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ABSTRACT. We discuss some additivity properties of the simplicial volume for manifolds with

boundary: we give proofs of additivity for glueing amenable boundary components and of

superadditivity for glueing amenable submanifolds of the boundary, and we discuss doubling

of 3-manifolds.
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This paper is devoted to the behaviour of simplicial volume under cutting and pasting along
amenable submanifolds. Such results have been proved by Gromov in [3], for closed manifolds
([3], Section 3) by fairly elementary arguments, and for open manifolds (J3], Section 4) by
much more advanced arguments. The aim of this article is to write complete proofs for the
case of compact manifolds with boundary, using elementary arguments which are closer to the
arguments that were needed for the closed case.

The simplicial volume is a homotopy invariant of compact manifolds. It was defined in [3],

using the {'-norm on singular chains, as follows.

Definition: a) Let (X,Y) be a pair of spaces, and h € H, (X,Y;R) a relative homology class.
Its Gromov norm || h || is defined by

I & ]|:= inf {Z | a; |: Zaiai represents h} .

i=1 i=1
b) Let M be a compact, connected, orientable n-manifold, Let [M,0M] € H, (M,0M;R) be
a fundamental class, that is the image of a generator of H, (M,0M;Z) under the canonical
homomorphism H,, (M,0M;Z) — H, (M,0M;R). Define the simplicial volume of M to be the
Gromov norm of the fundamental class:

| M, OM ||:=|| [M,0M] | .

(This definition extends to non-connected manifolds by summing the simplicial volumina of
the connected components, and to non-orientable manifolds by taking half of the simplicial
volume of the oriented double covering.)

The simplicial volume remains an invariant about which relatively little is known. This article
is devoted to the study of the behaviour of simplicial volume with respect to cut and paste. That
means, we are given a properly embedded (n — 1)-submanifold F' C M (that is FNOM = OF),
and we wish to compare

| Mp,0Mp || to || M,0M || .

Here, M denotes the manifold obtained by cutting off F', that is

Mp:=M — N (F)

for a regular neighborhood N (F') of F.

It may happen that || M,0M ||<|| Mp,0Mp ||, as there may be fundamental cycles of M
which are not the images of fundamental cycles of Mp. (This is because there are fundamental
cycles of M using simplices that intersect F' transversally.) For example, we showed in [§] that

| M,OM ||<[| Mp,dMF |

if int(M ) is a hyperbolic n-manifold of finite volume, n > 3, and F a closed geodesic hypersurface.
1
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Somewhat counter-intuitively, there are also examples satisfying a strict inequality
| M, 0M ||>[| Mp,0Mp |,

which is possible because fundamental cycles for Mg need not fit together at the copies of F.
We are going to consider the case that w1 F' is amenable. Slightly more generally we will
prove:

Theorem 1. Let My, Ms be two compact n-manifolds,
A) COM;,As C OM>

properly embedded (n — 1)-dimensional submanifolds, [ : Ay — As a homeomorphism, and

M = My Uy My
the glued manifold. Assume that mOM — w M is injective. If

im (m Ay — m M), im (m Ay — w1 Ma)

are amenable and f. restricts to an isomorphism
fe i ker (m Ay — mMy) — ker (m A — w1 Ms) , ker (m10A; — w1 My) — ker (m10Ay — w1 M)

then
| M,0M ||>|| My,0M; || + || M2, 0M, || .

If moreover Ay, Ay are connected components of OM; resp. OMs, then

| M,0M ||=| My, OMy || + || M2, 0M: || -

We prove analogous facts if Aj, Ay are in the boundary of the same manifold Mj.

Bucher et al. ([I, Theorem 1.3]) use other methods from H] to give an easier proof for the
equality || M,0M ||=| My,0M; || + || M2, 0My; || under the slightly stronger assumption that all
components of JM have amenable fundamental group. In our result, one only needs the bound-
ary components which are actually glued to be amenable, and also one only needs amenability
of im(m A; — w1 M;). We remark that in view of the counterexamples in Subsection 3.2 neither
the assumption ker (m Ay — m M) ~ ker (m As — 71 Ms) nor the assumption of the A; being
connected can be avoided.

Applied to 3-manifolds M, Theorem 1 means that simplicial volume is additive with respect
to glueing along incompressible tori and superadditive with respect to glueing along incompress-
ible annuli. If OM consists of tori, Soma proved in [I5] that simplicial volume is additive with
respect to glueing incompressible tori or annuli. We think that our proof, apart from being a
generalisation to manifolds with arbitrary boundary, should be of interest because the proof in
[T5] heavily relies on Theorem 6.5.5. from Thurston’s lecture notes, of which no published proof
is available so far.

To give some non-rigorous motivation for the arguments, let us consider a toy example: the
wedge M7V Ms of two closed manifolds My and Ms. (This is not a manifold but one may define
a fundamental class in the obvious way.) Here | My V My [|<|| My || + || Ma || trivially holds.
We would like to show the opposite inequality || M1V My ||>]] My || + || M2 ||. That means that
we have to find an efficient way to map representatives of [M; V Ms] to a sum of representatives
of [Mi] and of [Ms]. So we look for a chain map r, leftinverse to the inclusions, which maps
simplices in M7 V M5 to simplices either in M; or in Ms. . .

The universal cover of My V M, is a tree-like complex made from copies of M; and M. In
a tree, any triple of vertices in general position has a unique central point, belonging to all
the three (unique) geodesics connecting the vertices. More generally, in a tree-like complex,
one might try to construct a ’central’” simplex associated to any 'nondegenerate’ tuple of at
least three points. For example, if M; and M> admitted hyperbolic metrics, one would have
unique geodesics connecting any two given vertices in My or Ms. Thus there are also unique
geodesics in the tree-like complex, and one can actually show that, for any 'nondegenerate’
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tuple of vertices, the associated set of geodesics intersects the full 1-skeleton of exactly one top-
dimensional simplex. This 'central’ simplex belongs to a copy of either M; or Ms. The chain
map r is defined by mapping each simplex ¢ in M7V M to the projection of the ’central” simplex
which is associated to the vertices of some lift & of o (resp. to zero if the tuple of vertices is
"degenerate’; i.e. if no ’central’ simplex exists).

There is clearly no such construction for arbitrary manifolds. However, using bounded co-
homology one can reduce the proof of Theorem 1 to aspherical, minimally complete multicom-
plexes, and we show in Chapter 2 that ’central’ simplices can be constructed if M; and My
were aspherical, minimally complete multicomplexes. (Such multicomplexes have in fact several
features in common with hyperbolic spaces.)

What we actually prove in Chapter 2 is a construction of ’central’ simplices in more general
tree-like complexes, namely in multicomplexes glued along a submulticomplex A, with a group
G =1I(A) acting with certain transitivity properties on A.

It might be tempting to consider the quotients with respect to the G-action to reduce the
glueing to a wedge. However, this would raise several technical problems. First, these quotients
are not multicomplexes, since an n-simplex need not have n+1 distinct vertices. Second, more
seriously, these quotients are not minimal: consider, for example, two 1-simplices which are
homotopic (rel. boundary) to concatenations k% ay * [ resp. k*ag * [, where ay, ag are 1-simplices
in A and k,l are 1-simplices not in A. Then these 1-smplices are homotopic (rel. boundary)
but distinct in K/IT(A). Third, probably the most serious problem, the fundamental group of
the quotient complex is w1 K/N (w1 A), where N (w1 A) is the normalizer of m; A and need not
be amenable even if m; A is amenable. But if the deck group is not amenable, the projection
need not be an isometry of Gromov norms. For these reasons we work with quotients of chain
complexes (in the form of tensor products) rather with quotients of multicomplexes.

There are two approaches to bounded cohomology, namely Gromov’s approach via multicom-
plexes that is used in this paper and Ivanov’s approach via strong resolutions in []. In the
meantime since the first version of this paper was written, the authors of [I] have worked out an
approach to the questions discussed in this paper via Ivanov’s method. While their assumption
is slightly more restrictive than ours (they have to assume that all boundary components are
amenable, not just the glued ones), that more abstract method certainly allows a more con-
cise approach to this kind of questions. Also some of the results of Gromov’s discussed in the
introductory Section 1 of this paper have more concise proofs via Ivanov’s approach, cf. the
discussion in the proof of Proposition 3. Still we think that it is helpful to have an alternative
approach, which geometrically might be more intuitive than the one using abstract resolutions.

Convention: For simplicity, we assume all manifolds to be oriented. All theorems generalise
in an obvious way to non-orientable manifolds.

I would like to thank Michel Boileau and Elmar Vogt for discussions about the paper.

1. MULTICOMPLEXES

In this introductory section we will collect facts about multicomplexes and bounded cohomol-
ogy from Gromov’s work [B] which we will need lateron. One should be aware that the results
in this section about bounded cohomology have by now more concise (and complete) proofs by
the work of Ivanov [ (see also [I]) but we will present here Gromov’s approach with the aim to
introduce his machinery of multicomplexes which we are going to use in our arguments lateron.

1.1. Definitions.
Definition 1. Let V' be a set. A multicomplex K = (V,S,{0;};cn) with vertices V is given by
the following data:

- a (possibly empty) set Sy,,... v, for each n € N and each ordered subset (vo,...,v,) €
VL (the "n—simplices with vertices vy, ..., v, "),
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- amap O; : Suy,...on — Svg,...vs.vn Jor each n € N, each i € {0,1,...,n} and each
(vo, ..., vn) € VL,

A simplicial map from a multicomplex K = (Vg, S, {0;}) to a multicomplex K’ = (Vk+, 5", {9}})
is given by a map f : Vk — Vi and amap F: Sy, v, — S F(on) for each (vo,...,vn) €
Vit n € N, such that 9/F = F9; for alli € {0,1,...,n}.

A subcomplez K' C K of a multicomplex K = (Vk,S,{0;}) is a multicomplex K’ =
(Vir, 8, {0}}) with V' C Vi, Sl . C Sug,.w, for all (vo,...,v,) € V&, n € N, and
0+ Sy v ™ S{)Ovvn the restriction of 9; : Sy,,....v. = Svg,....0,...,0n L0 SLO,...  for all
(vo,...,vn) € V;(Z,H, n € N, i€ {0,1,...,n}. (K,L)is a pair of multicomplezes if K is a
multicomplex and L is a subcomplex of K.

The geometric realisation | K | of a multicomplex K = (V,S,{0;}) is

K= U Suoron X A"/ ~,

n€EN (vg,...,v,)EVF1

V0)seees

ey K3

yeuay

where A™ denotes the standard n—simplex and the equivalence relation ~ is generated by the
relations

(0io,x) ~ (0, ji(x))
for all n € N, (vg,...,v,) € V"o € Sy 4.0 €{0,...,n},xz € A", where j; : A"~ —
A™ denotes the standard inclusion as i-th face. The topology on | K | is determined by the
condition that a set A C| K | is closed if and only if its intersection with each simplex is closed.

Definition 2. A multicomplex K is minimally complete, if the following holds: whenever o :
A" —| K | is a singular n-simplex, whose restriction to the boundary floan : OA™ —| K | is a
simplicial embedding, then o is homotopic relative OA™ to a unique simplex in K.

For a multicomplex K, its n-skeleton K,, is the union of its simplices of dimensions < n. For a
simplex o € K, its n-skeleton o, is the union of its iterated faces of dimensions < n.

Definition 3. A minimally complete multicomplex K is aspherical if o1 # 11 for allo # 1 € K.

Orientations. Let 0 : A" —| K | be a simplex of K. Each permutation 7 of the vertices
extends to a unique affine homeomorphism f, : A — A™. We say that ¢ and o o f; have
the same orientation if 7 is the product of an even number of transpositions, and the opposite
orientation else.

Let m = (01) be the transposition of the 0-th and 1-th vertex of A™. For an n-simplex o, we
will denote o o f(g,1) by o and we will say that @ is the simplex o with the opposite orientation.

Group Actions. A group G acts simplicially on a pair of multicomplexes (K, L) if it acts
on the set of simplices of K, mapping simplices in L to simplices in L, such that the action
commutes with all face maps, that is gd;0 = 9; (go) for all g € G,0 € K,i € {0,...,dim (0)}.
For g € G and o a simplex in K, we denote by go the simplex obtained by this action.

For a connected multicomplex K we write m K for m (| K |, p) with some p €| K |.

Simplicial Approximation. The Simplicial Approximation Theorem holds for maps be-
tween multicomplexes. Indeed, the proof of the Simplicial Approximation Theorem for maps
between simplicial complexes makes no use of the assumption that there are no n-dimensional
simplices with the same n — 1-skeleton.

1.2. Bounded Cohomology. For a multicomplex K, let F; (K') be the R-vector space with ba-
sis the set of j-simplices of K. Let O; (K') be the subspace generated by the set {o + sign (7)o o fr}
where o runs over all j-simplices, 7 runs over all permutations of the vertices of A™.

Define the j-th chain group C; (K) = F; (K) /O; (K). Note that for any j-simplex ¢ in K
we have @ = —o in C; (K).

Define the group of antisymmmetric cochains C3 (K) :== Homg (C; (K),R).

If (K, L) is a pair of multicomplexes, we get an inclusion C; (L) — C; (K) and we define

CI(K,L):={weCl(K):w(c)=0forallceC;(L)}
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with the norm
|| w ||oo:=sup{w ([o]) : o j-simplex}.
Let
CJ(K,L):=={w e CI(K,L):| wlleo< 0}
The coboundary operator preserves C; (K, L), hence induces maps o} : CJ (K, L) — C] ™ (K, L).
Define the bounded cohomology of (K, L) by HZ (K,L) := kerdi/imzsg_l. The norm || . || in-
duces a pseudo-norm || . || on H; (K, L).

