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Twisted links

A definition of virtual link diagrams

Definition (Kauffman, 1999)

An m-component virtual link diagram is the image of an immersion of m ordered and oriented
circles into R?, whose singular points are only transverse double points. Such double points
are divided into classical crossings and virtual crossings.

classical crossing virtual crossing
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Twisted links

Generalized Reidemeister moves

Definition (Kauffman, 1999)

Generalized Reidemeister moves are local moves in the figure below.
v . . . .
D ~ D" < D, D' are equivalent under generalized Reidemeister moves.
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Twisted links

A definition of twisted link diagrams

Definition (Bourgoin, 2008)

An m-component twisted link diagram is an m-component virtual link diagram possibly bars
on arcs.

a bar on an arc
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Twisted links

Extended Reidemeister moves

Definition (Bourgoin, 2008)

Extended Reidemeister moves are local moves together with generalized Reidemeister moves
and the figure below.

t . . .
D ~ D" < D, D' are equivalent under extended Reidemeister moves.
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An even type and odd type

Let D=D;U---UD, be an m-comp. twisted link diagram.

Forie {1,...,m},
(1) D; is an even type if a number of bars on arcs of Dj is even.
(2) D; is an odd type if a number of bars on arcs of D; is odd.

An even type, odd type is an invariant of twisted links.
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Twisted links

An example of m-comp. twisted link diagrams

Example. Let D = D; U D5 be a 2-comp. twisted link diagram in the figure below.
D1 is an even type, and D5 is an odd type.

D,
D,
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Index polynomials for twisted link diagrams

n-colorings for an even type D;

After that, ¢ € {1,...,m} is fixed and we assume D; is an even type. A semi arc of D; is a
segment along D which goes from a classical crossing or a bar to the next one, where virtual
crossings are ignored. A(D;) := { semi arcs of D; }

Let n be an integer. Then, an n-coloring of D; is a map C; : A(D;) — Z,, X Zs satisfied the
condition in the figure below, where double points in the figure are classical crossings.
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Index polynomials for twisted link diagrams

d;(D)-colorings for D;

Definition

Let 1; : A(D;) :— Z1 X Z3 be a 1-coloring of D;.

Then, d;(D) := |#{ figure (1) } — #{ figure (2) } + #{ figure (3) } — #{ figure (4) }|,

where double points in the figure are classical crossings.

(0,0) (0,0) (0,1) 0,1)

Flgure Flgure Flgure

Flgure

Lemma
There exists a d;(D)-coloring of D;.
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An example of d;(D)-coloring of D;

Let D = D; be a 1-comp. twisted link diagram shown below.
Then, d;(D) = 0.
Let C1 : A(D1) — Z X Za be a map as shown in the figure, then C} is a 0-coloring of D;.

(-1,0) (-1,0)

D 0-coloring
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Index polynomials for twisted link diagrams

The weight for self crossings of D,
After that, C;: d;(D)-coloring of D; is fixed.
Definition

For each self crossing 7 of D;,

W(CiaDi)(T) =a—be¢ Zdi(D)v

where a, b are values of semi arcs dipicted in the figure below.

R (a,k) (a,k) /‘
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Index polynomials for twisted link diagrams

Classification of self crossings of D;

We classify self crossings of D; into three sets T(Ci:Pi), Téci’Di) and Tl(c"’Di).

T(C:Di) .= {7: self crossing of D; | the condition in the figure () }
T(J(Ci’Di) := {7: self crossing of D; | the condition in the figure (0) }
Tl(ci’Di) := {7: self crossing of D, | the condition in the figure (1) }
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Index polynomials for twisted link diagrams

A definition of index polynoials for D;

Definition (1.)
We define index polynomials ¢(Ci:Pi) (¢), 437D (1) (P (1) € Z[t£1) /(14(P) — 1) as
PGP (1) = Z sign(r) (W VM) 1),

7eT(Ci,Dj)
W@ = Y sign(neV o,

TGTéci’Di)

nPW = 3 s,

TGTl(Ci’Di)
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Index polynomials for twisted link diagrams

Main results

For fla f27gla.92 € Z[til]/(tn — 1),
def  There exists an integer k such that

) ) — _ _
(h f2) (91 92) (fi, f2) = (g1 - tP%, go - t7PK) or (f1, fo) = (g2 - %, g1 - t7PF).
Then, we have the following theorem.

