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ABSTRACT. Let M be a circle or a compact interval, and let@ = k+ 7 > 1 be a
real number such that k = |a|. We write Diff% (M) for the group of orientation
preserving C* diffeomorphisms of M whose k™ derivatives are Holder continuous
with exponent 7. We prove that there exists a continuum of isomorphism types
of finitely generated subgroups G < Diff (M) with the property that G admits
no injective homomorphisms into ., Diffi (M). We also show the dual result:
there exists a continuum of isomorphism types of finitely generated subgroups G
of ﬂﬁ o Diff[i (M) with the property that G admits no injective homomorphisms
into Diff% (M). The groups G are constructed so that their commutator groups are
simple. We give some applications to smoothability of codimension one foliations
and to homomorphisms between certain continuous groups of diffeomorphisms.
For example, we show that if @ > 1 is a real number not equal to 2, then there is
no nontrivial homomorphism Diff$ (S') — (Js-, Diffi (S1). Finally, we obtain
an independent result that the class of finitely generated subgroups of Diffﬂr(M )
is not closed under taking finite free products.
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1. INTRODUCTION

Let M be the circle S' = R/Z or a compact interval I. A function f: M — R is
Holder continuous with exponent t if there is a constant C such that

[f(0) = fFO)] < Cla=yIF
for all x,y € M. In the case where M = S!, we implicitly define |x — y| to be the
usual angular distance between x and y.

For an integer k > 1 and for a smooth manifold M, we write Diff’f:”(M ) for the
group of orientation preserving C* diffeomorphisms of M whose k™ derivatives are
Holder continuous with exponent 7 € [0, 1). For compactness of notation, we will
write Diff¢ (M) for Diff'*"(M), where k = || and 7 = @ — k. By convention, we
will write Diff, (M) = Homeo (M).

The purpose of this paper is to study the algebraic structure of finitely generated
groups in Diff} (M), as a varies. We note that the isomorphism types of finitely
generated subgroups in Diff¢ () coincide with those in Diff} (R), the group of com-
pactly supported C diffeomorphisms on R; see Theorem[A.3]

Let us denote by 4%(M) the class of countable subgroups of Diff% (M), con-
sidered up to isomorphism. It is clear from the definition that if « < g then
GP(M) = 9*(M). In general, it is difficult to determine whether a given element
G € 9%(M) also belongs to ¥#(M). A motivating question is the following:

Question 1.1. Let k > 0 be an integer.

(1) Does G*(M)\&G**' (M) contain a finitely generated group?
(2) Does G*(M)\&G**' (M) contain a countable simple group?

The answer to the above question is previously known only for k < 1 in part (1),
and only for k = 0 in part (2). A first obstruction for the C'-regularity comes from
the Thurston Stability [67)], which asserts that every finitely generated subgroup
of Diff’, (1) is locally indicable. An affirmative answer to part (1) of Question
follows for k = 0 and M = I; that is, 4°(1)\%'(I) contains a finitely generated
group. Using Thurston Stability, Calegari proved that ¥°(S')\%!(S!) contains a
finitely generated group; see [[15] for the proof and also for a general strategy of
“forcing” dynamics from group presentations. Navas [38] produced an example of
a locally indicable group in ¥°(M)\&' (M); see also [16].

A different C'—obstruction can be found in the result of Ghys [29] and of Burger-
Monod [12]. That is, if G is a lattice in a higher rank simple Lie group then G ¢
% 1(5 1). This result was built on work of Witte [71]. More generally, Navas [56]
showed that every countably infinite group G with property (T) satisfies G ¢ ¢! (1)
and G ¢ 9'5t¢(S1) for all € > 0; it turns out that G ¢ ¥4'*(S!) by a result of
Bader—Furman—Gelander—-Monod [1]]. The exact optimal bound for the regularity
of property (T) groups is currently unknown.
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Plante and Thurston [63] proved that if N is a nonabelian nilpotent group, then
N ¢ 9*(M). By Farb—Franks [28] and Jorquera [36]], every finitely generated
residually torsion-free nilpotent group belongs to ¢!(M). For instance, the inte-
gral Heisenberg group belongs to ¢'(M)\%?(M). So, part (1) of Question|1.1|also
has an affirmative answer for the case k = 1.

Another C?>—obstruction comes from the classification of right-angled Artin groups
in 4?(M) [2, 40]. In particular, Baik and the authors proved that except for finitely
many sporadic surfaces, no finite index subgroups of mapping class groups of sur-
faces belong to %Z(M) for all compact one—manifolds M [2]; see also [27, 62].
Mapping class groups of once-punctured hyperbolic surfaces belong to ¥°(S1!);
see 60, 33 9].

Simplicity of subgroups often plays a crucial role in the study of group ac-
tions [25} 166} [13, [38]. Examples of countable simple groups in ¢°(1)\&'(I) turn
out to be abundant in isomorphism types. For us, a continuum means a set that has
the cardinality of R. In joint work of the authors with Lodha [41]] and in joint work
of the second author with Lodha [43]], the existence of a continuum of isomorphism
types of finitely generated groups and of countable simple groups in ¥°(1)\%! (1)
is established. These results relied on work of Bonatti—-Lodha—Triestino [[7]. In
particular, part (2) of Question 1.1/ has an affirmative answer for k = 0 and M = I.

1.1. Summary of results. Recall that M € {I,S'}. In this article, we give the first
construction of finitely generated groups and simple groups in 4% (M)\%*(M).

Main Theorem. For all a € [1, ), each of the sets

g M)\ | J25m), (9P (mM)\g" (M)
B>a B<a

contains a continuum of finitely generated groups, and also contains a continuum
of countable simple groups.

The Main Theorem gives an affirmative answer to Question|l.1

Remark 1.2. One has to be slightly careful interpreting the Main Theorem when
a = 1. This is because the set Diffi(M) is not a group for 8 < 1. Using [24],
we will prove a stronger fact that ¢“P(M)\%' (M) contains the desired continua.
Here, ¥“P(M) denotes the set of isomorphism types of countable subgroups of
Diffljrip (M), the group of bi-Lipschitz homeomorphisms.

Remark 1.3. It is interesting to note that in the case of M = I, the simple groups
guaranteed by the Main Theorem for @ > 1 are locally indicable, as follows easily
from Thurston Stability. Thus, we obtain a continuum of countable, simple, locally
indicable groups. The commutator subgroup of Thompson’s group F' is one such
example.
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If G < Diff” (M) and if 8 > «, an injective homomorphism G — Diff’ (M) is
called an algebraic smoothing of G. The Main Theorem implies that foreach @ > 1,
there exists a finitely generated subgroup G < Diff¢ (M) that admits no algebraic
smoothings beyond a. Moreover, the finitely generated groups in the continua of
the Main Theorem can always be chosen to be non-finitely-presented as there are
only countably many finitely presented groups up to isomorphism.

In Section [2.1] we give the definition of concave moduli (of continuity), a strict
partial order « between them, and the symbol >; 0. For instance, w.(x) = x7
is a concave modulus satisfying w, >, 0 for each 7 € (0,1] and k € N. For a
concave modulus w, we let Diff’j;‘“(M ) denote the group of C*—diffeomorphisms on
M whose k" derivatives are w-continuous. We also write Diff"’(M) := Diff (M).
We denote by Diff’ibv(l) the group of diffeomorphisms f € Diff* (I) such that f

has bounded total variation. Note that Diff",™(I) contains Diff’iup (I), the group of
C*—diffeomorphisms whose k" derivatives are Lipschitz.

For a concave modulus w or for w € {0, bv}, the set of all countable subgroups
of Diff(M) is denoted as ¥*“(M). We will deduce the Main Theorem from a
stronger, unified result as can be found below.

Theorem 1.4. For each k € N, and for each concave modulus u > w,, there exists
a finitely generated group Q = Q(k,u) < Diﬂ’]f;“ (I) such that the following hold.

(i) [Q, Q] is simple and every proper quotient of Q is abelian;
(ii) if w = by, or if w is a concave modulus satisfying u > w > 0, then

[0.0] ¢ 9*(I) v F*(ST).

Theorem [[.4] will imply the Main Theorem after making suitable choices of u
above. See Section [6.4] for details.

We let F, denotes a rank—n free group. Let BS(1, 2) denote the solvable Baumslag—
Solitar group of type (1,2); see Section In the case when M = I, our construction
for Theorem |1.4|builds on a certain quotient of the group

G' = (Z x BS(1,2)) * F,.
Let us describe our construction more precisely.

Theorem 1.5. Let k € N, and let u be a concave modulus such that u » w,. Then
there exists a representation

dr: GT — Diff* (1)
such that the following hold.

(i) If w = bv, or if w is a concave modulus satisfying u » w > 0, then for all
representations
s rk,w
y: G — Diff(1)
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we have that
ker y/\ ker ¢y, # @.
(ii) Every diffeomorphism f € ¢, (G") is C* on I\OI.

We deduce that the group
Prep (GT)

admits no injective homomorphisms into Diff’j;“’(l). We will then bootstrap this
construction to produce simple groups in Section [6]
We define the critical regularity on M of an arbitrary group G as

CritReg,,(G) := sup{e | G € ¥*(M)}.

Here, we adopt the convention sup @ = —c0. The critical regularity spectrum of M
that is defined as

%w := {CritReg,,(G) | G is a finitely generated group }

Another consequence of the Main Theorem is the following.

Corollary 1.6. The critical regularity spectrum of M, which is defined as
%y = {CritReg,,(G) | G is a finitely generated group } ,
coincides with {—o0} U [1, 00].

Theorem gives the first examples of groups whose critical regularities are
determined (and realizable) and belong to (1,00). To the authors’ knowledge, the
critical regularities of the following three groups are previously known and finite.
First, Navas proved that Grigorchuk—Machi group H of intermediate growth has
critical regularity 1, and that the critical regularity of H can be realized [57]]. Sec-
ond, Castro—Jorquera—Navas proved ([22], combined with [63]) that the integral
Heisenberg group has critical regularity 2 and this critical regularity cannot be at-
tained. Thirdly, Jorquera, Navas and Rivas [37] proved that the nilpotent group N,
of 4 x 4 integral lower triangular matrices with ones on the diagonal satisfies

CritReg,;(N,) = 3/2.

It is not known whether or not the critical regularity 3/2 of N, is realizable.

The case G € 4'(M)\¥°(M) requires a suitable interpretation the critical regu-
larity. As we have mentioned in Remark it is proved by Deroin, Kleptsyn and
Navas that every countable subgroup G of Homeo (M) is topologically conjugate
to a group of bi—Lipschitz homeomorphisms [24]. Thus, it is reasonable to say that
[0, 1) is missing from from the critical regularity spectrum.

The authors proved in [40] that for each integer 2 < k < o0, the class of finitely
generated group in 4*(M) is not closed under taking finite free products. From [8]
and from the consideration of BS(1,2) actions in the current paper, we deduce the
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following augmentation for k = 1. We are grateful to A. Navas for pointing us to
the reference [8]] and telling us the proof of the following corollary for M = I. See
Section [3.4] for details.

Corollary 1.7. The group (Z x BS(1,2)) = Z does not embed into Diff\ (M). In
particular, the class of finitely generated subgroups of Diff L (M) is not closed under
taking finite free products.

Though we concentrate primarily on countable groups, our results have appli-
cations to continuous groups. For a smooth manifold X and for an « > 1, we
let Diff? (X ), denote the group of C* diffeomorphisms of X isotopic to the identity
through a compactly supported C“ isotopy. If 1 < a < g, then there is a natural em-
bedding Diff’(X), — Diff?(X), defined simply by the inclusion. The main result
(and its proof) of [47] by Mann implies thatif X € {S', R}, andif 2 < a < pare real
numbers, then there exists no injective homomorphisms Diff?(X), — Diff?(X).
We generalize this to all real numbers 1 < a < .

Corollary 1.8. Let X = {S!,R}. Then arbitrary homomorphisms of the following
types have abelian images:

(1) Difff (X)o — (Upo, Diff5(X)o, where @ > 1;

(2) Diff*(X)o — Diffl™ (X),, where @ > 1;

(3) (go Difff(X)o — Diffg (X)o, where a > 1.
In addition, if a # 2 in parts (1) and (2), and if « > 3 in part (3), then all the above
homomorphisms have trivial images.

The Main Theorem has the following implication on the existence of unsmooth-
able foliations on 3—manifolds. This extends a previous result of Tsuboi [/0] and
of Cantwell-Conlon [21], that is originally proved for integer regularities.

Corollary 1.9. Let @ > 1 be a real number. Then for every closed orientable 3—
manifold Y satisfying H,(Y,Z) # O, there exists a codimension—one C® foliation
(Y, F) which is not homeomorphic to a | J,_,, C* foliation.

Here, a homeomorphism of foliations is a homeomorphism of the underlying
foliated manifolds which respects the foliated structures.

1.2. Notes and references.

1.2.1. Automatic continuity. K. Mann proved that if X is a compact manifold then
the group Homeoy(X) of homeomorphisms isotopic to the identity has automatic
continuity, so that every homomorphism from Homeo,(X) into a separable group is
continuous [49]. She uses this fact to prove that Homeoy(X) has critical regularity 0
and hence has no algebraic smoothings. For discussions of a similar ilk, the reader
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may consult [48] and [35)]. The Main Theorem implies that the critical regularity of
Diff} (M) is e, for M € {I,S'} and for @ > 1.

1.2.2. Superrigidity. Recall that Margulis Superrigidity says that under suitable
hypotheses, a representation of a lattice I' in a higher rank Lie group G is actually
given by the restriction of a representation of G to I' (see [51]). For the continuous
groups Dift"} (M) which we consider here, there is no particularly clear analogue of
a lattice. Nevertheless, some of the results proved in this paper are reminiscent of
similar themes. Particularly, Corollary [I.§]is established by showing that all of the
maps in question contain a countable simple group (perhaps a suitable analogue of a
lattice) in their kernel, thus precluding the existence of a nontrivial homomorphism
between the corresponding continuous groups.

1.2.3. Topological versus algebraic smoothability. The smoothability issues that
we consider in this paper center around algebraic smoothability of group actions.
There is a stronger notion of smoothability called fopological smoothability. A
topological smoothing of a representation

¢: G — Diff (M)

is a topological conjugacy of ¢ into Diﬂ:’i (M) for some B > «a; that is, the conjuga-
tion hph~' of ¢ by some homeomorphism 4 on M such that we have h¢(G)h™' <
Diffﬁ (M). A topological smoothing of a subgroup is obviously an algebraic smooth-
ing, but not conversely; compare [22]] and [37]. By a result of Tsuboi [70], there
exists a two—generator solvable group G and a faithful action ¢, of G on the interval
such that ¢;(G) < Diff* (I) but such that ¢;(G) is not topologically conjugate into
Diﬂd:rl (I). Since ¢y is injective, these actions are algebraically smoothable. See
Section [6.5]regarding implications for foliations.

1.2.4. Disconnected manifolds. It is natural to wonder whether or not the results
of this paper generalize to compact one—manifolds which are not necessarily con-
nected; these manifolds are disjoint unions of finitely many intervals and circles
(cf. [2, 140]). It is not difficult to see that the results generalize. Indeed, if G is
a group of homeomorphisms of a compact disconnected one—manifold M, then a
finite index subgroup of G stabilizes all the components of M. We build a finitely
generated group G whose commutator subgroup |G, G] is simple, and such that
[G, G] has the critical regularity exactly a with respect to faithful actions on the
interval or the circle. Some finite index subgroup of G stabilizes each component
of M, and since [G, G] is infinite and simple, [G, G] stabilizes each component of
M. 1t follows that G has critical regularity a with respect to faithful actions on M.
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1.2.5. Kernel structures. In Theorem let us fix € € (0, 1) such that we < pu.
It will be impossible to find a finite set S < G'\ker¢ such that for all ¢ €
Hom(G', Diff**(I)) we have S N kery # @. Indeed, Lemma implies that for
all finite set S = G\ {1} there exists a C* action of G' on R with a compact support
such that S does not intersect the kernel of this action. So, one must consider an
infinite set of candidates that could be a kernel element of such a .

1.3. Outline of the proof of Theorem Given a concave modulus yu, we build
a certain representation ¢ of the group G' into Diff’i" (I). For € € (0, 1] satisfying
w = w, < y, we also show that the group ¢(G') admits no algebraic smoothing
into Diff;(I). We remark that Diffs"! (1) < Diff%“(I).

To study maps into Diff*“(I), we use a measure of complexity of a diffeomor-
phism f, which is roughly the number of components of supports of generators of
G' needed to cover the support of f. We prove a key technical result governing this
complexity; this result is called the Slow Progress Lemma and applies to an action
of an arbitrary finitely generated group on /. To have a starting diffeomorphism with
finite complexity, we build an element 1 # u € G' such that if y: G' — Diff! (1)
is an arbitrary representation then the support of (u) is compactly contained in the
support of (G).