Before introducing the bounded cohomology of spaces, let us make the following remark.
Remark 1. Let (X,Y) be a pair of topological spaces such that each path-component of X resp.
Y contains infinitely many points. Let S™ (X) resp. S5 (Y) be the complexes of singular
simplices. Let S5 (X)) C S£™9 (X)) resp. S5 (Y) € S™9(Y) be the subcomplezes consisting
of those singular simplices which have pairwise distinct vertices. Then the inclusion

incl : (5579 (X), 8279 (Y) ) — (279 (X) , 8279 (Y)

induces an isometric isomorphism in homology, thus we can compute the Gromov norm of
homology classes by considering cycles in (S'fmg (X),Ssima (Y)) only.

Proof:  To prove surjectivity of incl, in homology let _:_, a;0; be a (relative) cycle repre-
senting a given homology class h. Then form a simplicial complex P by taking disjoint copies
of the standard simplex Ay,..., A, and identifying ;A to 9;4A; if and only if d;04, = 0;0;.
Clearly there is a continuous map f: (P,0P) — (X,Y) realising h in the sense that f. [k] = h
for the class k € H,(P,0P) represented by >\, a;A;. (If h is an integral homology class, then
P is a triangulated pseudomanifold, see e.g. [2, Section 2]. For a real homology class, in general
P will just be a simplicial complex, not a pseudomanifold.)

Since each component of X and Y has infinitely many points, we can homotope f |p, (the
restriction of f to the 0-skeleton) to an injective map g: (P, (0P)o) — (X,Y).

Since the inclusion Py — P of the O-skeleton Py in P is a cofibration, this homotopy ex-
tends to P and we get a map g: (P,0P) — (X,Y) which represents an element .._; a;,0] €

(Sfi”g (X),Ssina (Y)) that is (relatively) homotopic and hence (relatively) homologous to
>, aio; and thus represents h. This shows surjectivity of H, (S'fmg (X),S8:m9 (v) ;R) —
H. (sfmg (X), 8579 (v) ;R).

Similarly, if a (relative) cycle z € (S‘fmg (X),S5m9 (Y)) is the (relative) boundary of a chain

w € (Sfmg (X),55m9 (Y)), then the same argument yields a homotopy (rel. dw) from w to

a chain with pairwise distinct vertices and still bounded by z, which proves injectivity of incl.
Obviously, the construction does not increase norms.
See also [8, Lemma 2a]. QED

We then define the bounded cohomology of (pairs of) topological spaces as follows: for a
topological space X consider the multicomplex S, (X) := S (X), which is formed by all
singular simplices with pairwise distinct vertices E, and the usual face maps 0;. Then we let
CJ(X) := Homg (F; (S« (X)) ,R) for each j € N. If Y is a subspace of X, we define

CI(X,)Y)={weC/(X):w(c)=0forallce C;(Y)}
with the norm
| w |loo:=sup{w (¢) : o simplex in S, (X)}

and we let 4 _
Cl(X,)Y)={we I (X,)Y) | w[e< o0} .

I The topology of this multicomplex is given by the condition that a set is closed if and only if its intersection
with each simplex is closed.
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Again, we have the coboundary operator 5£ : Cg (X,)Y) — Cg“ (X,Y) and we let Hg (X,)Y) =
kers] /imé] " with the pseudo-norm | . || induced by || . [|cc-

When dealing with a pair of multicomplexes (K, L), we will have to distinguish between
Hyf (K,L)and H; (| K |,| L |). 4

Given a bounded singular cochain ¢ € Cy (| K |,| L]), we can define an antisymmetric
bounded singular cochain alt (¢) € le (| K |,| L]) by

alt (¢) (o) := ! > sign(m)e(oo fa),

i |
G+ &

where S;j4 is the symmetric group on eg, ..., e; (the vertices of the standard simplex) and oo f
is the concatenation of o with the unique affine mapping fr : A7 — A7 satisfying fr (e;) = e
for i = 0,...,j. This antisymmetric bounded singular cochain restricts to an antisymmetric
bounded simplicial cochain, which we denote by h(c) € C; (K,L). Thus, a homomorphism
h:Cy(|K|,|L|)— Cf (K, L) is defined by

h (C) = alt (C) |C:an(K7L) .

Proposition 1. If K is a minimally complete multicomplex with infinitely many vertices in
each path-component, and if L is a minimally complete submulticomplex of K with infinitely
many vertices in each path-component, then

h*: Hy (| K || L|) — Hy (K, L)
is an tsometric isomorphism.

Proof: ~ For L = () this is the Isometry Lemma [3, Page 43|. In its proof in [3] it is shown
that h* : C} (| K |) — Cf (K) has a chain homotopy inverse g of norm || ¢ ||< 1.

If L is a minimally complete submulticomplex of K then, by the construction in [B], g maps
Cy (L) to Cf (| L ]). The five lemma applied to

Hy (| L) —Hy (| K|) —=H; (| K |,| L) —=H, ' (|[L|) —=H; 7" (| K |)
lh* lh* lh* lh* lh*
Hf (L) —— Hj (K) —— H; (K,L) —— H; 7' (L) —— H; "} (
shows that h* : H (| K |,| L|) — H; (K,L) and g* : H} (K,L) — H; (| K |,| L |) are inverse
isomorphisms.

The isomorphisms hA* and g* have norm < 1 since they are induced by cochain maps of norm
< 1. The inequality 1 =| id || <[] h* |||| ¢* ||< 1 implies that ~* is an isometry. QED

For an n-dimensional compact, connected, oriented manifold, with fundamental class
[M,0M] € H,, (M,0M;R),
let
Om € H" (M, 0M;R) =2 R
be the unique class such that
< B, [M,0M] >=

By B, Section 1.1]

b

I Bar I’

where || Bas || is the infimum of || 8 || over all § € HJ'(M,0M) in the preimage of Sy €
H™(M,0M;R). In particular,

| M,OM ||=0 <= im (H}" (M,0M;R) — H" (M,dM)) = 0.

| M,0M ||=
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If a continuous mapping f : X1 — X5 induces isomorphisms 7o X7 — mo X2 and m (X1,2) —
m1 (Xo, f (2)) for each z € X, then it induces an isometric isomorphism of bounded cohomology
([BL Page 40], see also [, Theorem 4.1]). If, moreover, Y1 C X;,Y> C X, and the restriction

[l Y1 — Y,
induces isomorphisms mpY; — moYs and m (Y1,2) — m1 (Ya, f (z)) for each x € Y7, then, by the
Relative mapping theorem [3, Section 4.1], f induces an isometric isomorphism
[ Hy (X2, Y2) — Hy (X1, Y1)

In particular, one has the following well-known fact.

Lemma 1. If M and N are compact, connected manifolds of the same dimension and a con-
tinwous map f : (M,0M) — (N,0N) induces isomorphisms 7 (M,z) — m (N, f(x)) and
m (OM,z) — m (ON, f (x)) for each x € OM, then || M,0M ||=deg (f) || N,ON |.

1.3. Aspherical multicomplexes.

Proposition 2. ([B, Section 3.3]) Let X be a topological space. Then there exists an aspherical,
minimally complete multicomplexr K (X)) such that there is an isometric isomorphism

I H (K (X)) — Hj (X).

A proof of Proposition 2 is given in [, Page 45-46]. Because we will need it in the proof of
[Mheorem Tl we recall the construction of K (X) and K (X) from [3].

Geometrical description of K (X):
For a topological space X, K (X) C S, (X) := $9 (X) is the multicomplex defined as follows.
0-skeleton: K (X)g =50 (X)={z:2e X}
1-skeleton: For z,y € X, I, 4 is the set of homotopy classes rel. {0, 1} of maps f : [0, 1] — X with
f(0) =z, f (1) = y. By the axiom of choice, we can choose one element f. in each homotopy
class c € I,,,. Define

K(X),={fe:ro#yeX,cel,,}.

n-skeleton: Assume by recursion the (n—1)-skeleton of K (X) already be defined. For zq, ..., x, €
X let Iz, be the set of homotopy classes relative 0A™ of maps f: A” — X with

f(?]()) :3:0;---7.]0(“11) =z, and f aiAnEK(X)

By the axiom of choice, we can choose one element f. in each class c € I, 4, -
Then define

K (X),, :==A{fc:zo0,..., 2, € X pairwise distinct ,c € I, .2, }-

noq fori=20,...,n

Note that, by construction, K (X) C S, (X) is closed under the boundary operator: f € K (X)
implies 0;f € K (X),,_, fori=0,...,n.

We have a canonical continuous mapping

S K(X)|— X

which maps each chosen simplex to its image in X. According to [B] (Corollary on Page 45),
S is a weak homotopy equivalence. This implies that S, : C5™Y (| K (X) |) — 5™ (X) is a
chain homotopy equivalence. We denote by T its chain homotopy inverse.

T can be constructed by adapting the construction in [I2, Theorem 9.5]. We remark that
T is not induced by a continuous mapping and is not injective, but that it maps simplices to
simplices and thus has norm || 7 ||< 1. (To compare the notation: Our Si"™ (X)) takes the
role of the Kan complex K and our K (X) corresponds to the minimal subcomplex M in [I2,

n

21t will be convenient for us to use notation different from Gromov’s, since we will make use of a certain
functoriality of K (X). So one should be aware that our K (X) corresponds to K/I'1 in Gromov’s notation, and
that our K (X) (to be defined below) will correspond to Gromov’s K.
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Section 9]. One should notice that [I2] uses a slightly different construction of the minimal
subcomplex M, namely M is assumed to contain only one 0-simplex in each path-component of
K. Of course, to dispense with this assumption only simplifies the proof of [I2, Theorem 9.5].)

In fact, T just sends each singular simplex o to the unique simplex in K (X)) which is homo-
topic rel. vertices to o.

Geometrical description of K (X):
The multicomplex K (X) is defined as the quotient

K(X):=K(X)/~
under the equivalence relation
UNTEK(X)<:>01=Tl.

That is, simplices in K (X) are identified if and only if they have the same 1-skeleton.
The multicomplex K (X) is minimally complete and aspherical by construction.

Pairs of spaces:
If Y C X is a subspace, then there is a canonical simplicial mapping
jK(Y)— K(X),

defined by recursion on the dimension of simplices, as follows:
- on the 0-skeleton: j is defined to be the inclusion j : K (Y), =Y — X = K (X),,
- on the 1-skeleton: for e € K (Y),, j (e) is the unique 1-simplex in K (X), which is homotopic
in X rel. {0,1} to e,
(Assume inductively, that ; is defined on the (k — 1)-skeleton such that j (¢) is homotopic (rel.
vertices) to o for each (k — 1)-simplex o.)
- on the k-skeleton: Let o € K (Y'),.. There is a homotopy (rel. vertices) between do and j (90).
This homotopy extends to a homotopy between ¢ and some simplex o’ with do’ = j (do). Define

7 (0) to be the unique k-simplex in K (X),, which is homotopic in X rel 9A* to o’

j (o) is the unique k-simplex in K (X), which is homotopic in X rel 0A™ to o.

J factors to a well-defined simplicial mapping
jK(Y) = K(X).

If 1 (Y,y) — 71 (X, y) is injective for ally € Y, then j : K (V) — K (X) is injective. Indeed,
if two 1-simplices 1,72 € K (Y'), satisfied j(y1) = j (72), then the representing 1-simplices
1,72 : [0,1] — Y were homotopic rel. {0,1} in X. Thus v3 7, € ker (mY — mX) = 1, hence
1 ~ 72 rel. {0,1} in Y, which implies 7, = 2 by construction of K (Y); = K (Y);. This shows
that j is injective on the 1-skeleton. By asphericity of K (Y'), simplices in K (Y) are determined
by their 1-skeleton and thus j is injective.

Proposition 3. (B, Section 4.1], [, Theorem 4.1]) Let (X,Y) be a pair of spaces.
1) If mY — mX is injective (for each path-component of Y ), then there exists an isomeltric
isomorphism

I" Hy (K(X),K(Y)) — H; (X,)Y).
ii) If Y has a decomposition Y = Yy UYy such that mY; — mX is injective (for each path-
component of Y1), and if we let G = I1 (K (Yy)) act on K (X) as defined in Section 1.5., then
there exists homomorphism

JU Hy (X,Y) — Hy (K (X),GK (V1))
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with || J || < 1.

Proof:
i) We will identify j (K (Y')) with K (Y'). By [Proposition J]

w1 KO L7 (K (V) ) — Hi (K (X),p7 (5 (V)

is an isometric isomorphism.

The continuous mapping S :| K (X) |— X maps | p~* (K (Y)) | to Y. By the construction in
[T2, Section 9], its chain homotopy inverse T maps Y to | p~! (K (Y)) | and the chain homotopies
between ST and id resp. T'S and id preserve Y resp. | p~! (K (Y)) |. Therefore

s*Hy (| K (X) |1 p7 (K (V) [) = Hy (X,Y)
is an isomorphism with inverse T*. By construction || S ||< 1,|| T |[< 1. Together with

|| S*T* ||=1 this implies that S* and 7™ must be isometries.
Let T" be the group of simplicial automorphisms of the pair (K (X),p YK (Y))) and I'; =

{"y el :y |Ri(X): id} for i € N. By [3, Page 46|, the canonical projection

is a covering map with deck group I';. According to Lemma C in [3, Section 3.3], T'y/T; is
amenable for ¢ € N.
Thus, the assumptions of [CLemma 2l (in Section 1.4 below) are satisfied for the (well-defined)

action of I'; /T; on (IA(Z (X),pH(K; (Y))) and therefore p’ has a left inverse isometry

Av s Hy (K (X) K, (V) = Hy (K3 (X)), p7 (K (Y))).

for each i € N. In [3 Section 3.3, Corollary D] it is claimed that the action of each v € I is
chain homotopic to the identity and thus Av is also right inverse to p*. While the first claim
about chain homotopy to the identity seems not to be true, the result of Av being an isometric
isomorphism is indeed correct as it follows from Ivanov’s work ([ Theorem 4.1] for the absolute
case and [Tl Proposition 5.3] with = 1 for the reduction from the relative to the absolute case).