Theorem (1.)

Let D=D;U---UD,, D'=DjU---UD,, bem-comp. twisted link diagrams that D; is an

even type. Then, D L D' = the following is satisfied.

(1) di(D) = di(D")

For any C;: d;(D)-coloring of D; and C!: d;(D’)-coloring of Dj,
(2) ¢G0P (t) = (P (2)

(3) TP (1), w P (1)) 2 WGP (1), TPty

Therefore, ¢(CP9)(t) and (wéci’Di)(t), ¢§Ci’Di)(t)) are invariants of twisted links.
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Index polynomials for twisted link diagrams

Main results

Example. Let K1, ..., K4 be 1-comp. twisted link diagrams in the figure below.

H

D

K Ky K3 K,

di(D) 0 2 2 0

¢(017D1)(t) 0 0 t—1 0
w0, A | oy | oan | wo | e
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Index polynomials for twisted link diagrams

Main results

Moreover, let D = D; be a 1-comp. virtual link diagram and let Pp, (t) be an affine index
polynomial invariant defined by Kauffman in 2013. Then, we have the following proposition.

Proposition (I.)

If D = Dy be a 1-comp. virtual link diagram, then the following is satisfied.
For any C1: di(D)-coloring of Dy,

(1) 9(C2PV(t) = Pp, (1)

(2) 9§ (1) = [P0 = 0

Therefore, the restriction of our index polynomial invariants to virtual knots coincides with the
affine index polyomial invariant.
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Application

A definition of double coverings
For an m-comp. twisted link diagram D = Dy U---U Dy,, we compose a double covering
diagram of D denoted by D = Dy U ---U Dy, in the following steps.

(step 1) s(D) = s(Dy)U---Us(Dy,) is a m-comp. twisted link diagram that is horizontal
mirror image of D and changed over-under information at every classical crossing. And we
draw the diagram s(D) = s(Dj) U--- U s(D,,) on the right side of D.

s(Dy)

)

D =Dy UDs S(D) = S(Dl) U S(Dg)
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Application

A definition of double coverings
(step 2) All bars of D; and bars corresponding to | ‘ ‘ ‘

them of s(D;) cut open as shown in the figure to the
right, and we connected D; and s(D;) denoted by D;.

1
&
t

[ D:| |D s(D))

[—Fe—=
D: 131

d—u Bl )

DUs(D) D =D, U D,

Then, double covering diagram of D denoted by D=DyU---UD,, is a virtual link diagram

composed in the step 1 and step 2.
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Application

A property of double coverings

Proposition (N.Kamada, S.Kamada, 2016)

D=DyU---UDy, D)=DjU---UD,, : m-comp. twisted link diagram.
Then, D~ D' = D & D',
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An application

Let D=DyU---UD,,, D'=D]U---UD), bem-comp. twisted link diagrams that D; is an
even type.

Theorem A (1.)

D X D' = the following is satisfied.

(1) di(D) = di(D").
For any C;: d;(D)-coloring of D; and C!: d;(D’)-coloring of D},

(2) 9P (¢) = ¢ P)(8).
(3) @O P (1), P (1)) € (PO (t), (TP 1)),

Theorem B (l.)
There exists D, D' such that D X D’ and D % D'
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Application

Proof of theorem B

Proof of theorem B. Let D = Dy U Dy, D' = D} U D}, be 2-comp. twisted link diagrams in
the figure below. Then, Dy, D} are even types.

D:
Pany a
N v
Di
D =Dy UDsy D/:DiUDé
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Application

Proof of theorem B

Double covering diagrams of D, D’ are equivalent to a

virtual link diagram in the figure to the right. So, DA D.

We give C1: dy(D)-coloring of D; and
C’1 di(D ) coloring of Dj.

di(D) = di(D') =2,
WPV (), P (1) = (21,0),
(s VPV (@), PPV 1) = (2,0).

So,

(2) Cl / C/ /
w7, o7 0) # @, v @),
Therefore, D L DO
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Application

Thank you for your attention.
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