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I. BM MODEL ON RING TOPOLOGIES

This section is the extended version of Appendiz A in End Matter (EM), where we provide all the details (analytical
derivations and numerical confirmations) for the homogeneous Bouchaud-Mézard (BM) model on ring topologies.

A. Variance, Covariance, and Field exponent 7
For a 1D ring topology, Eq. (A2) in EM can be rewritten as follows:

de, = J (Cn_lércnﬂ - Cn> dt + BendWy p, (S1)

where n = 0,1,..., N — 1. In the periodic boundary conditions, c_; = c¢y_; and ¢y = ¢p. Let X,, = In¢, + $%t/2 and
apply the It6’s lemma into Eq. (S1), it becomes

Cp—1 + Cn+1

1
dX, =dlne, + =B%dt =
nent 58 J( 2,

1 1
- 1) dt + BdW; ., — 552dt + iﬁth. (S2)
Using ¢,, = exp (X,, — #%t/2), the equation for X,, can be rewritten as follows:

1 1
dX, = J (2eXn1Xn +5

26Xn+1*Xn — 1> dt + BdW, . (S3)

We assume that for a small g condition, the difference of X between neighboring nodes becomes sufficiently small.
As a result, the first-order approximation should be:

X, =J (X““;X”“ - Xn> dt + BAWi. . (54)

To solve the stochastic differential equations (SDE) of Eq. (S4), we perform a discrete Fourier transform:

N-1

. ik 1 N
Xy = Xpe @2 N X, = 7% S Xy, (S5)

<l

k=0

Substituting the discrete inverse Fourier transform into Eq. (S4), it becomes
N 27k
ka(t) =—J1-—cos W Xk( )dt + Bde(t), (SG)

which is the SDE corresponding to the k-th Fourier mode. Here we can see that Xk(t) obeys an independent Ornstein-
Uhlenbeck (OU) process at the mode k. The solution of the OU process is

¢
Xk(t) _ Xk(o)eth(lchSZ‘frk/N) +ﬂ/ efJ(lfcos27rk/N)(tfs)de(s) (87)
0
According to the Parseval’s theorem, Z |X |2 = ,1:[:_01 | X1|2, the variance of X, is as follows:
| Nl 2 1 | N1 2
Var(X,,) = ~ RZ:O E[| X, ] ( Z E[X > E[| Xu|?] — (N HZ:O E[Xn]> ) (S8)

where E[-] is the expectation for the stochastic process. We consider the initial condition X,,(0) = const, where all
nodes have the same value of X. From the given SDE, d (Zgil Xn) = 0, so that the mean value of X, is always a

N-1

k:O

=0
constant, regardless of ¢. For this case, Xy (0) = ﬁ Zg;ol X, (0)e™ 278" = /N X,,(0)dox.



To get Var(X,,), we calculate E[|X\|?]:
t
]E[|Xk|2] _ X§(0)6_2‘”(1_COS 27k /N) + Q/BXk(O)e_Jt(l_COS27Tk/N) / e—J(l—cos27rk/N)(t—s) <de(S)>

0
+52/ / —2J(1—cos 2wk /N)

t
:Xk(O) —2Jt(1—cos 2wk/N) +ﬁ2A 72J(lfcos27rk/N)(tfs)d8

) (AWi(5)dWi()

—2Jt(1—cos27wk/N
= NX2(0)§oge—2/t(1—cos2mk/N) | 32 [1 — 27t / )} |

2J(1 — cos 2wk /N) (89)

where we use (dWi(s)) = 0, (dWi(s)dWi(s")) = d(s — s')ds, and 62 = dok. As a result, we get

(1 — cos27k/N)

1 1— —2Jt(1—cos 27k /N) 2 2m 1— —2Jt(1—cosu) 2 T — —2Jt(1—cosu)
_ 1 Z 32 e ﬂ / € du = L/ © du,
N &~ 2J(1 — cos 2wk /N) ~ A 1—cosu 2nd Jo 1—cosu

(S10)

N-1 1— €—2Jt(1—cos27rk/N)
Var Z NX 6Oke—2Jt(1 cos 2wk /N) + = Z ﬂQ |: 57 ] _ [Xn(O)Q]

which is the result of transforming the discrete sum of Fourier mode k into a definite integral for N — oo, and the
periodic property of the integrand allows us to reduce the integration interval [0, 27] to [0, 7]. If we differentiate the
expression of Var(X,,) with respect to t,

%Var(X )= 526_2‘”-3/ e?teosugy = B2e= 2t [ (2.]¢), (S11)
T Jo

where I;(z) is the modified Bessel function of the first kind, represented by

1 ™ : £ oo
I(z) = = / *99 cos 09d0 — 2T / e=eosha—ta g, (S12)
0 0

™ ™

We get Var(X,,) by solving Eq. (S11). The right-hand side function has a well-defined indefinite integral:
/e_QJtIO(QJt)dt =te 27t [I5(2Jt) + I, (2Jt)] + C. (S13)

According to initial condition X,,(0) = const at ¢t = 0, Var(X,,(0)) = 0 and lim;_,o te= 2/ [Iy(2.J¢t) + I, (2Jt)] = 0, and
a constant of integration C = 0. Therefore,

Var(X,,) = B2te 271y (2Jt) + I, (2.J1)). (S14)

The Taylor expansions of Eq. (S14) for small ¢ and large ¢, respectively, are

82t (1 _ (2;@ + (2{5)2 B 5(1?)3 4. ) for small ¢, (S15)
15
32t (ﬁ@ﬁ)*l/? — @I - B (20— ) for large t,
where the leading order terms are 5°¢ an t ag), respectively.
h he leadi d B2 d B2vt/(2J ivel
With ag(J) = v/7/(4J), we finally get
B2t for small ¢,
Var(X,,) = 1
ar(Xn) B2Vt/(2Jag)  for large t. (S16)
g

Thus, a given stochastic process in Eq. (S4) starts with normal diffusion and ends with sub-diffusion. For large ¢, the
analytical results of Var(X,,) ~ v/t is consistent with the EFT and numerical simulations.
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FIG. S1. (a) Variance Var(X,), (b) covariance Cov(X,, X,), and (c) correlation Corr(X,, X,+1) in the BM model for a 1D ring
topology. Open symbols (o) represent numerical simulation results and and solid lines represent the theoretical prediction. In
(a), the blue dashed line {8%t, Jt/2} is the predictions for small ¢ and othe range dashed line {3%v/t/(2Jao)} is the prediction
for large t. For all cases, N = 10*, a0 = 1072, 82 = 1073, J = 107", and all data are averaged over 128 ensembles.