Clearly, the inclusions (K; (X), K; (Y)) — (K (X), K (Y)) resp. (K (X),K; (Y)) - (K (X), K (Y))

induce isomorphisms of simplicial homology and (bounded) cohomology in degrees < i—1. Hence
Avs Hy (K (X), K (v) = Hy (K (X).p7" (K (V)

is an isometric isomorphism, inverse to p*. (This also would follow directly from Ivanov’s work
together with [TI.)
Altogether, the composition I* = T* (h*)™' p* is an isometric isomorphism.

ii) By construction, S maps j (IA( (Yl)) to Y1 C Y. By definition of the G-action in Section
1.5, this implies that S maps p~' (GK (1)) to Y. Hence we can define J* := (p*)~' h*S*. By
p* is an isometry. Hence || J ||< 1.

QED

1.4. Amenable Groups and Averaging.

Definition 4. For a group T let B (T) be the space of bounded real-valued functions on T.
I' is called amenable if there is a I'-invariant linear functional Av : B(I') — R such that

inf (f) < Av (f) < sup(f) holds for all f € B(T).
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We suppose that we are given a simplicial action of a group G on a pair of multicomplexes
(K, L). This induces an action of G on C} (K, L) for g € G and ¢ € Cj (K, L), define gc €
Cy (K, L) by ge([z]) :== ¢([gz]) for [z] € C4 (K, L). We denote

Cy (K, L)Y :={ceC; (K,L):gc=cforallge G},0¢ :=4 |C§(K,L)G
and
H; (K, L)% := kersC /imsC |.
Lemma 2. ([Bl Section 3], Hl Theorem 2.2]) If an amenable group T acts on a pair of multi-
complezes (K, L), and
7:Cf (K,L)" — C; (K, L)
is the inclusion, then there is a homomorphism
Av* : Hy (K, L) — H; (K,L)"
such that
Av* orm* =id and || Av* ||= 1.
Proof:  For L = () this can be proved by literally the same argument as for singular bounded

cohomology in Bl Page 39]. The proof extends in a straightforward way to the relative case.
QED

1.5. Group actions on multicomplexes.

1.5.1. A complicated group acting on K (X). The following definitions are taken from [B, Page
47]. Let (X, A) be a pair of spaces and

L:=jK(A) CK(X).
We denote by Ly the 1-skeleton of L, by QL the set of homotopy classes rel. {0, 1} of continuous

maps v: [0,1] —| L | with v(0) = v (1), and by Q*L C QL the subset of nontrivial homotopy
classes rel. {0,1}. For € A we denote by ¢, the constant loop based at z.

Definition 5.
v:A—LiUQL:
v(x) = ¢, for all but finitely many x € A,
Y(2)(0) =z Vo, y(z)(1) #v(y)(1) Yz #y,
Vze A Jx e A with v(x)(1) = 2.

{1, T} €Ny, .oy € L1 UQFL,
i (0) #7; (0), % (1) #; (1) fori#j,
{71 (0),...,’771(0)}: {71 (1)%")7” (1)}

If v,v' € Q*L U Ly we denotd] v %4 to be the unique element of ©2*L U Ly in the homotopy
class of the concatenation.

Then we define a multiplication on IIx (A4) as follows:
given {v1,...,ym} and {71,...,7.}, we choose a reindexing of the unordered sets {v1,...,Vm}
and {v{,...,7v,} such that we have:

HX (A) =

for 1 <j<iand
’
i (1) # % (0)
for all pairs (j,k) with j > i+ 1,k > i + 1. Moreover we permute the indices {1,...,4} such
that (for some h with 0 < h <14):
. . _ —1

- for 1 < j < h we have either v; #7; € L1 or v; #v; € Q*L.
- for h < j < we have either 7} =7; € Ly or v} = ’yj_l e QL.

3We follow the usual convention to define the concatenation of paths by v % v/ (t) = (2t) if ¢ < % and
vy (t) =" (2t —1) if t > % Unfortunately this implies that, in order to let II (L) act on K, we will have the
multiplication in IT (L) such that, for example, {y} {7} = {7’ * v}. We hope that this does not lead to confusion.
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With this fixed reindexing we define

(s 0 = R R TR i Vs Vigas - T -
Here we use the convention that +; *7; is "empty’. (That means in this case the product is just
avoided from the set on the right hand side.)E

This multiplicatiorﬁ is independent of the chosen reindexing. The neutral element is given
by the empty set. The inverse to {71,...,7.} is given by {71,..., 7.}, where 7; is either the
unique simplex resp. loop in the homotopy class of ¢ — v; (1 —¢t). (Indeed, the above definition
yields then h = 0, thus {y1,..., v} {1, --,7,} is the empty set.)

It is well known that concatenation of paths defines an associative operation on the set of
homotopy classes of paths rel. boundary. (Though concatenation is not associative on the set
of paths.) Therefore * is an associative operation on (a subset of) L; U QL. This implies
associativity of the multiplication in ITx (A) because (using the first definition of IIx (A) to keep
notation simpler):

(Y (@) = 9" () %' (" (2)(1)) * (' (7" (2)(1))(1))
= 7"(@) 7 (7" (2)(1) * v (v"(z) %' (7" (2)(1)) (1)) = v(+'7") (@)
for all x € A. Thus we have defined a group law on IIx (A).

We remark that there is an inclusion

I (4) € mapo (Lo, (10,11 L [l )
where [[0,1],| L [] | is the set of homotopy classes (in | K |) rel. {0,1} of maps from [0, 1] to
| L |, and mapo (LO, [[0,1],] L |]|K|) is the set of maps f : Lo — [[0,1],| L [] x| with
- f(y)(0) =y for all y € Lo and
- f()(1): Ly — Lo is a bijection.
This inclusion is given by sending {~1,...,7n} to the map f defined by

S (i (0) =[]

fori=1,...,n,and f(y) = [¢y] (the constant path) for y & {71 (0),...,7, (0)}.

The inclusion is a homomorphism with respect to the group law defined on mapg (LO, [0,1], | L |}, K‘)

by [gf ()] == [f ()] * [g (f (y) ()]

We are going to define an action of mapg (Lo, [[0,1],| L |] ) on K. This gives, in particular,
an action of IIx (4) on K. Let

g € mapg (LQ,[(O,l),|L ”K)

Define gy = g (y) (1) for y € Lo and gx = = for x € Ky — Lo. This defines the action on Kj.

The 1-simplices o € K are in one-to-one-correspondence with homotopy classes (rel. {0,1}) of
(nonclosed) singular 1-simplices in | K | with distinct vertices in K. Using this correspondence,
define, for o € K1, go to be the unique 1-simplex in the homotopy class (rel. {0,1}) of

9(a(0))xoxg(a(1)).
(We have go € K; because g (0 (0)) o * g (o (1)) is a singular 1-simplex with distinct vertices.
Indeed, if both vertices of go agreed, then we would have g (¢ (0)) (1) = g (¢ (1)) (1). But, since
g (.) (1) is a bijection, this would contradict o (0) # o (1).)

4Equivalen‘cly7 but perhaps less intuitively, the multiplication is defined - using the first definition of IIx (A)
“by 77 (2) = 7 (@) # ¥(¥' (@)(1)) for all @ € A,

5We have defined a multiplication in TI(L): if v, c TI(L), then ~ * 5 be-
longs to II(L) because {'yi 91 (0) 5.,y # Y0 (0) i1 (0) 5o, ¥m (0), 7541 (0) 5oy 7m, (O)} =
{ﬂ/i 1 (1), v, * e (1) vt (1) vm (1) v (157 (1)} The easiest way to see this is the obser-

vation that the maps (ﬂ/{ 0),...,7, (0)) — (ﬂ/{ 1),...,v, (1)) and (71 (0),...,vm (0)) — (1 (1),...,ym (1))
are permutations of Lo keeping all but finitely many vertices fixed. It is then clear that the composition of two
such permutations is again a permutation.
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One checks easily that (¢f) (o) = g (f (o)) for all g, f € mapo (LO, [[0,1],] L |]‘K‘) ,o € K.
Thus we defined an action on K;. To define the action of mapg (Lo, [[0,1],] L |]|K|) on all of K,

we claim that for a simplex o € K with 1-skeleton o1, and g € mapy (LO, [[0,1],] L |]‘K‘), there

exists some simplex in K with 1-skeleton goi. Since K is aspherical, this will allow a unique
extension of the group action from K; to K.

The claim is proved by induction on the dimension of 0. First, let o be a 2-simplex and denote
gOoo = eg,g010 = e1,g0ds0 = ea. Then the concatenation of the oriented 1-simplices e, €7 and
ep is homotopic to the concatenation of dyo, 010 and dyo, thus null-homotopic, therefore bounds
a singular 2-simplex. By (minimal) completeness it bounds then a (unique) 2-simplex in K.

Similarly, if we already have extended the action to the (n — 1)-skeleton and let o be an
n-simplex, we denote gd;oc = 7; for i = 0,...,n and we observe that the composition of the
7; is null-homotopic, hence bounds a singular simplex and, by completeness, even a simplex in
K which we define to be go. (The vertices of go are pairwise distinct, since ¢ (.) (1) permutes
vertices.) The equality (¢f) (o) = g (f (o)) extends from the 1-skeleton K; to K because, by
asphericity, (¢f) (o) is uniquely determined by (gf)(c1). This finishes the definition of the
action.

Lemma 3. Let (K,L) = (K(X),jK(A)) be a pair of minimally complete, aspherical multicom-
plexes.
Let {eq,...,en} and {€},... e} be n-tuples of 1-simplices in K, such that
i) there is a bijection (taking multiplicities into account) between the set {e1 (0),e1 (1),...,e, (0),e, (1)}
and the set {e} (0),e1 (1),... el (0),el, (1)},
ii) there are oriented 1-simplices f1,. .., fm in L such that the vertices f1 (0), f1 (1), ..., fm (0), fm (1)
of f1,---, fm are all distinct and are in bijection with the set of vertices of e1,...,epn, €4, ... el
and for each i =1,...,n exactly one of the following four possibilities holds:
- either Ope; = dpel, Ore; = Orel,and eje; is a contractible closed loop in | K |,
- or Ope; = Opel,01e; # el (resp. Ope; # Ooel,01e = O1e’) and there is a (unique) [ €
{f1,--- fm} such that Oy f = Ove;,01f = Ore; (resp. Oof = Ooel,01f = Doe;) and ele;f (resp.
el f~Y€;) is a contractible closed loop in | K |,
- or dpe; # Ovel,Ore; £ Ovel and there are (unique) f,f € {f1,...,[m} such that Oof =
e, 0 f = dhei, 0of' = doel, O1f' = doe; and egf'fle_if is a contractible closed loop in | K |.

Then there exists some g € Ilx (A) with gej = ¢’ for j =1,...,n.

Proof: ~ One may choose g = {f1,..., fm: f1,- > [ m}- QED

1.5.2. A crucial observation.

Observation 1. Let (K,L) = (K(X),jK(A)) be a pair of minimally complete, aspherical
multicomplezes. If o is any simplex in K with at least one edge in L, then there exists g € 11 (L)
with

go =0.
Indeed, let e be the 1-subsimplex o which is contained in L. Consider
g={e,e} €Ilx (A).

We have ge = € because ge is the unique 1-simplex in the homotopy class of € * e x €, which is €.

Since all vertices of o are distinct, for edges f # e there are the possibilities: either f has no
vertex in common with e, or 9y f € {v, w} or/and 0; f € {v, w}.

Let w = 0ge,v = dre. If f has no vertex in common with e, then gf = f. If 9pf = v and
01 # w, then g f is the unique edge with 9y (9f) = 01 f and 9y (¢9f) = w. U dof = w and O f # v,
then gf is the unique edge with 9y (¢f) = 01f and 9y (gf) =v. If 01 f = v and Oy f # w, then
gf is the unique edge with 9y (¢f) = dof and 01 (¢f) = w. If 1 f = w and Oy f # v, then gf is
the unique edge with 9y (gf) = dof and 01 (gf) = v.
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Thus g maps the 1-skeleton of o to the 1-skeleton of . Hence go = 7, since K is aspherical.

Since @ = —¢ in C, (K, L), Observation 1 implies the following:

Observation 2. Let (K,L) = (K(X),jK(A)) be a pair of minimally complete, aspherical
multicomplexes. If o is an n-simplex with at least one edge in L, and if c € Cf (K, L)HX(A) 18
some Ilx (A)-invariant bounded antisymmetric cochain, then ¢ (o) = 0.

1.6. An application of averaging.

1.6.1. Amenability of I1x (A).

Lemma 4. If A C X is a subspace such that im (m (A,x) — m (X, x)) is amenable for all
x € A, then Ilx (A) is amenable.

Proof:  There is an exact sequence
1= P im (m (A, y) = m (X,y)) = Hx (A) = Permyi (A) — 1,
yeA

where Perm;, are the permutations with finite support.

