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Abstract. For every compact, connected manifold M, we prove the existence of
a sentence ϕM in the language of groups such that the homeomorphism group of
another compact manifold N satisfies ϕM if and only if N is homeomorphic to
M. We prove an analogous statement for groups of homeomorphisms preserving
Oxtoby–Ulam probability measures.
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1. Introduction

By a manifold, we mean a second countable, metrizable topological space each
point of which has a closed neighborhood homeomorphic to a fixed closed Eu-
clidean ball. In particular, a manifold is allowed to have boundary. For a mani-
fold M (possibly equipped with a measure µ), we let HomeopMq and HomeoµpMq
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denote the homeomorphism group of M and its µ–preserving subgroup, respec-
tively. We denote by Homeo0pMq and Homeo0,µpMq the identity components of
HomeopMq and HomeoµpMq, respectively. For topological spaces X and Y , We
write X – Y if X and Y are homeomorphic.

Let us denote by M the class of all pairs pM,Gq, where M is a compact, con-
nected manifold and G is a group satisfying

Homeo0pMq ď G ď HomeopMq.

We also let Mvol denote the class of all pM,Gq where M is further assumed to be
equipped with some Oxtoby–Ulam measure µ (that is, a nonatomic Borel probabil-
ity measure having full support and assigning measure zero to the boundary), and
G is a group satisfying

Homeo0,µpMq ď G ď HomeoµpMq.

Note that in this case, we have

Homeo0,µpMq “ Homeo0pMq X HomeoµpMq;

cf. [17].

Remark 1.1. In statements that apply to both of the classes M and Mvol, we will
often use the notation Mpvolq; in such a statement, the choices of formulae may
differ, even when the formulae share the same names.

We will later modify the definitions of the classes Mpvolq slightly so that only
manifolds of dimension at least two are considered; see the remark at the end of
Section 3.3.

The goal of this paper is to investigate, under the assumption that pM,Gq P
Mpvolq, the extent to which the elementary theory of G determines the homeomor-
phism type of M.

1.1. Elementary equivalence implies homeomorphism. It is a classical result of
Whittaker that the homeomorphism group of a compact manifold determines the
homeomorphism type of the underlying manifold in the following sense.

Theorem 1.2 (See [44]). Let M and N be compact manifolds, and suppose

ϕ : HomeopMq ÝÑ HomeopNq

is an isomorphism of groups. Then there exists a homeomorphism

ψ : M ÝÑ N

such that for all f P HomeopMq, we have ϕp f q “ ψ ˝ f ˝ ψ´1.
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Whittaker’s result has been generalized by a number of authors; see Chapter 3
of [23] for a survey. For instance, combining the work of Bochner–Mongomery [5]
on Hilbert’s eighth problem and of Takens on smooth conjugation between diffeo-
morphisms [40] (cf. [18]), one obtains that if M and N are smooth and closed,
and if the diffeomorphism groups Diffk

pMq and DiffℓpNq are isomorphic as groups,
then k “ ℓ and each isomorphism between the groups is induced by some Ck–
diffeomorphism between M and N.

In the continuous category, a different generalization was given by Rubin. We
say a topological action of a group G on a topological space X is locally dense if
for each pair px,Uq of a point x P X and a neighborhood U Ď X of x, the orbit Z of
x by the action of the group

GrUs :“ tg P G | gpyq “ y for all y R Uu

is somewhere dense; that is, the closure of Z has nonempty interior. Rubin’s Theo-
rem can be stated as follows.

Theorem 1.3 ([38]). Let X1 and X2 be perfect, locally compact, Hausdorff topolog-
ical spaces, and let Gi ď HomeopXiq be locally dense subgroups, for i P t1, 2u. If
there exists an isomorphism

ϕ : G1 ÝÑ G2,

then there exists a homeomorphism

ψ : X1 ÝÑ X2

such that for all g P G1, we have ϕpgq “ ψ ˝ g ˝ ψ´1.

An isomorphism between two groups of homeomorphisms is a rather unwieldy
piece of data. Homeomorphism groups of manifolds are generally much to large
to write down, and directly accessing homomorphisms between them is difficult.
Therefore in this paper, we are interested in more finitary ways of investigating
homeomorphism groups of manifolds, namely through their elementary theories.

We consider the language of groups, which consists of a binary operation (in-
terpreted as the group operation) and a constant (interpreted as the identity ele-
ment). Models of the theory of groups are just sets with interpretations of the group
operation and identity element which satisfy the axioms of groups. We say that
two groups G1 and G2 are elementarily equivalent, written G1 ” G2, if a first
order sentence in the language of groups holds in G1 if and only if it holds in
G2; this is sometimes expressed as saying that the theories of G1 and G2 agree,
i.e. ThpG1q “ ThpG2q. Here, first order refers to the scope of quantification, which
is allowed to range over elements (as opposed to subsets, relations, or functions).

Our main result is to establish that two compact, connected manifolds have ele-
mentarily equivalent homeomorphism groups if and only if the two manifolds are
homeomorphic to each other. More strongly, for each compact connected manifold
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M we prove the existence of a group theoretic sentence that asserts “I am homeo-
morphic to M”:

Theorem 1.4. For each compact, connected manifold M, there exists a sentence
ϕ

pvolq
M in the language of groups such that when pN,Hq P Mpvolq, we have that

ϕ
pvolq
M P ThpHq if and only if N – M.

In other words, the theories of homeomorphism groups of manifolds are quasi-
finitely axiomatizable within the class Mpvolq, a property that is stronger than first
order rigidity.

In Theorem 1.4, we emphasize that M and N are not assumed to have any further
structure, such as a smooth or piecewise-linear structure. We thus generalize Whit-
taker’s result without relying on it, and produce for each manifold a finite, group–
theoretic sentence that certifies homeomorphism or non–homeomorphism with the
manifold. The sentences ϕM and ϕvol

M are produced explicitly insofar as is possible,
though in practice it would be a rather tedious task to record them. We also note
that the connectedness hypothesis for N can also be dropped from the theorem, thus
justifying the claim in the abstract; see Corollary 3.7, for instance.

We remark that Theorem 1.4 fits within a tradition of results proving first order
rigidity of various structures, such as lattices in higher rank [2], function fields [13,
14, 42, 33], rings [26, 20], finite–by–abelian groups [29], and linear groups [32],
and into the philosophy of distinguishing between objects that are difficult to access
directly via finite syntactic objects.

Another perspective on Theorem 1.4 centers around the following question; a
number of other motivating questions are enumerated in Section 9.

Question 1.5. Let M be a compact, connected manifold. Under what conditions is
there a finitely generated (or countable) group GM ď HomeopMq such that if N is
a compact manifold with dim M “ dim N on which GM acts faithfully with a dense
orbit, then M – N?

Related results for actions of the full homeomorphism group of M are given by
Chen–Mann [10]. They show that if the identity component of HomeopMq acts
transitively on a connected manifold or CW–complex N, then N is homeomorphic
to a cover of a configuration space of points of M. In our context, we have the
following immediate consequence of the downward Löwenheim–Skolem Theorem:

Corollary 1.6. To each compact connected manifold M one can associate a count-
able group GM ď HomeopMq which is elementarily equivalent to HomeopMq, such
that for two compact, connected manifolds M and N we have

GM ” GN if and only if M – N.

In particular GM – GN if and only if M – N.
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Remark 1.7. In [38], there is a cryptic announcement of a version of Theorem 1.4.
In particular, Rubin claims that under the assumption V “ L (i.e. Gödel con-
structibility) that two arbitrary connected manifolds are homeomorphic if and only
if their homeomorphism groups are elementarily equivalent; it is likely that he im-
plicitly made a few other assumptions to avoid trivial counterexamples such as
Homeop0, 1q – Homeor0, 1s. To the knowledge of the authors, the paper bear-
ing the title announced in [38] never appeared, and neither did any result (of any
authors whatsoever) proving first order rigidity of homeomorphism groups of man-
ifolds; cf. a related MathOverflow post [35]. We note that we only establish the
main result for compact manifolds, in contrast to Rubin’s original announcement,
and Rubin’s remark about the constructible universe remains puzzling to us; perhaps
the goal was to use first order equivalence and promote it to second order equiva-
lence, and then to use V “ L to conclude the second order equivalent structures are
isomorphic; cf. [1].