To obtain the field exponent 7 related to the diffusion nature, we require the calculation of Cov(Xp, X.,). First, the
discrete Fourier transform of X, is:

O e PR Z Xt + X1 iz
- n

2
n=0 n=0

N-1 1 N-1 , ,
_ [ (XkleiQﬂ'kﬁ(n—l) _’_Xk,eizwl;v(nﬂ))] e—i2w%n

Il
Z‘H
]

N-—
1 27k’ 27k \ 4
N E ;TV )Xk’N5kk’ = COb( ;—[ )Xk. (Sl?)

Substituting this result into the Parseval’s theorem, we get Zf 01 X, X = gz_ol X’k)%f(" = Zi\;_ol cos (2£k) | X2,

where * denotes complex conjugate. So the covariance between X,, and X,,, Cov(X,,, X,,) is as follows:
= = =
Cov(X, N E[X <N Z E[Xn]> <N Z IE[X,J)
-1 N—1
1 X 27k 1 -
=< > cos (N> [ X% ( Z E[X, ) <N ;0 E[Xn]> . (S18)

By repeating the same procedure for the derivation of Var(X,,), we get

_ 62 ™ 1— €—2Jt(1—cosu)
Cov(X,, X,) = —/ cosu [ ] du, (S19)
0

(=)

2rJ 1—cosu

and its time derivative is:

d _
%COV(X”,Xn) = BZe 2t (2J1). (S20)
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FIG. S2. The field exponent 7(t) for a variety of the condition (J,3,k). (a) The case with various J and sufficiently small
B = +/0.001. (b) The case various . (c¢) The case with various k, where k is the number of neighbors in a regular network
of 1D ring topology. Open symbols (o) represent numerical simulation results, and solid lines represent the least square linear
regression of data samples for ¢ > 10?. R? represents the coefficient of determination for regression lines. Insets show 6(n) for
t > 102. For all cases, N = 10*, all data are averaged over 128 ensembles.

The indefinite integral is:

/ d[Cov(X,, X,)] = 8* / e 2t (2Jt)dt = 32 / e 271(1/2J) [i[o@ﬁ)] dt

2 2
— 57 {6_2‘”]0(2#) +2J / 6_2”[0(2Jt)dt] = %6_2‘”[0(2Jt) + Var(X,,) + C. (S21)

Since the initial condition Cov(X,,(0), X,,(0)) = 0 and lim;_,q e~ 27" I5(2Jt) = 1 give C = —g. Therefore, the covari-
ance becomes

62

X, X,)= X
Cov(X,, X,) = Var( ")+2J

[e 2 Ty(2Jt) — 1] . (S22)

The correlation between X,, and X,,11, Corr(X,,, X,,4+1) is as follows:

Corr(X,, Xpt1) = =

Cov(X,, Xnt1) Cov(X,, X,) ($23)
\/V&I‘ Var n+1) Var(Xn) .

where Cov(X,, X,,) = (1/2) [Cov(Xy, Xn_1) + Cov(Xy, Xpnt1)] = Cov(X,, Xpy1) and Var(X,,) = Var(X,4+1) due to
the translational invariance of the system. For small ¢, ¢ ~ 1 + z, so that Var(X,,) ~ Var(c,) and Cov(X,, X,,) ~
Cov(c, &,). We note that the linear increase of variance and correlation for small ¢ was also revealed by Medo [1]. Our
theory for the BM model in a 1D ring not only supports the earlier result but also predicts variance, covariance, and
correlation for large t.

From the results of Var(X,,) and Cov(X,, X,), we get

L Cov(X,, X,) _ Var(X,) + 5 e (20t 1] . eIy (2J) — 1 (524)
T T Var(X,) Var(X,,) = Tt 2Tt [I(27t) + 1, (2J1)]
As a result, we can calculate the field exponent 7(t):
1— e 27t o(2Jt)
t) = . 525
M) = 5 =27 o 27t) + 1 (270)] (525)
. Io(2Jt 2 : Io(2Jt 2 2Jag 4—
Since n(t) = 2Jt[Io(2J0t()+11)(2Jt)] + %Var(an) and lim;_, oo m = 0, for large t, n(t) = %Qﬂ—QOt 12 —

aot~1/2 which matches our numerical simulation results for small 8 condition.



Figure S2 shows the time evolution of 5 for a variety of the condition (J,3,k). For small 3, Eq. (S25) tells us
that the power-law decaying exponent A = 1/2 is independent of J. Since ag(J) = y/7/(4J), an increase in J is
only attributed to the effect of parallel shifting n in double-logarithmic plots. However, for large 8, A > 1/2. For this
case, the difference in X between neighbors cannot be approximated to the first order because it is more affected by
multiplicative noise in Eq. (S1). Thus, the variance grows faster than the order of v/t. The number of neighbors k
also can change the value of n(t). For sufficiently small &, n(¢) still exhibits a power-law decay with A < 1/2, which is
no longer valid for large k. This was also reported in study by Ma et al. [2] as follows: If k is large enough, 7 has a
non-zero finite value and peq(c) satisfying the Fokker-Planck equation is the generalized inverse-gamma distribution.
As a result, n(t) ~ apt~ for sufficiently small 3 and k. Thus, the given SDE in Eq. (S1) and Eq. (A3) of Appendiz
A in EM of the main text can be approximated by the time-dependent Ornstein- Uhlenbeck process through the EFT
ansatz as in Eq. (A4) of Appendiz A in EM of the main text for such conditions. Therefore,

B2t for small ¢,

B%/(2Jn) = B*t*/(2Jag) for large t, (526)

Var(X,,) = {

where 1/2 < A <1 for the 1D case. For small 3, we observe that A = 1/2 in Eq. (S25), and for large 3, the interaction
term becomes relatively small, compared to the fluctuation term, which makes the system behave closer to normal
diffusion, so that A does not exceed 1 (the value for the ballistic behavior).