It is well known that a group is amenable if any finitely generated subgroup is amenable.
All finitely supported permutations have finite order. It follows that any finitely generated sub-
group of Perm;, (A) is finite and therefore amenable. Also any finitely generated subgroup of
@D,y im (71 (A,y) — m1 (X,y)) is contained in a finite sum of amenable groups and is there-

fore amenable. Thus ITx (A) is an amenable extension of an amenable group and, hence, is
amenable. QED

1.6.2. Modified norms. Let X be a topological space, Y C X a subspace, and A C Y a subspace
which is a union of connected components of Y.
As usual, we have, for each n € N, the quotient complex ... — C,, (X,Y) - Cp,_1 (X,Y) —
. and the short exact sequences 0 — C, (V) — C,, (X) — C, (X,Y) — 0. We denote these
maps by 0p, : Cp (X,Y) — Cpm1 (X,Y) i : Cp (V) — Cp (X)), jin - Cn (X) — Cp (X,Y). On
the subspace of relative cycles, we have the boundary morphism
dp : Cp (X, Y) N Eker (0,) — Cp_1 (Y)

which is defined by

dn < li Clia'i‘| ) = XT: aiaai
i=1 =1

and which induces the (well-defined) connecting morphism H,, (X,Y) — H,—1 (Y).

Let ¢ € C,, (X,Y) with d,c = 0. Then any b € j, ! (c) C C, (X) satisfies
Ob=d,ce Cpq (V).

We note that C), (Y) is a direct sum of C), (Y;) over the connected components Y; of Y. In
particular, since A is a union of connected components of Y, Cy, (A) is a direct summand of
Cy, (Y) and there is a canonical projection Cy, (Y) — C,, (A). For ¢ € C, (Y), we denote by
¢ |a€ C, (A) the image of this projection.

For € > 0 define a norm on C,, (X,Y) Nker (0,) by

e llZt=mt {10 || +e [l duc |all: 0 € 4, " ()}
where the norms of b resp. d,,¢ |4 are the I'-norms in C, (X) resp. C,,—1 (Y). We get an induced
pseudonorm || . |4 on H,, (X,Y) by
| z ||A= inf {I ¢ |4: ¢ represents z}.

Moreover, on CJ (X,Y) we have the dual norm, which we will also denote by || . |4, and
which induces a pseudonorm on the bounded cohomology H' (X,Y") by

| B |12:= inf {[| f |A: f represents B}.
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In a completely analogous manner, one defines a pseudonorm || . || on the bounded coho-
mology of pairs of multicomplexes.
If Y C X is a mi-injective subspace, then the isomorphism
I: Hy (K(X),K(Y)) = Hy (X,Y)
from section 1.3 is an isometry for the norm || . ||#. This is implicit in the Relative mapping

theorem, [3, Page 57)H

Proposition 4. If Y C X is a m -injective subspace and A a union of connected components
of Y such that 71 (A,y) is amenable for all y € A, then

I A I=I Al
forallh € H, (X,Y),e > 0.

Proof:  If we assume A =Y, then Proposition 4 is exactly the equivalence theorem in [3]
Page 57]. To prove the claim in generality, we give a straightforward modification of Gromov’s
proof.

If p € H (X,Y) and h € H. (X,Y) satisfy < §,h >= 1, then a standard application of
the Hahn-Banach Theorem shows Hﬂlllg“ =[| h ||* . Hence it suffices to show | z ||A=]| z || for
z€ Hf (X)Y).

By[Proposition 1]and [Proposition 3] it suffices to prove || ¢ ||A=| ¢ || for c € C; (K (X), K (Y)).

By we may assume the bounded cochain ¢ to be invariant under the action of
the amenable group ITx (A). Hence, we may assume that the relative cocycle ¢ factors over @,
where @ is the quotient of F, (K (X)) /F. (K (Y)) under the relations & = —o and aoc = o for
all a € IIx (A) and all simplices . We can define in an obvious way analogues of our norms on
the dual of Q and we get || ¢ ||=|| ¢? || and || ¢ ||A=]| ¢? |2, where ¢? is ¢ considered as a map
from @ to R.

But in @, any simplex o with an edge in A becomes trivial, by

Hence, for any relative cycle z € C. (X,Y), the image of 9z |4 in @ is trivial. (9z |4 is the
‘restriction’ of 0z to A which exists because A is a union of connected components of Y, thus
C. (A) is a direct summand of C, (Y).) Therefore || ¢? || and || c¢% |2 agree. QED

Corollary 1. If M is a compact manifold, A a union of connected components of OM, and
im (m1 (4, 2) — m (M, x)) is amenable for all x € A, then for any € > 0 exists a representative
z of [M,0M] with

2 <1l M,0M || +e and || 0z | a]I< e

In recent work with Sungwoon Kim ([f]) we use a similar argument to prove
| M,0M |=|| M || when OM is amenable, where | M | denotes the Gromov norm of the
fundamental class in the locally finite homology of the interior of M.

1.7. Universal coverings of multicomplexes. Let K be a minimally complete multicomplex
and | K | the universal covering of | K |. It has a uniquely defined structure as a multicomplex
K such that the covering m is a simplicial map. The Homotopy Lifting Property implies that K
is complete.

We construct a mapping s : K — K with 7s = id, which maps simplices to simplices.

Define s arbitrarily on the 0-skeleton Kj. (We have then a m K-equivariant bijection Ky x
m K = K, which sends (v,g) to gs(v).)

For v # w € K there is a unique edge e, € If(vl with dpeypw = § (w) and Oreyy = s (v).

6A different proof of this Proposition within the framework of homological algebra (using relative bounded
group cohomology Hj (A — G) defined as the cohomology of the mapping cone of the chain map, which is
induced by the inclusion A — G, between the invariants in any compatible pair of strong relatively injective
resolution of A resp. G) has been given by Hee Sok Park in [T4]. However she does not prove that H} (A — G) is
isometric to Hy' (G, A), hence it is not clear whether her results can be applied to get results about the Gromov
norm.
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If f is any edge in K with 0yf = w, 9 f = v, then the concatenation f * 7 (e, ) represents
an element v € m; (K,v). We define s (f) to be the unique edge in K; with dys (f) = s (w)
and 015 (f) = s (v).

We get a w1 K-equivariant bijection K1 x m K = I?/l such that

o (Uv g) = (800'5 97) , 01 (Uv g) = (810-7 g)v

with v = 7 (7) 7 (eyw) , where @ is o with the opposite orientation and we have used the iden-
tification 71 (K,v) = m (K, p) coming from their identification with the deck transformation
group.

Since K is minimally complete, there is a unique extension of s from K;j to K, commuting
with the face maps except for K;. N

s is uniquely determined by the chosen section s : Ky — Kg. If M = K Uy L is a union
of connected multicomplexes K and L along a common submulticomplex A, then we may fix
some connected components A; of m=1 (4;) for each connected component A; of A and some
connected component K resp. L of 7! (K) resp. 7 (L), such that A; ¢ KN L. Then we
can define s such that all s (v) with v € A; (resp. v € K resp. v € L) belong to the chosen
component. (This can be achieved by first defining s on A and then extending to K U L.)

2. RETRACTION IN ASPHERICAL TREELIKE COMPLEXES

If a group G acts simplicially on a multicomplex M, then C, (M) ®za Z are abelian groups
with well-defined boundary operator 0, ® 1, even though M /G may not be a multicomplex. (An
instructive example for the latter phenomenon is the action of G = Iy (X) on K (X), for a
topological space X.) In fact, C. (M) ®zc Z ~ C, (M) ®rc R can be considered as the quotient
chain complex for the G-action.

We recall that in C, (M) ®zc Z the equality 0 ® 1 = go ® 1 holds for each simplex o.
In particular, if there exists some g € G with go = 7, then c ® 1 = 0 € C, (M) Qz¢ Z,
since @ = —o € C,(M). The same remark applies to relative chain complexes. In view of
this implies:

If (M, M’) is a pair of minimally complete multicomplexes. A a submulticomplex and G =
ITI(A), and if 0 € M is a simplex with at least one edge in A, then

O’®1:060*(M)®Zgz.

Hence, in the Proof of Lemma 5 and Lemma 6, it is sufficient to consider only simplices o
with no edge in A.

2.1. The ’amalgamated’ case.

Lemma 5. Let (M, M’) be a pair of minimally complete, aspherical multicomplezes. Let
(K,K'),(L,L") be pairs of minimally complete, aspherical submulticomplexes of (M, M'). As-
sume that
(i) K=KnM ,L'=LNM,
(ZZ) My = Ko U Ly, Mé = K(IJ @] L6,
(iii) the homomorphisms m K — mM, mL — mM,mK' — miM' ,mL — 7 M, induced by
the respective inclusions, are injective (for each connected component),
(iv) A := K N L is a path-connected submulticomplex of M,
the homomorphisms m A — m1 K, m A — m L induced by the respective inclusions, are injective,
(v) the inclusion (K UL, K"U L") — (M, M') induces isomorphisms m1 (K UL) — m (M) and
m (K'UL") — m (M').

Consider the simplicial action of G =11 (A) on (M, M') defined in section 1.5.1.

Then there is a chain homomorphism

r:Cy(M)QucZ — Cu (K)®z6Z& Cy (L) Qua Z
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in degrees * > 2, mappingll GC. (M") @26 Z to GC, (K') ©z6 Z ® GC, (L') ®za Z, such that:
-if o is a simplex in M, not contained in A, then either r (0 ® 1) =7®1®0 or 0®T® 1 where
T is either a simplex in K or a simplex in L, or 7 =0,

-ifig : K — M,i, : L — M are the inclusions, and rx,r1 the compositions of v with the
projection from Cy (K) Qza Z ® Cyx (L) Qza Z to the first resp. second summand, then

T K % (iK* 024 1) = id, TLx (Z'[A< ® 1) = id.

Proof: ~ We may w.l.o.g. assume that M is connected. By assumptions (iv) and (ii), this
implies that K and L are connected. Bas1cally, the proof will use the fact that, unlike the

complete multicomplex M in the subcomplex K U L not every pair of vertices is connected by

an edge. (Indeed, each edge in K U L projects to an edge either in K or in L.) This allows
to define (not unique) minimizing paths between vertices, and central simplices for tuples of
vertices, which will be used for the construction of r.

The plan of the proof is as follows: let ¢ be a simplex in M, let ¢ be a lift to the universal

cover M, and let vy, ...,v, € My be the vertices of 6. To each pair {vi,vj} we associate a
family of 'minimizing’ paths {p ({aﬂ } ; {hfj })} parametrized by vertices aéj yeen ,afjﬁb” € Ag
and by elements héj ey hi{” of m K or m L satisfying conditions described below. Associated
to {vo, ..., v, } and this family of 'minimizing’ paths, we construct a family of ’central’ simplices

{% ({afj} ; {h}g}) - ]\Zf} and their projections {’7’ ({afj} ; {h}g}) - M}, which actually lie
in Kor L. Wedefiner(c®1l)=7®1¢cC,(K,K")®z6Z®C,(L,L") @z Z. We show then
that, for all 7 ({ ;J } ; {hfj }) associated to a fixed &, and also for all simplices 7 associated to
either go with g € m M or to go with g € G, 7 ® 1 is the same element in C, (K, K') ®z¢ Z ¢
C. (L,L")®zcZ. Finally we prove that r is a chain map. Thus we can define r (c ® 1) = 70180
or 0@ 7® 1. (We will henceforth write 7 ® 1 whenever we mean one of T®@ 1®0or 07 ®1.)

We are going construct r : Cy (M) ®z¢ Z — C\ (K) @z¢ Z ® C, (L) ®z¢ Z and will show in
the final step that r induces a relative map as in the statement of Lemma 5.

Let 7 : M — M be the universal covering map. Let K = 7~ (K),L := =~ (L) and
A := 771 (A). Assumption (v) implies that the universal covering KULis a (connected)
submulticomplex of the universal covering M. Assumption (ii) gives that the 0-skeleton of KUL
is the whole 0-skeleton of M. From assumption (iv) we have that the connected components of
K L are universal coverings of K, L. We fix components A K L of A K L such that A ¢ KNL.
Assumption (v) implies that K UL — K U L is the universal covering, i.e. K UL = K U L.

In Section 1.7. we choose a section s of 7

s:(KUL), — (I/(_CJ/L) =K, UL,
1

o— s(o)=:5.

For any f € K; (resp. f € Ly or f € A1) we have onf = 51? and 8y f = ’yé;? with v € m K
(resp. v € m L or v € m A). As a consequence, we get the following observation.

(A):ifgemM =m (KUL) and gé € K1 UL, is a 1-simplex with boundary points 81 (gé) =
hoale and 0g (gé€) = hlaoe then g = hg and
h_lhl e mK or h_lhl € m L.
Indeed, we have just seen th1s for g = 1. The general case follows after applying g~! to  ge.

Moreover, if g1€1 € K1UL1 is a 1-simplex with vertices hg1011 and h11091, and gaes € K1 Ufl
is a 1-simplex with vertices hgov12 and hi20¢2, then:

"We do not assume A C M’. Therefore we have to consider the chain complex GCx (M’) to define the tensor
product over ZG. Simlarly for Cyx (K') and Cx (L’).
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(B): if g1€1 and go€2 have a common vertex ht = h11001 = hoa¥12,
then either v € A or hy'hat, hos hia € m K or hgthit, hgy b1z € T1L.
Indeed, if v € A, then v is not adjacent to both, edges of K and edges of L.

Minimizing paths: Let vy,vs be vertices of M. By a path from v; to vo we mean a
sequence of 1-simplices eq, ..., e, in m = K UL such that vy is a vertex of ey, e; and e;41
have a vertex in common for 1 <i <7 —1 and, vs is a vertex of e,. (It is important that we do
not allow edges in M , where actually each pair of vertices could be connected by one edge, but
only edges in KU E)

Given two vertices vy, vy € Mo, they belong to I/(_[J/LO because of (iii) and (v), and we have
represented them as vy = g1y, v = gowo with g; € my (K U L) and w; := 7 (v;) € (K U L), for
1=1,2.