Our proof of Theorem 1.4 largely consists of two parts. The first part is an expan-
sion of the group theory language to a seemingly more powerful language, called
LAGAPE. The universe of an LAGAPE structure corresponding to pM,Gq P Mpvolq

then contains the group G, the regular open sets RO, the real numbers R, the maps
C0pRk,Rℓq for k, ℓ P ω and the subsets of int M consisting of isolated points. Since
the expansion is specified by first order definitions, we deduce the following, which
roughly means that each sentence in the theory of AGAPEpM,Gq can be translated,
in a way that is independent of pM,Gq, to a sentence in the theory of the group G;
see Section 2 for the precise definition of uniform interpretation.

Theorem 1.8. Uniformly for pM,Gq P Mpvolq, the structure AGAPEpM,Gq is in-
terpretable in the group structure G.

The second part is to show that the AGAPE language can express the sentence
that “I am homeomorphic to M”:

Theorem 1.9. For each pM,Gq P Mpvolq, there exists an LAGAPE–sentence ψpvolq
M,G

such that for all pN,Hq P Mpvolq, we have

ψ
pvolq
M,G P Th AGAPEpN,Hq if and only if N – M.

By Theorem 1.8, we can interpret LAGAPE–sentences ψM,HomeopMq and ψM,HomeoµpMq

to group theoretic sentence ϕM and ϕvol
M respectively, which distinguish M from

all the other non-homeomorphic manifolds N; see Lemma 2.11 for a more formal
explanation. We thus obtain a proof of Theorem 1.4.

1.2. Outline of the paper. The paper is devoted to proving Theorem 1.4 in several
steps, each of which builds on the previous. Section 2 gathers basic results from
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geometric topology and model theory, and fixes notation. In Section 3, we intro-
duce the language and the structure of our primary concern, called AGAPE. In this
structure, we interpret the regular open sets in G, and construct formulae that en-
code various topological properties of regular open sets. Section 4 interprets second
order arithmetic using regular open sets and actions of homeomorphisms on them.
Section 5 encodes individual points of a manifold, together with the exponentiation
map. Section 6 interprets the dimension of a manifold, as well as certain definably
parametrized embedded Euclidean balls in it. Section 7 definably parametrizes col-
lar neighborhoods of the boundary of a compact manifold. Section 8 proves Theo-
rem 1.4 by interpreting a result of Cheeger–Kister [9] and by encoding embeddings
of manifolds into Euclidean spaces that are “sufficiently near”. We conclude with
some closely related questions in Section 9.

2. Preliminaries

In this section, we gather some notation, background, and generalities.

2.1. Transitivity of balls in manifolds. The high degree of transitivity of the ac-
tion of homeomorphism groups on balls in manifolds is crucial for this paper. We
begin with the following fundamental fact regarding Oxtoby–Ulam measures.

Theorem 2.1 (von Neumann [43], Oxtoby–Ulam [31]). If µ and ν are Oxtoby–
Ulam measures on a compact connected manifold M then there exists a homeomor-
phism h of M isotopic to the identity and fixing the boundary such that h˚µ “ ν.

Thus, for Oxtoby–Ulam measures, the groups of measure-preserving homeomor-
phisms of M are all conjugate to each other. In particular, each pM,Gq P Mvol cor-
responds to a measure that is unique up to topological conjugacy. We will therefore
refer to groups of measure-preserving homeomorphisms without specifying a par-
ticular Oxtoby–Ulam measure. We refer the reader to [17, 3] for generalities about
measure-preserving homeomorphisms.

A group theoretic interpretation of (certain) balls in a manifold will be a crucial
step in this paper. By Bnprq, we mean the compact ball of radius r ą 0 with the
center at the origin in Rn. The following lemma is originally due to Brown [7] for
the first two parts, and to Fathi [17] for the rest. One may view this as a natural
generalization of the fact that every compact connected 2-manifold can be obtained
by gluing up the boundary of a polygon in a suitable way. See also [11, 25] for
more details.

Lemma 2.2 ([7, 17]; cf. [11, Chapter 17]). For each compact connected n–manifold
M, there exists a continuous surjection

f : Bn
p1q ÝÑ M

such that the following hold:



First order rigidity of homeomorphism groups of manifolds 7

(i) the restriction of f on int Bnp1q is an embedding onto an open dense subset of
M;

(ii) we have f pint Bnp1qq X f pBBnp1qq “ ∅, and in particular, BM Ď f pBBnp1qq;
In the case when M is equipped with an Oxtoby–Ulam measure µ, we can further
require the following.
(iii) we have µp f pBBnp1qqq “ 0;
(iv) The measure µ is the pushforward of Lebesgue measure by f .

The conditions (i) and (ii) already imply that an Oxtoby–Ulam measure on M
exists. For instance, one can pull back the Lebesgue measure on a ball using the
surjection Bnp1q ÝÑ M as in Lemma 2.2. The condition (iv) is also easy to be
attained from the previous conditions and Theorem 2.1; see also [19].

For a possbily non-compact manifold, we have the following variation also due
to Fathi, which loosens the condition on the surjectivity of the map.

Lemma 2.3 ([17]). If a connected n–manifold M has nonempty boundary and if M
is equipped with a nonatomic, fully supported Radon measure µ that assigns zero
measure to BM, then there exists an open embedding

f : Hn
` :“ tpx1, . . . , xnq P R

n
| xn ě 0u ÝÑ M

such that the following hold:
(i) f pintHn

`q Ď int M and f pBHn
`q Ď BM;

(ii) Mz f pHn
`q is closed and of measure zero.

We call a topologically embedded image of Bnp1q in a manifold Mn a ball. The
same goes for an open ball in M. If there exists an embedding h : Bnp2q ÝÑ M,
then the image hpBnp1qq is called a collared ball [11, Chapter 17]. The same goes
for a collared open ball. In the case when M is equipped with an Oxtoby–Ulam
measure µ, we say a collared ball B is µ–good (or, simply good) if BB has measure
zero. There exists an arbitrarily small covering of M by µ–good balls [17]. For
brevity of exposition, by a good ball, we mean both a collared ball in the context of
pM,Gq P M and a µ–good ball in the context of pM,Gq P Mvol. The same goes for
a good open ball. Note that a good ball is always contained in the interior of M.

Recall the topological action of a group G on int M is path–transitive if for all
path γ : I ÝÑ int M and for all neighborhood U of γpIq there exists h P GrUs
such that hpγp0qq “ γp1q. We say the action of G on int M is k–transitive if it
induces a transitive action on the configuration space of k distinct points in int M. A
path-transitive action on int M is always k–transitive whenever dim M ą 1; see [3,
Lemma 7.4.1]. Let us note the following fundamental facts on various notions of
transitivity in manifolds.

Lemma 2.4. [25, Corollaries 2.1 and 2.2] For pM,Gq P Mpvolq with dim M ą 1, we
have the following.
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(1) The action of G on int M is path–transitive and k–transitive for all k ą 0.
(2) If B1 and B2 are good balls of the same measure in an open connected set

U Ď M, then there exists g P GrUs such that gpB1q “ B2.

Proof. The path–transitivity of part (1) is well-known; see [3, Section 7.7] for G “

Homeo0pMq, and [17, p. 85] for G “ Homeo0,µpMq. The k–transitivity follows
immediately.