We conclude this subsection (IA) with a discussion on the mean of z. In fact, deterministic drifts to all X,, only
give a translation to the probability density function but do not change its shape. Thus, Var(X,,) is independent of
any homogeneous drift term, so that we arbitrarily define X,, = Inc, + 3%t/2 in Eq. (54). Since the normalized income
is defined as ¢ = C/C, it satisfies (c) = 1. In addition, z follows a log-normal distribution, its mean is exp(u; + 02/2),
and the corresponding drift is y; = —0?/2 as we mentioned in the main text as well as EM of the main text. Therefore,
the drift of z is not derived by the underlying equation in Eq. (S4), but rather by the normalization drift that ¢ is
rescaled at every step.

B. Long-range correlation analysis

The covariance Cov(X,,, X,) in the previous subsection (IA) is the log-income correlation between neighboring
nodes. We here go further and consider correlations between nodes located at greater distances. For any node n, let
X(n,0) be the average log-income of nodes of distance £, then X, ¢y = (Xn_¢ + Xy4¢)/2. Using the same process in
TA, we get

%Cov(Xn, Xnpy) = BPe 271, (2J¢). (S27)

The function e=2/t1,(2.Jt) on the right-hand side has a leading order of (2Jt)¢ for small t. The correlation between
nodes separated by a distance £ is as follows:

X, X Cov(Xn, Xin
Corr(Xp, Xnie) = Cov(Xn Xnve) _ Cov (n0)

V(X Var(X,)  Var(Xa) (S28)

We note that Var(X,) = Var(X,,¢) by the translational invariance and be careful for Cov(Xp, Xy4¢) = Cov(X,, X 0))
but Corr(X,, Xpte) # Corr(Xn, X(ne). For small t, Cov(Xp, X(n,e) ~ t'T! and a leading term of Var(X,) ~ t, so
that the correlation becomes

Corr(X,,, Xpae) ~t°, fort< 1. S29
+

Since the initial condition ¢, (0) = 1 at t = 0, the first-order approximation is valid for small ¢. Thus, Corr(c,,, ¢te) >
Corr(1 + x, 1 + Zpte) = Corr(ay,, Tpye). Therefore, we get

Corr(cy, cnye) ~ tf, fort < 1. (S30)

This result theoretically supports the correlation analysis in the early time, which was reported by Medo [1]. Moreover,
we can show the expression of Corr(X,,, X,,1¢) for large t. As a result, Eq. (S4) is rewritten as a multi-dimensional
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FIG. S3. (a) Cov(Xy,Xnte) and (b) Corr(X,, X, 1¢) against time ¢ for ¢ = {1,2,3,4}. For (a) and (b), open symbols (o)
are numerical simulation results, solid lines are theoretical predictions, and dashed lines are the leading order of the Taylor
expansion in Eq. (S35) at t = 0. (c) Corr(Xn, Xnte) for £ € [0,100] and (d) ((Xn — Xnte)?) for £ € [0,10*]. The inset
of (d) shows (X, — Xn1e)?) for £ € [20,60]. For (c) and (d), solid lines are numerical simulation results. For all cases,
N=10,a=10"2,Aa=10"3,82=10"3,J = 107!, and all data are averaged over 128 ensembles.

OU process:
dX; = KXidt + BdWy, (S31)

where X; = (Xo,...,Xn-1), Wy = (Wio,..., W n_1) and K is a N x N stability matrix:

“11/2 0 - 1/2
1/2 =1 1/2 -+ 0

K=7|0 L2 -1 0 ($32)
/2 0 0 - -1

The stability of the system is determined by the eigenvalues of K. There are three cases: (1) Stable case, Re(\,,) < 0
for all n; (2) Marginally stable case, Re(\,) < 0 and at least one A, = 0; (3) Unstable case, Re()\,) > 0 for at least
one n. Since K is circulant matrix, eigenvalues are as follows:

2
)xn:—J<1—cos;:]n)§0 (n=0,1,...,N —1). (S33)

Thus, K is marginally stable [3]. For this case, the system shows a strongly auto-correlated behavior for long-time scales.

The (-ranged covariance can be obtained by a definite integral of Eq. (S27). Denoting Q, = 32 fg e 2I51,(2J5)ds, a
covariance matrix X; is as follows:

Qo Q1 -+ OQnj2—1 @nj2 @njap1 - G

, |@1 Qo - Qnjz—2 Qnj21 Qnjz -0 Q2

L= : : : Sl (534)
Q1 Q2 -+ Qnj2 Qnj2-1 Qnja—2 - Qo

where the expression for N is even. For the same time ¢, we check that Cov(X,, X, ¢) decreases against £. The
analytical expressions of the covariance for ¢ = {1,2, 3,4} are as follows:

2

% [—1+ (14 2Jt)e= 2 Io(2t) + 2Jte =27t (2]¢)] (¢=1)

Cov(Xu Xy = 1 21 [+3(2 +asge MG + Lol =2
o [=3(20t) + 2J¢(5 + 2Jt)e 2Tt Ig (2J¢) + [—4 + 2J¢(4 + 2Jt)]e =2/t 11 (2]¢)] (¢ =3)

% @z (422 + 16720 (201) + 2Tt[—8 + 2Jt(8 + 2J) e~ [Io(2Jt) + L (2Jt)]] (€= 4)

(S35)

Corr(X,,, X,,+¢) in Eq. (S35) has a leading order as ~ (Jt)¢/(¢ + 1)! in the early time. Moreover, Eq. (S35) matches
for large t, so that we can investigate the case for larger distances £. The long-range spatial correlation could be shown
by the spatial variogram V() = ((X,, — X,,4¢)?). Since V() increases, in proportional to ~ log ¢, until it saturates for
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FIG. S4. (a) Spatiotemporal patterns of top-rich/bottom-poor 10% (orange/green) class in homogeneous growth-rate models:
the geometric Brownian motion (GBM) in the left panel, the mean-field BM model in the middle panel, and the 1D BM
model in the right panel. (b) ACC(cq,, ct,) for the three models. Open symbols (o) represent numerical simulation results, solid
lines represent theoretical predictions, and the dashed line is the regression line. Here ¢t; = 10%. For all cases, & = 10~2 and
$% =1073. ACCs are obtained by N = 10* with 128 ensembles.

large ¢ [see the inset of Fig. S3 (d)], the 1D BM model results in the long-range spatial correlation with large clusters
in poor and rich classes, compared to other models [see Fig. S4 (a)].