Condition (iv) implies that m (K U L) = m K *,, 4 m1 L is an amalgamated product, hence
' 145 either belongs to 71 A or it can be decomposed as

gl_lggzhl...hm

with h; e m K —mAor h; € mL —mAand h; € m K < h¢+1 € m L for i = 1,...,m—1.

Such an expression is called a normal form of g; Ygo. If hy...h,, and Ry ...h] are two
normal forms of g; ‘g, then necessarily | = m and for i = 1,...,m the elements h; and
belong to the same equivalence class modulo m; A.

We emphasize that normal forms are not unique, not even up to multiplication by elements
of mp A. (That is because im (m1 A) need not be normal.) This will make it necessary to consider
families of minimizing paths.

Consider vertices g1w; and gows with wi,wy € M, g1,92 € mM = 7 (K UL). We define
minimizing pathes in KU E, depending on a normal form g; Y9 = hi...hy, and on a choice of
vertices a; in A. The precise definition would need to distinguish 16 cases, according to whether
wy, wy belong to K and/or L, and whether hy and/or h,, belong to m K and/or m L.

Case 1: Assume that w; € K and wy € K, and that for some (hence each) normal form
gflgg =hy...h,, we have hy € m K and h,, € m K. A path eq,..., e, from g1 to gows is
minimizing if there is a normal form gflgg =hy...hy, and a set of vertices ay, . .., a,—1 € Ag,
with a; # a;41 for i =1,...,m — 2, such that:

- O1e1 = g1, Oper = grhiay,
- ﬁlei = glhl .. .hi,ldi,l,aoei = glhl .. .hifLi for i = 2, N 1 1,
-01em = g1h1 ... hp—1Gm—1,00€m = g1hi ... hypa = gows.
Case 2: Assume that w; € K and we € K, and that for some (hence each) normal form

gflgg =hy...hy we have hy € m K and h,, € 11 L. A path ey, ..., eny1 from g1y to gotig is
minimizing if there is a normal form gl_lgg =hi...hy and a set of vertices ay, ..., a, € Ag,
with a; # a;41 for i =1,...,m — 1, such that:

- O1e1 = g1y, Oper = grhiay,
- 6lei = glhl N hiflaifl, (9061‘ = glhl N hifbi for i = 2, e,y
- 81€m+1 = g1h1 e hmELm = ggELm, 80€m = g1h1 .. .hmﬁ)g = g211~)2.

It should now be obvious what the analogous definition in the remaining 14 cases will be.

It follows from (A) and (B), that these paths are length-minimizing in the sense of being
exactly the paths with a minimum number of edges, in K UE, between v1 = g1w1 and v = gao.
(This is because to each path in KulL corresponds a decomposition of g; g5 into elements in
m1 K and 7 L, and clearly normal forms are shortest decompositions.)

Since this latter characterization depends only on v; and wvs, we concluddl: for different
sections s; and ss, there is a bijection between the corresponding sets of minimizing pathes
from v1 to vs.

80ne should note that all allowed edges e; in the definition of 'minimizing path’ indeed exist in RUL: all
neighboring points project to distinct points in K resp. L and can therefore be joined by an edge in a translate
of K resp. L, by completeness and connectedness of K and L.
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Since K and L are universal coverings of minimally complete multicomplexes, there is at most
one edge between two vertices. The same is true for each translate of K resp. L, i.e. for each
connected component of K resp. L. Therefore a path of length m in K UL becomes uniquely
determined after fixing its m + 1 vertices. Hence, after fixing ag,...,a,, € Ap and a normal
form gflgg =hi...hy, we get a unique path, to be denoted p (ag, ..., @m;h1, ..., ).

We note for later reference the following obvious observations:

(C1) Subpaths of minimizing paths are minimizing.

(C2) If e1,...,er is a minimizing path, ey projects to an edge in K, exy1 projects to an edge
in L — A, and e and ex11 have a common vertex, then ey, ..., ek, exr1 1S a minimizing path
(except if k = 1,e1 projects to A).

Intersection with simplices: For this subparagraph, we fix a set of vertices {v; = ¢itii}y<;<,, C

K, oU Zo. For this set of vertices we consider the set

U P(i,j) = {r” 0<z<]<n,r €P(i,j)},
0<4,j<n
where P (7, 7) is the set of minimizing paths from v; to v;.

Now and in the following we will consider simplices 7 € K UL with the properties that no
edge of 7 belongs to A;. Let 7 be such an n-simplex.

We assert that {7 N7 : rf; € P (i,7)} is the full 1-skeleton of a subsimplex of 7.

This means, we have to check the following claim:

if [xvy] ) ['z?w] G ﬂUijP (imj);
then, also [x, 2], [z,w], [y, 2] and [y,w] (if they existl) belong to 71 N Ui; P (4,7).

We will prove this assertion for [z, z], assuming x # z. The proof for the other vertices is
completely analogous.

By assumption of the claim, there is some minimizing path {...,e;_1,€;,€e/41,...} from v;
to v; with [x,y] = e; for some [. By the definition of minimizing paths this means that « =
gih1...hj—1p with p = v; or p € A and that y = gih1...hyq with ¢ € A or G = vj. The same
way, there is a minimizing path { N 1,61/,€l,+1,. .} from vy to vy, with [z,w] = €], and
we have z = gph/ ... h),_,p/ with p =, orpeAandw= gehly .. hl,q with ¢ € Aorg= ;.

Note that all simplices in KuL project to simplices in K or in L.

Assume, w.lo.g., that 7 projects to K. In particular, [z,y] = ¢; and [z,w] = €], project to
K — A. By the discussion preceding observation (A), this means that h; and h}, belong both to
71 K — 71 A. From the definition of minimizing paths, it follows then that hy_1, hi11, by 1, hjy g
belong to 1 L — m A (1f they ex1st) Since, by assumption on 7, 7 ([z, z]) does not belong to A,
hence has vertices g7r( ) and gh7r( ) for an element h € m K — m A, this implies that [z, 2] is
part of some minimizing path, namely the path

/ /
{.. . a—se1,[x,2],ep_1,€_o.. .}
(If hj—1 does not exist, then either z = v; and {[x,z] ,62,,...} is a minimizing path, or
1

dei1 = v; = g1y, dpei—1 = = = g1ay and {e;_1,[x,2],€,_;,...} is a minimizing path.
Similarly if hj,_; does not exist.)

’Central’ simplices: We are given vertices vg = goug, - - - , Un = gplpn € Mg, n > 2.
We claim: if we fix, for each index pair (4, j) with 0 <1 # j < n,
anormal form g; 'g; = h{ ... h# | verticesa, ..., al ,—1 and (if necessary) ajj, - € Ao,

and the corresponding mlmmizmg path r;; € P (i,7),
then there is at most ondd n-dimensional simplex 7 € K U L, with no edge in A,

9The edges in question only exist if the corresponding vertices are different.
101y fact, for such an n-simplex to exist, the h;;’s as well as the a;;’s have to satisfy obvious compatibilty
conditions. We will however not make use of these explicit conditions in our proof.
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such that the intersection of 7 with Up<; j<n7i; is the 1-skeleton
of an n-dimensional simplex, i.e., is the full 1-skeleton of 7.
A simplex 7 as in the claim will be called the central simplex to the vertices v, ..., v,, the

normal forms {g;lgj = hij e hfjﬁw 0<i<j< n} and the points {afj}

We prove the claim about uniqueness of the central simplex (when it exists). Assume there
are two such simplices 71 # 7o with dim (71) = dim (72) = n, and that no edge of 71 nor 7o
belongs to A;. By asphericity of K resp. L (resp. their translates), it suffices to show that 7
and 7o have the same 1-skeleta.

In the following, 'minimizing path’ will mean the unique minimizing path with respect to our
fixed choice of normal forms and of vertices in A. We will use the following fact: each edge of
71 (resp. 72) is contained in the minimizing path r;; from v; to v; for a unique pair {i,j} of
indices. This is true by a counting argument: there are @ minimizing paths and %
edges of 71, each edge belongs to some minimizing path by assumption, and no minimizing path
can have two consecutive edges projecting both to K or both to L, by the definition of normal
forms. (Note that no minimizing path hits a vertex twice, by the uniqueness of normal forms
up to multiplication with elements of 71 A.)

For each k and [, the minimizing path from vy to v; passes through 7; as well as through 7».
Let [wy,w] ]| resp. [w},w?] be the intersections of this minimizing path with 7; resp. 7.

We claim: all minimizing paths from v to some v; with i # k pass through w,ﬁ and w,%.
Let g,;lgi = hihg ... be the normal form corresponding to a minimaizing path from vy to v;.
To prove the claim, note that, by (C1), the subpath from v to w,ﬁ is minimizing, that is, the
corresponding sequence hy, ..., hs is a normal form (for II{_, h;) with hy € m L if 71 projects
to K or vice versa. It follows from the definition of normal forms that also I3 A, is a normal
form, where hsy1 € m K is the element corresponding to an edge of 7. Since normal forms
are unique up to multiplication of the h;’s with elements of w1 A, we conclude that there is no
minimizing path from vy to some vertex of 71 which does not pass through w;. (Otherwise,

if such a minimizing path passed through the vertex w’ # w,ﬁ, then the edge [w,ﬁ,w’ } would
represent an element of m A and, in particular, belong to 121\1. By assumption, no edge of 71
belongs to 121\1)

By the same argument, all minimizing paths from vy, to some vertex of 75 have to pass through
w?. In particular, they have to contain the unigue minimizing path from w}, to wi as a subpath,
by (C1). This, in turn, implies that all minimizing paths from vy to any v;,i # k, contain the
minimizing path from w,ﬁ to wz and, in particular, contain the same edge of 7,. But, by the
above counting argument, it may not happen that several minimizing paths pass through the
same edge of 71. This gives the contradiction.

Since it will be used later for proving that r is a chain map, we write down the following
observation, which we have just proved.

(D): If vo,...,v, € My are vertices of M, then their central simplex T to

some choice of {hg} , {afj}, if it exists, has vertices wy, . .., w, such that

for any i and j the minimizing path from v; to v; passes through w; and w;.
Definition of T. We denote by 7 ({afj} ; {h?}) the projection of 7 to K U L.

Well-definedness of central simplices: Next we claim: if we still are given vg = gowo, . .., vn =
GnWy, € My, but vary ag, ..., a, € Ay and the normal forms gi_lgj =hy... hf{lij, and determine

Ti=7T ({alij} ; {th})’ then all 7 ® 1 agree in Cy (K, K') Qz6 Z ® Cy (L, L") Quzc Z.
Let us consider 7 ({alij } ; {hzj }) and 7 ({afj /} ; {hzj }) The same argument which showed
uniqueness of 7 ( {afj } ; {hfj }) lets us conclude that, representing the vertices of 7 ({alij } ; {hzj })

-, g
as Yodg, - - -, Ynan and the vertices of 7 ({a;j };{hzj}) as Yydo', ..., vhay,', we must have
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Y0 =Yy, ->n = V., Hence, corresponding tuples of edges of the two different 7’s will satisfy
the assumptions of lemma 3.

In fact we can simplify by argueing successively. So it suffices to consider the case that
ELQ = &6,...,&1'_1 = a/i—h&i 75 ELQ,&Z’_H = C~l/i+1,...,6~ln = C~l/n for some ¢ with 0 S 1 S n. In this
case, we conclude that 7 ({alij} ; {h?}) and 7 ({alij/} ; {h;j}) have n vertices w; = ~v;a;, j # 1,
in common, and that their distinct vertices w; = 7;a; and w; = ~,;a} are connected by an edge in
A. Let e be the 1-simplex in 7' corresponding to this edge and let g = {[¢], [e]) € G = IIx (T).
Then g o1 = 72, as has been observed in Lemma 3. (Note that by asphericity this is implied if
only g o7 and 75 agree on the 1-skeleton, which is true by Lemma 3.) But g o 71 = 79 means
nel=n®lelC.(M,M)Q;Z.

Now we consider 7 ({al} ; {h;j}) and T ({al} ; {h?}), where g, tg; = hY .. = A hig)
are different normal forms. Since we may argue successively, it suffices to consider the case that
different normal forms occur for only one index pair 7, j. For the same reason, it suffices to con-
sider the case that there is 1 < s < m,; —1 and a € 7 A such that 2" = hila=' hY, " = ah¥
and hlij g h;j otherwise. Now, one of the following two possibilities takes place:

- either g;h¥ ... h@¥ is not a vertex of the central simplex 7 ({alij } ; {hzj }), in this case we

oo that 7 ([ () = = ({air) ()
- or gih¥ .. hYaY is a vertex of 7 ({alij} ; {h?}); then we see that 7 ({afj} ; {hfj’}) has
n vertices in common with 7 ({alij } ; {hfj }), and the remaining vertex in 7 ({alij } ; {hfj’})
resp. T ({afj} ; {h?}) is gihij ... hiTa=t@¥ resp. gihij ...hiG%. Thus the two distinct ver-
tices of T ({afj} ; {h?'}) and T ({afj} ; {h?}) are connected by an edge in A. Again, let
e be the 1-simplex in T corresponding to this edge, then g = {[e],[€]) € G = IIx (T) maps
T ({afj} ; {hfj’}) to T ({afj} ; {h;j}) Thus we get identical elements in C, (M, M') ®z¢ Z.

The retraction map: We are going to define the retraction r. Given an n-simplex o € M,
n > 2, assume that ¢ ® 1 # 0. This implies by Observation 1 (and the remark at the beginning
of Section 2) that ¢ ha no edge in A.

We choose a lift & € M which projects to o. Its vertices v, ... v, belong to Mg = I?o U Eo.
Now we run the above constructions for vy, . .., v, to obtain a central simplex 7 with dim (7) = n
and no edge in A = 71 (A).