The case when U “ M in part (2) is precisely given in [25, Corollary 2.2] by Le
Roux, based on the Annulus Theorem of Kirby [24] and Quinn [36] as well as the
Oxtoby–Ulam theorem. In general, we can exhaust the topological manifold U by
a sequence of compact bounded manifolds tMiu so that some Mi contains B1 and
B2 in its interior; this can be seen from [37], as explained in [34]. We can further
require that BMi has measure zero by countable additivity. Applying Le Roux’s
argument for Mi, we obtain the desired transitivity. □

Lemma 2.5. Let M be a compact, connected n–manifold with n ě 2, equipped
with an Oxtoby–Ulam measure µ. If U Ď M is an open connected subset, then for
each positive real number r ă µpUq, there exists a good ball of measure precisely
r inside U. Moreover, we may require that UzB is connected.

Proof. Note the general fact that for a connected open subset U of M and for a
collared ball B in U X int M, the set UzB is connected; this can be seen from that a
collared ball is cellular, and that each celluar set is pointlike [11, Chapter 17].

Pick sufficiently small good ball Q Ď U such that the connected n–manifold
M1 :“ Uz int Q has measure larger than r and has nonempty boundary. Applying
Lemma 2.3 to M1, we have an open embedding

f : Hn
` ÝÑ M1

such that
f pBHn

`q Ď BM1
“ pBM X Uq Y BQ.

Since intHn
` is a countable increasing union of collared balls, we can find a collared

ball B̂ in M1 having measure larger than r; moreover, we can further require that B̂
is good by countable additivity of µ. Applying Theorem 2.1 to B̂, we see that the
restriction of B̂ is conjugate to a Lebesgue measure on a cube. It is then trivial to
find a good ball B Ď B̂ with measure precisely r. □

2.2. Regular open sets and homeomorphism groups. Let X be a topological
space. If A Ď X is a subset then we write cl A and int A for its closure and inte-
rior, respectively, and

frpAq :“ cl Az int A

for the frontier of A.
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A set U Ď X is regular open if U “ int cl U. For instance, a good ball is
always regular open. The set of regular open subsets of X forms a Boolean algebra,
denoted as ROpMq. In this Boolean structure, the minimal and maximal elements
are the empty set and X respectively. The meet is the intersection, and the join of
two regular open sets U and V is given by

U ‘ V :“ int clpU Y Vq.

The complement coincides with the exterior:

UK :“ Xz cl U.

Consequently, the Boolean partial order U ď V coincides with the inclusion U Ď V
for U,V P ROpXq. For each subcollection F Ď ROpXq of regular open sets we can
define its supremum as

sup F :“ int cl
´

ď

F
¯

P ROpXq.

In particular, ROpXq is a complete Boolean algebra. We remark briefly that the
collection of open sets of a manifold (or indeed of an arbitrary topological space)
is not a Boolean algebra in a natural way, but rather a Heyting algebra, since it is
possible that U Ĺ UKK.

By a regular open cover of a space, we mean a cover consisting of regular open
sets. We will repeatedly use the following straightforward fact, which implies that
every finite open cover of a normal space can be refined by an open cover which
consists of regular open sets.

Lemma 2.6. If U “ tU1, . . . ,Umu is an open cover of a normal space, then there
exists a regular open cover V “ tV1, . . . ,Vmu such that cl Vi Ď Ui for each i.

Proof. Under the given hypothesis, one can find an open cover tWiu satisfying
cl Wi Ď Ui for each i; see [12, Corollary 1.6.4]. It then suffices for us to take
Vi :“ int cl Wi, which is clearly a regular open set. □

Let g P HomeopXq. We denote its fixed point set by fix g, and define its (open)
support as supp g :“ Xzfix g. We then define its extended support as

suppe g :“ int cl supp g “ int clpXzfix gq.

Let G ď HomeopXq. We define the rigid stabilizer (group) of A Ď X as

GrAs :“ tg P G | supp g Ď Au.

If U is regular open in X, we note that

GrUs “ tg P G | suppe g Ď Uu.
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Recall from the introduction that the group G ď HomeopXq is locally dense if
for each nonempty open set U and for each p P U we have hat

int cl pGrUs.pq ‰ ∅.

More weakly, we say G is locally moving if the rigid stabilizer of each nonempty
open set is nontrivial.

If G is a locally moving group of homeomorphisms of X then ROpXq has no
atoms, and the set of extended supports

tsuppe g | g P Gu

is dense in the complete Boolean algebra ROpXq, i.e. for all U P ROpXq there exists
g P G such that suppe g Ď U; see [39] and [23, Theorem 3.6.11]. When the ambient
space is a manifold, we note a fundamental observation that every regular open set
can actually be represented as the extended support of some homeomorphism. We
write

U1 \ U2 “ V
when V is the disjoint union of two sets U1 and U2.

Proposition 2.7. Suppose that pM,Gq P M with dim M ě 1, or that pM,Gq P Mvol

with dim M ą 1. Then each regular open set of M is the extended support of some
element of G.

Proof. Let us pick a countable dense subset txiuiPω of U X int M. Set j1 :“ 1,
and pick a good ball B1 containing x j1 “ x1 such that diam B1 ă 1 and such that
B1 Ď U. Suppose we have constructed a sequence j1 ă j2 ă ¨ ¨ ¨ jk, and a disjoint
collection of good balls B1, . . . , Bk such that x ji P Bi and such that diam Bi ă 1{i
for each i; furthermore, we require that

tx1, x2, . . . , x jku Ď B1 Y ¨ ¨ ¨ Y Bk Ď U.

If U “
Ťk

i“1 Bi, then we terminate the procedure; otherwise, we let jk`1 be the
minimal index j such that

x j P W :“ Uz
k
ď

i“1

Bi.

Pick a good ball Bk`1 Ď W containing x jk`1 such that diam Bk`1 ă 1{pk ` 1q.
Thus, we build an infinite disjoint collection of good balls tBiuiPω in U such that
txiu Ď

Ť

i Bi.
We claim that there exists hi P G for each i such that suppe hi “ int Bi. In the

case where there is no measure under consideration, this is clear from the definition
of a good ball. In the case when a measure µ is considered, we first pick a homeo-
morphism h in Homeo0,LebpBnp1q, BBnp1qq whose fixed point set has empty interior;
here, the condition that dim M ą 1 is used. Let us also pick a homeomorphism
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ui : Bnp1q ÝÑ Bi. We see from Theorem 2.1 that the pullback measure of µ on
Bnp1q under the map ui is conjugate to (a rescaling of) the Lebesgue measure by a
homeomorphism. Hence, by conjugation and extension by the identity, we obtain a
homeomorphism hi P Homeo0,µpMq satisfying

fix hi “ pMz int Biq \ Qi

for some closed set Qi Ď Bi with empty interior. This proves the claim.
Since we have

sup
x

dpx, hipxqq ď diam Bi ă 1{i

for all i, we see from the uniform convergence theorem that the infinite product
g :“

ś

i hi converges in HomeopMq, and is isotopic to the identity. We have that

suppe g “ int clp
ď

i

int Biq “ U.

Hence, this map g satisfies the conclusion. □

Let us note the measure-preserving homeomorphism groups of compact one–
manifolds are highly restrictive.

Proposition 2.8. For each compact connected one–manifold M, there exist a group
theoretic formula ϕvol

M such that when pN,Hq P Mvol, we have that

H |ù ϕvol
M

if and only if N and M are homeomorphic.

Proof. Since HomeoµpIq – Z{2Z, the group theoretic sentence ϕvol
I stating that

there are at most two elements in the group is satisfied by a pair pN,Hq P Mvol if
and only if N – I. Since HomeoµpS 1q contains the abelian group Homeo0,µpS 1q –

SOp2,Rq as the index–two subgroup, a pair of the form pS 1,Gq P Mvol satisfies the
sentence

ϕvol
S 1 :“ p@γ1, γ2qrγ

2
1γ

2
2γ

´2
1 γ´2

2 “ 1s ^ ␣ϕvol
I .