C. Autocorrelation coefficient for various network topologies

We investigate the persistence of income in the BM model by the autocorrelation coefficient [4] (ACC), and compare
it with other two versions: (1) the geometric Brownian motion (GBM, non-interactive case) and (2) the mean-field
BM model (fully-connected case). The ACC is defined as:

Cov(ct,,ct,)

v/ Var(ect, ) Var(ct,) '

ACC(et,,ct,) = (S36)

In the GBM, by using

Cy = C(0)exp [(a — B2/2) t+ W] and E[eX ] =exp [ux + py + (1% + 13)/2 + Cov(X,Y)]

for dependent Gaussian random variables X and Y, we get the following statistics: (1) Var(c;) = ezat(eﬁ% —1), and
(2) Cov(cy,cs) = e(tHs) [652 min (t,5) _ 1]. Thus, ACC(ct, ¢s) = /(%5 —1)/(ef*t — 1) where t > s and ACC(ct, ¢) ~
e=A1t=51/2 for large (t, 5). For the mean-field BM model, ACC is known as e~/4* for the condition of 2.7/4% > 1 [5].In

contrast to these cases, which show exponential decay of ACC, for the 1D ring topology, ACC exhibits a power-law
decay [see Fig. S4 (b)] with long-term persistence of income.

II. STATISTICAL PROPERTIES OF BINARY MIXTURE IN 1D RING

In this section, we provide all the details for the statistical properties of binary growth rates, a4 = a + Aq, in a
1D ring. Here o > Aa > 0.

A. Assortativity A

We define the growth rate assortativity as A = Cov(w, o’)/+/ Var(a)Var(a/), where o and o/ are the growth rates
of neighboring nodes and « € {a — A, a + Aa}. If we let Ny = N/2 be the number of nodes with a lower (higher)
growth rate, we simply find that Var(e) = Var(e/) = & [§ (o — Aa)? + F (o + Aa)?] — o = Aa?. For a 1D ring
topology, the number of links is the same as the number of nodes N. The number of nodes can be decomposed as

N = Ny + Npp + Nip, where Ny (Npp) is the number of links between both lower (higher) o nodes and Ny, is the
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FIG. S5. Statistical properties (A, R, (S), x) and order parameters (r,) for a binary mixture in ring topologies: (a) Perfectly

disassortative configuration Amin. (b) Perfectly assortative conﬁguratlon Amax. (¢) Randomly permuted configuration. (d)
Regularly clustered configuration of {S) = 2.5 x 103. For all cases, N = 10* and Ny = 5 x 10°.

number of links between the lower and higher o nodes. For this case,

1
Cov(a, o) = N [Nu(or — Aa)® + Npp (o + Aa)® + Nip (o — Aa) (o + Aa)| — o
Nu + Nan — N, NO _ N
_ Wm? + (Nan = Nig)(208a) = =————Aa?. (S37)

To reflect the changes in the link configuration for each pair of node swapping, we must consider two neighboring values
« of the selected nodes. Each node can be categorized by three consecutive network motifs. For this case, there are six
motifs and the possible cases of center node swapping between motifs are (g) For all possible cases, AN; = ANpp,
so Ny — Npyp, is conserved under any pair node swapping. Therefore, for the case of N_ = N, , Ny = Npp. If we let
homogeneous and heterogeneous link densities be p) = (Nj; + Nj,,)/N and p® = Ny, /N, then A = p™) — p() for
the case of N_ = N,.

B. Kuramoto oscillator order parameters (r,1): Concentration R

We consider the case of N_ = Ny, where the number of each binary element is the same. For a perfectly assortative
configuration (Amax) with large N, we can calculate (r_,¢_) and (r4,14) as follows:

1 1 or L2 1 [T 2
W = i2mj/N) _ - AT i(2mj/N), L gy, — 2 338
= N/2 Ze 27TN/226 7 W/o =T (S38)
j=1 Jj=1
N N 27
) 1 o 1 27 o 1 : 2
Wy i(2mj/N) _ i(27j/N). u _ e,
rie +_7N/24Z e'\em W N2 Z e\ eI, 7T~/7'( edu = —i. (S39)
Jj=N/2+1 j=N/2+1
Based on these results, we get (r_,¢_) = (%, g) and (ry,9¥4) = (%, 37”)7 where 2/7 is the maximum value of ry. For
a perfectly assortative configuration, we show that the following relations are satisfied:
ro=ry, AY=|p_—yy|=m. (540)

The whole configuration can be generated by pair node swapping that starts from a perfectly assortative configuration.
Thus, if the relations of Eq. (S40) are robust under arbitrary pair node swappings, we can address that they are
universal properties for the HBM model with a binary mixture of growth rates in the 1D ring.

For an initial binary configuration, its order parameters 7_, 7y are represented by the real vector form. We assume
that the initial configuration satisfies ¥ = —7,. When arbitrary nodes (j, k) are swapped, there are two cases: (1)
(j, k) are in the same binary element group and (2) (j, k) are in different binary element groups. For the first case,
order parameters do not change. For the second case, the order parameters of the swapped configuration are:

—

7o=7_ —6j+dk:r_+ (541)
-

, (S42)

SN~

Py =Ty +a; —dp =74 —
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where @; = (cos %,sin 2%) and A = @), — d@;. For the case of 7'_ = —y, 7, =7} — A= —(F_ + ff) = —7_. Thus,
7, has the same length and the opposite direction of 7 . Therefore, Eq. (S40) is satisfied under arbitrary pair node
swapping, except the cases of i’ = 0 or /7, = 0. Path 1 and Path 2 in the main text [see Fig. 1 (d)] satisfies statistical
properties, only except for a perfectly disassortative configuration (Amin, Rmin). There are several cases that satisfy
r = 0, excluding a perfectly disassortative configuration. If the same binary elements are allocated in exactly opposite

directions for all locations, 7 = 0. For this case, the angular argument 1 could not be defined.

