order approximation
of Eq. (A5) becomes a time-dependent Ornstein-Uhlenbeck
(OU) process [56] as

dxn = Jηθ (η)

[(
θ (η) − 1

ηθ (η)

)
− xn

]
dt − β2

2
dt + βdWt,n,

(A6)

where η and θ (η) depend on t .
Surprisingly, for large t , the variance of the process of

Eq. (A6) is asymptotically similar to that of the ordinary OU
process: σ 2

t = β2/[2Jηθ (η)] [57], where both η and θ are
substituted as constants. This phenomenon depends on the
slow decay of η(t ) as ρ(x, t ) ≈ ρ (OU)

eq (x, t ; ηt , θt ). If Eq. (A4)
is in good approximation, the random variables, Y = ln c̄(k)

and X = ln c, are in the linear relationship as Y = (1 − η)X +
ln θ (η).

According to the least square linear regression: 1 − η =
Cov(X,Y )/Var(X ) (see Sec. I A and Figs. S1 and S2 in SM
[26]), we empirically find that η follows the time-asymptotic
power law as

η(t ) ∼ a0t−λ for large t, (A7)

where a0 is constant and 0 < λ � 1 for small z, and
θ (η) → 1. This supports our approximation that ρ(x, t ) ≈
ρ (OU)

eq (x, t ; ηt , θt ) at each point in time is approximately Gaus-
sian. For large t , the variance σ 2

t = β2tλ/(2Ja0) and the mean
μt = −σ 2

t /2 of 〈c〉 = 1, such that ct ∼ Lognormal(μt , σ
2
t ).

For the one-dimensional (1D) ring topology under the
small β condition, the SDE for X corresponds to the mul-
tidimensional OU process, and the interaction matrix is
marginally stable [58]. Then η is given by

η(t ) = 1 − e−2Jt I0(2Jt )

2Jte−2Jt [I0(2Jt ) + I1(2Jt )]
, (A8)

where I
 (
 = 0, 1, 2, . . . ) is the modified Bessel function of
the first kind. This expression satisfies a0t−1/2 for large t , and
is also consistent with Eq. (A7). The power-law decay of η

corresponds to the vanishing of nonlinearity in the effective
field, which results in the convergence of income of neighbor-
ing nodes. On the other hand, the variance σ 2

t increases over
time t , so almost all income is condensed (localized) in narrow
regions for large t , which corresponds to the localization in
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the 1D stochastic heat equation or 1D Kardar-Parisi-Zhang
equation as well.

The 
-ranged covariance is as

Cov(Xn, Xn+
) = β2
∫ t

0
e−2JsI
(2Js)ds, (A9)

for the same time t , the shorter the distance 
, the larger the
covariance. The results in strong spatial correlations of X that
make the clustering of rich and poor regions, as shown in
Figs. 1(b) and 1(c), respectively [see Sec. I A in SM [26] for
details of Var(X ), Cov(X,Y ), η(t ), and long-range correla-
tions]. The BM model in a sparse regular network exhibits
strong spatial correlations, while that in other network cases
(the noninteractive case and the mean-field case) does not
(see Fig. S3 in SM [26]) but log-income distributions are
still unimodal. The log-normality of ρ(c) for small z reported
by Souma et al. [48], is derived with a time-dependent OU
process of x ≡ ln c. We show that it is valid only for small β

and z.
In short, we develop a time-dependent EFT ansatz and de-

rive temporal behaviors of statistical properties for the case of
the 1D ring topology and the case of sparse regular networks
by analytical and numerical methods.

APPENDIX B: GINI INDEX OF DECOUPLED DUAL
LOG-NORMAL MIXTURE

For a single log-normal distribution Lognormal(μ, σ 2), the
Gini index g is given by

g = erf (σ/2), (B1)

which is also captured by the Lorenz curve L that is the
cumulative sum of income fraction from the poorest to the
richest sample. The L( f ) divides the lower triangle into two
regions. If upper and lower regions are denoted as A and B,
respectively, g is given by

g ≡ A

A + B
= 1 − 2B, (B2)

where A + B = 1/2 and B = ∫ 1
0 L( f )df .

When the log-income distribution is a mixture of two dis-
tributions, ρ(x) = [ρ1 + ρ2]/2, and is completely separable,
i.e., support sets, X1 and X2, satisfy X2 � X1 (h = 1), the
entire Lorenz curves L represented by L1 and L2, are rescaled
Lorenz curves of ρ1 and ρ2, respectively.

If the total population (income) share of the first and second
distributions is given by f1 and f2 (S1 and S2), then B is
decomposed as (see Fig. 5)

B = B1 + B2 + (1 − f1)S1. (B3)

Since the Lorenz curves, L1 and L2, for sufficiently large
decoupling (h ≈ 1) correspond to the rescaling of the single

FIG. 5. Visualization of Lorenz curve and decomposition for the
case of a dual log-normal mixture with large decoupling: Entire
Lorenz curve L (left); Decomposition of L (right), where blue and
red solid lines show rescaled Lorenz curves L1 and L2, and S1 and
S2 represent total income share from each log-normal distribution.
Light-blue and light-orange shadowed areas show contributions of
between- and within-inequality on g for f1 = f2 = 1/2.

Lorenz curve of each distribution, the rescaled areas, B1 and
B2, are rewritten as

B1 = f1S1
1
2 (1 − g1), B2 = f2S2

1
2 (1 − g2), (B4)

where g1 and g2 are the corresponding Gini indices for ρ1

and ρ2, respectively. Substituting f1 = f2 = 1/2, Eq. (B4) and
Eq. (B3) into Eq. (B2), g is as

g = 1
2 (1 + S1g1 + S2g2) − S1. (B5)

This representation is valid for arbitrary ρ1 and ρ2 with
f1 = f2 = 1/2 and X2 � X1. For the dual log-normal mixture
of Lognormal(μ1, σ

2) and Lognormal(μ2, σ
2), where μ1 <

μ2, h ≈ 1, and the same fractions f1 = f2 = 1/2 (population
shares for ρ1 and ρ2), the income shares S1 and S2 are approx-
imately as

S1 = 〈c1〉
〈c1〉 + 〈c2〉 = 1

1 + e�μ
,

S2 = 〈c2〉
〈c1〉 + 〈c2〉 = 1

1 + e−�μ
, (B6)

where 〈c1〉 = exp(μ1 + σ 2/2), 〈c2〉 = exp(μ2 + σ 2/2) from
the log-normal nature, and �μ = (μ2 − μ1). Moreover, for
the perfectly assortative case with Amax, μ1 = μ−

t , μ2 = μ+
t ,

σ 2 = σ 2
t = β2tλ/(2Ja0), and �μ = 2�αt for large t .

Substituting f1 = f2 = 1/2, Eq. (B6), and Eq. (B1) into
Eq. (B5), g(t ) becomes

g(t ) = 1

2

(
1 − 2

1 + e−2�αt

)
+ 1

2
erf (σt/2), (B7)

which corresponds to Eq. (9). For small decoupling h � 1,
g of the dual log-normal mixture becomes more complicated
(see Sec. III A in SM [26]).
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