Moreover, if pN,Hq P Mvol with dim N ą 1, then H is not virtually abelian and
hence H does not satisfy the above formulae. □

2.3. First order logic. Proposition 2.8 establishes the measure-preserving case of
the main theorem with dim M “ 1. Our key strategy for all the other cases is to build
a new language, which is powerful enough that it can distinguish a given manifold
from the other ones, but which can still be “interpreted” to the language of groups.
In order to do this, let us begin with a brief review of the basic terminology from
multi-sorted first order logic. Details can be found in [28, 41] and also succinctly
in [4].
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On the syntactic side, a (multi-sorted, first order) language L is specified by
logical symbols and a signature. Logical symbols include quantifiers (@, D), logical
connectives (^, _, ␣, Ñ), the equality (“) and a countable set of variables. We
often write auxiliary symbols such as parentheses or commas for the convenience
of the reader.

A signature consists of sort symbols, relation symbols (also called as predicate
symbols), function symbols and constant symbols. For the brevity of exposition we
often regard a function or constant symbol as a special case of a relation symbol. An
arity function is also in the signature, which assigns a finite tuple of sort symbols
to each relation symbol. The arity function for each constant symbol is further
required to assign only a single (i.e. 1–tuple of) sort symbol.

A (well-formed) L –formula is a juxtaposition of the above symbols which is
“valid”; the precise meaning of this validity requires a recursive definition [28],
although it is intuitively clear. For instance, if P is a relation symbol with the arity
value ps, tq for some sort symbols s and t, and if x and y are variables with sort
values s and t, respectively, then Pxy is a formula. We write Ppx, yq instead of Pxy
for the ease of reading. The language L specified by the above information is the
collection of all formulae. Unquantified variables in a formula are called free, and
a sentence is a formula with no free variables.

On the semantic side, we have an L –structure (or, an L –model) X , which is
specified by a set |X | called the universe, a sort function σ from |X | to the set of
sort symbols, and an assignment that is a correspondence from each relation symbol
P to an actual relation PX among tuples of the elements in the universe. For each
sort symbol s, we call sX :“ σ´1psq the domain of s in X . It is required that the
relation PX respects the arity value of P. For instance, if P is as in the previous
paragraph, then PX will be a subset of sX ˆ tX . A function symbol is assigned the
graph of some function, and often written as a function notation such as f pxq “ y.
A constant symbol is fixed as an element in the universe by an assignment. An
assignment (for relations) naturally extends to an assignment ϕX for each formula
ϕ. We sometimes omit X from ϕX when the meaning is clear.

For an L –formula ϕ with a tuple of free variables x, and for a tuple a of elements
in |X |, we write X |ù ϕpaq if ϕX holds after a has been substituted for x. We
define ThpX q as the set of all L –sentences ϕ such that X |ù ϕ.

Let p, q ě 0, and let b be a q–tuple of elements of |X |. A subset A of Xp is
definable (by ϕ) with parameters b “ pb1, . . . , bqq if for some formula ϕ with p` q
free variables, the set A coincides with the set

X pϕ; bq :“ ta P |X |
p : ϕpa, bqu.

If q “ 0 we simply say A is definable, in which case we denote the above set as
X pϕq. We now formalize the concept of “interpreting” a new language.
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Definition 2.9. Let L1 and L2 be languages. Suppose we have a class X of or-
dered pairs in the form pX1, X2q with Xi being an Li–structure. We say X2 is inter-
pretable in X1 uniformly for pX1, X2q in X if there exist some L1–formulae ϕdom

and ϕeq, and there also exists a map α from the set of L2–formulae to the set of
L1–formulae such that the following hold.

for each pX1, X2q P X , we have a surjection

ρ : X1pϕdomq ÝÑ |X2|

with its fiber uniformly defined by ϕeq in the sense that

X1pϕeqq “ tpx, yq P X1pϕdomq ˆ X1pϕdomq | ρpxq “ ρpyqu.

Furthermore, it is required for each L2–formula ψ that

ρ´1
pX2pψqq “ X1pαpψqq.

The bijection
ρ´1 : |X2| ÝÑ X1pϕdomq{X1pϕeqq

along with the map α is called a uniform interpretation of X2 in X1.

Remark 2.10. (1) In the above, if ψ is m–ary (as a relation) and ϕdom is n–ary,
then αpψq is mn–ary. In practice, we only need to consider relation symbols
(in a broad sense, including function and constant symbols) ψ rather than
all possible L2–formulae.

(2) In various instances of this paper, it will be the case that L1 Ď L2 and
that the interpretation restricts to the identity on L1. As a consequence of
such interpretability, we will have that ThpX2q is a conservative extension of
ThpX1q for each pX1, X2q P X . Also, we will often add a function symbol
in L2 corresponding to the surjection ρ, which is clearly justified.

The following lemma explains how the combination of Theorems 1.8 and 1.9
implies Theorem 1.4.

Lemma 2.11. Suppose L1,L2 and X are as in Definition 2.9 so that X2 is inter-
pretable in X1 uniformly for pX1, X2q P X . Let pX1, X2q and pY1,Y2q be in X . Then
for each sentence ψ belonging to ThpX2qzThpY2q, the interpretation αpψq belongs
to ThpX1qzThpY1q. In particular, if X1 ” Y1, then X2 ” Y2.

3. The AGAPE structure and basic observations

The fundamental universe that we work in will be the group of homeomorphisms
of a manifold. Objects such as regular open sets, real numbers, points in the man-
ifold, continuous functions, etc. will all be constructed as definable equivalence
classes of definable subsets of finite tuples of homeomorphisms.
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3.1. The langauge LAGAPE and the structure AGAPEpM,Gq. The ultimate lan-
guage we will work in will be called AGAPE, which stands for “Action of a Group,
Analysis, Points and Exponentiation”. This language is denoted as LAGAPE and con-
tains the following different sort symbols for k, ℓ P ω:

G,RO,N,PpNq,R,M,Mdisc-int,Contk,ℓ .

The above sorts come with some symbols that are intrinsic to the sort (such as
a group operation), and others which relate the sorts to each other, as we spell
out below. There will be a countable set of variables for each sort, as is typically
required. We also describe an AGAPE structure assigned to each pair pM,Gq in the
class M or Mvol. In this structure, we give the “intended” choice of the domain of
each sort symbol.

The group sort. The domain of the sort symbol G will be the group G, under
our standing assumption that pM,Gq P Mpvolq. The signatures only relevant for this
sort are

1, ˝, ´1,

which are respectively assigned with the natural meanings in the group theory.
These symbols, along with variables, form the language of groups L0

Act “ LG. The
group G is regarded an LG-structure Act0

pM,Gq “ ActGpM,Gq. We will usually
not write the ˝ symbol.

The sort of regular open sets. The domain of the sort symbol RO is the set
ROpMq of the regular open sets in M. The newly introduced signatures for this sort
are

Ď,X, K,‘,∅,M, suppe, appl .

The symbol M means the manifold M in the structure. By the natural assignment
as before, we have Boolean symbols

Ď,X,‘, K,M,∅

for the Boolean algebra ROpMq. We let the function symbol suppe mean the map
G ÝÑ ROpMq defined as

g ÞÑ suppe g.

We have an assignment for appl so that

applpg,Uq “ gpUq

with g P G and U P ROpMq. The symbols introduce so far (along with countably
many variables for each sort) form the language of a group action on a Boolean
algebra L1

Act “ LG,RO. The L1
Act–structure described above on the universe G \

ROpMq is denoted as Act1
pM,Gq “ ActG,ROpM,Gq.
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The sorts from the analysis We then introduce new sort symbols, which are
N,PpNq,R and –k,ℓ for k, ℓ P ω. The signatures introduced here are

0, 1,ă,`,ˆ, P,Ď, #π0, norm .