If there is no central simplex 7, with dim (7) = n and no edge in A, we define r (c®1)=0.1If
7 is a central simplex (with no edge in E) and if 7 = 7 (7) is its projection, then its equivalence
class 7®1 is unique and we define r (c ® 1) :=7@1@0if 7 € C, (K) resp. r (c @ 1) := 0721
if 7 € C, (L). (Note that 7 has no edge in A, hence we can not have 7 € C, (K) and 7 € C, (L)
at the same time.) Clearly r (c® 1) =oc®1if 0 € C, (K) or o € C, (L).

We are going to show that r is well-defined, i.e.

- independent of the lift & for the given o, and
-o®1l=0"®@1implies r(c ®1) =71 (o’ ®1).

If f: M — M is a simplicial self-map of the universal covering, which is a lift for a map
f: M — M that maps K to K and L to L, then f maps minimizing paths from v; to v; to
minimizing paths from f (v;) to f (v;). Hence, simplices 7 intersecting the family of minimizing
paths associated to v, . .., v, in the full 1-skeleton of an n-simplex are mapped by f to simplices
f () intersecting the family of minimizing paths associated to f (v), ..., f (v,) in the full 1-
skeleton of an n-simplex. Thus, if 7 belongs to the family of ’central’ simplices associated to
some simplex &, then f (7) belongs to the family of 'central” simplices associated to f (7).
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We conclude: 7 (0 @ 1) does not depend on the choice of ¢ in its G-orbit, nor on the choice
of &, for fixed o, in the orbit of the deck transformation group.

Compatibility with the J-operator: It remains to show that r is a chain map, i.e., that
Or(c®1)=r(0(c®1)) holds for all simplices o in M.
Case 1: o is a simplex with r (o0 ® 1) # 0.
j

Let vg, ..., v, be the vertices of a lift &, and {hfj }, {al } such that a central simplex 7 exists.

It is obvious, if we consider the set of vertices without vy and the corresponding restricted sets
of normal forms and vertices, that we get the k-th face of 7 as a central simplex. That implies
7 (0ro ® 1) = Opr (0 ® 1) for all k, and hence r (0o ® 1) = 0r (0 @ 1).
Case 2: o is a simplex with r (0 ® 1) = 0.

If r (Oxo ® 1) = 0 for all faces dxo of o, we conclude r (9o ® 1) = 0.
So assume that for some face dyo of o we have r (Jyo ® 1) = 7 ® 1 for some (n — 1)-simplex

7. That means that, for the vertices vg,...,vx_1,Vk41,..., v, and some choice of {h?} , {a}j}

we have the central simplex 7. Here, the hfcj and afj are only chosen for i # k,j # k. By
observation (D), 7 has vertices wo, ..., Wk_1, Wk, . .., w, such that the minimizing path from v;
to w; passes through w; for all i # k # j.

For i # k consider the set P}, of the minimizing paths from vy to w;. For all i # k choose some
minimizing path p;; in P/,. Let u;, be the vertex such that the edge [uix, w;] is the last edge of
Dik- R

Assume that for all i # k, the vertex wu;; were not in the same path-component of A as any
of {wo, ..., Wg—1,Wkt1,...,w,}. For any i1,ia # k, since p;, 1 and Piyk_are minimizing paths,
this unphes that wu;,, and uwk must belong to the same component of A. That i is, all L ui (with
i # k) belong to the same component of A. Fix some vertex u in this component of A then we
get that w, wo, ..., Wg—1, Wgt1, - - ., w, would span a central simplex for v, ..., v,, contradicting
the assumption r (c ® 1) = 0.

Thus there exists some 4,5 # k such that wu;; is in the same component of A as w;j. This
implies that u is in the same component of A as w; for each I with [ # j,1 # k. (Indeed, the
last edge in pir, — [w;, w;] does not belong to 7, therefore p;r, — [wj, w;] U [wj, w;] is a minimizing
path from vy to wy.)

But this means that 7 is a central simplex for v, ..., vj—1,vj+1,...,v,. Hence the central sim-
plices to vg, ..., Vk—1,Vg41,- - -, Un are exactly the central simplices to vo, ..., vj_1,Vj11,...,Vn,
and the corresponding simplices have the same orientation if and only if j — k is odd. Therefore,
T (Oro ® 1) cancels against r (0jo ® 1). As we find such a j for any k with r (Oyo ® 1) # 0, we
get r (0o ®1) =0.

As a conclusion, r maps cycles to cycles and boundaries to boundaries.

To conclude, we have constructed a map r with the following properties:
- for each o we have r(c ®1) =7® 1® 0 or 0@ 7 ® 1 with 7 a simplex either in K or in L
(or 7 = 0). Indeed we have constructed 7 with the help of the condition that 7 is a simplex in
KU L hence 7 is a simplex either in K or in L,
- if o has an edge in A, then (c ® 1 =0 and) r (cr® 1) =0,
- if o is a simplex in K with 0 ® 1 # 0, then rg (0 ® 1) =0 ® 1,
- if o is a simplex in L with c ® 1 #0, then 7, (c ® 1) =0 ® 1.
The last two items imply rx« (ig« ® 1) = id and rp. (ir. ® 1) = id.

Relative construction: Finally, we prove that r defines a well-defined map on the relative
chain complex C, (M, M")®7cZ, i.e. that r maps C (M')®767Z to Cy (K" ®zcZ®C\ (L") Q767
That is, we need to show that the construction of r guarantees that r is mapping simplices in
M’ to simplices in M’. -

For the universal covering m : M — M denote the subcomplex M = g1 (M'"). Let o be
a simplex in M’. Since we assume K N L = A to be path-connected, each path component
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of M’ either intersects A or is completely contained either in K or in L. So there are three
possibilities for o. Either o is contained in K, or ¢ is contained in L, or ¢ is contained in a path
component of M’ which intersects A. In the first two cases, if o is contained in K or L, then
r(c®1)=0®1 and we are done.

We are left with the third case: we have that o € M, where M/ denotes a path component of
M’ that intersects A. Hence & belongs to some path component M’ of M’ (which may intersect
several path components of A = 71 (A), since m1 A — m M need not be surjective).

First we note that, in the construction of Section 1.7., we may choose all s (v), for v € M/, in

—

—
the same connected component M, and thus we may choose, by completeness, €, € (MC
1

whenever v, w € (M),. This implies, for any edge f € (M/),, that of = 58? and 0, f = 75;‘
for some v € m M.

Let v;, v; be two vertices of . Since the edge [v;, v;] belongs to ]\//.Té, we have v; = ¢;m (v;),v; =
g;7 (v;) with g; 'g; € m M.. In particular, we may choose a normal form g; 'g; = hy ... hy, with
h; in im (m K') or im (w1 L), by the second part of assumption (v). It follows then from the
uniqueness of normal forms up to multiplication with elements of im (71 A) that all minimizing
paths consist of edges in the G-orbits of edges in M\é (If we change the normal form by
multiplying two consecutive factors by an element of h € 7w A resp. its inverses h~!, then the
corresponding edges are acted upon by h resp. h~! considered as elements of G = I (A).)

As a consequence, for vg,...,v, € M ! any central simplex, if it exists, must be in the G-orbit
of M\é C M'. Hence, either 1 € GM' N K = GK' or 7 C GM' N L = GL'. This proves that r
induces a chain map r : Ci, (M,GM")®z6Z — C. (K,GK')®2¢Z®C. (L, GL') @3¢ Z, finishing
the proof of Lemma 5. QED

Corollary 2. Let (M,M’),(K,K'),(L,L") satisfy all assumptions of [Lemma A Let v1 €
H} (K, K')G Y2 € HY (L,L')G be bounded G-invariant cohomology classes, p > 2. Then there
exists a class v € HY (M, M) satisfying || v ||< max {|| v ||, | v2 I}, such that the restriction
of v to K resp. L gives vy, resp. vs.

Proof:  Let ¢ resp. co be G-invariant bounded cocycles representing 7 resp. 7a.
Recall that r is well-defined as a homomorphism

r:C. (M,GM") ®26 7 — C, (K,GK") ®26 Z)im (0@ 1) & C, (L,GL") ®zc Z/im (0 ® 1).
Let r1 resp. ro be the composition of r with the projection to the first resp. second summand of
the direct sum. Since ¢; and ¢y are relative cocycles, they give well-defined homomorphisms

c1:Cp(K,GK') @z Z)im (0®1) — R,
co: Cp (L, GLI) ®za Z/im (0®1) — R.

(We are using that G-invariant p-cocycles on a chain complex C' can be considered as homo-
morphisms C), ®z¢ Z — R.) Hence we may define ¢ : C, (M,GM’) — R by

~c(o)=ca(roel)ifr(cl) e C,(K)®z¢Z &0,
mc(o)i=c(r(o®l)ifr(c®l) e 0 C, (L) ®zc Z.

[Observation 2 implies in particular that ¢, (0 ® 1) = ¢ (0 ® 1) = 0 whenever o € C, (K N L)
(in fact, ¢1, co vanish on each simplex having an edge in A = KN L), hence there is no ambiguity
in defining ¢ on C, (K N L).

Moreover, ¢ is G-invariant by construction, hence it induces a homomorphism

c:Cp(M,GM") @zcZ — R.

All claims of the corollary are obvious except possibly that ¢ is indeed a relative cocycle, i.e.,

that d¢ = 0 and that ¢ vanishes on p-simplices o in GM'.

To prove dc = 0, we consider 7 € Cpq1 (M) and assume w.l.o.g. 7 (1 ® 1) € Cpt1 (K) Rza Z.
Since ¢ is a cocycle, we get ¢ (1) = c(97) =1 (Or (T ® 1)) =01 (r(t® 1)) =0.
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To prove that ¢ vanishes on p-simplices in GM’, let o € C, (M') and assume w.l.o.g. that
r(c®1) € C.(GK') ®z¢ Z. Then ¢1 (r (o ® 1)) = 0 because ¢; € C} (K, K') vanishes on K’
and thus, by G-invariance, on GK'. Therefore ¢ (o) = ¢; (r (0 ® 1)) = 0. Since ¢ is G-invariant,
this proves that ¢ vanishes on C, (GM’). QED

2.2. The "HNN’-case. For a multicomplex A define A x I to be the following multicomplex:
- the 0-skeleton is Ay x [0, 1],
- the 1-skeleton is A; x [0,1] x [0,1], with O (0,t,s) = (9yo,s) — (Oro,t) for all (o,t,s) €
Ay x [0,1] x [0,1],
- for n > 2, an n-simplex with a given (n — 1)-skeleton in A x I exists (uniquely) if and only if
the projection of the (n — 1)-skeleton to A is bounding an n-simplex in A.

If A is a minimally complete, aspherical multicomplex, then A x [ is a minimally complete,
aspherical multicomplex, and | A x I | is homotopy equivalent to | A | x1I.

Lemma 6. Let (M, M') be a pair of minimally complete, aspherical multicomplexes. Assume
that there are pairs of minimally complete, aspherical multicomplexes (K, K'), (L, L"), such that
K N L consists of two connected components B,C', which are minimally complete, aspherical
submulticomplezes and such that (L, L") is isomorphic to (B x I,(BNM') x I), for an isomor-
phism carrying BUC to B x {0,1}. (In particular, there is an isomorphism F : B = C'.)

Assume that:
(i) KK=M'NK,L'=MnNL,
(11) Moy = Ko U Lo, M}, = K{ U L,
(i11) the homomorphisms mK — mM,m L — miM,mK' — mM',m L — m M’ induced by
the respective inclusions, are injective (for each connected component),
(iv) the homomorphisms mB — m K, m1C — m K, induced by the respective inclusions, are
imjective,
(v) the inclusion (K UL, K'UL") — (M, M) induces isomorphisms m (K UL) — m M and
m (K'UL") — m M.

Consider the simplicial action of G =I1(BUC) on (M, M’).

Then there is a chain homomorphism

r:Co(M,GM")®z67Z — C. (K,GK') ®z¢ Z

in degrees x > 2 such that
-if o is a simplex in M, thenr (c ® 1) =7 ® 1 and 7 is simplex in K or 7 =0,
-1 (i« ®1) = ide, (k,6K) @102

Proof:  The proof of Lemma 6 parallels in several aspects the proof of We will
therefore only emphasize those points which are different from the proof of Lemma 5 and else
refer to the proof given there.

We may w.l.o.g. assume that K (and thus M) are connected.

It follows from the Seifert-van Kampen Theorem that 71 (K U L) is an HNN-extension of
m1 K. We consider m K as subgroup of 7 (K U L) and denote by ¢ the extending element of

m (KUL)=<mK,t|tat™' = F.a Va € im (7 B) >
Here F' : B — C'is the simplicial isomorphism obtained as restriction from the given isomorphism
B x1— L.
(Even though B, C are disjoint, we will consider im (m1 B) , im (w1 C') as subgroups of m (K U L)
by the usual conjugation with some fixed path from the basepoint to B resp. C. We will write
im (m A) for the union of im (m B) and im (m;C) as a subset of m K.)
Let 7 : M — M be the universal covering. We can choose connected components B C L of
71 (B),n 1 (C) resp. 7 (L), in such a way that B C L and C C L. Moreover we can choose
a connected component K of 7! (K) such that B € K but C ¢ K. It follows from (iii) and
(iv) that the restrictions of 7 to K, L are indeed universal covering maps.

By (v), the universal covering K U L is a submulticomplex of M. By (ii), My = Ko U L.
Hence (v) implies that the 0-skeleton of K U L equals M.
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In Section 1.7. we constructed a specific section s : (KU L); — (K U L) . of m. (We will again
denote & := s (o) for simplices ¢ in K U L.)

If v is a vertex in B resp. C resp. L then we choose 0 in B resp. C resp. L. If v is a vertex
in K — C, then we choose o € K. (Thus & ¢ K for v e C C K. But ¢ € C implies & = 0 with
56[?,7—#1 hemK.)