Next, we build an action ¢ of G' so that certain judiciously chosen conjugates
w juwj_1 of u, which depend strongly on the regularity (k, 1), result in a sequence of

diffeomorphisms ¢(w juwj’l) whose complexity grows linearly in j. We show that
under an arbitrary representation ¢ : G — Diff%(I), the complexity of y(w juwj’l)
grows more slowly than that of ¢(w juwjfl), a statement which follows from the
Slow Progress Lemma. Thus for each i, we find an element g € G' which survives

under ¢ but dies under . In particular, ¢(G') cannot be realized as a subgroup of
Diff% (I).

1.4. Outline of the paper. We strive to make this article as self—contained as pos-
sible. In Section [2| we build up the analytic tools we need. Section [3| summarizes
the dynamical background used in the sequel, and proves Corollary Section [
establishes the Slow Progress Lemma for a general finitely generated group action
on intervals. In Section 5] we fix a concave modulus y, and construct a representa-
tion ¢ of the group G into Diff’i” (I) with desirable dynamical properties and prove
Theorem|[L.5] In Section[6] we complete the proof of the Main Theorem and gather
the various consequences of the main results.
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2. PROBABILISTIC DYNAMICAL BEHAVIOR

Throughout this section and for the rest of the paper, we will let I denote a
nonempty compact subinterval of R. All homeomorphisms considered in this paper
are assumed to be orientation preserving. We continue to let M = [ or M = S,

We wish to develop the concepts of fast and expansive homeomorphisms (Def-
inition 2.8). These concepts establish a useful relationship between the dynamical
behavior of a diffeomorphism supported on / and its analytic behavior, which is to
say its regularity.

2.1. Moduli of continuity. We will use the following notion in order to guarantee
the convergence of certain sequences of diffeomorphisms.

Definition 2.1. (1) A concave modulus of continuity (or concave modulus, for
short) means a homeomorphism w: [0, 00) — [0, ) which is concave.
(2) Let w be a concave modulus . For U € Ror U < S, we define the w—norm
ofamap f: U — Ras

1 - sp { L0

:x,yeUandx;éy}.
w(lx =)

We say f is w-continuous if f has a bounded w—norm.

The notion of w—continuity depends only on the germs of w for bounded func-
tions, as can be seen from the following easy observation.

Lemma 2.2. Let w be a concave modulus , and let f: U — R be a bounded function
for some U < R. If there exist constants K, 6 > 0 such that

[f(0) = f < K- (lx =)
forall 0 < |x —y| <6, then we have [f],, < .

Remark 2.3. Tt is often assumed in the literature that a concave modulus w(x) is
defined only locally at x = 0, namely on [0,5] for some 6 > 0 [52 53]. This
restriction does not alter the definition of w—continuity for compactly supported
functions. The reason goes as follows. Suppose w: [0,8] — [0, w(6)] is a strictly
increasing concave homeomorphism. By an argument in the proof of Lemma
we can find a concave modulus yu: [0,00) — [0, o0) such that

w(s) < u(s) < (2 +6/w(9)) w(s)

for all s € [0,5]. By Lemma[2.2] we conclude that the w—continuity coincides with
the pu—continuity for a compactly supported function.
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The complex plane C has a natural lexicographic order <c; that is, we write
z<cwinCifRez < Rew, orif Rez = Rew and Imz < Imw. For two complex
numbers a, b € C, we let

(a,b]c :={zeC|a<cz<cb}.
In particular, we have that
(0,1]c:={svV—1|s>0}u{r+svV—1|1€(0,1),se R}u{l+sv/—1]|s<0}.
We similarly define (a, b)c, together with the other types of intervals.
Example 2.4. Letz = 7 + s+/—1 € C satisfy z € (0, 1]c. We set

w,(x) := x" - exp (—slog(1/x)/loglog(1/x)).
Then w, is a small perturbation of w.(x) = x™ = exp(—7log(1/x)). By simple
computations of the derivatives, one sees that w, is a concave modulus defined for
all small x > 0. See Figure|l|for the graphs of w,.

We will use the notation in Example [2.4] for the rest of the paper. The Holder
continuity of exponent 7 € (0, 1) is equivalent to the w,—continuity.

Notation 2.5. (1) Let k € N, and let w be a concave modulus. We write
w>; 0
if the following holds for some 6 > 0:
lim sup 7 'w(tx)/w(x) = 0.

=40 0<x<s
(2) For two positive real sequences {a;} and {b;}, we will write {a;} < {b,} if
{a;/b;} is bounded.

@)y = Wy 5402 ﬁ(x) (®) y = wy0s5-0.0s ﬁ(x)

Ficure 1. The graphs of w, along with their extrapolations (not
drawn in scale). Note we only consider concave and strictly increas-
ing portions [0, §] of the above graphs.
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In particular, the expression w > 0 is vacuously true for k > 1. Compare this
condition to Mather’s Theorem (Definition and Theorem [3.13)).
Lemma 2.6. The following hold for k € N and for a concave modulus w.
(1) The function x/w(x) is monotone increasing on [0, ).
(2) Forall C > 0and x = 0, we have w(Cx) < (C + 1)w(x).
(3) Assume that we have positive sequences {a;} and {b;} such that
{dj " w(a))} < {b] w(b))}.
If w > 0, then we have {a;} < {b,}.
Proof. Proofs of (1) and (2) are obvious from monotonicity and concavity. As-
sume (3) does not hold. Passing to a subsequence, we may assume {t; := b;/a;}
converges to 0. Then we have a contradiction because
b w(b)) wlta;
—2_1 ’ =';_1-—(JJ)—>Oasj—>oo. |
a; w(aj) w(a;)

Suppose w and u are concave moduli. We define a strict partial order w « g if

() log (1))
R R

for all K > 0. Here, we use the notation

log®t = (logt)¥.
Lemma 2.7. If z,w € (0, 1]c satisfy z <c w, then w, » w,.
Proof. Letz = 0 + s+/—1and w = 7 + t+/—1. Then we have
lim log (w,(x) log®(1/x)/w,(x))

x——+0

= limo(o- — 1) log(1/x) — (r — s)log(1/x)/loglog(1/x) + Kloglog(1/x)
x—+
= lim (o — 1)y — (t — s)y/logy + K logy.
)74“13
From z <¢ w, we see that the above limit equals —co. This is as desired. O

Let k € N and let w be a concave modulus. A C*“—diffeomorphism on M is
defined as a diffeomorphism f of M such that f*) is w-continuous. We say the pair
(k, w) is a regularity of f. If w = w, for some 7 € (0, 1) then a C*“—diffeomorphism
means a C¥*"—diffeomorphism. We have Ck«1 = CkLiP,

Let f: I = |p,q] — R be amap. Recall that the (total) variation of f is given by

Var(f,1) = sup Z’f(xi) — f(xi1)l,
q i

p=x1<-<Xp=
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where the supremum is taken over all possible finite partitions of I. A function
has bounded variation on [ if Var(f, 1) is finite on 1. If M = S, we use the same
definition for Var(f, ) with p = g. We say that a diffeomorphism f: M — M is
Ck if £ is C* and if in addition we have f*) has bounded variation.

Let w be a concave modulus, or let w = bv. We write for The set of all C**
diffeomorphisms of M is denoted as

Diff'* (M),
which turns out to be a group for k € N (Proposition|A.2). We define 4*“(M) to be
the set of the isomorphism classes of countable subgroups of Diff',(M).
Note that
Diff""(M) = Diff'"(M).
We have that
Diff*!(M) < Difft" (M) = Diff""(M) < Diff"™ (M) < Diff* (M).
If we have two concave of moduli w « u, then we have
Diff*“ (M) < Diff'*(M).
In particular, if z, w € (0, 1]c satisfy z <¢ w, then we see from Lemma that
Diff“* (M) > Diff"*" (M).

2.2. Fast and expansive homeomorphisms. From now on until Section[6] we will

be mostly concerned with the case M = I. For a measurable set / < R, we denote

by |J| its Lebesgue measure. We write J' for the derived set of J, which is to say

the set of the accumulation points of J. If X is a set, we let #X denote its cardinality.
Let f: X — X be a map on a space X. We use the standard notations

Fix f = {xe X | f(x) = x},
supp f = {x e X | f(x) # x} = X\Fix f.

The set supp f is also called the (open) support of f. We note the identity map
Id: R — R satisfies I[dY)(x) = &, for j > 1.

Definition 2.8. Let f: I/ — I be a homeomorphism, and let / < [ be a compact
interval such that f(J) = J. We let k € N.

(1) We say f is k—fixed on J if one of the following holds:
e Jn (Fixf) # @, or
e #J nFix f) > k.
(2) We say f is 0—fast on J for some ¢ > 0 if
() — vl

sup ———— = 4.
]
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(3) We say f is A—expansive on J for some A > 0 if

sup o) =y
ves d({y, f()}. o) =

We note that f has one of the above three properties if and only if so does f~'.
Note also that f is A—expansive on J = [p, ¢] if and only if there exists some y € J
satisfying one of the following (possibly overlapping) alternatives:

(ED p <y < f(y) <gand f(y) —y = Ay — p);
(E2) p<y < f(y) <gand f(y) —y = A(g — f(¥)):
(E3) p< f(y) <y<gqandy— f(y) = A(f(y) — p):
(E4) p< f(y) <y<gandy— f(y) = (g — ).
For a set A € N, we define its natural density as

dii(A) = lim #(4 0 [1,N])/N,

if the limit exists. A crucial analytic tool of this paper is the following probabilisitic
description of fast and expansive homeomorphisms.
Theorem 2.9. Let k € N, and let w > 0 be a concave modulus. Suppose we have
(i) a diffeomorphism f € Diff%“(I) L Diff"™ (I);
(ii) a sequence {N;} < N such that sup,; Ni(1/i)*'w(1/i) < oo,
(iii) a sequence of compact intervals {J;} in I such that f is k—fixed on each J; and
such that sup,. #{je N | J; n J; # @} < .

Then for each 6 > 0 and A > 0, the following set has the natural density zero:
As) = {i e N | fN is 5—fast or A—expansive on Jl-} .
The proof of the theorem is given in Section[2.3]
2.3. Proof of Theorem Let k and w be as in Theorem We first note a
classical result in number theory.

Lemma 2.10. For sets A, B € N, the following hold.

(1) If dy(A) = 1 for some A < Nand ifi € N, then dy (A —i) nN) = 1.
(2) If dy(A) = dn(B) = 1 for some A,B < N, then dyy(A N B) = 1.
(3) ([65,154]) If >4 1/i is convergent, then dy(A) = 0.

Fastness and expansiveness constants of “roots” of a diffeomorphism behave like
arithmetic and geometric means, respectively:

Lemma 2.11. Let f € Homeo, (J) for some compact interval J, and let N € N.
(1) If fN is 5—fast for some 6 > 0, then f is (6/N)fast.
(2) If fV is A—expansive for some A > 0, then f is (1 + 1)'/N — 1)—expansive.
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Proof. Let us write J = [p, q|.
(1) For some y € J we have

N—1
S <IN ) =yl < DI 0) = £yl
i=0

Hence there exists some y' = f(y) such that [f(y') — /| = &|J].
(2) Assume the alternative (E1) holds as described after Definition [2.8] That is,

p<y<fly)<q
for some y € J such that f¥(y) —y = A(y — p). Note that

—1 4
e ) -

y=p o ') —p
So, for some y' = f(y), we have

(/1+1)1/N<f();/)_p Zf()//)_y,—l-l.
y—=pr y—=p

This is the desired inequality. The other alternatives are similar. O

Lemma 2.12. For a C*—=map f: I — R, the following hold.
(1) Ifxe (Fix f) and j = 0,1, ...,k then we have:

f9(x) = 1d9(x).

(2) If f is k—fixed on a compact interval J < I, then (f —1d)") has a root in J
foreach j=0,1,... k.

Proof. Foreach j € {0, 1,...,k}, we define
S;i =S,(f) = {xe ] fOx) = 149 (x)}.
(1) We have S ; < §;. It now suffices for us to show the following:

So=Fixf)ycs§ic -8}

Let us assume x € S’ for some 0 < j < k. Then there exists a sequence {x:i} <
S \{x} converging to x. There exists y; between x; and x such that

FO(x) — f9(x) _ dY (x;) — Id¥ (x)

= 6; = IdV D (y)).
Xi— X Xi— X 07 (y)

I ) =
Since y; € § ;1 converges to x, we see that x € S;H. This proves S;. - S;'+1'
(2) By part (1), it suffices to consider the case that #(J n Fix f) > k + 1. We
inductively observe that (f — Id)") has at least (k + 1 — j) roots for each j =
0,1,...,k by the Mean Value Theorem. O
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Lemma 2.13. Let J < I be a compact interval, and let 6,4 > 0. Suppose f €
Diff! (1) is k—fixed on J.
(1) If f is 6—fast on J, then

sup IfO —1d® |- g = 6.

If, furthermore, f is C5 then we have
9], - W () = 6.
(2) If f is A—expansive on J, then

max (sup |f9 —1d® [,sup |(F~H® — 1d® ) I = A
J J
If, furthermore, f is C* then we have

max ([f9],. [(F7)“],) - I (1)) = A
Proof. For each j < k, Lemma implies that there exists s; € J satisfying

F9(sj) =1dY(s)).
Let yo € J be arbitrary. We see (cf. Lemmal[A.4) that
Yo | Ti—1
| £ (o) — yol = f J o J (f(k)(tk) - f(")(sk)) dt, dt,_, - - - dt,
n=s0 Jir=s1 Tk=Sk—1

< sup [f® —1d® | - |yo — o[ - [J]*".
J

(1) Pick yo € J such that | f(yo) — yo| = 6]J]. We see
611 < 1f (o) = yol < sup [F®) 1] - |J["

If £ is C*, then we further deduce that
8171 < sup O () = O si)l - | < [£9],, - 1T w(1 ).
teJ
(2) Write J = [p, g]. Assume the alternative (E1) holds for y, € J; that is,
A(yo = p) < f(%) = yo.
By applying the same estimate for 5o = p, we see that

J () = Yo <
Yo— P
If f is C*“, we further have
A<sup |[fO) = fO (sl - 11 < [V, - I w((9]).

teJ

A< sup [f© —1d® | - gk
J
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The other alternatives can be handled in the same manner; in particular, we use the
diffeomorphism g = f~! for (E2) and (E3). |

Proof of Theorem[2.9) C** case. We assume f: I — I is a C*“—diffeomorphism.
Let 6,4 > 0, and define

L =max ([f¥],.[(F)7],)
As = {i e N | fNis 6-fast on J;},
B, = {i e N| fMis A-expansive on J;}.

We let K > 0 be the larger value of the suprema in the conditions (i) and (fii). The
following claim is obvious from and from a maximality argument.

Claim 1. The sequence of intervals {J;} can be partitioned into at most K collec-
tions such that each collection consists of disjoint intervals. In particular, we have

Z 7] < K.

It now suffices for us to establish the two claims below.
Claim 2. dy(As) = 0.
By Lemmas and [2.13] we have that
(1) w(1/i):ie Asy < {1/N;:ie Asy < {7 w(|4i]): i€ As).
By Lemma 2.6 (3)), there exists L’ > 0 such that 1/i < L'|J;| for i € A;. So,
D/i< ) L < LK < .

i€A5 I€EAs

Lemma [2.10|now implies the claim.
Claim 3. dy(B;) = 0.
There is a constant K, > 0 such that
log (1 + Ko(1/i)'w(1/i)) < Ko(1/i)* 'w(1/i) < log(A + 1)/N..
Hence, Lemmas [2.1T]and [2.13]imply that
(1) w1/ ie B}y < {(A+ DM —1:ie By} < {7 'w(|Ji]): i € By}
As in Claim 2} we have 3, 1/i < oo and dn(B,) = 0. m

Proof of Theorem[2.9) C* case. We now assume f is a C**—diffeomorphism. Let
us closely follow the proof of C¥“ case, using the same notation. In particular, we
define the same sets As and B,;.
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For each i € N, we pick x;, y;, z; € J; such that
O (x) — 0wl = sup O =oul, 1P ) = oul = Sup (1B =6yl

and f®(z;) = 1d® (z;) = 81, Again, it suffices to prove the following two claims.
Claim 4. dy(As) = 0.

By Lemmas [2.11and 2.13] we have that

{1/ w(1/i): i€ Asy < {1/N;: i€ As} < {Sl:’lp IFO — S| - | i e As)

By Claim[I], we see
Z|f 61k|—2|f") (x;) — fO(z)] < K Var(f©, 1) < 0.