The usual second order arithmetic

Arith2 “ pN,PpNq, 0, 1,ă,`,ˆ, P,Ďq

is given the sort symbolsN and PpNq, as well as with relevant non-logical symbols.
We note the ambiguity of our notation that the sort symbols N and PpNq will be
assigned with the set of the natural numbersN and its power set PpNq, respectively.
The symbol #π0 is interpreted so that

#π0pUq “ k

means U P ROpMq has k connected components. See Section 4 for details. The
ordered ring of the real numbers

t0, 1,`,ˆ,ă,“u

is assigned with the sort symbol R and the signatures above. Note that, as is usual,
N is considered as a subsort of R, by identifying each integer as a real number.

The domain of the sort symbol Contk,ℓ will be the set CpRk,Rℓq of continuous
functions. We also have a formula applp f , xq “ y when the sort value of f is Contk,ℓ,
and when x and y are tuples of variables assigned with the sort symbol R. We have
the C0–norm f ÞÑ normp f q :“ } f }, which will be also a part of the language.
Combining these symbols with L1

Act, we obtain the language L2
Act “ LG,RO,R. An

L2
Act–structure Act2

pM,Gq “ ActG,RO,R is assigned to each pM,Gq P Mpvolq having
the universe

G \ ROpMq \PpNq \ R\
ğ

k,ℓ

CpRk,Rℓq.

The point and the discrete subset sorts M and Mdisc-int. The domain of the
sort symbol M will be the set of the points in a manifold. We also introduce the
sort symbol Mdisc-int to mean a subset A of int M every point of which is isolated in
A. By abuse of notation, the symbols P and Ď introduced above will have multiple
meanings (depending on the context), so that they have the arity values pM,ROq,
pM,Mdisc-intq and pMdisc-int,ROq. We can naturally form a singleton from a point.
We also have a cardinality function

#A “ m

meaning that the cardinality of A Ď int M is m, assuming that every point in A is
isolated.

The interpretation of points of the manifold will allow us to include symbols such
as cl and fr, the closure and frontier of a regular open set, together with membership
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relations into these sets. These symbols will simply be abbreviations for formulae
which impose the intended meaning. We will be able to separate out boundary
points of M from the interior ones, and hence justified to use the notations

π P BM, π1
P int M

for point sort variables π and π1. The function symbol appl has a natural additional
meaning as below:

appl : G ˆ M ÝÑ M.

In all contexts, we abbreviate applpγ, xq by γpxq when the sort of γ is either G or
Contk,ℓ and when the sort of x is (tuples of) R, M,Mdisc-int or RO.

The omnibus language, combining all of the previous sorts and relevant symbols,
is denoted by

L3
Act “ LG,RO,R,M “ LAGAPE,

or simply as AGAPE. We have so far described the LAGAPE–structure Act3
pM,Gq “

AGAPEpM,Gq corresponding to pM,Gq P Mpvolq.
Dealing with these structures, we often make use of functions or relations defined

by fixed formulae that are not explicitly specified. The following terminology will
be handy when we need to avoid ambiguity in such situations. See Remark 1.1 for
our notation for Mpvolq.

Definition 3.1. Let i “ 0, 1, 2, 3, and let ϕpvolq be a formula in Li
Act. Suppose for

each pM,Gq P Mpvolq that a function or relation fM,G is defined by ϕ in Acti
pM,Gq.

Then the collection
t fM,G | pM,Gq P Mpvolqu

is said to be uniformly defined over Mpvolq.

Remark 3.2. In dealing with the sorts in Subsection 2.3, we will distinguish nota-
tionally between variables referring to a particular sort and elements of that sort.
For the convenience of the reader, we will record a table summarizing the notation.
In general, we will write an underline to denote an arbitrary finite tuple of variables
or objects.

Sort variable object
Group elements γ, δ, γ, δ g, h
Regular open sets u, v, w, u, v, w U, V , W
Natural numbers α, β, α, β k,m, n
Sets of natural numbers Λ, Λ A
Real numbers ρ, σ, ρ, σ r, s
Sets of points π, π, τ, τ p, q, T
Functions χ, θ, χ, θ f
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From now on, we will reserve the letters in this table for exclusive use as variables
or objects of a particular sort, unless specified otherwise. In the ambient metalan-
guage, we will use i, j P ω to denote indices. The symbols M and N will be reserved
for manifolds.

3.2. Interpreting action structures in homeomorphism groups. Since the uni-
form interpretability (Definition 2.9) is transitive, the following proposition would
trivially imply Theorem 1.8.

Proposition 3.3. For each i “ 0, 1, 2, and uniformly for pM,Gq P Mpvolq, the Li`1
Act –

structure Acti`1
pM,Gq is interpretable in the Li

Act–structure Acti
pM,Gq.

The proof of this proposition will require construction of Li
Act–formulae ϕi

dom and
ϕi

eq, and a surjection

ρi : Acti
pM,Gqpϕi

domq ÝÑ |Acti`1
pM,Gq|

for all pM,Gq P Mpvolq satisfying the conditions of Definition 2.9. Such a construc-
tion will span over Sections 4 and 5, as well as this section.

Rubin’s Theorem [38, 39] stated in the introduction can be used to prove various
reconstruction theorems, by which we mean the group isomorphism types greatly
restrict the homeomorphism types of spaces on which the groups can act nicely.
See [23] for comprehensive references on this, especially regarding diffeomorphism
groups.

The key step in the proof of Rubin’s theorem can be rephrased as follows. We
emphasize that the formulae below are independent of the choice of the group G or
the space X.

Theorem 3.4 (Rubin’s Expressibility Theorem, cf. [39]). There exist first order
formulae

Ď pγ1, γ2q, applpγ1, γ2, γ3q, Xpγ1, γ2, γ3q, ‘pγ1, γ2, γ3q, K pγ1, γ2q

in the language of groups such that if G be a locally moving group of homeo-
morphisms of a Hausdorff topological space X, then the following hold for all
g1, g2, g3 P G.

(1) G |ùĎ pg1, g2q ðñ suppe g1 Ď suppe g2 ðñ g1 P Grsuppe g2s.
(2) G |ù applpg1, g2, g3q ðñ applpg1, suppe g2q “ suppe g3.
(3) G |ù Xpg1, g2, g3q ðñ suppe g1 X suppe g2 “ suppe g3.
(4) G |ù ‘pg1, g2, g3q ðñ suppe g1 ‘ suppe g2 “ suppe g3.
(5) G |ù extpg1, g2q ðñ suppe g1 “ psuppe g2q

K.

Proof. Parts (1) and (2) are given as Theorem 2.5 in [38]; see also [23, Corollary
3.6.9] for a concrete formula. The rests are clear from that the supremum in ROpMq
is first order expressible in terms of the inclusion relations. □
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Let pM,Gq P Mvol. By Proposition 2.7, we have a surjection

ρ0 : G ÝÑ ROpMq

defined as g ÞÑ suppe g. Since G is locally moving on M, Rubin’s expressibility
theorem implies that the fiber

tpg, hq | suppe g “ suppe hu

of ρ0 is definable, and that the Boolean symbols and the function symbols appl and
suppe have group theoretic interpretations; see also parts (1) and (2) of Remark 2.10.
As a conclusion, we have the following, which means that Proposition 3.3 holds for
the case i “ 0.

Corollary 3.5. Uniformly for pM,Gq P Mpvolq, the LG,RO–structure ActG,ROpM,Gq
is interpretable in the group structure G.

Corollary 3.5 can be summarized as saying that G interprets the group action
structure of G on the algebra of regular open sets, in a way that preserves the mean-
ing of G. This interpretation is uniform in the underlying pair pM,Gq, and any
formula in the language of G and RO can be expressed entirely in G, since the for-
mulae in Theorem 3.4 are independent of M. Henceforth, we will assume that we
will work with the expanded language L1

Act “ LG,RO.

3.3. First order descriptions of basic topological properties. Recall whenever
the expression U \ V is used it is assumed that U and V are disjoint. Let us find
first order expressions for some pointset-topological properties.