If v and w are vertices in K — C (resp. in L, resp. in B or C), then we can and will choose
evw € K (resp. L resp. B or C) in the construction of Section 1.7. This 1mphes that, for any
edge f € Ky, with 01 f € C, f must belong to K and satisfy 01 f = &1 f and 8y f = 0o f with
v € m (K) C m (KUL). Analogous observations apply for edges f € Lj resp. f € By or
f el

Finally, if f € Ky with 0, f € C, then f belongs to some component of 7~ LK), i.e. some
’yK,"y € m M. Thus 0y f = v0of. But &, f = 81f eC implies that v = th for some h € m K.
In conclusion we havd J: - -

(A): if ge € (K U L) is a I-simplex with 01 (g€) = hoOie and Jy (g€) = h10pe,
then g = hg and '

halhl is either an element of m L C m K (if e € L1), or of the form (tﬂh)il with h € m K.
Minimizing paths: Given two vertices vy, vy € Mo, we may represent them as v1 = gywi,v9 =
gows with ¢; € mM and w; € My for i = 1,2. m M is an HNN-extension of w1 K, hence
glggl has an expression glggl = hy...hy, with h; € m K or h; = t*! such that h; € m K
if and only if h;41 = £ (This time, we allow h; = 1 € mK except for i = 1 and i =
m.) This expression, which we will call a normal form, is unique upon compatible changes
of the h; € m K by multiplication with elements of im (mA) = im (m B) Uim (mC) (e.g.
(hl F*a)t (hg) = (hl) t (ahg) for a € C, (M, M/) Rz 7 (pilB) yhi,he € 7T1K).

Minimizing paths between vy = g1w; and vo = gows are defined in a similar manner as in
the proof of (with the same number of case distinctions). The only formal difference
(which is caused by the Remark above) is that the a;’s have to be chosen in B and C alternatingly
and that a minimizing path of length 2 between g1a; and gyhtas with a1,a3 € B and h € m K
is either of of the form {ej,es} with d1e; = gra1,0pe1 = Or1ea = g1hbas, dpes = ghtas with
b e im (mC) and ag € C. Similarly with B, C interchanged.

It follows from the remark above that these paths are length-minimizing in the sense of being
exactly the paths between v aril\v_z with a minimal number of edges.

Let vg, ..., v, be vertices of KU L. For each i,j € {0,...,n} define P (4, j) as in the proof of

Cemma bl Let 7 be a simplex in K U L, with no edge in 71 (B)Un~! (C). Then the same proof
as in the 'amalgamated’ case shows that, for each simplex 7, the set {% N rfj : rfj € P (i, ])} is the
full 1-skeleton of a subsimplex of 7. Exactly as in the proof of [Cemma 5l this allows us to obtain
well-defined ’central” simplices and thus to construct the retraction r : Cy (M,GM') ®z¢ Z —
C.(K,GK')®36¢7Z® C. (L,GL") ®z¢ Z in degrees * > 2.

We observe that simplices 7 in L of dimension > 2, whose edges belong to minimizing
paths, necessarily have some edges which project to B U C. Since this implies 7 ® 1 = 0
by we conclude that central simplices necessarily belong to K. Therefore we
have r : C. (M,GM') @zc Z — C\ (K,GK') ®@z¢ Z with the wished properties. QED

In an analogous manner to we conclude

Corollary 3. Let (M, M"),(K,K'),(L,L") satisfy all assumptions of [Lemma 4.

Let v1 € HY (KG, K')G be a bounded G-invariant cohomology class, p > 2. Then there exists a
class v € HY (MG,M’)G, satisfying || v ||<|| v1 ||, such that restriction of v to K gives 1.

11\We are now in a somewhat dlﬁerent situation as in the proof ofﬂm Namely, if we have two points
g1a1 and goaz with ai,a2 € B and g2g, Q 71 B, then there is no edge in K U L with boundary pomts g1a1 and
g2a2. Moreover, there is a path between gi1a1 and goas consisting of two edges if and only if g; gz = (tilh):‘:1
for some h € 71 K (and t the extending element). The same remark applies if a1,a2 € C.
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2.3. Locally finite chains. In this paper we are interested in compact manifolds with bound-
ary. The generalization of [Lemma 7 resp. [Lemma @ to locally finite chains (and disconnected
intersections) will be needed in 9] and can be used to generalize Theorem 1 for the simplicial
volume of noncompact manifolds for cut and paste along compact submanifolds.

Proposition 5. Assume that (K,K'),(L,L"),(M,M’) satisfy all assumptions of [Lemma A or
[Lemma A, respectively. Assume, in addition, that | A |=| K N L | is compact.
Then r extends to a chain homomorphism (for x+ > 2)

r: CY (M) @z Z — C¥ (K) ®z¢ Z & CY (L) ®z¢ Z,

mapping C (GM') @267 to C (GK') @36 Z® CY (GL)) ©z¢ 7 and still satisfying summand,
then Tis (ike @ 1) =id,rpy (i ® 1) = id.

Proof:  Let Y.I ja;jo;®1¢€ ol (M,GM") ®z¢ Z be a locally finite chain.
Since | A | is compact, for any locally finite chain Y7 a;o; ® 1 € CY (M,GM’) ®z¢ Z only
finitely many o; intersect A. If o; does not intersect A, then r (0; ® 1) = 0; ® 1 by construction.
Thus r (0; ® 1) = 0; ® 1 for all but finitely many o; and E?:l a;r (o; ® 1) is locally finite. QED

Proposition 6. Let all assumptions of [Lemma A be satisfied except that A need not be path-
connected. Then there is a chain homomorphism

r:CY (M) @202 — CY (K) @26 Z

in degrees * > 2, mapping CY (GM") @3¢ Z to CY (GK') @6 Z such that
-if o is a simplex in M, then r (0 ® 1) = k ® 1, where either k is a simplex in K or k =0,
-1 (ix ®id) = ide, (kK67

Proof: ~ Assume M is connected. Let Aq,..., A, be the path-components of A.

If n =1, i.e. if A is connected, then K and L must be connected and we can apply [Cemma 1l
(and compose r with projection to the first summand).

If n > 1, then Q; = N — Bj is path-connected, hence we can apply to construct
r1. Succesively for ¢ = 2,...,n — 1, Q; = Q;—1 — B; must be connected, hence we can apply
[Cemmad, to construct ;.

Finally, Q,, = Q,_1— B, consists of two connected components, hence we can apply [Cemma 5l
(and compose with projection to the first summand) to construct r,,. Then define r = r,r,_1...71.
QED

3. GLUEING ALONG AMENABLE BOUNDARIES

3.1. Proof of Theorem 1. In this section, we prove superadditivity for simplicial volume of
manifolds with boundary with respect to glueing along amenable subsets of the boundary. A
similar result for open manifolds is the Cutting-of theorem in [3] Section 4.2]. One should
note that, at least for manifolds with boundary, the opposite inequality need not hold. As a
counterexample one may glue solid tori along disks to get a handlebody.

Lemma 7. (i): Let My, My be two compact, connected n-manifolds, Ay, As (n-1)-dimensional
submanifolds of OM, resp. OMa, f: Ay — Az a homeomorphism and M = My Uy My the glued
manifold. Assume that mOM — m M is injective.

If f. induces an ismorphism

f* : ker (7T1A1 — 7T1M1) — ker (7T1A2 — 7T1M2) y ker (71'16141 — 7T1M1) — ker (71'16142 — 7T1M2)
and if im (m1 A1 — m My) is amenable, then
| M,0M ||>|| My,0M; || + || M2,0M> || .

(ii): Let My be a compact, connected n-manifold, no component of which is a 1-dimensional
closed intervall, A1, As disjoint (n-1)-dimensional submanifolds of OMy, f: Ay — A a homeo-
morphism and M = M,/ the glued manifold. Assume that 1 OM — w1 M is injective.
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If f. induces an isomorphism
fe i ker (m A1 — mMq) — ker (mAs — m M), ker (m0A1 — mMq) — ker (m0As — w1 My)
and im (m A1 — mMy) is amenable, then
| M, OM ||=]| My, 0M; || .

Proof:  (i): For manifolds of dimensions < 2 one checks easily that there is no counterex-
ample. So we are going to assume that n > 3.

We can restrict to the case that A; and As are path-connected, since we may argue succesively
for their path-connected components. We denote by A the image of A; in M.

The assumption ker (m1 A1 — mMi) = ker (m1 A2 — m M) implies that m M7 — m M and
m Mo — w1 M are injective. Thus K (M), K (Ms) are submulticomplexes of K (M).

Fori=1,2let hM; = M;NOM. (Thus OM; = 01 M;UA;.) The assumption ker (m1041 — m My) =
ker (m10As — w1 Ms) implies that w101 M; — 71 M is injective.

Let l; : (M;, 1 M;) — (M,0M) for i = 1,2 be the inclusion.

We define bounded cohomology classes v; € Hy' (M;, OM;) as follows. If || M;, M, |= 0, then
we set y; == 0. If || M;,0M; ||# 0, then the cohomological fundamental class has a preimage
ﬁi S Hgl (Mi,ﬁMi) and we set Yi Z:H Ml,é)Ml || ﬁz

In the main part of the proof we will now construct v € HJ* (M,0M U A) such that || v ||<
maz {|| v [l v2 |} and Iy =~ € H" (M;, 0M;).

We have the following sequence of commutative diagrams, where the first diagram is induced
by inclusion and the second comes from naturality of X — K (X) and part ii) of

- Hp (M, 0M U A)

incl® @incl™* incl®
2 n n
@i:l Hb (MivalMi) el Hb (Mv 8M)
JreJ; J*
Dy Hy (K (M;) K (9 M;)) < H{' (K (M), K (9M)
P1DOP2 P

@7, Hp (K (M;), K (01 M) <— Hp (K (M), K (9M))™ A

By part (i) of[Proposition 3, J* is an isometric isomorphism with inverse I* : H{* (K (M), K (0M)) —
HP (M,0M). By [Lemmadl Iy (A) (as defined in Section 1.6.1) is amenable. Hence, by
Cemma i), pi, p2, p have left inverses Avy, Avy, Av of norm = 1. For i=1,2 define

= AviJfinel*y; € HY (K (M;) , K (91 M;)"™ ).
They satisty || ~; [[<[[ v |

In order to apply to the pair (K (M), K (OM)), we have to check that the as-
sumptions i)-v) of are satisfied with

(K, K') == (K (M), K (01 My)), (L, L) = (K (Ma) , K (01 M2)).

The only nonobvious conditions are possibly assumptions iv) and v). To check iv), let j :
K (A) — K (M) be the simplicial map defined in Section 1.3. Since A is connected, we have that
J (K (A)) = K (0M;)NK (0Ms) is a path-connected submulticomplex of K (M). It is not hard
to show, using the simplicial approximation theorem, that the homomorphisms m (j (K (A))) —
m (K (My)),m (j (K (A))) — 7 (K (Mz)) are injective.
In particular, m (K (M1) U K (M3)) is the amalgamated product of my (K (My)) and my (K (Ma)),
amalgamated over mj (K (A)).
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Again using the simplicial approximation theorem one can show that m j (K (4)) ~ im (mA — mM).
Thus m (K (M;) U K (Ms)) is isomorphic to the amalgamated product of w1 M7 and m My,
amalgamated over im (m1A). By the Seifert-van Kampen Theorem the latter is isomorphic to
m1 M ~ 71 K (M). This shows condition iv) and a similar argument proves condition v).

Thus we can apply to 71,74 and get
v € HY (K (M), K (9A1) "™,

satisfying [| 7" [[< maz {[| v [, 172 I} < maz{[[ o [, | v2 [} and kfy" =~ for i=1,2.

If ¢/ is a G-invariant relative cocycle representing 7/, then p*c’ vanishes on simplices in
J (K (A)), by Observation 2. Since I* is induced by the chain homotopy equivalence T : N —
K (N) and T maps simplices in A to simplices in j (K (A)), we have that I*p*¢’ vanishes on
simplices in A. That is, I*p*c’ is a relative cocycle in Cy (M,0M U A) and

I'p*~" € Hy (M,0M)
has a preimage
vy e H, (M,0MUA).

By construction it satisfies

Iy I < maz {l v 0l 12 11}

We want to check the equality Iy = v; € H™ (M;, 0M;) for i = 1,2. Since dim H" (M;, O0M;) =
1, it suffices to evaluate both cohomology classes on a representative of [M;, 9M;]. Choose some
chain z € C, (K (M;)) such that 9z = 0yz + 01z with Oyz representing [A;] € H,_1 (A;)
and 0z representing [0y M;] € H,_1 (01M;). (In particular, 0z represents [OM;] € H, 1 (M;)
and z represents [M;,oM;| € H, (M;,0M;). Then, by [Observafion 2 0dpz ® 1 = 0, thus
z@1 € Cy, (M;, 01 M;)®zc7Z is a relative cycle with v/ (z ® 1) = 7; (2). Since r (I; (2) ® 1) = z®1,
we compute

Gy (z) =i (2) =T (i (2) =7 (li (2) ®1) =7 (2 ® 1) = p™; (2) = p* Avyi (2) .

It is easy to see that Iy, (A;) are connected and that the actions of Iy, (A;) on K (M;) are
continuous. Hence, all elements of I/, (A;) are, as mappings from K (M;) to itself, homotopic
to the identity. From part (ii) of Cemma™] we get that p* o Av = id on H; (K (M;) , K (01 M;)).
Hence, we obtain [Jy =; for i =1, 2.