So, for some constant Ky, K; > 0 we deduce from Holder’s inequality that

Z Z <KO?’: yl)) KIZ || D O () — o]

IEA‘} i€As ieN

(k=1)/k 1/k
< Ki (Z |Ji) (Z 9 (x) — 51k|> < .

ieN ieN
We conclude from Lemma[2.10]that dy;(A;) = 0.
Claim 5. dy(B,) = 0.

We apply Lemma [2.13]and also the proof of Claim[3] For each i € N we put

M; = | fO(x:) = oul + |(F7) O () = dul.

We have

{1/ w1/ ie By S {(A+ )N —1:ieB)} < {M;-|J;[*'ie By}
By Proposition ., we have

2 I(f —Sul < K Var((f ¥, 1) < 0

We again apply Holder s inequality. For some constant Ky, K; > 0, we see

Sre s () e m g

zeBA i€B, ieN

(k—1)/k 1/k
K, <Z|J!|> (ZM,) < 0.
ieN ieN

We obtain dy(B,) = 0. o
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2.4. Diffeomorphisms of optimal regularity. Let us now describe a method of
constructing a fast diffeomorphism of a specified regularity on a given support.

Theorem 2.14. We letk € N, let § € (0, 1) and let u be a concave modulus satisfying
1 > wy. Suppose that {J;}icn is a disjoint collection of compact intervals such that
J; € I\0I, and that {N;}ien < N is a sequence such that

inf N; - [ (|i]) = 1
ieN

Then there exists f € Diff]_i’“ (R) satisfying the following:

(i) supp f = {x e R | f(x) > x} = wi(J}\OJy);
(ii) N is 6—fast on J; for all i;
(iii) if an open neighborhood U of x € R intersects only finitely many J;’s, then f
is C* at x.

Since I is compact, it is necessary that ) . |J;| < oo. From the above theorem we
will deduce that some C** diffeomorphism is “faster” than all C** diffeomorphisms
for w « p, in a precise sense as described in Corollary 2.20]

Throughout Section [2.4] we will fix the following constants.

Setting 2.15. Let k, 6, u be as in Theorem Pick a constant € € (0, 1) and put
C=1/(1+8¢), D=(1—-C)2, & =(1—&)C
A priori, we will choose g so small that we have estimates
D < 1/10, 6y > max(6,9/10).
We also pick £ € (0, &] such that u(£;) < &.

We will prove Theorem through a series of lemmas. Let us first note the
following standard construction of a bump function ¥; see Figure 2] (a).

Lemma 2.16. There exists an even, C*° map ¥: R — R such that the following

hold:
e ¥(1)=0ift<—lort>=1;
o W(0) = 1;
o V(1) > O zft € (—1,0);
[ ] S “I’ =
For U < M and for m € N U {0}, the C"-norm of f: U — R is defined as
£ e = sup [|f9]e = sup{|f¥(x)|: xe Uand 0 < j < k}.
o< j<m

Let us introduce a constant

o) k+1
k- (3) ¥l
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The following technical lemma establishes the existence of a bump function with a
long flat interval and with a controlled C*—norm. See Figure [2|(b).

Lemma 2.17. For each € (0, (], there exists a C* map g: R — R such that

=0 ift<Qort=¢,
) is strictly increasing if 0 <t < D¢,
(i) g(t) . :
= Cl'u(?) if Dt <t < (1— D),

is strictly decreasing if (1 — D)l <t <.
(ii) |g'(t)| < 1/2 forallteR.
(iii) |g]x.0 < Kop(0).
() |g®(x) — g®(y)| < Kou(|x —|) for all x,y € R.

Proof. There exists a unique C* map g satisfying the following conditions:

0 ift<Qort>={¢,
(1) clu(o) P ifr<e)2,
8 Cetu(e) if D¢ <t < (1 - D)L,
ceiu(o) VPN it > )2,

Hence, we have (i).
If t € (0,£/2), then

2 2t 2C 2C
g (t) = Ctu(f) (D_€> ¥ <D_€ - 1) < = u(b) < ¢ =

It follows that g’(7) € [0, 1/2]. Since we have the symmetry g(t) = g(€ — t), we
obtain (ii). We see [ g]s = Cu(f) < Cu(f) < Kop(€). If t < €/2 and i > 1, then

D¢ D¢
The condition (fi]) follows.

| 2\ 2\
€00 < (o) () 190V = (o) (25 ¥ < Kante

|~ AN

(@)y="Y¥(x) (b)y = g(x)

FiGure 2. Scaled bump functions.
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To verify (iv), let us estimate |g® (x) — g®(y)|. We have that g®) = 0 on
(—0,0) u (D¢, (1 — D)t) U (¢, ).

Using the symmetry |g®(x)| = [¢g® (£ — x)|, we may only consider x € [0, Df].
Note that ¥*—1 (1) = $*=D(1) = 0. Since ¥*~ is Lipschitz, we have that

2 2x 2D€ -2
=D (22 ) < O, min (22, 22—
D¢ DU D¢

So, we have an inequality
2\* 2x Kou(¢)
®)(x)| = =) |pn —1)| <= in(x, D¢ — x).
€91 = cu@) (5) 1140 (e 1) < S5 mintpe -
We now have the following three possibilities for y.
Case 1.y e (—0,0] U [DC, (1 — D){] U [¢, ).
Since we have min(x, D€ — x) < ¢, we see
18 (x)—g“ ()] < Ko(u(6)/€) min(x, Dl—x) < Kou(min(x, Dl~x)) < Kou(|x—y]).

Case 2. y € |0, D?].
We see that

2\ /2
€900~ 0] < Cul0)(5) (7)1 lr =31 < Kl =)
Case 3. ye ((1 — D)¢,¢).
Since D < 1/10, we have x + € —y < 2D{ < € — 2D¢ <y — x < {. We see that

189 (x) = g™ ()] < g™ (x)| + g™ (€ —y)| < Ko(u(€)/€)(x+€—y) < Kou(|x—y]).
O

Lemma 2.18. For each compact interval J = R with 0 < € := |J| < ¢, there
exists a diffeomorphism f € Diff (R) satisfying the following:

(A) supp f = J\OJ;

(B) infg f'(x) = 1/2;

(C) |f = 1d koo < Kou(£);

(D) for each N = 1/(¢*"'u(¢)), we have

SLle 1N —1d| = 6ot

(E) |fW(x) = fO0)| < Kou(|x = y]) for all x,y € R,

Proof. We may assume J = [0, ¢]. Let g be as in Lemma [2.17} and put f = Id +g.
By symmetry and the condition (11)) on g, we have

f)=1+¢()=1)2
for all 7. We have (B)), and in particular, f is a C* diffeomorphism.
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The claims (A)), (C) and (E) are immediate from Lemma Observe that
(-p6)-DL  1-2D 1
COu) CO(l)  Bu(l)
For each N > 1/(£'u(¢)), we have that

£ (De) — Dt - Zlf’“ (D0) -~ 7O > COul0) | i

()
= Cf( — () = CE(1 — &) = ol
This establishes the claim (DJ]), and hence the conclusion of the lemma. o

Proof of Theorem[2.14} Put {; = |J;|. As ). £; < oo, there exists iy such that {; < £*
for all i > i,. For each i > iy, we apply Lemma to obtain f; € Diff¥ (R) with:
(A) supp fi = J\OJ;;
(B) inf |f/(x)| = 1/2;
© |fi —1d |0 < Kop(i);
(D) £ is do—faston J; for all N > 1/(€5'u(£:));
®) £ (x) = £ 0] < Kou(|x — y|) forall x,y € R.
For each n > i, consider the composition

F,=]]#

i=io
For m > n > iy, we have that
[F = Fallkoo < sup{|f”(x) =1V (x)]: i > n,x € J,0 < j < k} < Kosupp(£y).
i>n
Hence {F,} uniformly converges to a C* map F: R — R in the C*—norm [26]].
Since F is the composition of infinitely many homeomorphisms with disjoint
supports, we see F is also a homeomorphism. In particular, we see supp F =

Uisio (J\0J;). Moreover, F’'(x) = lim,_,o F/,(x) = 1/2 for all x € R. It follows that
F is a C* diffeomorphism.

Claim. Forall x,y € R we have
[F®(x) — FO (y)| < 2Kou(|x — y).

In order to prove the claim, we may assume x € J; for some i > iy. If y € J;, then
the condition (E) implies the claim. If y ¢ supp F, then we can find x, € dJ; such
that [x — y| > |x — xo|. So,

IFO(x) — FO )] = [£9(x) = £9 (x0)] < Kop(|x — x0]) < Kope(|x — y]).



22 S. KIM AND T. KOBERDA

Finally, if y € J; for some i # j > iy, then we can find xy € dJ; and y, € dJ; such
that |x — y| = |x — xo| + [y — yo|- As u is increasing, we see that

FO) = FO) < 11700 = 19 + 177 0) = 1700
< Kou(|x — xof) + Ko(|y — yol) < 2Kopu(|x —yl).
Hence, the claim is proved. We have that F € Diﬁc/i” (R).
Finally, we can pick F* € Diff"’(R) such that:

e supp F* = {xe R | F*(x) > x} = J{J\oJ: | 1 <i<ip};

e F*isdp—faston J; for 1 <i < ij.
Then the diffeomorphism f FoF*e Diffk’”( I) satisfies the conclusions (i) and
. To see the conclusion (i11)), observe from the hypothesis that either

e x € J;\dJ; for some i, or

e f = Id locally at x, or

e x € 0J; for some i, and some open neighborhood U of x satisfies UnJ; = @
for all j # i.

In all cases, f coincides with some f; locally at x, and hence, is locally C*. O

Remark 2.19. In the above proof, the modulus of continuity was used to guarantee a
uniform convergence of partially defined diffeomorphisms. This idea can be found
in the construction of a Denjoy counterexample, which is a C'*¢ diffeomorphism
f: 8! — S! such that f is not conjugate to a rotation and such that f has an
irrational rotation number. Denjoy’s Theorem implies that there are no such C!*
examples [23}159].

We note the following consequence of Theorem [2.14]

Corollary 2.20. Let K* > 0, and let {J;}icn be a collection of disjoint compact
intervals contained in the interior of I satisfying

;| = ((i + K*) log*(i + K*))
Then for k € N and for a concave modulus p > w,, there exists

f € Diff'*(R)\ < | Difft“(®R) u Diff’ibV(R)>

O<rw<u

—1

such that supp f = U;(J;\0J;).
Proof. Let us write ¢; = |J;| and
= [1/(67 u(@))] = [+ K og 2 (i + K*) /u(6))] -

We have f € Diff’i“ (I) as given by Theorem with respect to {J;} and some
6 € (0,1). Let us pick w such that 0 <; w < p.
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Claim. lim N;(1/i)* 'w(1/i) = 0.
i—00
For all sufficiently large i, we have

u(ti) = pu(1/(4ilog? i)) > u(1/i)/(41og” i).
So we see that
N o 20+ KN Nog (i + K*)w(1/i
W/ < 2K o Kot
_ 8(i + K*)*'og™ 2(i + K*) _ log* i - w(1/i)
h i1 log? 2 u(1/i)
Note that 0J; are accumulated fixed points of f. Since f is 6—fast on J; for all i,

Theorem [2.9] implies that £ is not C*“. For C*", we simply set w = w, and apply
Theorem [2.9] again. i

— 0.

2.5. More on natural density. For N € N, let us use the notation
[N]*:={0,1,...,N — 1}.
We will need the following properties of density—one sets.
Lemma 2.21. (1) If A < N satisfies dy(A) = 1, then for each s € N we have
du{ieN: i+ [s]" < A} =1.

(2) Let By € N, and let X, Y < N. Assume that dy (X U ((Y —B) nN)) = 1 for
each integer B = Bo. Then we have dy(X 0 Y) = 1.

Proof of Lemma (1) We can rewrite the given set as
{ieN:i+[s]*cA}=An(A-1)n---n(A—(s—1)).

The conclusion follows from the first two parts of Lemma |2.10
(2) Pick an arbitrary integer N > ). For each § € N, define

SYW={meN|m+[N*<Xu(Y-p)}.
Part (1) implies that dy(S jlv"g ) = 1 for each B = By. So, we have a density—one set
N-—1
sy =[] sV
B=Bo

Suppose me SY. Ifm<i<j<m+N—1landi,j¢ XUV, thenm¢ S)/".
In particular, j — i < 8y — 1. We obtain that

#iem+[N)*|i¢ X UY} <R
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Hence, for each s € N and 7 € [N]* we compute

(N—PBo) #(SY n(t+N[s]*) <#{met+[Ns—N+1]* |[me XU Y}.

* we have

By summing up the above for ¢ € [N]
(N — Bo)# (SN A [Ns]*) < N#{me [Ns|* | me X U Y}.

After dividing both sides by N2s and sending s — 0, we see that

#(XuY Ns|*
1= < imine XD 0 [NST),
N 500 Ns
Since N is arbitrary, we have diy(X U Y) = 1. o

3. BACKGROUND FROM ONE—DIMENSIONAL DYNAMICS

In this section, we gather the relevant facts regarding one—dimensional dynamics
that we require in the sequel.

3.1. Covering distance and covering length. Throughout Section [3.1| we let G
be a group with a finite generating set V, and let : G — Homeo, (I) be an action.
We develop some notions of complexity of an element in ¢(G) which will be useful
for our purposes.

We use the notation

suppy := suppy(G) = | J suppy(g) = | suppu(v).

geG veV

Note that supp ¥ may have multiple components. Define

Vo= U 7o supp ¥ (v).
veV
Then ¥ is an open cover of supp ¢ consisting of intervals.
For a nonempty subset A < I, we define its ¥ —covering length as

CovLeny (A) =inf{e N|AC Aju---UA;, eachA;isin ¥V}

Here, we use the convention inf @ = co. We also let CovLeny (@) = 0. We define
the V' —covering distance of x,y € I as

CovLeny ([min{x,y}, max{x,y}]), ifx#y;

CovDisty (x,y) =
ovDisty (x,) {O. if x = y.

That is to say, once a generating set for G has been fixed, CovDisty (x, y) is the least
number of components of supports of generators of G needed to traverse the interval
from x to y. Also, if x and y lie in different components of supp (G), then the
covering distance between them is necessarily infinite. We let CovDisty (x, x) = 0.
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Both covering distance and covering length depend not just on G and i but also
on a generating set V. When the meaning is clear, we will often omit #", and write
CovLen(A) and CovDist(x, y). We will also write gx := (g).xforg e Gand x € I.

Covering distance behaves well in the sense that it satisfies the triangle inequality:

Lemma 3.1. For x,y,z € I and for A, B < I, the following hold.

(1) CovDist(x,y) < oo if and only if x and y are contained in the same compo-
nent of supp y.

(2) CovLen(A u B) < CovLen(A) + CovLen(B).

(3) CovDist(x,y) < CovDist(x,z) + CovDist(z,y).

Proof. Part (1) is clear. For part (2), assume
{Ul,...,Un},{Vl,...,Vm} cv

are open covers of A and B which witness the fact that CovLen(A) = n and
CovDist(B) = m respectively. Then

{Ui,...., U, Vi,..., V)
cover the interval A U B. Part (3) follows from part (2). O

If 1 # w € G, we define the syllable length of w, written ||w||, to be
ol = ming€ | = V2 o0,

where v; € V and n; € Z for each 1 < i < ¢. The following lemma relates the
algebraic structure of the given group G = (V) with the dynamical behavior of
actions of G:

Lemma 3.2. For each x € I and w € G, we have CovDist(x, wx) < ||w||.

Here we are implicitly measuring the covering distance with respect to the gen-
erating set V of G.

Proof of Lemma Clearly we may assume that x € supp ¥, since otherwise there
is nothing to prove. We proceed by induction on ||w||. If ||w|| = 1 then w = V"
for some v € V and n € Z. Then either x = V'x or x € J € mysuppy/(v). It
follows that CovDist(x, v"x) is 0 or 1. Now assume ||w|| = £ > 2. We can write
w = V' -w, where ||W|| = € — 1. By induction, CovDist(x,w'x) < € — 1. As
CovDist(w'x, V" - w'x) < 1, the estimate follows from Lemma O

Let (Uy,...,U,) be a sequence of open intervals in R such that U; n U; = @
whenever |i — j| > 2, and such that U; n U, is a nonempty proper subset of both
U;and U,y for 1 <i<n— 1. Then we say (Uj,...,U,) is a chain of intervals in
R. Figure[3| gives an example of a chain of four intervals.
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A finite set .% of intervals is also called a chain of intervals if .%# becomes so after
a suitable reordering. Chains of intervals arise naturally when we consider an open
cover of a compact interval. The proof of the following lemma is straightforward.