Lemma 3.6. The following hold for pM,Gq P Mpvolq.
(1) For U,V P ROpMq, we have that GrUs “ GrVs if and only if U “ V.
(2) For each U P ROpMq, we have that

GrUs “ tg P G | gpVq “ V for all regular open set V Ď UK
u.

(3) An open subset is path-connected if and only if it is connected.
(4) An arbitrary union of connected components of a regular open set is nec-

essarily regular open. More specifically, if a regular open set W can be
written as W “ U \ V for some disjoint pair of open sets U and V, then U
and V are regular open and W “ U ‘V. Moreover, we have V “ W XUK.

(5) For disjoint pair U,V of regular open sets, we have (i)ñ(ii)ñ(iii).
(i) U is connected, and U ‘ V “ U \ V;

(ii) Every g P GrU ‘ Vs satisfies either gpUq “ U or gpUq X U “ ∅;
(iii) U ‘ V “ U \ V

(6) Let W and U are regular open sets such that U is connected and such that
U Ď W. Then U is a connected component of W if and only if W “ U ‘ V
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for some regular open V that is disjoint from U and every g P GrWs satisfies
either gpUq “ U or gpUq X U “ ∅.

(7) The following are all equivalent for a regular open set W.
(i) W is disconnected;

(ii) W “ U \ V for some disjoint pair of nonempty regular open sets U
and V such that U is connected;

(iii) W “ U‘V for some disjoint pair of nonempty regular open sets U and
V, and every g P GrWs satisfies either gpUq “ U or gpUq X U “ ∅;

(iv) W “ U ‘V “ U \V for some disjoint pair of nonempty regular open
sets U and V.

(8) For two regular open subsets U and V satisfying U X V “ ∅, we have that
U \ V “ U ‘ V if and only if each connected component of U ‘ V is
contained either in U or in V.

Proof. (1) If x P UzV , then there exists some h P GrUs satisfies hpxq ‰ x; see
[23, Lemma 3.2.3] for instance. In particular, we have that h P GrUszGrVs ‰ ∅.
This proves the nontrivial part of the given implication. We remark that the same
statement holds without the assumption that U and V are regular open, under the
extra hypothesis that M fl I. Part (2) is similar.

(3) This part is clear from the fact that every manifold is locally path-connected.
(4) Whenever two open sets U and V are disjoint we have that UKK and VKK are

also disjoint; see [23, Lemma 3.6.4 (4)], for instance. From

W “ U \ V Ď UKK
\ VKK

Ď UKK
‘ VKK

Ď WKK
“ W,

we see that U and V are actually regular open and W “ U ‘ V “ U \ V . It is clear
that V X fr U “ ∅, which implies V “ W X UK.

(5) The implication (i)ñ(ii) is clear from that every setwise stabilizer of g P
GrU ‘ Vs permutes connected components of U ‘ V .

For the implication (ii)ñ(iii), assume we have a point

p1 P pU ‘ VqzpU Y Vq.

Take a sufficiently small open ball B around p1 so that

B Ď U ‘ V “ int clpU Y Vq Ď cl U Y cl V.

Note also from
p1 R U “ int cl U

that B Ď cl U. Similarly, B Ď cl V . This implies that we can choose distinct points

p2, p3 P BX U X int M

and p4 P BX V X int M. Since G is k–transitive on BX int M for all k, we can find
a g P G supported in B satisfying gpp2q “ p3 and gpp3q “ p4; see also Lemma 2.4.
Then gpUq is neither U nor disjoint from U.
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Parts (6) and (7) are clear from the previous parts.
(8) The forward direction comes from the observation that pU,Vq is a disconnec-

tion of U ‘ V . The backward direction is trivial since the hypothesis implies that
U ‘ V Ď U Y V . □

Let us note the following consequences of Lemma 3.6.

Corollary 3.7. There exist first order formulae in the language LG,RO as follows:
(1) A formula containedpγ, uq, also denoted as γ P Grus such that

|ù containedpg,Uq if and only if suppe g Ď U.

(2) A formula connpuq such that

|ù connpUq if and only if U is connected.

(3) A formula ccpu, vq, also denoted as u P π0pvq such that

|ù ccpU,Vq if and only if U is a connected component of V.

(4) A formula uccpu, vq such that

|ù uccpU,Vq if and only if U is a union of connected component of V.

(5) For all k P ω, a formula # cckpuq such that

|ù # cckpUq if and only if U has exactly k connected components.

(6) A formula disjpu, vq such that

|ù disjpU,Vq if and only if U ‘ V “ U \ V.

(7) A formula ccpartitionpu, v,wq such that

|ù ccpartitionpU,V,Wq if and only if uccpU,Wq ^ uccpV,Wq ^W “ U \ V.

(8) A formula #“pu, vq such that for all regular open sets U and V having finitely
many connected components, we have

|ù #“pU,Vq

if and only if U and V have the same number of connected components.

Proof. The existence of the formula containedpγ, uq is trivial since suppe and Ď
belong to the signature of LG,RO. The formulae connpuq and ccpu, vq exist by parts
(6) and (7) of Lemma 3.6. We can then set

uccpu1, uq ” p@wqrccpw, u1
q Ñ ccpw, uqs.

The construction of the formulae cckpuq and disjpu, vq follow from the same lemma,
which also implies that the formula

ccpartitionpu, v,wq ” ruccpu,wq ^ uccpv,wq ^ w “ u‘ v^ uX v “ ∅s
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has the meaning required in part (7). Finally, we set

#“pu, vq ”pDu1
Ď u, Dv1

Ď vqrp@û P π0puqqrconnpu1
X ûq ^ u1

X û ‰ ∅s^

p@v̂ P π0pvqqrconnpv1
X v̂q ^ v1

X v̂ ‰ ∅s ^ pDγqrγpu1
q “ v1

ss.

From the transitivity on good balls (of the same measures, in the measure preserving
case) as in Lemma 2.4, we see #“pu, vq has the intended meaning. □

Using the above formula, we can distinguish the case that dim M “ 1 among all
compact connected manifolds.

Corollary 3.8. For each compact connected one–manifold M, there exist LG,RO–
formulae ϕM such that when pN,Hq P M , we have that

ActG,ROpN,Hq |ù ϕM

if and only if N and M are homeomorphic.

Proof. We let ϕI be the LG,RO–formula expressing that for all pairwise disjoint,
proper, nonempty regular open sets U1,U2 and U3 the exterior of Ui is discon-
nected for some i. This formula holds for M – I since at least one of cl Ui does not
intersect BM, and hence UK

i separates the two endpoints of M. It is clear that ϕI is
never satisfied by any other compact connected manifolds.

We now suppose that M is a compact connected manifold not homeomorphic to
I. Then for all disjoint, proper, non-empty regular open sets U and V satisfying
U‘V “ U\V , the set MzpU‘Vq is disconnected. From Corollary 3.7, we obtain
the formula ϕS 1 expressing that M and S 1 are homeomorphic. □

By Proposition 2.8 and Corollary 3.8, we establish Theorem 1.4 for the case when
M is one–dimensional. So from now on, we modify the definitions of M and Mvol,
replacing these classes by subclasses where all the manifolds in consideration are
of dimension at least two.

3.4. Further topological properties. We will need several more general first or-
der formulae to express basic topological properties of regular open sets. One of
primary importance will be a formula which implies that a particular regular open
set U is contained in a collared ball inside of another regular open set V . This
is not particularly difficult to state and prove in the class M , but is substantially
harder in Mvol. For the rest of this section, we will make a standing assumption that
pM,Gq P Mpvolq, and that the underlying structure is ActG,ROpM,Gq.