Thus, we have constructed v € HJ» (M,0M U A) such that || v [|[< maz{]|y |, ] 72 I}
and Ify =~ € H" (M;,0M;). We claim that this implies the wanted inequality. Indeed, in

H, (M,0M U A) we have i, [M,0M] = 1, [My, OM;]+lz, [Ma, 0Ms], which implies i* iy ([M, 8M])

([MlvaMl])+72 ([Mz,0Ms]) =|| My, OM; || + || M2, 0M; || . Thus, 8 = AT, 31\41”4_”1\42 31\/[2”Z Y
is the relative fundamental cocycle of (M, M) and, by || 5 ||< ||M1,8M1||41-HM2,8M2H and duality
follows H M,0M HZ” My, 0M, || + || My, OMs H .

(ii) In dimensions < 2 we check that the closed interval is the only connected counterexample.

Assume then n > 3. Again we may suppose A;, A connected. We denote by A the image of
Ay in M. Let 01 My = M7 N OM, which 7i-injects into M;. We consider the pair

(N, NI) = (Ml Ulid,0)+(f-1,1) Aq X [0, ].] , OM;y Utid,0)+(F-1,1) 0 (A1 x [0, 1]))
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and observe that Hf (M,0M U A) = H} (N, N’). Like in part (i), we get a commutative diagram

H (My,0My) - H]'(N,N")
incl* incl*
HJ (My, 0, M) - H} (N,ON)
Ji J*
Hp (K (Mh) , K (0 My)) =—————— H}' (K (N), K (ON)
p1 p

HY (K (My), K (93 My)) ™ 942 —— o (K (N) K (9N))™
Given v, € Hf (My,0M), define
v = Avy JFincl*y, € Hy (K (My), K (9M;y))™Tn (Ar042)

Again, one checks easily that can be applied to the pair (K (N), K (ON)), namely
that the assumptions of [Cemma 6 are satisfied for

(K,K') := (K (M), K (0: My)), (L, L") == (h™ "5 (K (A1 x [0,1])),h~ "5 (K (04, x [0,1]))).

From [Corollary 3] we get v/ € Hp* (K (N), K (9N))"™ @ | Define v := I*py’ € Hp (N,N’) =
H]' (M,0M U A). Like in the proof of (i) we get that j*y =1 and || v ||<[| 71 ||. An argument
analogous to the final step of i) shows that this implies || M, OM ||>|| M1,0M ||. QED

Lemma 8. i) Let My, My be compact manifolds, Ay resp. A connected components of OMy resp.
OM> and assume that there exist connected sets A, C M; with A, D A; and m A, amenabldd.
Let f: Ay — Ag be a homeomorphism and M = My U M/ f the glued manifold. Then

| M,0M ||<[| My,0My || + || M2,0M> || .

ii) Let M’ be a compact manifold, Ay, As connected components of OM' with m A; amenable.
Let f: Ay — Ay be a homeomorphism and M = M'/f the glued manifold. Then
| M, oM ||<|| M',0M" || .

Proof: ii) is reduced to i) via the homeomorphism M = M’ U(;q,0)4(#,1) (A1 x I). (Note
that || A; x I, Ay x {0,1} ||= 0, since 7 4; is amenable.)

To prove i), we need the following reformulation of a theorem of Matsumoto-Morita. For
a space X and ¢ € N let Cy (X) be the group of singular chains and B, (X)) the subgroup of
boundaries. By Theorem 2.8. of [[] the following two statements are equivalent:
a) there exists a number K > 0 such that for any boundary z € B, (X) there is a chain
¢ € Cgy1 (X) satisfying Oc =z and || c||< K || # |,
b) the homomorphism H{™ (X) — H! (X) is injective.

Now let 7" | a;o; and Y77, bj7; be representatives of [My, d9M;] and [My, dMs] with

Z | a; |§|| M1,8M1 || +e and Z | bj |§|| M2,8M2 || —+e€.

i=1 =1
By [Proposition 4] we may suppose that
m € n €
o (; a> bz 10| Lot | k< g

(Indeed m A; — 71 M; factors over m AL, hence has amenable image.)

127he assumption of Lemma 8 is in particular satisfied if im (m1OM1 — w1 M) and im (mr10M2 — w1 M) are
amenable and the (singular) compression disks can be chosen to be disjoint. For 3-manifolds M;, by a theorem
of Jaco, cf. [4], there is A, C M; with m1 A} = im (71 A; — w1 M;) if im (71 A; — 71 M;) is finitely presented.
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Let A’ be the image of A} in M. As m A’ is amenable, H{™" (A') = 0 for ¢ > 0 (3], [H]),
hence, H{T (A’) — H9*! (A}) is injective and we get a constant K with the property in a).
Therefore, we find ¢ € C (A") C C (M) with || ¢ ||< € and

Oc=0 iaim +ibj7'j
=1 j=1

Then z = > 1" | a;0; + Z?:l bjTj —c € Cy (My Uy My) is a fundamental cycle with
| 2 |<|| Mi,0M; || + || M2, 0Ms || 43e.
QED

[Lemma 7 and [Lemma. 8l imply Theorem 1 from the Introduction.

Corollary 4. (i) Let A be a properly embedded annulus in a compact 3-manifold M. If the
identification f: Ay — As induces an isomorphism ker (m1 A1 — mMa) = ker (myAs — m1Ma)
for the two images A1, As of A in Mg, therll

| Ma,0Ma ||<|| M, 0M | .

(ii) Let T be an embedded torus in a compact 3-manifold M. If the identification f: Ty — Th
induces an isomorphism ker (miTh — mMy) ~ ker (mTy — m M) for the two images Th,Ts
of T in Mr, then

| Mz, 0My ||=[| M,0M || .

In [I5], a version of has been proved for the special case that 9M consists of tori.
The principal ingredient in the proof is the following statement:

Proposition 7. ([I8], Lemma 1): Let M be a compact 3-manifold whose boundary OM con-
sists of tori and H be a 3-dimensional compact submanifold of int (M). Suppose int (H) is a
hyperbolic 3-manifold and OH is incompressible in M. Then we have || M,0M ||>|| H,0H ||.

In [T6], this Proposition is stated for closed M as Theorem 6.5.5. without writing a proof.
In [I5], it is then derived for M with toral boundary, using a doubling argument, see the proof
of Lemma 1 in [I5]. Hence, our proof seems to be the first written proof of and
(Tt is easy to see that implies )

We refer to [TH] for the computation of the simplicial volumes of all Haken 3-manifolds with
(possibly empty) toral boundary, using Thurston’s Theorem 6.5.5..

3.2. Counterexamples. The condition ker (w1 A; — m M) = ker (m1 Ay — w1 Ms) can not be
weakened:

Example 1: Dehn fillings
Let K be a hyperbolic knot in S3, V' C 5% a regular neighborhood of K. Then

8% l=0<|$* =V, 0V || + || V0V |,

although 7,0V is amenable. More generally, from Thurston’s hyperbolic Dehn surgery theory
we have
|| M, OM ||<|| M =V, 0V UOIM ||=|| M —V,0VUIM || + || V,0V ||
holds if M is obtained by performing hyperbolic Dehn filling at M — V.
[Cemmad does not apply because the meridian of 9V is zero in m V', but not in m (M — V).

The assumption "A; connected’ in [Cemma 8 can not be weakened:

Example 2: Heegaard splittings
Let M = H U H' be a genus g Heegaard splitting of a 3-manifold M. Let Dq,...,D, C
H' be properly embedded disks with disjoint open regular neighborhoods Vi, ...,V such that
H' —U?_V;isa3-ball B. Let A; =V, NOH".

131f 9M consists of tori and A is an incompressible annulus, then even || M4, dM 4 ||=|| M, M || holds by a
theorem of Soma ([IH]).
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The manifold M is then reconstructed as follows: Vi,...,V, are glued to H along the annuli
A;, afterwards B is glued along its whole boundary. Of course, || V;,dV; |= 0 and || B,9B ||= 0.
If Cemma § were applicable to the annuli A;, we would get that || M,dM ||<| Hy,0H, ||

But there are 3-manifolds of arbitrarily large simplicial volume which admit Heegard split-
tings of a given genus. To give an explicit example, let f be a pseudo-Anosov diffeomorphism
on a surface of genus g, and let M,, be the mapping tori of the iterates f™. By Thurstons
hyperbolization theorem, M; is hyperbolic. Hence, || M; ||> 0 and || M, [|=n || M7 || becomes
arbitrarily large. On the other hand, all M,, admit a Heegaard splitting of genus 2g + 1.

3.3. Doubling 3-manifolds reduces simplicial volume. For an oriented manifold M, let
DM denote the double of M, defined by glueing two differently oriented copies of M via the
identity of OM. It is trivial that || DM ||< 2 || M,0M ||. [heorem 1l implies, of course: if M is
a compact 3-manifold with || M ||= 0, then | DM ||=2 || M,0M ||. We will show that this is
actually an if-and-only-if condition.

Theorem 2. If M is a compact 3-manifold with incompressible boundary, then
|| OM ||> 0 <=|| DM ||< 2 || M,0M | .
Proof: ~ The claim can be reduced to compact irreducible manifolds because
| MigMa, O (MigM2) [|=[| My, OM; || + || M2, OM: ||

holds also for manifolds with boundary (of dimension > 3). Indeed, defining a fundamental
class of the wedge My V My as [MyV Ma, 0 (My V Ms)] := i1, [My,0M] + i2, [Ma, 0Ms], for
the inclusions i1 : My — M7V Ms and i : My — M; V Ms, we can define the simplicial volume
| My V Ms,d(MyV Ms) || as the infimum over the [!-norms of relative cycles representing
[M1V Ms,d (M V Ms)|. The proof of [[Theorem 1l shows that with this definition

| My V Ma, 0 (MyV M) [|=|[ My, 0My || + || M2, 0M, ||

holds. Consider the projection from M;§Ms to My V My which pinches the connecting sphere to
a point. It induces an isomorphism of fundamental groups (this is the point, where dimension
> 3 is needed) and has degree 1. By the same argument as in the proof of [Cemmal we get

| MMz, 0 (MyfM2) [|=|| My V Ms, 0 (MyV Ms) ||,
which proves the first equality. An obvious generalization of this argument shows
| D (Mi§Ma) ||=[| DMy || + || DMa || .

Any compact 3-manifold with incompressible boundary is a connected sum of 3-manifolds
which are either irreducible or S' x S2. The above equalities (and || S* x S? ||= 0) reduce the
claim to irreducible 3-manifolds.

So assume M irreducible. By standard 3-manifold theory we can cut M along properly
embedded disks and incompressible properly embedded annuli and tori such that the obtained
pieces are either Seifert fibered, I-bundles or ”simple” in the sense of [I3].

We argue that these pieces M; satisfy the conclusion of Theorem 2. For a Seifert fibration,
the boundary consists of tori, hence, there is nothing to prove. If M; is an I-bundle, then DM
is an S'-bundle and || DM; ||= 0 holds by Corollary 6.5.3 of [16].

Finally, if M; is "simple” and || OM; ||> 0, then M; admits a hyperbolic metric with totally
geodesic boundary (and possibly cusps), and the totally geodesic boundary is non-empty. If
there are no cusps, then || DM; ||< 2 || M;,0M; || follows from [B]. If there are cusps, then the
same inequality follows from Theorem 6.3. in [§].

If M is a compact irreducible 3-manifold with || OM ||> 0, then clearly || 9M; ||> 0 holds for
at least one of the pieces in its Jaco-Shalen-Johannson decomposition. To conclude the proof of
Theorem 2, we still need to prove that the implication

| D(Mp) [[< 2] Mp,0Mp ||=| DM [|< 2 || M,0M |

(with Mp defined as in the Introduction) holds true whenever M is a compact 3-manifold with
incompressible boundary and F' an incompressible, properly embedded annulus, torus or disk.
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If F is a torus, this claim follows easily from [Corollary 4|(ii).
If ' = A is an annulus, the claim follows from the somewhat paradoxical observation that

| Ma, OMa ||<[| M,OM ||, but || D (M.a) ||=|| DM ||

Indeed, DM 4 is obtained from DM by cutting off an incompressible torus 7' = DA and
identifying afterwards in a different way the pairs of incompressible annuli which are ”halves”
of the same copy of T. In other words

(D (MA))zA = (DM)T :

Hence, we get
| D (Ma) [|Z]| (DM)y ||=[| DM ||,
what implies the claim. If F is a disk, the argument is the same. QED

Handlebodies.
Note that for any n-dimensional compact manifold M

| MLOM |2+ || M |
holds. Namely, the boundary operator
0:H,(M,0M)— H,_1(0M)
maps the relative fundamental class [M, 9M] to the fundamental class [0M]. It is obvious that
|O<n+1.

(Each n-simplex has n + 1 faces.) For a representative > ._, a;0; of [M,9M] one even gets

T T
10 aioill<n|l ) aioill,
=1 i=1

because each o; has to have at least one face not in M, cancelling against some other face. (In
[2ZL Proposition 2.7] this is improved to || OM ||[< (n—1) || M,0M |.)

Let H, denote the 3-dimensional handlebody of genus g. H, is a (g-1)-fold covering of Ho,
hence

| Hg, 0Hy ||=C' (g —1).

From the above argument follows C' > %. (In fact, we showed in [, by constructing triangula-
tions of handlebodies, that % < C < 3. According to the recent preprint [2] the accurate value
is C=3.)

The double of Hy is the g-fold connected sum S? x S'... 452 x S1, whose simplicial volume
vanishes. Thus there are manifolds M of arbitrarily large simplicial volume with || DM ||= 0.

In general, a compact 3-manifold M can be cut along disks into finitely many pieces M; which
have incompressible boundary, and it is not hard to show that || DM ||= 0 if and only if all these
M; have a Jaco-Shalen-Johannson-decomposition without simple pieces in the sense of [[3].
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