Lemma 3.3. If % is a collection of open intervals such that I < | J%, then a
minimal subcover V' < 7 of I is a chain of finitely many open intervals.

U, Uy

U, Us
Ficure 3. A chain of four intervals.

When we discuss a chain of intervals, we assume those intervals are open. It
will be useful for us to be able to move points inside a connected component of
supp ¥ (G) efficiently in the following sense, which provides a converse to Lemma

Lemma 3.4. Suppose x <y € U € nysupp¥(G) satisfy CovDist(x,y) = N € N.
Then there exists an element g € G such that gx >y and such that ||g|| = N.

We remark that ideas in a very similar spirit to Lemma [3.4{ were used extensively
in [41].

Proof of Lemma[3.4} Let {Uy,...,Uy} be intervals such that U; € mysupp ¥ (v;)
for some v; € V for each i, and such that these intervals witness the fact that
CovDist(x,y) = N. Lemma [3.3|implies {U;} is a chain. Renumbering these in-
tervals if necessary, we may assume that x € U;\U,, that y € Uy\Uy_y, and that

infU; <infU;,; <supU; <supU;;,

for each i (cf. Figure [3). Note that we allow sup U;_; = inf U, ;.

For a suitable choice of n;, we have v’l“x = x; € U,. By induction, we have that
Viix; = x;11 € Uy for a suitable choice of n;. Once vy -+ -V'x = xy € Uy, we
apply a suitable power of vy to xy to get v}’ xy > y. Then

g = Vi)
clearly has syllable length at most N and satisfies gx > y. Lemma[3.2]implies that
lell = N. O

3.2. A residual property of free products. For a compact interval / < R, we
let Diff;’(J) denote the group of C*—diffeomorphisms of R supported in J. One
can identify Diff’ (J) with the group of C*—diffeomorphisms on J which are C*—
tangent to the identity at 0J. For a group G and a subset S < G, we let (S )) denote
the normal closure of S.
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Lemma 3.5. Suppose G < Diff (I) has a connected support, and suppose
1#g€(Gx{s))={t)=(Gx2Z)=Z.
Then there exists a representation
¢g: (G x (s)) = (&) — Diff (1)

with a connected support such that ¢,(g) # 1 and such that supp ¢,(G)Nsupp ¢ (s) =
@. Furthermore, we can require that ¢,(G) = G.

Proof of Lemma[3.5] We have embeddings
p+: G — Diff[0,1], o/, : {s) — Diff’[0, 1],
with full supports. Let p_ and p’ denote the “opposite” representations of p, and
p',, respectively. That is, we let p_(g)(x) = 1 — p..(g)(1 — x) and similarly for p’ .
After a suitable conjugation, we may assume
g = 1" (gest) - 17 (g s™)

for some £ € N, g; € G and p;, g; € Z. For each i, we can further require that p; # 0,
and that either g; # 1 or ¢; # 0. There exists a representation

pit G x (s) — Diffy’[2i — 1,2i]
and a point x,;_; such that
2i — 1 < xpiy < X = pigisT) (x0i—1) < 2i.
Here, p; is C*—conjugate to p4 if g; # 1, and to p/, otherwise. In particular, we
require supp p;(G x {s)) = (2i — 1,2i).
We pick x,,,1 and z; so that

l<x <71 <% <2<3<y<p<uyu<id<si<--

<2U—1<X0p 1 <Zp <X <20 <2+ 1 < X1 < Zpsq <20+ 2.
We can find a C*—action

po: {ty — Diff;’[1,2¢ + 2]

such that supp py(¢) = U’_, (2, zi+1) and such that po(17)(x;) = X2i41. We put

¢
¢e = | [ pi *po: G +Z — Difi’[1,2¢ + 2].
i=1
The nontriviality of ¢,(g) comes from a Ping—Pong argument for free products
(cf. [42,13]); that is, ¢,(g)(x1) = x2¢+1 > x;. The first conclusion follows from

supp ¢, = supppo U (Uisupppi) = (1,2¢41).
We may assume g; # 1 for at least one i. This is because, the above construction
also works for a finite set A  G\{1} after setting g as a suitable concatenation of
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the elements in A. In particular, p; [ and ¢, are faithful. Here, the symbol |
denotes the restriction of a representation. O

3.3. Centralizers of diffeomorphisms. We recall the following standard result. It
was proved for C*> maps by Kopell [44] and generalized later to C'*® maps by
Navas [58]] in his thesis.

Theorem 3.6 (Kopell’s Lemma; see [44]). Let f,g € Diff\"™[0, 1) be nontrivial
commuting diffeomorphisms. If Fix f n (0,1) = @, then Fixg n (0,1) = 2.

We continue to let M € {I,S'}. We say f € Homeo, (M) is grounded if
Fix f # @. In particular, every homeomorphism of / is grounded. An important
and relatively straightforward corollary of Kopell’s Lemma is the following fact:

Lemma 3.7 (Disjointness Condition; see [2]). Let f, g € Diff'\ "™ (M) be commuting
grounded diffeomorphisms, where M € {I,S'}, and let U and V be components of
supp f and supp g respectively. Then either U "'V = @orU = V.

If w is a concave modulus or if w € {0,bv,Lip}, then we define the Cckw_
centralizer group of G < Homeo, (M) as

ZM(G) = {h e Diff'*(M): [g,h] = 1 for all g € G}.

Let Z5¢(g) := Z**({g)) for g € Homeo, (M). We write FixG = N Fix g.
Let BS(1,m) denote the Baumslag—Solitar group of type (1, m), given as below.

Lemma 3.8. Suppose we have an integer m > 1 and a representation
p: BS(1,m) = (x,y | xyx~' = y™) — Diff} ().

(1) ) If p(y) # 1, then p is faithful.
(2) ([8l]) We have that supp Z' (p{x,y)) n suppp(y) = @.

Proof. (1) Suppose g € kerp\{1}. We may write g = y”x4 for some p, g € Z so that
xgx ' = (xyx 1)Px? = y?Px7 € kerp.
It follows that p(y”) = 1. Since p(y) # 1, we see that p = 0 and p(x) = 1. But
then, we have p(y) = p(y") = 1. This is a contradiction.
(2) We may assume p is faithful by part (1). The case m = 2 precisely coincides
with [8, Proposition 1.8]. The proof for the case m > 2 is essentially identical. O

If g e DifffbV(S 1) is an infinite order element having a finite orbit, then every
element in Z!*®(g) has a finite orbit and every element in [Z!T%(g), Z!™™(g)] is
grounded; see [27] and [2]]. This is a dynamical consequence of classical theorems
of Holder [34] and of Denjoy [23]], combined with Kopell’s Lemma. In this paper,
we will need a C'—analogue of this consequence, as described below. The role of
(g) is now played by the group BS(1,2).
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Lemma 3.9. Suppose we have an isomorphic copy of BS(1,2) given as
B={xy|xyx' =y*) <Diff\ ().

Then the following hold.

(1) The C'—centralizer group Z'(B) of B has a finite orbit.
(2) For some finite index subgroup Zy of Z'(B), we have supp Zy N suppy = @.
(3) We have supp[Z'(B),Z'(B)] n suppy = @.

For ¢ € Homeo, (S'), we consider an arbitrary lift g: R — R and define the
rotation number of g as

rot(g) := lim g"’io)

n—0o0

e R/Z.

Proof of Lemma(3.9) For some m € N, the group By = (x",y) =~ BS(1,2") has a
global fixed point; this is due to [32, Theorem 1]. We have a nonempty collection
of open intervals:

of = {J € mysupp By: the restriction of By on J is nonabelian}.

We may regard By < Diffl+ [0, 1]. It follows from [8, Theorem 1.7] that < is a
finite set. Since Z'(B) < Z'(By), the group Z'(B) permutes <7 and has a finite orbit
inside X = J,.,, 0J < S'. This proves part (1).

Let Z, be the kernel of the above homomorphism

Z'(B) — Homeo™ (X).

Since every element of Z, fixes 0J for J € 7, we can regard (Zy, By) < Diff fr [0, 1].
Lemma 3.§]implies part (2).

Part (3) is not essential for the content of this paper, but we include it here for
completeness and for its independent interest. To see the proof, note first that
the finite cyclic group action po: Z'(B)/Zy — Homeo™ (X) is free. By a varia-
tion of Holder’s Theorem given in [40, Corollary 2.3], there exists a free action
p: Z'(B)/Zy — Homeo™ (S') extending py such that rot op is a monomorphism;
see also [27]. We have a commutative diagram as below:

Homeo™ (X)

/ PO ] free

| —> Zy — Z'(B) — = Z'(B)/Zy — 1

rot l P j free

S < Homeo™ (")
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Let g € [Z'(B),Z'(B)]. The commutativity of the lower square implies that rot
restricts to a homomorphism on Z'(B). In particular, we have that rot(g) = 0
and that g is grounded. Since g centralizes B, and since Fix By # @, we see that
Fix(By,g) # @. So, we may regard (B, g) < Diff! (I). Lemma 3.8 implies that
supp g N suppy = @, as desired. m|

3.4. A universal compactly—supported diffeomorphism. Throughout this paper,
we will fix a finite presentation:

G' = (Z xBS(1,2)) = F, = ({c) x {a,e | aea™' = €?)) = (b,d).
See Figure Welet Vi = {a,b,c,d,e} < GT.

b c d
[ ] [ ]
aé e
FiGurE 4. The relators of G'. The horizontal double edge denotes
the relator aeca~! = €? and the other two edges denote commutators.

Whenever we have an action ¢ of G on I, we will define the covering length and
the covering distance by the following open cover of supp ¢(G'):

V= U mo supp ¢ (v).

vevt

If y: G' — Homeo, (I) is a representation and f € y/(G"), there is little rea-
son to believe that CovLen(supp f) < oo, even if we restrict to a component of
supp (G"). In order to use the covering length of a support as a meaningful notion
of complexity of a diffeomorphism, we need to find an element 1 # uy € G' for
which CovLen (supp ¢/(up)) < 0.

We will build such an element uy, € G'. We say a set A < R is compactly
contained in a set B € R if there exists a compact set C such that A < C < B.

Lemma 3.10 (abt—lemma; [40, Theorem 3.1]). Let M € {I,S'}. Suppose a,p,t €
Dift (M) satisfy that
supp @ N suppf = @.

(1) Then {a,B,t) is not isomorphic to Z*  Z.
(2) If M = I, then the support of

u=[[o.B-B-B '] a]

is compactly contained in supp{a, B, 1).
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Proof. Part (1) is stated as Theorem 3.1 of [40]. We summarize the proof of part (2),
which is transparent from [40]. We first consider y = o, § = ' and ¢ = [y, BB~ '].
We have that supp y nsupp § = @. By Lemma 3.10 of [40], we have supp ¢\ supp 8
is compactly contained in suppy U supp d. Since u = [, @], we see that

supp u < supp ¢ U supp a U supp ¢ N supp a

< supp ¢ U supp @ U supp ¢\ supp 3
C supp @ U supp U suppy U suppd < suppla, 3, 1). m|

We can now deduce Corollary in Section [} The authors were told by A.
Navas of the following proof for M = I.

Proof of Corollary Suppose we have a faithful representation
Wy ({c) x (a,e)) = {d) =~ (Z x BS(1,2)) + Z — Diff (M).

Consider first the case when M = I. By Lemma we see that suppy(c) N
supp¥(e) = @. It follows from Lemma that

yic,e,d) % Z* +Z = {c,e,d).

This is a contradiction, for ¢ is faithful.
Assume M = S!. By Lemma , we have some p € N such that

supp¥/(c”) N suppy(e) = @.
We again deduce a contradiction from Lemma [3.10} for we have
w(cP,e,d) % 7+ Z = (c’,e,d). |
We will apply abr—lemma to the triple (c, e, d). For this, we let

a=c, f=e, yzad:d_lcd, §=ﬁd:d_led,

ul = [[y.B9B7 "], a] = [[ce-e-e7'].c]e G\ {1}.
Lemma 3.11. Letu' € {c,d,e) < G' be as above. Then for each representation

y: (a,c,d,e) — Diff (1),

the set supp y(u') is compactly contained in supp y{c,d, e). In particular, for each
U € mo supp ¢(u') we have CovDist(inf U, sup U) < co.

Proof. Since y(c) € Z'({a,e)), we see from Lemma that suppy(c) N
supp ¢(e) = @. Lemma[3.10|implies the desired conclusion. o
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3.5. Simplicity and diffeomorphism groups. We will require some classical re-
sults about the simplicity of certain groups of diffeomorphisms of manifolds. For
a manifold X, we let Diff*“(X), denote the set of C** diffeomorphisms isotopic to
the identity through compactly supported isotopies; this set is indeed a group [52].
Note that

Difft“(s"), = Diff'*“(s'), Diff*’(R), = Diff*“(R).

Definition 3.12. Let w be a concave modulus.

(1) We say w is sup-tame if lim,_, ¢ sup,_,_s tw(x)/w(tx) = 0 for some 6 > 0;
(2) We say w is sub-tame if lim,_, ;o sup,_,_; w(tx)/w(x) = 0 for some § > 0.

Mather [52}153]) proved the simplicity of Diﬂ“’fF (X), where X is an n—manifold and
k # n + 1. The following is a straightforward generalization from his argument.

Theorem 3.13 (Mather’s Theorem [52, 53]]). Suppose X is a smooth n—manifold
without boundary. Let k € N, and let w be a concave modulus satisfying the follow-

ing:
o if k = n, then we further assume w is sup-tame;
e ifk = n+ 1, then we further assume w is sub-tame.

Then the group Dift**(X), is simple.
In Example 2.4] we have defined a concave modulus w, for each z € (0, 1]c.
Lemma 3.14. We have the following.

(1) The concave modulus wg .~ is sup-tame for s > 0;
(2) The concave modulus w , ;.1 is sub-tame for s < 0;
(3) The concave modulus w, . ; /— is sup-and sub-tame for v € (0,1) and s € R.

Proof. Let t,x > 0. We substitute 7 = log(1/7) and X = log(1/x).
(1) Put w = w, /— for some s > 0. There exists some ¢ € (X, X + T) such that

tw(x) ~ex (_S log(1/x) i log(1/tx) )
w(tx) loglog(1/x) = loglog(1/tx)

T X N T+X T4 Tlogc—l
=exp|-T—s s =exp|-T+ sT—— |.
P logX  log(T + X) P log’ ¢

Pick a sufficiently small § > 0 such that K := log(1/5) satisfies K > 1/e* and
s(logK —1)/1log” K < 1/2. Since ¢ > X > K, we have that

tw(x)/w(tx) < exp(—T + sT(logK — 1)/log> K) < exp(—T/2).

It follows that sup,_,_; fw(x)/w(tx) — 0 ast — 0.
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(2) Put w = w, 4, /=7 for some s < 0. We again compute

w(tx) T+X X
=exp|—T—= +s .
w(x) log(T +X) logX

We then proceed exactly as in (1).
(3) Put w = w,,,/~7. We define

pu(x) = xPw(x) = Wrpssy=1s V(X)) = x17920)(x) = W(1 12y 245/
for all small x > 0. We see from Lemma [2.6|(1) that
w(tx)f(x) = 7% - p(t2)/u(x) < 7% = 0.
t(x)fw(tx) = (02 v (x) (nx) < (792 0, .

Corollary 3.15. Let X be a smooth n—-manifold without boundary, and let k € N. If
some z € (0, 1]c satisfies Re(k + z) # n + 1, then the group Diff>(X)q is simple.

Proof. We use Lemma and Mather’s Theorem. If Rez € (0, 1), then w, is
sup-and sub-tame, and so, Difff’“’z (X)oforallke N. If z = s v/—1 for some s < 0,
then w, is sup-tame; in this case, Diff*“:(X), is simple for all integer k # n + 1. If
z =1+ s+/—1 for some s > 0, then w, is sub-tame and Diff*“:(X), for all integer
k # n. The conclusion follows. O

We will later use the following form of simplicity results. The proof is given in
Appendix (Theorem[A.T0)).

Theorem 3.16. For each X € {S',R}, the following hold.

(1) If @ = 1 is a real number, then every proper quotient of Diffe (X), is abelian.
If, furthermore, a # 2, then Diff? (X), is simple.

(2) If @ > 1 is a real number, then every proper quotient of ﬂﬂq Difff(X)o is
abelian. If, furthermore, & > 3, then (4_, Diff? (X), is simple.

3.6. Locally dense copies of Thompson’s group F. Recall that Thompson’s group
F is defined to be the group of piecewise linear homeomorphisms of the unit inter-
val [0, 1] such that the discontinuities of the first derivatives lie at dyadic rational
points, and so that all first derivatives are powers of two. It is well-known that
Thompson’s group F' is generated by two elements (see [19, [14]).