C. Cluster-size distribution P(S), (S), and x

The size S distribution of the clusters, P(S), can be characterized by the average (S) and the variance x. For the
case of N_ = N, as N — oo, a binary mixture on a 1D ring is just a random sequence of binary elements with the
same probability p = 1/2. If a cluster is defined as a consecutive sequence of the same binary element, the probability
mass function of S is as follows:

: (S43)

so that

(S) =E[S] = i S-P(S)=2 and x =E[S?] —E[S]* =2
S=1

for the random configuration as N — oo. In particular, if all cluster sizes are exactly the same, this configuration
satisfies R = 0 with x = 0 and N/(2(S)) € N. For regularly clustered configurations, (S) affects the spatiotemporal
patterns of income dynamics.

III. HETEROGENEOUS BM MODEL IN 1D RING

In this section, we provide all the details (analytical derivations and numerical confirmations) for the heterogeneous
BM (HBM) model in a 1D ring, which is compared to our findings in the main text.

A. Normalized income distribution p(x): Perfectly disassortative versus Perfectly assortative

Let p(z), pa_(x), and pa, (x) be the probability density functions of x for the entire, the lower and higher «
groups, respectively. For a perfectly disassortative growth rate configuration with Amin, po_ () and pa, (z) overlap
almost perfectly each other, and the overall distribution is almost the same as that in the BM model. Therefore,
p(c,t; Amin) ~ Lognormal(us, 07). For a perfectly assortative growth rate configuration with Apmax, both of pa, (z)
do not overlap almost perfectly each other. For this case, p(x,t) can be roughly divided into three regions: (1) Head
— the first peak; (2) Body — the middle part between the first and second peaks; (3) Tail — the second peak. In
Fig. S6 (a)-(c), we observe more precisely how many samples exist between the two peaks. Surprisingly, we find that

a d
(@ B pa_(x) E 107} — ple)~e ! (@ 0 |
0.8 1 pa. (z) g 4 pa(c) |
] V| pa, (€) i i
i . a
— [ —~ i i o < >
B g ! , 7
- ~—~ 10!} \ 8 10 i e a
[S% L SN ~ i | t
0.4 ‘ | ] (@a,)
107 . 20 [
0-07=20 10 0 109 10° 107 107 0 0.5 % 107 107
T T Cc n

FIG. S6. Log-income (z = In¢) distribution for the case of Amax: (a) pay (z) and (b) the semi-logarithmic scaled plot of pa_ ().
(c) Double-logarithmic scaled plot of p(c), where the black solid line represents the guided line of p(c) ~ ¢™'. (d) The positional
mean of , (x,,). For all cases, N = 10", 0 = 1072, Aa = 1073,8% = 107%,J = 107', ¢ = 10" and all data are averaged over 128
ensembles.
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the samples of z between the two peaks follow a uniform distribution, where most of them belong to the a_ group.
It implies that for the case of Anax, po_ () and p,, () are asymmetric over x, whereas for the case of Anyin, they
are symmetric. In Fig. S6 (c¢), the double logarithmic scaled plots show that the body region follows a power-law
of p(c) ~ Ac™!, where A is a constant. This is a natural consequence of the distribution transformation formula:
p(c) = p(x)|dz/dc| = Ald(Inc)/dc| = Ac!. Our hypothesis in the regional separation of the distribution function is
that the field exponent n depends on the positional index of a node n.

Equation (A6) in Appendiz A of EM, is obtained by the first-order approximation with the assumption that nz
is sufficiently small. However, if 7 is extremely small, the interaction term J [6(n)c'™" — ¢| dt in Eq. (A5) can be
neglected due to ¢!~ — ¢ and 6(n) — 1. Therefore, Eq. (A5) becomes separated into two cases as follows:

den, = J[O(n)ch™" — cpldt + BendWi o,

dr, = Jnt,n[ﬂt,n - xn]dt + 5th,n (844)
de, = ﬁcnth,n
If our hypothesis is correct, the governing equation for p(c,t) should depend on the node’s position n for the given
network. In Fig. S6 (d), we plot (z,,) against n, which confirms our hypothesis. In the near body region between
two different « clusters, (z,) is almost equidistantly spaced and proportional to n. Since (z,) is obtained by the
ensemble average at position n, there is the same number of node samples for each value. Therefore, x drawn from
these samples of nodes becomes uniformly distributed in p(z). Since the number of samples is the same at each point,
p®)(z,t) = const. Therefore, %p(b)(c7 t) =0.
The Fokker-Planck equation for the second case of Eq. (S44) is as follows:

0 1 02
ap(c’ t) = 29 (8% p(e,1)] . (545)

For the body region, 2p®(c,t) = 0 and its solution is p(*(c,t) = Ac™! + Bc™2, where A and B are constants.
By numerical simulations, we observe p(b)(c, t) ~ Ac™!, which supports B = 0. Thus, the governing equation for ¢,
in this region is equal to the second case of Eq. (S44), and 7 measured from these samples is extremely small. For
this case, we call the set of nodes the body class if ¢ follows power-law as p(c) ~ Ac™!. Automatically, the regions
excluding the body class should be the head class, represented by small (x,,), and the tail class, represented by large
(@), respectively [see Fig. S6 (d)]. Head and tail classes exhibit power-law decays, which are the same as those in the
BM model [see Fig. S7 (e) for the field exponent 7)(t) in each region|, while 1 for the body class decreases much faster.
At t = 10%, the order of 7 is smaller than 10~*. As a result, the interaction term in Eq. (S44) can be neglected. The
dynamics of head and tail classes is governed by the first case of Eq. (S44), described by the log-normal distribution,
while the dynamics of the body class is governed by the second case of Eq. (S44), which follows a power-law distribution
[see Fig. S6 (c)]. The remainder is the drift 4, ,, for head and tail classes. To figure it out, we consider the null model,
where the two o groups are completely separated by two 1D rings. This implies that there is no body region. For this
case, each group can be treated as an independent BM model, and the underlying equation is the same as Eq. (1)
in the main text. The average income C of them becomes (C,, (t)) = C(0)e®*t. Then, the corresponding average
normalized income c for each group is as follows:

B C(O)e(aiAa)t B 9
{Ctos) (nun) = [C(0)ele—2a)t 1 C(0)elatAa)t] /2 T 1 4 eF2Aat?