3.4.1. Relative-compactness regarding good balls. Let us use preceding results to
find first order formulae that compare measures of regular open sets. For the re-
mainder of this subsection, we assume that M is a connected, compact n–manifold
with n ą 1, equipped with an Oxtoby–Ulam measure µ.
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Lemma 3.9. There exists a formula volďpu1, u2, vq in the language LG,RO such that
for all pM,Gq P Mvol with an Oxtoby–Ulam measure µ on M, and for all any triple
pU1,U2,Vq with U1 and U2 connected and U1,U2 Ď V, we have the following.

(1) If µpU1q ď µpU2q then volďpU1,U2,Vq holds.
(2) If volďpU1,U2,Vq holds then µpU1q ď µppcl U2q X Vq.

Proof. Suppose first that µpU1q ď µpU2q, and let ∅ ‰ W0 P ROpMq be arbitrary.
By Lemma 2.5, we can find a good ball B Ď U1 such that

µpU1q ´ µpW0q ă µpBq ă µpU1q ď µpU2q,

and such that U1zB connected. Lemma 2.4 furnishes g P Homeo0,µpMqrVs such
that gpBq Ď U2, but clearly there is no µ-preserving h such that

hpW0q Ď U1zB “ U1 X pint BqK.

We have just established that volďpU1,U2,Vq holds with W1 :“ int B, where

volďpu1, u2, vq ”p@w0 ‰ ∅, Dw1qrw1 Ď u1 ^ connpu1 X wK
1 q^

p@γ P Gqrγpw0q Ę u1 X wK
1 s ^ pDδ P Grvsqrδpw1q Ď u2ss.

Let us now suppose for a contradiction that volďpU1,U2,Vq holds but that

µpU1q ą µpV X cl U2q.

Let W0 be the interior of a good ball in M with measure r0 ă µpU1q´µpV X cl U2q.
It suffices to show that there is no witness W1 as required by volď.

If such a W1 exists then by the condition on γ, we see again from Lemmas 2.4
and 2.5 that µpU1 XWK

1 q ď r0. Moreover, there is a group element g P GrVs such
that gpW1q Ď U2, so that in fact

gppcl W1q X Vq Ď pcl U2q X V.

We then obtain

r0 “ µpW0q ě µpU1 XWK
1 q ě µpU1q ´ µpV X cl W1q ě µpU1q ´ µpV X cl U2q.

This violates the choice of r0. □

The foregoing discussion allows us to characterize when a regular open set U
is contained in a collared ball B inside a regular open set V . There are separate
formulae which apply in the measure-preserving case, and in the general case.

Lemma 3.10. There exists first order formula RCBpvolqpu, vq such that for each
pM,Gq P Mpvolq, we have that

|ù RCBpvolqpU,Vq

if and only if U is relatively compact in some good ball contained in V.
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Recall our convention that this lemma claims to have two formulae, namely
RCBpu, vq and RCBvolpu, vq.

Proof of Lemma 3.10. We first claim that the following formula satisfies the con-
clusion for pM,Gq P M .

RCBpu, vq ” pDv̂ P π0pvqqru Ď v̂^ p∅ ‰ @w Ď v̂, Dγ P Grv̂sqrγpuq Ď wss.

Indeed, if U is relatively compact in a collared ball B Ď V , then there exists a
unique V̂ P π0pVq containing B, and hence U. For each nonempty regular open
W Ď V̂ , we see from Lemma 2.4 that some g P GrV̂s satisfies

gpUq Ď gpBq Ď W,

as desired. Conversely, suppose |ù RCBpU,Vq holds and let V̂ be the connected
component of V containing U. Let us fix a collared ball B in V̂ and set W :“ int B.
From the assumption we can find g P GrV̂s such that gpUq Ď W. Then U is
relatively compact in the collared ball g´1pBq in V .

For the case when pM,Gq P Mvol, we set

RCBvolpu, vq ” pDu1, v̂qrpv̂ P π0pvq ^ u Ď u1
Ĺ v̂^ connpu1

qq^

p@wqrpconnpwq ^ w Ď v̂^␣ volďpw, u1, v̂qq ÝÑ pDγ P Grv̂sqrγpu1
q Ď wsss.

In order to prove the forward direction, let us assume that RCBvolpU,Vq holds
for some nonempty U,V P ROpMq. Let U 1 and V̂ be witnesses for the existentially
quantified variables u1 and v̂. Since U 1 Ĺ V̂ , the Boolean subtraction V̂ X pU 1qK is
nonempty. We now see that

µpV̂q “ µpV̂ X cl U 1
q ` µpV̂ X pU 1

q
K
q ą µpV̂ X cl U 1

q.

So, Lemma 2.5 furnishes a good ball B Ď V̂ satisfying

µpBq ą µpV̂ X cl U 1
q.

By Lemma 3.9, we have that ␣ volďpint B,U 1, V̂q, and that some g P GrV̂s satisfies
that gpU 1q Ď int B. It follows that

cl U Ď cl U 1
Ď g´1

pBq Ď V̂ Ď V,

as desired.
For the backward direction, we pick a good ball B satisfying U Ď B Ď V̂ for

a suitable V̂ P π0pVq and set U 1 :“ int B. Let us consider an arbitrary connected
regular open set W Ď V̂ satisfying ␣ volďpW,U 1, V̂q. From Lemma 3.9 again, we
see that µpWq ą µpU 1q “ µpBq. We may therefore find some g P GrV̂s such that
gpBq Ď W. This shows that RCBvolpU,Vq holds. □
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When using Lemma 3.10, we will write RCB both in the case of the full homeo-
morphism group and the measure-preserving homeomorphism group, and suppress
the symbol vol from the notation. In fact, many of the formulae below will actu-
ally have different meanings for M and for Mvol. Let us also record the fact that
RCBpvolqpU,Mq implies that cl U Ď int M.

3.4.2. Detecting finiteness of components. From part (5) of Corollary 3.7, we can
detect whether or not a given regular open set has exactly k connected component
in the theory of G for each fixed k P ω. It is not obvious how to express the
infinitude of the connected components of U P ROpMq, as such an infinitude would
be equivalent to the infinite conjunction

␣cc0pUq ^ ␣cc1pUq ^ ␣cc2pUq ^ ¨ ¨ ¨ .

However, one can express such an infinitude in a single formula.

Definition 3.11. Let us set

dispersedpuq ” p@û P π0puqqrRCBpû, uK
‘ ûqs.

We say a regular open set U is dispersed if dispersedpUq holds.

Note that dispersedpUq implies that

cl Û X clpUzÛq “ ∅

for each connected component Û of U. Let us introduce another formula below that
will play crucial roles in several places of this paper; the proof is clear.

Lemma 3.12. There exists an LG,RO–formula seqpu, v, γq such that

ActG,ROpM,Gq |ù seqpU,V, gq

for U,V P ROpMq and g P G if and only if the following conditions hold for a
unique U 1 P π0pUq.

(i) The set U is dispersed;
(ii) we have that V Y gpVq Ď U;

(iii) for all Û P π0pUq, the set Û X V is nonempty and connected;
(iv) for all Û P π0pUqztU 1u, the set Û X gpVq is nonempty and connected;
(v) we have that U 1 X gpVq “ ∅;

(vi) if a union W of connected components of U satisfies that U 1 Ď W and that
gpV XWq Ď W, then W “ U.

In the situation as in Lemma 3.12, we can enumerate the components of U as

Û0 “ U 1, Û1, . . .

such that gpV X Ûiq Ď Ûi`1 for each i ě 0. Furthermore, we have an injection

σ “ σU,V,g : π0pUq ÝÑ π0pUqztU 1
u
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sending Ûi to Ûi`1 for each i P ω. We also note that for each i P ω there exists a
uniformly definable function seqipu, v, gq such that

seqipU,V, gq “ Ûi.

We can now establish the main result of this subsection.

Lemma 3.13. There exists a formula infcomppwq such that

|ù infcomppWq if and only if W has infinitely many connected components.