We will denote the standard piecewise linear representation of F as

por: F — Homeo [0, 1].

A typical choice of a generating set for F is {xo, x; }, which are determined by the
breakpoints data:
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or(%0)-(0,1/4,1/2,1) = (0,1/2,3/4,1),
pr(x1).(0,1/2,5/8,3/4,1) = (0,1/2,3/4,7/8,1).

Recall that a group action on a topological space is minimal if every orbit is
dense. The action pr is minimal on (0, 1), but it has an even stronger property: the
diagonal action of pr on

X ={(xy) € (0,1) x (0,1) | x <y}

is minimal. This follows from the transitivity of F' on a pair of dyadic rationals in
X; see [[19] and [[14]].

Alternatively, the action pr on (0, 1) is locally dense [10]. The general defini-
tion of local density is not important for our purposes. For a chain group G <
Homeo™ [0, 1] (see Remarkbelow for a definition), the local density of the ac-
tion of G on (0, 1) is equivalent to the minimality of the action of G on X, which in
turn is equivalent to the minimality of the action of G on (0, 1); this is proved in [41],
Lemma 6.3]. Thompson’s group F is an example of a chain group (Corollary [3.18).

We will require the following result:

Theorem 3.17 (Ghys—Sergiescu, [30]). The standard piecewise—linear realization
pr of Thompson’s group F is topologically conjugate to a C* action on |0, 1] such
that each element is C* tangent to the identity at {0, 1}.

The original construction of Ghys—Sergiescu is a C* action of Thompson’s group
T for a circle; the above theorem is an easy consequence by restricting their action
on an interval. Let us denote this action as

PGS - F— lefgo[O, 1]

Note pgs(F') acts minimally on (0, 1). There exists a homeomorphism Ags: [0, 1] —
[0, 1] such that for all g € F we have

pas(g) = hgs o pr(g) © hasl
It will be convenient for us to denote a; = pgs(x;) fori =0, 1.

Corollary 3.18. There exists a chain of two intervals (U, U,) and C* diffeomor-
phisms fi and f, supported on U, and U, respectively such that {fi, f>) = pgs(F).

Proof. 1t is routine to check that f; = al_lao and f, = a; satisfy the conclusion.
See [41]] for details. O

Remark 3.19. More generally, if (U, ..., U,) is a chain of intervals and if fi, ..., f, €
Homeo, (R) satisfy that supp f; = U; for each i, then the group (fi, ..., f,) is called
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a pre—chain group (cf. [41]])). The group {fi, ..., f,) is called a chain group if more-
over we have (f;, fi1) = F foreach | <i <n. If(fi,..., f,)is a pre—chain group
then for all sufficiently large N, we have (f¥, ..., fV) is a chain group [41].

4. THE SLow PROGRESS LEMMA

Throughout this section, we assume the following. Let kK € N, and let G be a
group with a finite generating set V. We will consider an arbitrary representation ¢
of G given in one of the following two types:

o Y: G — Diﬁ“’i“’(]), where w > 0 is some concave modulus;
e ¥: G — Diff®*(I), in which case we will put w = w;.

We denote by | 4| the syllable length of & € G with respect to V as in Section

We also use the notation ¥ = U,y supp ¥ (v).

Suppose we have sequences {N;}icw N and {v;};cy  V such that the following
two conditions hold. First, for some K > 0 we assume

(A1) sup N;(1/i)*'w(1/i) < K.
ieN

Second, for each v € V we assume the following set has a well-defined natural
density:

(A2) N, :={ieN |y =v}.
Let us define a sequence of words {w;};~0 < G by wy = 1 and
wi = Vi Wi-1

The main content of this section is the following:

Lemma 4.1 (Slow Progress Lemma). For each x € I, we have the following:

lim (i — CovDisty (x, ¥(w;)x)) = .

i—00

The proof of the lemma occupies most of this section. As a consequence of this
lemma, we will then describe a group theoretic obstruction for algebraic smoothing.

Remark 4.2. The statement of the Slow Progress Lemma is fopological. In other
words, even after i is replaced by an arbitrary topologically conjugate representa-
tion, the same conclusion holds.

4.1. Reduction to limit superior. For brevity, we simply write CovLen and CovDist
for CovLeny and CovDisty. We write gx = ¢/(g)xforge Gand x € I.
Lemma 4.3. Let x € I. Then the following are equivalent:

(i) limsup, , (i — CovDist(x, w;x)) = o;

(ii) lim;_, (i — CovDist(x, w;x)) = o0.
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Proof. Assume (ii) does not hold. There exists M, > 0 and an infinite set A € N
such that for all a € A we have

a — CovDist(x, w,x) < M,.
If (i) is true, then we have an increasing sequence {j(s)} ey such that
lim (j(s) — CovDist(x, wj(;)x)) = .
§—00
For each s € N, let us choose a(s) € A such that j(s) < a(s). We see that
CovDist(x, wy(s) x) — CovDist(x, wj(;x) < CovDist(w(5)x, wa(s)X) < a(s) — j(s),

Jj(s) — CovDist(x, wj5)x) < a(s) — CovDist(x, w(q)x) < M.

This is a contradiction, and (i)=-(ii) is proved. The converse is immediate. |

4.2. Markers of covering lengths. In order to prove Lemmaf4.1|by contradiction,
let us make the following standing assumption of this section: there exists a point
x € U € mysupp¥(G) and a real number M, > 0 such that the sequence {x; :=
w;ix}iso satisfies

(A3) forall i > 0, we have i — My < CovLen[x, x;) < i.

By Lemma[4.3] it suffices for us to deduce a contradiction from (A3).

The sequence {x;} accumulates at OU. Since the sequence cannot accumulate
simultaneously at the both endpoints of U by assumption (A3)), we may make an
additional assumption:

(A4) lim x; = sup U.

1—00
For each i € N, we define
7' = sup{z € [x,sup U) | CovLen[x,z) < i}}.
The point z* is the “length—i marker” of covering lengths in the following sense.

Lemmad4.4. (1) Define h: (x,supU) — N by h(z) := CovLen|x,z). Then h is
a surjective, monotone increasing, left-continuous function.
(2) Forall 1 <i < i+ j, we have
CovLen(z, 2% ;) = J.
CovLenl[z},z7, ;] = j+ 1.
(3) There exists My, M, > 0 such that for all i = M, we have that

* ES
Ziemy, < Xi < Zippi1
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Proof. (1) Monotonicity of 4 is clear. For the left—continuity and surjectivity, it
suffices to show CovLen|[x, z]) = i. Let us define

,  )sup{supJ|xeJ eV} ifi=1,
K sup{supJ |z, ,eJe ¥V} ifi=2.

Since each point in I belongs to at most |V| intervals in ¥, each z; is realized as
sup J for some J € 7.

We claim that z7 = z, and that CovLen[x,z’) = i for each i € N. The case
i = 1is trivial. Let us assume the claim for i — 1. Then we have CovLen|x,z}) = i
and 7, < zF. If i < ZF then there exists 7 € (z],z7) such that CovLen[x,1) = i.
But whenever t € J € 7 we have z,_, ¢ J, by the choice of z. This shows
CovLen[x, t) > i, a contradiction. Hence the claim is proved.

(2) Note that

CovLen[z], z

*

i;) = CovLen[x, z;, ;) — CovLen[x,z}) = j.

The opposite inequality is immediate from the definition of z;. For the second equa-
tion, it suffices to further note that CovLen|x,z}] = i + 1.
(3) By (A3)), the following holds for all but finitely many i:
CovLen[x, x;1) = CovLen[x, x;) + 1.
For such an i, we have that x; € (z7_,,z}] and x;41 € (27,27, ] for j = CovLen[x, x;).
If x; = zj.‘, then x; . < zjf 1 and moreover, x;; < z;.‘ Lo forall £ € N. O

Let us write z; = 2 My After increasing M, if necessary, we have the following

foralli > My and j > 0:

(A5) CovLen|z;,zi:j) = j = CovLen|z;,zi+;] —1 and  xy <z < x..

We may also assume:

(A6) CovLen[x, xy,) > 8k.

Consider the set of “significant generators” and their minimum density:

Vi={veV|dsN,) > 0},
61 = min{dy(N,) | ve Vi}/2.

By further increasing M, we may require:

(A7) #(N, n [1,N]) = 6N

forallve V; and N > M,. We note the following.

Lemma 4.5. Letv € Vi, and let N, = {j; < j» < j3z < ---}. Then there exists a
constant K| > K such that whenever m € N satisfies j,, = My, we have

N;, < Kim* ' Jo(1/m).

m
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Proof. Note that
m=#N, " [1, ju]) = 61 jm-
Hence, we have j, < m/é;. Lemmaimplies that
W(1/jm) 2 w(61/m) = 6,10(1/m).
The desired inequality is now immediate. O
4.3. Estimating gaps. Leti > M,. Since
X1 <4< X = V?]ixi—la

we can find J; € o supp ¢/(v;) such that {x;_;, x;} < J;. We define

pi = inf{z € (inf U,inf J;] | # ([z,inf J;] N Fixy(v;)) < k},

q; = sup{z € [sup J;,sup U) | # ([sup J;, z] n Fixy/(v;)) < k}.
As illustrated in Figure [5] we will write

L, = [pi,supJi], R;=|[infJ,,q], J'=|[piqil

Viei Vi /—\"zii
- m ——0O— U
Zi—1 Xi—1 % Xi Zi+1
Ji
L;
R;
J*

FiGure 5. Intervals from supports.

Roughly speaking, L; is obtained from J; by successively attaching adjacent com-
ponents of supp ¥ (v;) on the left until we have included at least k + 1 fixed points
of ¢(v;) or an accumulated fixed point of ¢/(v;). By (Ad) and (A0), the intervals L;
and R; are compactly contained in U.

Lemma 4.6. For eachi € N n [My, ), the following hold.
(1) The map y(v;) is k—fixed on L; and also on R;.
(2) We have that {x;_1,z,x;} S J; S Lin"R;, zi01 ¢ J;and z; ¢ Ji11.
(3) We have that
D0 (L + [R;]) < 2k|V] - |1].
j=My
(4) #{j = My | v =viand J; 0 J} # @} < 4k.
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Proof. Parts (1) and (2) are obvious from the definition and from the fact that
CovLen|z;, zi+1] = 2.

For part (3), suppose x € A € my supp /(v) for some v € V. There exist at most
2k indices i = M, such that v; = v and such that A < L; U R;. Hence, the total
number of L;’s and R;’s containing a given arbitrary point x is at most 2k|V|. Part
(4) follows similarly. O

Let us pick an integer C > 8k. We call each x; as a ball, and the interval [z;, z;1¢)
as a bag (of size C). For each m > M,, we define

bag(m) = [Zma Zm+C),
gap(’”) = [-xm, xm+C—1]-
See Figure [6]
Foreachd > Oandv e V, we let

Balls = {i e N [My, ) | sup [y (vY') —1d| < 6|L;| and sup [y (v)') —1d| < 6]R,~|},
L,‘ Ri

Bag; = {ie N n [My,®) | [i,i + C] n Z < Balls} .

Intuitively speaking, Balls is the collection of balls which are 6—fast neither on L;
nor on R;. Also, Bag; is the set of bags which “involve” only balls from Ball;. We
now use the analytic estimate from Section [2}

Lemma 4.7. For each 6 > 0, the sets Balls and Bag; have the natural density one.

Proof. Letv € V,. By Lemmas[4.5and[4.6] we can apply Theorem.9to f = ¢/(v).
We see that

#(Balls NN, n [0, N])

m = 1.
N #(N, A [0,N])
It follows that djy(Balls) = 1. By Lemma (1), we have dy(Bag;) = 1. o
| gap(m) |
X1 ZTn Xm Zmi—l X1 Zm-:C—l Xm+C—1 Zmic Xm+C
bag(m)

Ficure 6. The gap in a bag.

Lemma 4.8. For each 6 € (0, 35] and m € Bag,, we have | gap(m)| < 26| bag(m)].
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Proof. Leti€ [m+2,m+ C — 2] n Z. From Lemma[4.6|and from the fact that
max(CovLen(L;), CovLen(R;)) < 2k + 1,

we see that either L; < gap(m) or R; < gap(m). As m € Bag;, we have i € Balls
and hence,

o = x| = v — x| < min(|Li, |Ri]) < 8] gap(m)).
By a similar argument,
X1 = Xn| + [Xmrc—1 — Xmrc—a| < 8 ([Rust| + [Linsc—1])
= 0 (|[Rn+1 O Linyc—1) < 6| bag(m)].
By summing up |x; — x;_| fori =m + 1,...,m + C — 1, we obtain that

| gap(m)| < (C — 3)6| gap(m)| + 6| bag(m)],

| gap(m)| < 5| bag(m)| < 26| bag(m)|. O

0
1—(C-3)
Recall J; = L,, U R,,. For each 1 > 0, we define

D¢, :={meNn[My,©): either |x, — xp_1| > A|x, —sup J,|

Of |Xpic — Xmic—1| > AXpic—1 — inf];+c|}-

Lemma 4.9. If 6 € (0, =] and 25(1 + 1) < 1, then Bag; < Dc.

»2C
Proof. Assume that m € Bag; \Dc,. By Lemma we have
| bag(m)| < |xm — Xu—1| + |[Xpsc — Xmsc—1| + [ gap(m)]
< Axp — sup Joy| + A xpicr —inf I, o + | gap(m)]
< (14 2)|gap(m)| < 26(1 + )| bag(m)|.
This is a contradiction. O
Lemma 4.10. For all A > 1, the following set has the natural density one.
E; = {meNn[My, )| y(vi") is A-expansive on J;} .
Proof. We may assume A > 8k. For 6 > 0, we define
Xy ={meNn|[My,o©): |xy — Xu_1]| > Ax, —supJ|},
Yi={meNn [My,0): |xy — Xn_1| > Axu_1 —inf JE|}.

Then we see
DC,/I = X/l U ((Y/l — C) M [M(),OO)) .

Lemmas [4.7|and [4.9|imply that dyy(Dc,) = 1, Hence by Lemma[2.21] we obtain
that dyy(X, U Y;) = 1. This implies dy(E,) = 1. O
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Completing the proof of the Slow Progress Lemma. We see from Lemma and

Theorem that
i #(E, "N, n [0,N])
im

N #(N, n[0,N])
for each v € V,. This implies dy(E,) = 0, contradicting Lemma Hence the
assumption (A3J)) is false and the proof is complete. i

—0

4.4. Consequences of the Slow Progress Lemma. The following is the main ob-
struction of algebraic smoothing in the Main Theorem.

Lemma 4.11. Let u € G and let U € ng supp ¥(G). If supp ¢ (u) n U is compactly
contained in U, then for each real number Ty > 0 and for all sufficiently large
i € N, there exists h; € G such that the following hold:

(i) |hi|| < 2i — Ty,
(ii) U n supp w[wiuwi’l,hiwiuwlflhi’l] = .
(iii) For eachv € V and for at least one h' € {v - h;,v=' - h;}, we have
Un suppw[w,-uwi_l,h’wiuwi_l(h’)_l] = @;
Proof. Let u, U and T be given as in the hypothesis. We write
x = inf(suppy(u) n U), y = sup(suppy(u)n U).
Put 7 = CovDist(x, y). By the Slow Progress Lemma, whenever i » 0 we have

CovDist(x,wix) <i— (To +T), CovDist(y,w;y) <i— (To+T).

CovDist(wix,w;y) < 2i —2(To +T) + T < 2i — T.
Put u; = wiuwi_l. Since supp ¢ (u;) N U < (w;x, w;y), we see from Lemmathat
there exists ; € G with k]| < 2i — Ty satisfying i;w;x > w;y. Furthermore, for
each v e Vthereis a s(v) € {1, —1} such that v O hwix = hywix > w;y. We see that

(supp¥/(u;) N U) N h(suppy(u;) nU) = @

if h = h; or if h = v*h; for some v € V. This gives the desired relations. O

-k,
5. A DYNAMICALLY FAST suBGROUP OF Dift"* (1)

Recall we have defined G' in Section We will now build a representation
¢: G' — Diﬁg’” (1) such that supp ¢(GT) is connected and ¢(G") admits no injective
homomorphisms into Diff"; (1) for all 0 <; w < p.

The criticality of the regularity will be encoded in a dynamically fast condition
described as follows. As in Lemma we let 1 # uy € G' be given such that
supp ¢ (uo) is compactly contained in supp ¢(G'). We build a sequence a elements
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{wi}i=0 € G' which depend on k, u such that, after replacing u, by a suitable con-
jugate u in G' if necessary, we have

CovDist(inf supp ¢(wuw; "), sup supp ¢p(wuw; ') > 2i.