(S46)

Since each group follows a log-normal distribution that has the variance o2 = 5%t*/(2Jao) for large t, similar to the
homogeneous BM model, the normalization conditions are (¢t a, )(null) = €Xp (uti + 07/2). Therefore,

0 for small ¢,

4
2Aat for large t. (847)

2 .
1 = (Tras) () = —07/2+In (He;mat> » Ddu=pd |~ {

As a result, the interval between two Gaussian peaks is linearly proportional to ¢ for large t. The larger the difference
of two growth rates (Ac«), the wider the segregation of two income levels (Ap).

We empirically find that (cgh)>, (c,@), <;z:§h)>, and (xgt)> are the same as those of the null model [see Fig. S8 (a)-(d)]. In
addition, the segregation of income levels of tail and head nodes, Ay’ = \,ugt) —Mih) |, is compared to Ay’ — Ap ~ —bgt,

where by < A« [see Fig. S8 (e) and the inset]. As a result, ugh) ~ puy; and ,ugt) ~ 1. Most of the nodes in the uniform
distribution region belong to the a_ group and only a small fraction belongs to the a4 group. As the distance between
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FIG. S7. Positional separation for the case of Amax: (a) Conceptual visualization of three parts for the separation of governing
equations in a 1D ring. (b) Standard deviation maximization algorithm. Detecting the body region, we start from an active node
(the node that has a heterogeneous link) and select a set of nodes within the range [d1, d2] from the active node. The standard
deviation of X, Std(X), from theses node samples is maximized in the range [di,d2]. (¢) The number of nodes belonging to
each region, A/ against time ¢ for three regions: [top] tail (orange) and head (blue); [bottom] body (black). (d) Correlation
between X = Inc and Y = In¢, for three regions at t = 10 and ¢ = 10*: Head (top), body (middle), and tail (bottom). (e)
Field exponent 7(t) for head (blue), body (black), and tail regions (orange) against ¢. (f) Portion of z samples for head, body,
and tail regions. In (c)-(f), N = 10*,a = 1072, Aa = 1072, 8% = 107*,J = 107}, and all data are averaged over 128 ensembles.

two Gaussian peaks increases as time elapses, the uniform distribution area becomes broader because samples that
belong to the Gaussian peaks are absorbed into the uniform distribution region over time. At this moment, in the a_
group, more samples are absorbed than in the a group. Therefore, the relative height difference of two Gaussian peaks
grows as the uniform distribution region widens over time. This is due to a completely finite N effect. Figure S7 (c)
shows the number of samples for each class, which are summarized as follows [see Eq. (7) in the main text]:

p" (¢, t) ~ Lognormal (i 07); pP)(e,t) ~ Ac™t; pM (e, t) ~ Lognormal (ui,of). (S48)

Therefore, we conclude that if growth rates are perfectly segregated in a 1D periodic lattice (ring), the log-income
distribution is represented by a mixture of log-normal and power-law distributions, and the income level segregation
between two growth rate (¢ = ay) groups increases as Ap ~ 2A«at. We note that the difference in 7 changes the
effective governing equation for ¢, [see Eq. (S44)], resulting in two different types of distributions.

B. Gini index g

For the case of Ay ax, the contribution of body samples to the Gini index g becomes negligible since the number of
body samples is very small [see Fig. S6 (a)]. If a probability distribution p(c) represents the dual log-normal mixture
of Lognormal(y; ,0?) and Lognormal(y;", 0?) with the fraction of f; and fa, g is as follows:

fRer erf(%) + f3ert erf(%) + fifs [e’”—erf (7/»2—2;;{—02) + et erf (7@_”’:_”?)}

20
fret + foeli

9= (549)
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FIG. S8. Ensemble averages and income level segregation for Amax case. (a), (b) Time evolutions of (c) for head-tail classes, and
a+ groups. (c), (d) Time evolutions of (z) for head-tial classes and a+ groups. (e) Income level segregation between two Gaussian
peaks Ay’ (see Fig. S7-(f)). The inset shows Ay’ — Ap. For all cases, N = 10*,a = 1072, Aa=10"%,8> = 1073, J = 107" and
results are obtained by 128 ensembles.

For our case, fi = fo = 1/2, pf > p; , and (u — py ) > of for large t. Thus, g ~ 1 (1 - H—eﬁm) + terf (%) for
large t, which is consistent with Eq. (9) in the main text and Eq. (B7) in Appendiz B [see Fig. 3 (b) in the main text].

C. Income level segregation Ap

For the case of Apmax, the income level segregation of the ay groups is Au ~ 2Aat. However, in general, Ay depends
on the a configurations. For R ~ 0 (Path 1), p,, overlap almost each other, so that Au ~ 0 [see Fig. S9 (a) and (¢)].
For R > 0 (Path 2), the nodes with a_ can be a rich class and vice versa. Thus, Au decreases as the overlap of p,,
increases [see Fig. S9 (b) and (d)]. For those cases, we empirically find that

0 for Path 1: (A <0,R ~ 0)
A~ - ’ S50
K {A x 2Aat  for Path 2: (A > 0,R > 0). (550)

Here Ap has a very small value for R ~ 0, which is controlled by the assortativity A for R > 0 [see Fig. S9 (a) and
(b)]. We confirm that this linear relationship is almost valid for ¢+ ~ 10*. However, for very large ¢, the distribution
becomes irregular, which cannot represent two peaks. This seems to be a finite N effect since p,_ (z,t) for large ¢
strongly depends on local disorder in the configuration.

0.50

(a) A=-1.0 A=-08 A= —-0.6 A= —04 A=-02

3

0.25

0.00 T T T T T T T T T T T T T

0 0.5 x 10* 104 -4 0 4 -4 0 4 -4 0 4 -4 0 4 -4 0 4
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FIG. S9. Income level segregation Ay and distribution pa (x) for various a configurations chosen from random pair swapping,
Path 1 and Path 2 [see Fig. 1 in the main text]: For Ay, (a) Path 1 and (b) Path 2. For pa_ (,t) at t = 10*, (c) Path 1 and
(d) Path 2. For all cases, a« = 1072, Aa=10"%,82 =10"3,J = 107! and all data are averaged over 128 ensembles.



