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Introduction
One of the most well-known invariants of knots and links would be 
the Fox 3-coloring, originally introduced by R. Fox. 
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Introduction

As an exercise, we see that a 3-coloring on a diagram of a knot    corresponds to
a representation of the knot group    onto the symmetric group of degree 3.

K
π1(S3 − K )
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Introduction
We set;    (  : the identity element) 
Note that as a set.  

S3 = ⟨σ, τ ∣ σ2 = τ2 = e, στσ = τστ⟩ e
S3 = {e, σ, τ, στσ, στ, τσ}
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Introduction
We consider colorings on links by the symmetric group  of order 3.𝑆3

Definition 1

Let  be an oriented diagram of a link .

A map :  is called an -coloring on  
if it satisfies the following conditions at each crossings.


① On a positive crossing;  


② On a negative crossing; 

𝐷 𝐿
𝐶 {arcs of 𝐷} → {𝑆3 − 𝑒} 𝑺𝟑 𝐷

𝐶(𝑥)𝐶(𝑦) = 𝐶(𝑧)𝐶(𝑥)
𝐶(𝑦)𝐶(𝑥) = 𝐶(𝑥)𝐶(𝑧)
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Introduction

Definition 2

①　A link  is -colorable if diagram of  admits a non-trivial 

-coloring, i.e., an -coloring with at least two colors.


②　A link  is -colorable if diagram of  admits an -

coloring with just  colors.

𝐿 𝑺𝟑 ∃ 𝐿

𝑆3 𝑆3

𝐿 (𝑺𝟑,  𝒏) ∃ 𝐿 𝑆3

𝑛

-colorable(𝑆3, 3)
-colorable(𝑆3, 2)

-colorable(𝑆3, 4)
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Introduction

Remark

For a knot,   one-to-one correspondence between 

a non-trivial Fox 3-coloring  &  an -coloring. 
 a knot  is -colorable if and only if  is Fox 3-colorable. 

In particular, if a knot is -colorable, then 1 or 3. 

On the other hand, if a link  has at least 2 components, 
then  can be -colorable with .

∃
(S3, 3)

⇒ K 𝑆3 K

(𝑺𝟑,  𝒏) n =

𝐿
𝐿 (𝑺𝟑,  𝒏) n ≥ 4
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(𝑆3, 4)

Q. Is this -colorable ?(S3,5)



Introduction

Proposition

Any -colorable link is also -colorable.(𝑆3,  4) (𝑆3,  5)

Question

Is an -colorable link  always -colorable？(𝑆3,  5) 𝐿 (𝑆3,  4)



⇓


{𝜎, 𝜏, 𝜎𝜏, 𝜏𝜎}

{𝜎, 𝜏, 𝜎𝜏, 𝜏𝜎, 𝜎𝜏𝜎}



⇓


{𝜎, 𝜏, 𝜎𝜏𝜎, 𝜎𝜏}

{𝜎, 𝜏, 𝜎𝜏𝜎, 𝜎𝜏, 𝜏𝜎}
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Main theorem

(Example 1) 　𝐶[4, − 2, − 4,2, 2, − 2, − 2]

Theorem 1 [I. – Matsudo]

Any -colorable 2-bridge link is also -colorable. 

In fact, a 2-bridge link  is -colorable if and only if  has a 
Conway diagram  

such that  satisfies . 

(𝑆3,  5) (𝑆3,  4)
𝐿 (𝑆3,  4) 𝐿

𝐷 = 𝐶(2𝑎1,   2𝑏1,   2𝑎2,   2𝑏2, … ,  2𝑏𝑚 ,  2𝑎𝑚+1)
𝐷

𝑚+1

∑
𝑖=1

|𝑎𝑖  | ≡ 0  (mod 2)
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Main theorem
[Key of proof ] ( -colorable  -colorable)
(𝑆3,  5) ⇒ (𝑆3,  4)
𝐶[2,4,  2]

R-moves
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Examples
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 ： a double twist link 


 is -colorable but not -colorable 

	and 

𝐽(𝑘, 𝑙)
𝐽(𝑘, 𝑙) (𝑆3,  4) (𝑆3,  3)

⇔ 𝑘𝑙 ≡ 3(𝑚𝑜𝑑 4) 𝑘𝑙 ≢ 2 (𝑚𝑜𝑑 3)

 ： a torus link 


 is -colorable but not -colorable

	and 

𝑇(2, 𝑞)
𝑇(2,𝑞) (𝑆3,  4) (𝑆3,  3)

⇔ 𝑞 ≡ 0 (𝑚𝑜𝑑 4) 𝑞 ≢ 0 (𝑚𝑜𝑑 3)

By Theorem 1, all the -colorable 2-bridge links are -colorable. 
Some of them actually are also -colorable, but some others are not. 

(S3, 5) (S3, 4)
(S3, 3)



Examples
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Thank you 
for your attention.