We build the representation ¢ in several steps.

5.1. Setting up notation. Let us prepare some notation which we will use through-
out this section. We fix k € N and ¢ » w;. We put § = 9/10 and recall the notation

{€0, 60, €5, i, Ni}

from Setting [2.15] and from Corollary 2.20] Namely, we pick a universal constant
€ € (0,1), and define 6, > 9/10 from €. For instance, we can set &, = 1,/1000.
We have defined a constant £; depending on g, so that

&, () € (0, &].
We will choose K* € N, and let
6 =1/((i + K*)log*(i + K*)) .
We have defined another sequence
N; = [1/ (67 (@)
Possibly after increasing K* > 0, we may assume that £; < £ and that
k:=0/(26,+€) > 1/4.
In Corollary we verified that for all concave modulus 0 <; w « u we have
lim N;(1/i)*w(1/i) = 0.

Recall we have a generating set Vi = {a,b,c,d,e} < G' as in Section For

i € N, we let vo;_; = b and vy; = a. Define a sequence {w;}icx € G' by wy = 1 and
N.

w; = Vl-l cWi_1.

5.2. A configuration of intervals in /. Let us now build an infinite chain
F=(...L,,L;,D",C",B",1,,B",C",D*,L},L},...)

of bounded open intervals in R as shown in Figure[7] The union of .% will be also
bounded. We will simultaneously define representations

po,p1,p2: GT — DIff* (R).
As in Lemma[3.11] we put
u' = [[che-et-e7!],c] e GN\{1}.



Diffeomorphism groups of critical regularity 43

The standard affine action of BS(1,2) is conjugate to a C*—action on R supported
in [0, 1]; see [69] or [59, Section 4.3], for instance. Applying Lemmato
1#u' € ((e)x(ae)+{d) <G,
we have an action
po: G' — Diff?(R)
such that py(b) = 1, po(u) # 1 and moreover, Iy := (—1,1) = supppo. By the
same lemma, we can also require that
pola,ey = (a,ey =~ BS(1,2).
We will include six more open intervals
B*,C*,D*

to the chain .% as shown in the configuration (Fig [7). We will require that B~ =
—B™ and so forth, where we use the notation

—(r,s) = (=s,—1)
for0 < r < s < o0. Also, we set supC* = 2 and sup D™ = 3.

By Corollary , there exists a C* diffeomorphisms ¢, d;" supported on C*, D*
respectively such that (¢;",d;") = F and {c], d;") acts locally densely on C* U D*.
We may require ¢, (x) > x forx € C* and d| (x) > x for x e D*. We define ¢, d;
symmetrically so that ¢, (—x) = —c| (x) and d; (—x) = —d; (x). In particular,

suppdfr = D%, suppcf = C*.
We choose b, € Diff?(R) supported on B U B~ such that b;(x) > x for x € B*
and by (x) < x for x € B~. We define
p1: G' — Diff?(R)

by pi(a) = pi(e) = L and pi(b) = b1, pi(c) = ¢ /¢, pi1(d) = d/d.

Figure 7. The family of bounded open intervals .% . Intervals of the
same color are supporting the same generator in Figure EI}

Note that £; /¢, < 2 and that the sequence {¢;/{;,} decreases to 1. Hence,

Lo b 6 1
37 2 + 4

T2l A
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Let us inductively define
L =B —«b,3 -kt +6),
L’ = (supL} — k&, sup L — kl; + Li1y).
Note that [L n L} || = «{;; see Figure Since
ki1 + kbt < € — kb; < €,
., = @. In other words, the collection {L;"} has no triple

intersections. Then we define symmetrically LT = —L; and add Ll.ir to .#. This
completes the definition of the infinite chain .. As ), {; < oo, there exists some
compact interval / such that

we see that L7 N L

F =1<R.
+
+ N N +
Lifl > ~ Li+1
kli_ > kt; K
: + + et +
inf L, supL;” infL ,  suplL

Ficure 8. The bounded open intervals L;’s.

By applying Theorem [2.14]to the parameter
<k9/'1’ 60’ {N2i71}iEN’ {LZ—I} ) ’
ieN

we obtain a diffeomorphism b} € Diff%"(R) supported on U;L;._, such that b is
So—fast on each L), |, and such that by (x) > x for each x € U;L;, |. Note that we
are invoking the hypothesis that

Noi_y 'fl;,-__l] p(laimy) = 1.

We define b, (x) = —b] (—x). We also define a completely analogously with
respect to the parameter

(k,,U,50, {Noi}iews {LZ} > :
ieN
Then we define
p2: G — Diff"(R)
by p2(a) = aja;, pa(b) = by b, and ps(c) = pa(d) = pa(e) = 1.
For each v € VT, we define
¢(v) = po(v)p1(v)p2(v).

We see from the construction that
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o supp ¢<a,e) N supp $(c) = &;
o ¢(a)p(e)p(a)~" = po(a)po(e)po(a)~" = po(e)® = ¢(e)’.

Hence, the map ¢ extends to a group action
-k,
¢: G' — Diff*(I).

Let us summarize the properties of ¢ below. The proofs are obvious from con-
struction and from Theorem We continue to use the notation from Section

Lemma 5.1. The following hold for ¢ = ¢y,: Gt — Diﬁ"’g’” (I).
(1) supp¢ = I\OL
(2) For each g € G', the restriction ¢(g) | o1 is a C* diffeomorphism.
(3) Foreachi > 1, the map ¢(v§v") is So—fast on Ll.i.
(4) Every orbit of ¢{a,c,d,e) in I is accumulated at Ol.

5.3. The behavior of {w;};~, under ¢. Whereas we have good control over the
compactly supported diffeomorphism ¢(u), we will need to have good control over
commutators of conjugates of ¢(u).

Lemma 5.2. For each nonempty open interval Uy < supp ¢(G'), there exists a
suitably chosen f € ¢(G") such that f(Uy)nL; # @ and such that f(Up) L, # @.

Intuitively, Lemmal5.2]says that no matter how small an interval we choose inside
supp ¢(G'), we may find an element of f € ¢(G') so that f(Uy,) stretches across

I, v B* U C* U D*.
Of course, f(Uj) might be much larger than this union, though this is unimportant.

Proof of Lemma Let Uy = (z1,22) be given as in the hypotheses of the lemma.
By Lemmas|[5.1] (4) and [3.4} there exists an f € ¢(G') such that f(z,) € D* n L}
So, we may assume z; € Dt n Lfr. We may then assume that z; > sup L;"; for,
otherwise there is nothing to show. There are four (overlapping) cases to consider.

Casel: z7e B-uC  uD.

For sufficiently large ny,n,,n3 € N and for f; = ¢(d™c™b™), we have fi(z;) €
LI\D" and fi(z1) € D~ n L] . This is the desired configuration.

Case 2: z; € I,.

By Lemma , there is fi € ¢<a,c,d,e) such that fi(z;) € B~ n I,. Note that

Q=B UL/ )\(lhuCTuD"ULY)

is a nonempty set which is disjoint from supp ¢{a, c,d,e). Hence, fi(z2) ¢ O; see
Figure [0] We have fi(zz) € CT u DT. As in Case 1, we can find sufficiently
large ny,ny,n;3 € N such that for f, = ¢(d™c™b™) we have f,fi(z;) € L. and
f2/i(z2) € Ly . This is the desired.

Case 3: z; € B".
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There exist sufficiently large n; € N such that for f; = ¢(b™""), we have fi(z;) €
Dt n L] and fi(z;) € Iy n B*. So, we again have Case 2.

Case4: z;, € Ct u D™ .

We use the fact that the restriction of ¢{c,d) to C* U D™ generates a locally dense
copy of Thompson’s group F. As we have seen in Section [3.6] for some suitable
fi € ¢{c, d) we may arrangef;(z;) € B* n C* and fi(z2) € D™ n L}, thus reducing
to the previous case. m|

C+

i N N +
B o L

Q Q

FiGure 9. The point fi(z;) stays in C* U D*.

We retain the elements {w;};cv as defined in Section The following lemma
measures the complexity of certain diffeomorphisms in ¢(G') and shows that the
complexities grow linearly.

Lemma 5.3. Let u € G'\ker¢ be an element such that supp ¢(u) is compactly
contained in supp ¢. Then for some conjugate u' € G' of u, and for some component
U, of supp ¢(u'), we have that whenever i € N the bounded open interval ¢(w;)U,
intersects both L;fH and Li_-i-l’ In particular, we have that

CovLen(¢(w;)Uy) > 2i,
and that O(¢p(w;)U,) < supp ¢(a) U supp ¢(b).

Proof. Choose an open interval Uy € msupp ¢(u) compactly contained in /. By
Lemma there is a conjugate ¥’ € G' of u such that the image U, of U, under
this conjugation intersects L]i. Conjugating by a further power of b if necessary, we
may assume (s, s7) < U, for some s* satisfying the following.

inf L7 + (1 —80)¢; < s7 <supL],
infL <s~ <supL; — (1 —06o)t.

Note 1 — 6y < 1/10. See Figure We now apply ¢ to the conjugates w;u/ wl._l.
Assume by induction that

inf LT + (1 — 60)¢; < p(wi—1)s™ <supL/,
inf L7 < ¢(wi1)s™ <supL; — (1 —6p)¢;.
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LT < > Lt
> (1 —60)6 > (1 —60)0
s sup L, inf Lfr s

Fiure 10. Replacing u by a suitable conjugate u'.

As ¢(v§vi) is 6p—fast on L, there is x; € L such that ¢(v§vi)x,- > x; + 6ot;. Then

¢(Wl'_1)S+ = ll’lleJr + (1 — 50)[1' = sup LlJr — (50&' = ¢(v§v")x,- — (50&' = X;.
d(wi)st = ¢V )x; = x; + 8ol = inf L + St; = sup L — (1 — 8)¢;
—inf L, + (kK — 1 +60)6 > inf L, + (1 — ) Lis.

Here, we used k > 1/4 > 2(1 — §,). By induction, we see that ¢(w;)s* € Lil.
In order to cover ¢(w;)U, by intervals in .7, we need at least

{lo, BX,C*,D*, L{, ..., L}

The conclusion is now obvious. O

5.4. Certificates of non-commutativity. The following fact will be used in order
to show that ¢(G") cannot be smoothed algebraically.

Lemma 5.4. Suppose we have u € G' such that supp ¢(u) is compactly contained
insuppp = I\0I, and U € ngsupp ¢(u). If h € G' satisfies that ¢(h)U # U and
that ||h|| < CovDist(inf U, sup U), then [¢p(u), p(huh=")] # 1.

Proof. Write U = (z,z2) and CovDist(z1,22) = N < o0. We claim ¢(h)U N U #
@. For, otherwise we have either ¢(h)z; = z, or ¢(h)z, < z;. But this would imply
that one of the following holds:

e CovDist(¢(h)z1,21) = N;

e CovDist(¢(h)z2,22) = N.
This then violates Lemma 3.2l

Let f = ¢(u) and g = ¢(huh™"). Since supp f is compactly contained in I, there
exists a compact interval J such that

supp f usuppg < J < I\0I.

Since ¢(G') is C* at each point x € I\0I, we may regard f,g € Diff7(J). A
corollary to Kopell’s Lemma (Corollary implies that if f and g commute, then
U and ¢(h)U must either be equal or disjoint. They are not disjoint by the previous
paragraph and they are not equal by the hypothesis. O
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We remark that the above fact can be generalized to arbitrary compactly sup-
ported representations which are C? in the interior. The following lemma extracts
the main content of this section which will be necessary in the sequel.

Lemma 5.5. Suppose u € G' satisfies that supp ¢(u) is a nonempty set compactly
contained in supp ¢(G'). Then there exists a conjugate u' of u in G' such that for
alli e N, forall s,t € {—1, 1} and for all h € G' satisfying |h|| < 2i, we have

plwadw W wadw (W) # 1
for at least one W' € {h,a* - h,b" - h}.

Proof. Using Lemmal5.3] we obtain a conjugate ' of u such that for each i € N, the
set supp ¢(wu’ wi’l) has a component U; whose covering length is larger than 2i.
Note that for at least one &’ € {h,a* - h,b" - h}, we have that

{inf U;, sup U;} & Fix ¢(I'),
and that ||/|| < 2i. The nontriviality of g[wu'w; ", K'wau'w " (') ~'] follows imme-
diately from Lemma [5.4] m|
5.5. Finishing the proof of Theorem[I.5] So far, we have constructed

¢ = ¢, GT — Diffe"(1).
Theorem 5.6. Suppose w is a concave modulus satisfying 0 <, w < u, or suppose
w = bv. If we have a representation

y: G' — Difft(I),

then we have that

[GT,GT] nkery\ ker ¢ # @.

Proof. Let u; := u' € [G',G'] be the element considered in Lemma and
Section By the same lemma, supp (u; ) is compactly contained in supp ¢ (G").
We see from the construction that ¢(u;) # 1. So, we may assume (u;) # 1. Let
us choose a minimal collection {U, ..., U,} < mysupp¥(G') such that

supp¥(u;) < Uy v -+~ L U,.

There exists a conjugate u| of u; satisfying the conclusion of Lemma Recall
from Section [5.1] that we have

lim N;(1/i) ' w(1/i) = 0.
1—0
Hence, we can apply Lemma m to u} and U;. We obtain some i € N, some
hy € G' with || < 2i, and some s, € {1, —1} such that
Uy 0 supp ¢ [wadyw ! Hiwadyw ' (B) '] = @
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for all choice of h’1 € {hy,a*-hy,b"-hi}. As ”/1 has been chosen to satisfy Lemma
there exists a choice of h’l such that

uy := [wadow ' Wwaow (1)) 7] € [GY, G\ ker ¢.
Note that supp ¢(u5) is still compactly contained in supp #(G'). We now have
supp¥(up) < Up U -+ U U,

Inductively, we use u, to obtain u, satisfying Lemma The same argument as
above yields u3 € [G, G']\ ker ¢ such that

supp¥(uz) < Uz v --- L U,.
Continuing this way, we obtain an element u,, € [G', GT| N kery/\ ker ¢ for some

m<n+ 1. O

Remark 5.7. The idea of finding a nontrivial kernel element of an interval action by
successively taking commutators appeared in [[11/], where Brin and Squier proved
that PL[0, 1] does not contain a nonabelian free group. One can trace this idea back
to the proof of the Zassenhaus Lemma on Zassenhaus neighborhoods of semisimple
Lie groups [64]. This idea was also used in [2, 40].

Proof of Theorem|[1.5] Let ¢, = ¢ be the representation constructed in this section.
Theorem [5.6] implies the conclusion (). We have already verified (ii). m|

Remark 5.8. The group ¢,(G') we constructed is never a subgroup of a right-
angled Artin group, or even a subgroup of a braid group; see [40, Theorem 3.12]
and [39, Corollary 1.2].

6. PrROOF oF THE MAIN THEOREM

Let us now complete the proofs of all the results in the introduction.

6.1. The Rank Trick. If ¢: G — Homeo, [0, 1] be a representation, then a pri-
ori, it is possible that the rank of the abelianization H,(¢(G), Z) is less than that of
H,(G,Z). Let us now describe a systematic way of producing another representa-
tion ¢ such that the rank of H,(¢y(G),Z) is maximal.

Lemma 6.1 (Rank Trick). Let G be a group such that H,(G,Z) is finitely generated
free abelian. If we have a representation

p: G — Homeo™ (R)
such that supp p is bounded, then there exists another representation
po: G — {p(G),Diff7(R)) < Homeo™ (R)
satisfying the following:
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(i) supp po is bounded;

(ii) po(g) = p(g) for each g € [G,G];
(iii) H,(po(G),Z) = H,(G,Z).

Proof. Let H|(G,Z) =~ Z™ for some m > 0. We can pick compactly supported
C*—diffeomorphisms 4y, ..., h,, such that

supp h; N suppp(G) = @ = supp h; N U supp h;.
J#i

for each i. The abelianization of G can be realized as some surjection
a:G— <h1,...,hm> ~ 7"
We define a representation py: G — Homeo™ (R) by the recipe

po(g) = plga(g)
for each g € G. It is clear that p, satisfies parts (i) and (ii). Since @ decomposes as

G —L% p(G) % ity ) 2 s B,
we see that po(G) surjects onto Z". This proves part (ii). |

Remark 6.2. Algebraically, the group p(G) is a subdirect product of p(G) and Z™.

6.2. The Chain Group Trick. Let us describe a general technique of embedding
a finitely generated orderable group into a countable simple group. In Remark3.19]
we defined the notion of a chain group, which is a certain finitely generated sub-
group of Homeo™ (R). We will need the following result of the authors with Lodha:

Theorem 6.3 ([41, Theorem 1.3]). If H < Homeo" (I) is a chain group acting
minimally on 1\CI, then [H, H| is simple and every proper quotient of H is abelian.