14

—
o
=

2.0

(normal) £ (sub) ty (configuration effect)
(a) 10* - 2 (b) 10* (c¢) 102 - 10

¥ Vv s E
- 8% ¥V ¥y vvy

24X S [
- B*t*/(2Jag) -
— Aa’t? tos 5 . /
—~ g v Y
o o 5 1) ¥ v¥yvy
3 < 5 = |
E 10°r =) & Foo < 8 |
g g - S o0
> % : |
- -0.5 w “‘ X
= © | —A— Xy

0.5 %

L 1.0

1 L
107! 10! 103 10°

FIG. S10. Variances in the HBM model for various a configurations from random pair swapping, Path 1 (¢) and Path 2 (O)
[see Fig. 1 (d) in the main text]. (a) Var(X), (b) Var(X) for t > t2, (c) Var(Xyicn) for ¢ > ¢2 and A > 0, and (d) diffusion
exponent a, where Xyicn is the samples that excess the median of X. Colored solid lines show the linear regression for samples
with ¢ > 10%, and the diffusion exponent a is described in the legends. Here o = 1072, Ao = 1072, 8% = 1073, J = 107!, and
all data are averaged over 128 ensembles.

D. Diffusive nature and ballistic motion: Variance Var(X)

If the variance of X follows a power law as Var(X) ~ t%, the diffusion exponent a characterizes the anomaly of
diffusive behaviors. In the HBM model for a 1D ring topology, the total variance of X passes through three regimes: (1)
Normal diffusion, (2) sub-diffusion, and (3) configuration-effect dominant diffusion. p(z, ¢; Amax) can be approximated
as a dual Gaussian mixture of N'(u; ,0?) and N (i), 02). As a result,

(S51)

o —my)? {5215 for small ¢,
4

Var(X; Amax) = - =
ar( )~ op + B2t/ (2Jag) + Aa?t?  for large t,

where |p” — p; | = Ap in Eq. (S47). Since 0.5 < A < 1, Var(X; Amax) ~ Aa?t? for very large t.

Figure S10 (a) shows that the variance Var(X) is characterized by triple time scales: {3%t, 3%t*/(2Jao), Aa?t?}.
The corresponding intersections are t; = [2Ja0]1/(>‘_1) and ty = [2Ja0Aa2/62]1/()‘_2). For t; < t < to, the system
deviates from the normal diffusion regime of the GBM and enters the sub-diffusion regimes in the BM model. For
t > ty, the system deviates from sub-diffusion and enters the configuration-effect dominant regime of the HBM model.
This is the unique feature of the HBM model since the BM model always ends with sub-diffusion. From the analytical
form of to, we can easily expect that the sub-diffusion regime vanishes if Aa > .

For R ~ 0 (Path 1), pa, almost overlap each other and Var(X) is enough to capture the diffusive nature of the
system [see Fig. S9 (c)]. Not only the case of Ayax but also the other case of R > 0 (Path 2) shows that Var(X) ~ t2
because the distance between probability density peaks increases almost linearly over time ¢, implying that the ballistic
motion of Var(X) is more dominated than diffusion [see Fig. S10 (b) and (d)]. To investigate the diffusive nature of
the peak, we must consider only the variance of the single peak. Fortunately, we empirically find that the median of
X almost separates the peak of the rich side and the others [see Fig. S9 (d)]. Thus, by investigating Var(X,icn) where
Xyich = {X|X > med(X)}, we can identify the diffusive nature of the peak. We numerically estimate the diffusion
exponent a in terms of linear regression for large ¢, and find that for Var(Xyicn), 0.5 < a < 2 [see Fig. S10 (c¢) and
(d)]. In short, the configurational property A controls the diffusive nature of the system, and the system lies in the
sub-diffusion regime to the super-diffusion regime for large t.

IV. HBM MODEL IN WATTS-STROGATZ NETWORK

In this section, we provide detailed numerical simulations for the HBM model in a Watts-Strogatz (WS) network,
where we use the WS network with mean degree k = 4, not kK = 2. We note that the rewiring procedure with k = 2
makes several divided components where the income dynamics is not consistent, whereas the case of kK = 4 does.

Since the WS network is not a ring topology, R is no longer valid. However, A is still valid for an arbitrary network.
The configuration property A depends on the initial configuration and the rewiring probability p of the WS network.

We use two initial configurations: (1) Alternatively allocated A; and (2) fully segregated As, which correspond to

Amin and Apax for the 1D ring case, respectively. Agp ) (Agp )) as an assortativity after the rewiring process with

probability p starts from the initial configuration A; (Az). For the case of Ag” ), A(lo) = 0 because the number of
homogeneous and heterogeneous links is the same. The additional rewiring with p does not change the number of two
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FIG. S11. (a) Configuration properties of Aﬁp ) and .Aép ) with two insets that show two network visualizations for Aﬁ" ) (upper) and
Aé“ (lower) with p = 0.1, respectively. Log-income distribution p(x) at ¢t = 10* with p = 0.1: (b) for A;w and (c) for Aﬁp). (c)-
(e) and (g)-(i) show Var(X), g, and h for Agp) and Aép), respectively. For all cases, « = 1072, Aa =10"%,2=10"3%,J=10""
and all data are averaged over 128 ensembles.

types of links on average, so that Agp) ~ 0 [see Fig. S11 (a)]. For the case of Agp), Aéo) =+41—12/(2N) because the
number of heterogeneous links is 6 and the total number of links is 2N. For this case, the additional rewiring with p
changes assortativity because the number of homogeneous links is proportional to (p/2), finally, the number of two

types of links on average is balanced at p = 1. Thus, .Aép) ~ 1 —p [see Fig. S11 (a)].

In the BM model study by Souma et al. [6], the small-world (SW) effect changes p(z) from log-normal to power-law,
and reduces the Gini index g. In contrast to the 1D case, in the WS network with sufficiently large p, Var(X) saturates
for large ¢, implying that p(x) converges to the stationary distribution [see Figs. S1 (a), S10 (a), and S12 (c), (g)]-
The HBM model shows a stationary distribution with sufficiently large p and a shift from log-normal to stationary
power-law as p increases. However, in the HBM model, both A and p determine p(z), which is differently dependent
on A even for the same p [see Fig. S11 (b) and (f)], and on p even for the same A [see Fig. S11 (g)-(i)]. In particular,

Aﬁp ) exhibits a stationary unimodal distribution; however, Aép ) with appropriate p exhibits a stationary bimodal
distribution, corresponding to the second era of the history of global inequality, reported by Milanovic [7]. For the
“small-networkness”, we here consider p € [107%,1071], not p € [1071, 1] in the main text.

In the limit of p — 0, the WS network becomes regular, so that the field exponent 7 is almost the same as that
in the 1D BM model [see Fig. S2 (c¢)]. Thus, the spatiotemporal patterns of income dynamics are also almost the
same [see Fig. S12 (a) and Fig. 1 (c) in the main text]. For 107% < p < 1072, h ~ 1 represents that p,, are almost
perfectly decoupled, and g > 1/2. It is because the between-inequality in ay groups guarantees half of the Gini
index g. In this region, the larger p, the larger g because p makes heterogeneous links change p,, more diffusive, so
that the within-inequality increases. However, for p > 1072, both the segregation of a4 groups and the variance for
each peak decrease, so that both between- and within-inequalities decrease, represented by a rapid decrease in g [see
Fig. S12 (e)]. For the case of the WS network, in contrast to the the 1D case, Ay depends not only on A« but also
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FIG. S12. SW effect on HBM model: (a)-(d) Spatiotemporal patterns of top-rich/bottom-poor 10% (orange/green) class for
A§p> for p = {0,1073,1072,107*}. (e) Gini index g and Hellinger distance h against p € [107*,107]. (f) p(x) against log-income
x for p € [107*,107"]. For all cases, « = 1072 Aa =5 x 107% 8% = 107*,J = 107!, and all data averaged over 128 ensembles
at t = 10"
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FIG. S13. Parameter dependence on HBM model in WS network: (a) J dependence on Ay against p for Aa = 5 x 1073
and J = {0.01,0.02,---,0.10} from top to bottom. (b)-(d) (A«,J) dependence on log-income distribution p(x) against z:
(b) for (Aa,J) = (107%,1071), (c) for (Aa,J) = (5 x 1073,1071), and (d) for (Aa,J) = (5 x 1073,1072). For all cases,
N =10* o =1072,4% = 1072 and all data are averaged over 128 ensembles at ¢ = 10*.

on J [see Eq. (S50) and Fig. S13].

As a final remark, we briefly address that the Newman-Watts (NW) model also yields almost similar results as
those by the WS network since the stationarity and the shape of distributions mainly depend on the average shortest
path length in such a network. Moreover, we confirm that the NW network with the same parameters as before shows
a stationary bimodal log-income distribution, where other results are also consistent with the case of the WS network.

V. PHYSICAL INTERPRETATIONS OF OUR STUDY

In this section, we highlight the conceptual advance in our study related to the universality of local interactions.

For the 1D BM model, the continuum limit of the interaction term in Eq. (A1) becomes a spatial diffusion term
(or Laplacian). In that case, the equation becomes a 1D stochastic heat equation (SHE) with multiplicative noise.
It is known that the Cole-Hopf transformation, which takes the logarithm, gives the 1D Kardar-Parisi-Zhang (KPZ)
equation. Thus, our log-income (z = In ¢) of each region can be considered as a KPZ height field. Also, we have shown
that if fluctuation g is small, multiplicative noise can be transformed by additive noise, meaning that log-income can
be considered as a height field of the Edwards-Wilkinson (EW) equation.

For the HBM model, we introduced heterogeneous growth rates o, € {a — Aa, o« + Aa} as a quenched disorder,
and we still consider space-time noise represented by the Wiener process of each region. Therefore, our model can be
mapped into a quenched KPZ equation with space-time noise.

0.50 0.0 20 1.0 A
(@) (b) 4 (© __ 154 t=10°
i T
4 S
= 3 — A ~ 1.0
q 0.25 -0.5 ¢ q 104 = 45 05 ¢ =
0.5
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10000 0 5000 10000 1o 05 00 05 10
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FIG. S14. (a), (b) Income level segregation Ap and (c) average segregation velocity v.

In contrast to quenched 1D-KPZ and 1D-EW equations, the degree of driving force F' is not an control parameter
since growth rates «,, are given and fixed. The important thing is that in our case, configurational properties play as
control parameters for a Pinning-Depinning (PD)-like transition. As we have shown in Fig. S9, income level segregation
Ay sub-linearly increases for Path 1 configurations but linearly increases for Path 2 configurations. If we define average
segregation velocity v = Apu/t, v shows continuous phase transition over A [see Fig. S14-(c)].

0 for Path 1: (A< 0,R ~0),

2
A x 2Aa  for Path 2: (A >0,R > 0). (852)

UEA,u/tN{

It shows that height segregation of the surface emerges from the configurational properties of growth rates.
Since we simultaneously consider quenched disorder and space-time noise, there are different growth patterns from
the 1D-KPZ or 1D-EW equation. As we have shown in Fig. S10, various configurational properties give different
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diffusion exponents (twice the growth exponent in the surface growth model). It means that the coexisting interplay
of quenched disorder and space-time noise makes an unseen growth exponent from the quenched KPZ (1/3) and EW
(1/4) equations, and that is the meaning of our terminology “anomaly”.

VI. SPECTRUM OF GROWTH RATES

Finally, in this section, we discuss the effect of the growth-rate spectrum on our model study.

The configurational property A is well defined even if we consider a continuous spectrum of growth rates «. Also,
if we take the weighted Kuramoto oscillator’s order parameters, R, is still defined in the 1D case. The presence
or absence of bimodality depends heavily on the proportion of the population corresponding to the growth rates
(because even if the income levels of the distributions are significantly different, the height difference may be so large
that the smaller distribution appears to be absorbed by the larger distribution). Hence, the second era of bimodality
in global income inequality can be seen as a result of an appropriate distribution of income levels and population
shares between developed and developing countries. However, the important thing is the regional segregation of income
level is consistent with our result even if we take continuous spectrum of growth rates such as uniform distribution
ay, € [a—Aaq, a+Aa] or normal distribution a,, ~ N (1, 0%) and it matches the concept of location-based inequality [8].

Since normally distributed growth rates in the 1D ring case has been tested in our previous study [9], it was
intentionally omitted. Instead, we focus on clarifying the analytics of the binary case in detail. The analysis of the
aggregate growth rate, Gini index, and correlations between growth rate and log-income through the configurational
property A under a normally distributed growth rate, see the Supplemental Material (SM) of our previous paper [9].
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