In [41], it is shown that every finitely generated orderable group embeds into
some minimally acting chain group. We will need a variation of this result for dif-
feomorphisms. Let us use notations pgs, hgs and {ay, a;} as defined in Section
By an n—generator group, we mean a group generated by at most n elements.

Lemma 6.4 (Chain Group Trick). Let G be an n—generator subgroup of Homeo , (R)
such that supp G is compactly contained in (0, 1). We put

G = (G.pas(F)).

(1) Then G is an (n + 2)—chain group acting mzmmally on (0, 1). In particular,
[G G] is simple and every proper quotient of G is abelian.
(2) If H\(G,Z) is free abelian, then there is an embedding from G into |G, G].
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Proof. We will follow the proof of [41, Theorem 1.3], taking extra care with ele-
ments of pgs(F). Let us fix a generating set {g;,...,g,} of G.
(1) Denote by Qgs the set of hgs—images of all dyadic rationals in [0, 1]. We set

0<s:= ]’le(l/Z) < §p = a;zao.sl < §3 .= aflao.sl < 84 = qp.51 < 1.

Since s; € Qgs, we can find fi € pgs(F') such that supp fi = (s,, s3) and such that
fi(t) = tforall t € [0, 1]. We fix £y € (2, 53) N Qgs, so that

52 = fi(s2) <ty < fi(to) < 53 = fi(s3).

After conjugating G by a suitable element of pgs(F') if necessary, we may assume
that the closure of supp G is contained in (7, fi (%))

Claim. If g = g, for some 1 < i < n, then we have that

=t ift < sy,
a Og(f) € (t,ao(f)> l_.fl‘ S (S1,54),
= ao(t) ift> sy.

If t ¢ (s,,53), then a; o g(t) = a(t) and the claim is obvious. If 7 € (sy, 53), then
a; (1) <a;'(s3) =52 < g(t) < s3 =a; ' (sa) <a;'oat).

This proves the claim.
We define uy = ay, and u; = a;g; fori = 1,...,n. We also let u; = u(;lao,
uy,, = agu,a," and
uf = (apu;'ay") - (ah 'wisay™), i=1,...,n
Then we have
G = (G,ap,a)) = (ut,....u, ).

The group G acts minimally on (0, 1) since so does pgs(F).

It now suffices to show that the collection {ua", uy,...,u +1} is a generating set
for an (n + 2)—chain group; this is a routine computation of the supports using the
above claim, and worked out in [41], Lemma 4.2].

(2) Recall we have defined f; € pgs(F) in part (1). We put

G, ={(G,fi)=81,....en fi) <G.
For all distinct i, j € Z we have
fi(supp G) N f(suppG) = .

Let H,(G,Z) =~ Z" for some m < n. Possibly after increasing the value of n if
necessary, we may require that {g, ..., g,} generates H,(G,Z), and that

{8m+1---.8n} = [G,G].
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we have an embedding G < [G,, G,] defined by
{gi — g ﬂg;lffi, ifi < m;
gi— g ifm<i<n.
The proof is complete since [Gy,G1] < [G,G]. o
Remark 6.5. In the above lemma, put
Vi={g1,--., 8} \0cs(F).
Then the group G = (G, pgs(F)) = {(V,pcs(F)) is a (|V| + 2)—chain group.
Let us make a general observation.

Lemma 6.6. Let G be an infinite group such that every proper quotient of G is
abelian. Then every finite index subgroup of G contains |G, G].

Proof. Let Gy < G be a finite index subgroup. Then G acts on the coset space G/G
by multiplication and hence there is a representation from G to the symmetric group
of G/G,. Since every proper quotient is abelian, we see that [G, G| acts trivially on
G/Gy. This implies [G, G] < Gy. i

6.3. Proof of Theorem [1.4, We will prove the theorem by establishing several
claims. Let k£ and u be as given in the hypothesis of the theorem. We denote by

¢ = ¢, G' — Diffi* (1)

the representation ¢ constructed in the previous section. We put 7 := ¢(G'). From
now on, we will assume supp 7 is sufficiently smaller than / whenever necessary.
By the Rank Trick (Lemmal6.1]), we can find

¢o: G' — Diffg" (1)
such that the conclusions of Lemma hold. We put T, := ¢o(G') so that
H\(T,,Z) = H,(G',Z) = 7.
We may assume supp T, < I < (0, 1).
Claim 1. We have that T\, T, < Diffy"(I) and that
n.T¢ | 9w ogtha.

O<rw<u

This claim for 7 follows from Theorem In order to prove the claim for 7>,
we let 0 <; w « porletw = bv. Suppose ¥: T — Diff’i‘”(l ) is a representation.
By applying Theorem [5.6|again to the composition

Gt —2- 1, L Diffte(1)
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we see that there exists g € [G, G']\ ker ¢ such that ¢ o ¢(g) = 1. Since ¢y(g) =

¢(g) # 1 by Lemmal6.1] (i), we have ¢y(g) € kery\{1}. This proves the claim.
We can apply the Chain Group Trick (Lemma|[6.4) to T, and obtain

T3 = <T2,st(F>> < lef](()’”[O, 1]

acting minimally on (0, 1) as a seven—generator chain group. From Claim |1| and
from the fact T, < [T3, T3], we obtain the following and complete the proof of
Theorem [L.4] for M = I.

Claim 2. The countable simple group [T5, T;] < Diffé’“ [0, 1] satisfies that
(75751 ¢ | ) 9% ug™ ).
O<jw<pu

Let us now consider the case M = S!. After a conjugation, we may assume
supp7; < I < (0,1). As BS(1,2) embeds into Diff}’ (), we may regard

Ty x BS(1,2) < Diff'*(s").
Claim 3. We have the following:

[T5,T5] x BS(1,2) egk”“‘(Sl)\< ) #*sh ugkﬂw(sl))

O<rw<Ku
Let 0 <; w « u, or let w = bv. Suppose that
W [Ts,Ts] x BS(1,2) — Diff“(s")
is an injective homomorphism. By Lemma , a proper compact subset of S
contains supp [T, Ts]. Here, we used Lemma [6.6] for the simple group [T, T3].
By Claim the group ¥[T3, T3] admits no nontrivial homomorphisms to Diff“ ().

It follows that [T5, T3] < kery, a contradiction. This proves the claim.
Recall F denotes the Thompson’s group acting on [0, 1]. We have a natural map

p: Ty + F — Ty < Diffg(I).
We can apply the Rank Trick to p, since
H\(T,* F,Z) ~ H(T,,Z) ® H,(F,Z) = Z°.
Then we obtain a representation
po: Tr » F — (T3, Diff?(R)) < Diff(R).

Let T, be the image of pg. We may require that suppT, < I < (0,1) and that
H,(T,4,Z) is free abelian. Moreover, we have [T3, T3] = [T4, T4].
Regard T := T, x BS(1,2) < Diffg*(I) so that supp Ts < I < (0, 1). We have

[Tg,T3] X BS(1,2) = [T4, T4] X BS(I,Z) < T5.
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Claim 3|now implies the following.

Claim 4. The group Ts is a nine—generator group such that

Ts e%k”‘(S])\< ) #*ish ugk’bV(Sl)>.

O<jw<u
Since H,(Ts5,Z) =~ H,(T4,Z) @ Z is free abelian, we can finally apply the Chain
Group Trick to obtain a minimally acting eleven—chain group Q = Q(k, u) with
Ts — [Q, Q] < Q < Diffg*(I) — Diff"*(s").
Summarizing, we have the following.
Proposition 6.7. Let k € N, and let u » w, be a concave modulus. Then there
exists an eleven—generator group Q = Q(k, ) such that the following hold.

(1) [Q, Q] is simple and every proper quotient of Q is abelian.
(2) Q < Diffg*(I).

(3) [Q: O ¢ Uo<uee (F54(1) 0 G42(S1)) U G5 (1) U (ST,
(4) Let 0 <; w < u, or let w = bv. Then for an arbitrary finite index subgroup
A of Q, and for all homomorphism

¥: A — Diff“(M),
the image is abelian, whenever M € {I,S'}.

Proof. Part (I follows from that Q is a minimally acting chain group (Theorem[6.3).
Part (2)) is established above. We deduce part (3 from

(T3, T3] — Ts — [Q, O]
Part () is a consequence of parts (I]) and (3]) along with Lemmal6.6] o

We have now proved Theorem @ For a later use, we record the inclusion rela-
tions between the groups appearing above:

[T, T1] = (T2, 2] < T, — T3, T3] = [T4,T4] < T4 <T5 — [0, 0] < Q.
In the above diagram, the isomorphisms =~ come from the Rank Trick and the em-

beddings < come from the Chain Group Trick.

6.4. Continua of groups of the same critical regularity. Recall a continuum
means a set that has the cardinality of R. The Main Theorem is an immediate
consequence of the following stronger result, combined with Theorem [6.3]

Theorem 6.8. For each real number a > 1, there exist continua X,, Y, of minimal
chain groups acting on I such that the following conditions hold.
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(i) For each A € X,, we have that A < Diff[(I) and that
[A,A] ¢ | 9P (1) g’ (s").

B>a

(ii) For each B € Yo, we have that B < (s_, Diff (1) and that
[B,B] ¢ 9*(I) u94*(S").
(iii) No two groups in X, U Y, have isomorphic commutator subgroups.

In order to prove Theorem|[6.8] we set up some notations. For a complex number
z € C, we let {z) denote the largest integer m such that m <c z. For instance, we

have (k) = (k — /1) = k — 1 and {(k + 1/2) = {(k + /i) = k for an integer k.
Letz >c 1, writtenas z = k + 7 + s+/—1 for k = |Re z] and 7, s € R. We put

k(z) == ((2), )

If @ > 1 is a real number and if k = ||, then we see that

K@) = (k, Wa—1)s if @ # k,
(k—1w), ifa=«t.

Using the notation Q(k, u) from Proposition we observe the following.

Lemma 6.9. The following hold for all complex numbers 1 <¢ z <¢c w.
(1) We have that Diff"?) (M) = Diff*" (M),
(2) If 2 ¢ N, then w,_», » w;.
(3) IfRez > 1, then w,_;, is sub-tame or Re z = 2.
(4) If z ¢ N and Rew > 1, then we have that

[Q0x(2), Qo x(2)] ¢ 90(S).
Note that @<**)(I) < 9*™)(S!) by Theorem[A.3]

Proof of Lemma[6.9} Parts (1) and (2) are obvious from Lemma For part (3),
let us write z = k + 7 + s+/—1 as above. Suppose w,_.;, is not sub-tame. By

Lemma|3.14] we have that z—(z) = s/—1 for some s > 0, and that 7 = k+s+/—1.
It follows that k > 2.

For part (4), we first assume Re z # 1. There exists a real number ¢ > s such that
st = 0 and such that z <c W' := k+ 7+ tv/—1 <c w. Using part , we may
assume w = w’. Part H implies w,,_¢,» >x 0. We have that

(k(2), k(W) = (((2)» we—¢z)), (2> W) -
The conclusion of (4) follows from Lemma[2.7]and Proposition
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Let us assume Rez = 1, so that z = s+/—1 for some s > 0. We can pick
w' =141 <c wfor some 7 € (0,1). Again, we may set w = w so that w,,_,» is
sub-tame. The desired conclusion follows from the comparison

(k(2).k(w)) = (1, s =1). (Lwr)) . O

Remark 6.10. Inthe case whenz = 1+s+/—landw = 1+¢+/—1forsome 0 < s <
t, we cannot conclude that part (4) above holds. This is because w,,_¢wy, = @, /=1
may not be sub-tame.

Let us now prove Theorem [6.8|for the case & > 1. We define
X, :={Qok(a+sv—1):s>0},
Y, :={Qok(a+ sv—-1): s <0}.
Pick a real number s > 0 and put A = Q o k (@ + s+/—1) € X,. Note that

K(aJrs \/jl)

A < Diff; (I) < Diffg(I).

Let 8 > « be a non-integer real number. By Lemma we have that [A,A] ¢
@B (S1) = 4P(S ). The conclusion (i) of the Theorem is satisfied.

Let us now pick a real number s < 0 and put B = Qo k (@ + s+/—1) € ¥,. Let
B < a be non-integer real number larger than 1. We have that

B < Dift“ ™= (1) < Dift!® (1) = Difth(1).
Since @ >¢c @ + s/ —1 >¢ 1, we see from Lemmathat
[B,B] ¢ 4<)(s") 2 9*(S").

This proves the conclusion (ii).

It is obvious from the conclusions (i) and (ii) that whenever A € X, and B € Y,
we have [A,A] % [B, B]. Suppose we have real numbers 0 < s; < s, and put
Ai=Qok(a+s; \/?1) Using @ > 1 we deduce from Lemmathat

[AI’AI] ¢ gk(a+sz\/—71)(sl).

In particular, [A1,A;] % [A>,A;]. Similarly, no two groups in Y, have isomorphic
commutator subgroups. This proves the conclusion (iii).

Let us now construct a continuum X;. For each § > 1, we pick Gz € X;5. We
put G; := Qo k(1 + +/—1) so that [G;,G,] ¢ ¥7(S!) for each y > 1. By the
Rank Trick for the natural surjection from a free group onto Gz for g > 1, we
obtain another group G, < Diff'g (I) whose abelianization is free abelian such that
[Gg, Gg] = |G, Gg]. 1t follows that G ¢ 47(S') forally > g > 1.
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For each § > 1, we can apply the Chain Group Trick to G; x Gj to obtain a
minimally acting chain group I'(8) such that

G, x Gg — [T(B),T(8)] < T(B) < Diffy(1).
It follows that [['(8),[(B8)] ¢ ¥7(S') for all y > 1. From the consideration of

critical regularities, we note that Gs % G, whenever 1 < 8 < . Note also that
Gs < [[(B),T(B)] and that a countable group contains at most countably many
finitely generated subgroups. So, there exists a continuum X* < (1, 00) such that

for all distinct 8, y in X*, we have

[T(8). T(B)] # [T(»).T(7)].

Then X; = {['(B) | B € X*} is the desired continuum of the theorem.
Finally, let us construct a continuum Y;. To be consistent with the notations in
Section|[6.3] let us set

—_———

T, ={(A,B,C | A* = B> = C" = ABC) < PSL(2,R) < Homeo_ (R).

As we noted in Remark we have that ¥°(M) = 4YP(M). So, it suffices to
compare the regularities C° and C!. Kropholler and Thurston (see [6]) observed
that the group 7, is a finitely generated perfect group, and by Thurston Stability,
that every homomorphism from 7, to Diff i (I) has a trivial image. In particular,
H,(T»,Z) is trivial and T, € 4°(I)\&'(I). We continue as in Section after
substituting (k,u) = (0,0) and (k,w) = (1,0) (and forgetting k,bv). We obtain
groups T3, Ty, Ts and a minimally acting chain group Q < Homeo, (1) such that

T, — [0,0] ¢ 9'(S").

Let us put H; := Q. The construction of Y; is very similar to that of X;. For
each B > 1, we can find a finitely generated group Hp < (), Diff§ (1) such that
H,(Hg,Z) is free abelian, and such that Hg ¢ 4#(S"). For each 8 > 1, we apply the
Chain Group Trick to H; x Hg and obtain a minimal chain group A(B) such that

H; x Hg — [A(B), A(B)] < A(B) < Homeo, (I).

As before, there exists a continuum Y* < (1,0) such that ¥} = {A(B) | B € Y*}
is the desired collection. Note that no two groups in the collection X; U Y; have
isomorphic commutator subgroups.

Remark 6.11. Calegari [15] exhibited a finitely generated group in ¢°(S')\&!(S1).
Lodha and the authors [41] gave (continuum many distinct) finitely generated groups
inside ¥°(1)\%'(I) having simple commutator groups, building on [46]. The last
part of the above proof strengthens both of these results.
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6.5. Algebraic and topological smoothability. Theorem also implies that if
@ > 1 is a real number, then there are very few homomorphism Diff¢ (S') —

Diff’ (S') and Diff(R) — Diff¥(R) for all § > a.

Proof of Corollary By the Main Theorem, none of the maps in (1) through (3)
are injective. The desired conclusion now follows from Theorem [3.16] ]

Group actions of various regularities on manifolds are closely related to folia-
tion theory (see [18]], for instance). One of the canonical constructions in foliation
theory is the suspension of a group action, a version of which we recall here for
the convenience of the reader. Recall our hypothesis that M € {I,S'}. Let B be a
closed manifold with a universal cover B — B. Suppose we have a representation

W+ 7, (B) — Diff* (M).

The manifold B x M has a natural product foliation so that each copy of B is a leaf.
The group 7, (B) has a diagonal action on B x M, given by the deck transformation
n1(B) — Homeo(B) and by the map . The quotient space

E(y) = (B x M) /m\(B)

is a C*—foliated bundle. This construction is called the suspension of y; see [18] for
instance. Two representations y, y/’ € Hom(xr; (B), Diff (M)) yield homeomorphic
suspensions E (), E(y') as foliated bundles if and only if i and ¢ are topologically
conjugate [[17, Theorem?2].

Let us now consider the case M = I and B = §,, a closed surface of genus g > 2.
Let k > 0 be an integer. Cantwell-Conlon [21] and Tsuboi [70] independently
proved the existence of a representation ¢, € Hom(r,(S,), Diff (I)) such that y;
is not topologically conjugate to a representation in Hom(r, (S ), Diff*! (M)). So,
they concluded:

Theorem 6.12 (See [21]] and [70]). For each integer k > 0, there exists a C*—
foliated bundle structure on S, x I which is not homeomorphic to a C*"'—foliated
bundle.

We will now prove Corollary which is the only remaining result in the in-
troduction that needs to be shown. Assume @ > 1 is a real number and g > 5.
Theorem [I.5]implies that there exists a representation

Yo € Hom(m, (S ), Diffj (1))

such that ¢, is not topologically conjugate to a representation in

Hom(m(S ), () Diff$.(1)).

B>a
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Hence, we may replace the hypotheses C* and C**! in Theorem by C* and
Up- €7, respectively.

We can further extend this result to more general 3—manifolds, using the tech-
niques in [20] described as follows. Every closed 3—manifold Y with H,(Y,Z) # 0
contains an embedded 2-sided closed surface S, for all sufficiently large g > 0.
Goodman used this observation to prove that Y\ Int(S, x /) admits a smooth fo-
liation structure, based on Thurston’s result; see [31, Corollary 3.1] and [68]]. By
adding in the aforementioned foliated bundle structure of S, x I inside Y, we com-
plete the proof of Corollary [I.9]

7. FURTHER QUESTIONS

Let M € {I,S'}. One can ask for a finer distinction at integer regularities. A
difficulty with part (1) below is that there does not exist a concave modulus below
w1, by definition.

Question 7.1. (1) Let k = 1. Does there exist a finitely generated subgroup
G < Diff’iLlp(M) that does not admit an injective homomorphism into
Diff'*! (M) ?

(2) Does there exist a finitely generated group in the set

(9" (M)\g*(M)?
BeN
Many questions also persist about algebraic smoothability of groups. For in-
stance, finite presentability as well as all other higher finiteness properties of the

groups we produce are completely opaque at this time. We ask the following, in
light of Theorem 6.8}

Question 7.2. For which choices of @ and 8 do there exist finitely presented groups
G e 9 (M)\GP(M)? What if a, 3 € N?

Moreover, the constructions we carry out in this paper are rather involved. It is
still quite difficult to prove that a give group does not lie in #(M).

Question 7.3. Let G be a finitely generated group. Does there exist an easily veri-
fiable algebraic criterion which precludes G € 9°(M)?

APPENDIX A. DIFFEOMORPHISM GROUPS OF INTERMEDIATE REGULARITIES

Let M € {I,S'}. We will record some basic properties of Diff"(M). Most of
these properties are well-known for the case w = 0, but not explicitly stated in the
literature for a general concave modulus w. We will also include brief proofs.
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A.1. Group structure. Let k € N, and let w be a concave modulus. In [52], it is

proved that for a smooth manifold X, the set Difff"” (X)o is actually a group. We

sketch a proof of this fact for one—manifolds, and also include the case w = bv.
The following lemma is useful for inductive arguments on the regularities.

Lemma A.1. Suppose w is a concave modulus, or w € {0,bv}. Let k € N, and let
F.G: M —R
be maps such that F is C*¥~' and such that G is C*. Then the following hold.
(1) The multiplication F - G is C*=1.
(2) The composition F o G is CF=1«,
Proof. This lemma is proved in [52]] when w = 0 or when w is a concave modulus.
So we assume w = bv. We let {x;} be a partition of M.
(1) First consider the case k = 1. We note
[F-G(xi)) = F-G(xioy)| < |F(xi) = F(xim)] - |Gl + [F oo - [Gl100]xi — xia.
Hence, if F - G is C?. If k > 1, then we use an induction to see that
(F-G)=F -G+F -G

is Ck=2%'_ This proves part (1).
(2) The map F o G is well-defined for all x € M. Let us first assume k = 1, so
that F € C®. Since G is bijective, we see that

Y F o G(x;) — F o G(xiy)| < Var(F, M) < .

The induction step follows from
(FoG) = (F'oG)-G. mi

Proposition A.2. Let w be a concave modulus, or let w = {0,bv}. Then for each
k € N, the following is a group where the binary operation is the group composition.

Diff'*(M).

Proof. Let f,g € Diff%”(M). It is well-known that Diff*, (M) is a group. So, we
have f~!, f o g € Diff* (M). It suffices to show that both are C*<.

Note that (fo g) = (f' o g) - & Since f'is C*"' and g is C*, Lemma [A.]]
implies that f’ o g is C*~!“, By the same lemma, we see that (f o g)’ is C*~', This
proves f o g is Ck,

We can write

() =rofof!
where r: (0,00) — (0, 00) is the C* diffeomorphism r(x) = 1/x. Note that f’ stays
away from 0. As f’is C¥"'“ and f~! is C*, we again see that f~! is Ck*, |
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A.2. Groups of compactly supported diffeomorphisms. We now establish a topo-
logical conjugacy between certain diffeomorphism groups.

Theorem A.3. Let w be a concave modulus. Then for each k € N, the group
Diff]f;“’(l ) is topologically conjugate to a subgroup of Diff*“ (R).

Muller [55]] and Tsuboi [69] established the above result for the case w = 0.
Our proof follows the same line, but an extra care is needed for a general concave
modulus w as described in the lemmas below.

When we say a function f is defined for x = 0, we implicitly assume to have a
small number A > 0 so that f is defined as

f:]0,A] - R.
We let k and w be as in Theorem[A3]
Lemma A.4. Suppose f is a C** map defined for x = 0 such that
F0) = f1(0) = -+ = f9(0) = 0
Then the following hold.

(1) We have that
X N Tk—1
:f f J f(k)(tk) dty - - - d.
t11=0 Jr=0 (=0

(2) The map f/x* extends to a C* map on x = 0.
(3) The map f/x extends to a C*~'“ map on x = 0.

We thank Nam-Gyu Kang for suggesting a key idea for the proof below.

Proof of Lemma Part (1) is simply an application of the Fundamental Theorem
of Calculus. Let us consider part (2). We note for all small 2 > 0 that

/’l) 1 h t f—1
Ll <m | rom = oo < oL win

So, f/x" 1s C? at x = 0. For all small 0 < x < x + h, we see that

e

(x+hf  x
() w L

s <h(x - h(): +1 n)k Dy (1 e fh)k> : w(x)) [
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Using the inequalities 1 — 1/(1 + )" < kt and w(s)/s < w(t)/t forall 0 < t < s,
we conclude that

fa+n)  fx)

CE R (k+ 1)[f® ], - w(h).

This proves part (2).
For (3), we have some a; € Z such that

k
(/00D = S a0/
i=1

Since f*~) is C*“, we see from part (2) that (f/x)*~1 is C*. O

The rest of the proof for Theorem closely follows the argument in [69], as
we summarize below. Let us fix a map that is defined near x = O:

B(x) = e
Lemma A.5. For a C* map g defined for x > 0 satisfying g(0) = 0 and g’(0) > 0,
the following hold.
(1) The map h = g/x is a C*~1“ map defined for x = 0.
(2) The map y o g o ¢ is a C*° map defined for x = 0. Moreover, we have
Yogog(0) =0, (Wogog)(0)=1.
(3) The map ®(g) := ¢ o go¢” is a C* map defined for x = 0, and moreover,
®(g)?(0) = 1d(0) forall 0 < i < k.
Proof. (1) If Tyg(x) denotes the k—th degree Taylor polynomial for g, then f =
g — T, g satisfies the condition of Lemma The conclusion follows since g/x —
f/x = Tyg/x is a polynomial.
(2) Put G = ¢ o g o ¢, so that
—1 —1
G(x) = = = a .
log(go¢) —1/x+log((gcd)/¢) 1—xlogho¢
By part (1), the map & is C¥~'¢ for x > 0. As x approaches to 0, the denominator
of the above expression for G stays away from 0 because

lin(l)l—xloghqu: 1-0-logg'(0) = 1.

It follows that G is C¥~ ¢ for x > 0. Moreover, G is C** for x > 0.
We compute the following:

G'(0) = lim 1/(1 — xlogho ¢(x)) = 1,

140 (Wod)/(hog)

') (I —xlogho¢)?
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From xh' = g’ — h, we see that ¢ - (K o ¢) is C*~ ! and that lim, o G'(x) = 1. We
conclude that G’ exists for x > 0 (even when k = 1), and is C¥~_ It follows that
Gis Cte,
(3) We only need to compute ®(g)®(0). By setting y = ¢*(x), we have that
)W) —x _ #0) —v0) _ o ( L )
¢ v (y) #7 \log(~Togg) ~ log(~logy) )
It is a simple exercise on L’Hospital’s Rule to see that
lim 2O T Xy —losy (k’gy - 1> — 0.
x—0 1) »—0 (log(—logy))* \logg
For all 0 < i < k, we have that

Pg)x) —x . DP(g)(x) —x ¢(x)

lim - lim — = 0.
x—0 X! x—0 ¢(x) X!
By L’Hospital’s Rule again, we have (®(g) — Id)®) = 0forall 0 <i < k. i

Proof of Theorem[A.3] Consider a C*~homeomorphism ¢: I — I such that ¢(x) =
e~ "% near x = 0, and such that ¢(x) = 1 — e~ /U= near x = 1. We put y = ¢~.
For each g € Diff?“(I), we define ®(g) = ¥ o g o ¢*. Then Lemma (3) (after
using the symmetry at x = 0 and x = 1) implies that ®(g) € Diff*“(R). o

A.3. Simplicity. Let us use the following terminology from [41]. Let X be a topo-
logical space, and let H < Homeo(X). We say H acts CO-transitively (or, compact—
open-transitively) if for each proper compact subset A < X and for each nonempty
open subset B < X, there is u € H such that u(A) < B. Lemmais a variation
of a result commonly known as Higman’s Theorem.

Lemma A.6 ([41, Lemma 2.5]). Let X be a non—compact Hausdorff space, and let
Homeo, (X) denote the group of compactly supported homeomorphisms of X. If
H < Homeo. (X) is CO-transitive, then [H, H] is simple.

Let X be a topological space. We say H < Homeo(X) has the fragmentation
property for an open cover % of X, if each element 47 € H can be written as

h=nh - h

such that the support of #; is contained in some element of %/. The following lemma
is very useful when proving simplicity of homeomorphism groups. This lemma is
originally due to Epstein [25]; let us state a generalization by Ling [45].

Lemma A.7 ([25 45]]). Let X be a paracompact Hausdorff space with a basis %,
and let H < Homeo(X). Assume the following.

(i) H has the fragmentation property for each subcover % of A,
(ii) for each U,V € 2B there exists some h € H such that h(U) < V.
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Then [H, H] is simple.

The following lemma is known for w = 0 [61]], detailed proofs of which can be
found in [4,50]. The proof for a concave modulus w is the same almost in verbatim.

Lemma A.8. Let k € N, and let w be a concave modulus. Then for a smooth
manifold X without boundary, the group Diﬁ"’;"”(X )o has the fragmentation property
for an arbitrary open cover of X.

From now on, we let X € {S!,R}. We let C¥(X,R) denote the set of real-
valued compactly supported w-continuous maps X — R. For each f € C.(X,R) =
C°(X,R), we define the optimal modulus function of f as

! (1) := sup{|fx — fy|: x,y € X and |x — y| < 1}.
It is trivial that for all x,y € X we have |fx — fy| < u/(|x —y|).

Lemma A.9. For X € {S',R} and for f € C.(X,R), the following hold.

(1) The optimal modulus function u’ : [0, 0) — [0, 0) is continuous, monotone
increasing and subadditive.

(2) Forall s,t > 0, we have that ' (t) < (1 + t/s)u/ ().

(3) There exists a concave modulus u such that f € Ct(X,R) and such that

CH(X,R) = ﬂ{Cé"(X, R) | w is a concave modulus and f € C?(X,R)}.

Proof. Part (1) is a consequence of the convexity of X and the uniform continuity
of f. Part (2) is obvious when ¢ < s. If r > s, then part (2) follows from

W) </ (= slt/s) + Lt/sli () < (1 + /) ().
For part (3), we will use the idea described in [} p.194]. Let .# be the family of
continuous, monotone increasing, concave functions 4: [0,00) — [0, ) such that
w (1) < h(t) for all t > 0. For instance, part (2) implies that the line

hy(t) = (1 +t/s)p! (s)
belongs to .% for each s > 0. Define
wi(t) := inf h(t) < hy(t) = 2u/(1).

heF
Then y; is continuous, monotone increasing and concave. Put u := y; + Id, so that
< <p <2y +1d.
We see that y is a concave modulus such that f € C%(X,R).
Put 7 := diam supp f > 0. Suppose f € C¥(X,R) for some concave modulus w.
It only remains to show that C%(X,R) < C?(X,R). For each t > 0, we have
w0y = sup [fx— fyl < [flo- (D).

lx—yl<t
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For all 0 <t < T, we see that

u(t) <2/ (0) + 1 < (2 fo + T/(T)) - w(1).
There exists a constant K such that for each g € C£(X,R), we have

|gx — 8| |gx — 8| 2|8l
8lo < sup ———=+ sup ———— < K|g], + <
[x—y|<T w(’x_yD |x—y|=T (,()(‘X—yD . w<T)
It follows that g € C¥(X, R) and the lemma is proved. o

We are now ready to prove the simplicity of certain diffeomorphism groups.

Theorem A.10 (Theorem 3.16). For each X € {S',R}, the following hold.

(1) If @ = 1 is a real number, then every proper quotient of Diffe (X), is abelian.
If, furthermore, a # 2, then Diff2 (X)), is simple.

(2) If @« > 1 is a real number, then every proper quotient of ﬂﬂ o Diff?(X), is
abelian. If, furthermore, @ > 3, then (;_, Diff?(X), is simple.

Proof. We prove the theorem through a series of claims.

Claim 1. The following groups have simple commutator groups:
e Diff!(R) fora > 1;
e (5o Difff(R) for @ > 1.

Both of the above groups contain Diff}”(R). Since Diff.”(R) acts CO-transitively
on R, the claim follows from Lemma |A.7

Claim 2. For each a > 1, the commutator group of Diff% (S") is simple.

By Lemma the group Diff? (S!) satisfies the condition (i) of Lemma
The condition (ii) follows from Diff? (S ') < Diff (S ).

Claim 3. If a > 1, then every proper quotient of Diffe (X), is abelian.

By an easy application of Kopell’s Lemma and Denjoy’s Theorem [23]], we see
that Diff? (X), has trivial center. Combined with Claims [I| and [2| this implies the
assertion.

Recall from Section[6.4]that we defined the notation (z) for z € C.

Claim 4. If @ > 1, then there exists a collection of concave moduli F (@) such that
() Diff?(X)o = | DIff™*(X),.
B<a pe7 (a)
Put k = |a]. Assume first @ # k, so that k = (@). Suppose we have
f &[] Difff(X)o < Diff"(X),.

B<a
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Let u be a concave modulus as in Lemma for the map f* e C.(X,R). When-
ever k < 8 < a, we have f¥) e CF~%(X,R). The same lemma implies that

C*(X,R) < CF*(X,R).

So, we have f e Diff*#(X), < Ns<a Diff’(X), and completes the proof when
@ # k. The proof of the case that « = k = (@) + 1 is almost identical.

Claim 5. For each a > 1, every proper quotient of ﬂﬁ - Diff?(X), is abelian.
The case X = R follows from Claim I} so we may only consider the group

G = (| Diff’.(s").
p<a

By Lemma [A.§] and Claim [] the group G has the fragmentation property for an
arbitrary cover. Since Diff(S') < G, we can deduce Claim from Lemma

Coming back to the proof of the theorem, we only need to prove the latter parts
of (1) and (2). The latter part of (1) is a special case of Corollary For the latter
part of (2), assume @ > 3. We see from Mather’s Theorem and from Claim [] that
the group ﬂﬂ - Diff?(X), is a union of perfect groups. The conclusion follows. O
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