Proof. Let us define

infcomppwq ” pDu, v, γqr∅ ‰ u Ď w^ p@ŵ P π0pwqqrconnpuX ŵqs ^ seqpu, v, γqs.

In order to prove the forward direction, suppose we have seqpU,V, gq for some
nonempty U Ď W such that each connected component Ŵ of W satisfies connpU X
Ŵq. In particular, we have |π0pUq| ď |π0pWq|. The injection σU,V,g above certifies
that π0pUq is an infinite set. Hence, π0pWq is infinite as well.

For the backward direction, suppose that W has infinitely many components.
We will establish |ù infcomppWq only in the case of pM,Gq P Mvol, since the case
pM,Gq P M is strictly easier. We use an idea similar to the proof of Proposition 2.7.
We first find distinct components tŴiuiPω of W such that some sequence txiuiPω

satisfying xi P Ŵi converges to some point x˚ P M. We consider a sufficiently
small compact chart neighborhood B of x˚, which still intersects infinitely many
components of W. Let n “ dim M. By the Oxtoby–Ulam theorem, we can simply
identify B with Bnp1q or Bnp1q X Hn

` equipped with the Lebesgue measure. The
point x˚ is then identified with the origin O. By shrinking each Ŵi to Ûi Ď int B
and passing to a subsequence, we can further require the following for all i ě 0.

‚ The open set Ûi is an open Euclidean ball, converging to x˚ “ O;
‚ We have distpx˚, Ûi`1q ` diampÛi`1q ă distpx˚, Ûiq.

We set U :“
Ů

i Ûi “ ‘iÛi and U 1 “ Û0. We can find a disjoint collection of
compact topological balls tDiu such that int Di intersects both Ûi and Ûi`1, and no
other Û j’s. Using the path–transitivity as in Lemma 2.4, we can inductively find a
gi P Grint Dis sending some good ball Ci Ď Ûi onto another good ball inside Ûi`1.
We will set

V “
ď

iPω

int Ci.

By the uniform convergence theorem, the sequence t
śk

i“0 giukě0 converges to a
homeomorphism g P Homeo0,µpMq ď G, which witnesses the properties infcomppUq
requires. □
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We remark that we may also test if a regular open set has finitely many compo-
nents, and write

fincomppuq ” ␣ infcomppuq.

3.4.3. Touching and containing the boundary. By a collar (embedding) of the bound-
ary in a manifold M, we mean an embedding h : BM ˆ r0, 1q ÝÑ M that extends
the identity map BM ˆ t0u ÝÑ BM; we sometimes allow h to be an embedding of
BM ˆ r0, 1s. The image of a collar embedding is called a collar neighborhood. A
fundamental result due to Brown [6, Theorem 2] says that the boundary of a topo-
logical manifold admits a collar. Let us now state several formulae regarding the
boundary of a given manifold.

Lemma 3.14. There exist LG,RO–formulae as follows.
(1) A formula touchBpuq such that

|ù touchBpUq if and only if the closure of U nontrivially intersects BM.

(2) A formula stabBpγq such that

|ù stabBpgq if and only if g setwise stabilizes each boundary component of M.

Proof. (1) Let us define the formula

finintpu,wq ” pDu1
qrfincomppu1

q ^ p@û P π0puqqrûX w ‰ ∅Ñ û P π0pu1
qss.

It is clear from the formulation that

|ù finintpU,Wq

if and only if U meets W in finitely many components on U. We now set

touchBpuq ”pDu1
qru1

Ď u^ infcomppu1
q ^ p@wqrRCBpw,Mq ÝÑ finintpu1,wqss.

Suppose that cl U X BM ‰ ∅. Choose a sequence of points tpiuiPω in U con-
verging to a point in BM, and choose small open balls Ui Q pi in U with pairwise
disjoint closures and with radii tending to zero. Let U 1 be the union of these balls.
Now, if W fails to satisfy finintpU 1,Wq, then W must meet infinitely many of the
balls Ui, and so cl W X BM ‰ ∅. In particular, ␣RCBpW,Mq.

Conversely, suppose that cl U X BM “ ∅, and let U 1 Ď U have infinitely many
components tUiuiPω. As in Lemma 3.13, by shrinking components of U 1 and pass-
ing to a subsequence, we may assume that each Ui is an open ball, that the sequence
has shrinking radii and converges monotonically to the origin in an open chart in
Rn. Moreover, the origin in this chart lies in the interior of M, by assumption.

Thus, we may take W to be a neighborhood of the origin in this chart, which then
satisfies RCBpW,Mq and meets infinitely many components of U 1. Thus, U 1 fails to
witness touchBpUq, and so touchBpUq does not hold.
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(2) Setting
containBpuq ” ␣ touchBpuK

q,

we see that containBpUq holds if and only if BM Ď U. We now define

stabBpγq ” p@u, ûqrpû P π0puq ^ containBpuq ^ touchBpûqq Ñ ûX γpûq ‰ ∅s.

We claim that stabBpgq holds for g P G if and only if g setwise stabilizes each
component of

BM “ B1 \ B2 \ ¨ ¨ ¨ \ Bk.

For the forward direction, suppose we have stabBpgq. By the aforementioned re-
sult of Brown, we can pick a closure–disjoint collection of collar neighborhoods
tV1,V2, . . . ,Vku. Setting the set

U :“
k
ğ

i“1

Vi,

we see from the hypothesis that gpViq X Vi ‰ ∅ for each i, which trivially implies
gpBiq “ Bi. The backward direction is clear after observing that the hypothesis part
of stabBpgq simply says that Û contains at least one boundary component. □

4. Interpretation of second-order arithmetic

The goal of this section is to prove that the group G interprets second order
arithmetic and analysis uniformly for pM,Gq P Mpvolq, establishing the case of
i “ 1 in Proposition 3.3.

4.1. An example of an interpretation of first order arithmetic. As a warm-up,
let us interpret first order arithmetic

Arith1 “ pN,`,ˆ, 0, 1q

in the structure ActG,ROpM,Gq. For this, we consider the surjection

#π0 : tU P ROpMq | fincomppUqu ÝÑ N

sending each U to #π0pUq, namely the cardinality of π0pUq. The domain of this
surjection is clearly definable, and so is the fiber by the formula #“pu, vq in Corol-
lary 3.7. To complete an interpretation of Arith1, it now suffices to establish the
following.

Lemma 4.1. There exist LG,RO–formulae #` and #ˆ such that the following hold
for all U,V,W having finitely many connected components.

(1) We have |ù #`pU,V,Wq if and only if #π0pWq “ #π0pUq ` #π0pVq.
(2) We have |ù #ˆpU,V,Wq if and only if #π0pWq “ #π0pUq ¨ #π0pVq.
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Proof. Recall the meaning of the formula ccpartition from Corollary 3.7. Let us
make the following definitions.

#`pu, v,wq ” pDw0,w1qrccpartitionpw0,w1,wq ^ #“pw0, uq ^ #“pw1, vqs,

#ˆpu, v,wq ” pDw1
qrpw1

Ď uq ^ #“pw,w1
q ^ p@û P π0puqqr#“pûX w1, vqss.

It is straightforward to check that these formulae have the intended meanings. □

4.2. Our interpretation of second order arithmetic. Let us now describe an in-
terpretation of second order arithmetic

Arith2 “ pN,PpNq, 0, 1,`,ˆ, Pq,

which has two sorts N and PpNq. In particular, we will have to be able to quantify
over subsets of N.

In order to achieve this, we will consider more restricted class of regular open
sets U, the components of which admit a linear order as described by the formula
seqpU,V, gq; see Section 3.4.2. In this linear order of U, the k–th component Ûk will
interpret the integer k P ω, and a union of the connected components W will inter-
pret a subset naturally. We will utilize Lemma 4.1, but not the actual interpretation
itself from the previous subsection.

To be more concrete, let us first note the following.

Lemma 4.2. There exists a uniformly defined function seqæpu, v, γ, ûq such that if

|ù seqpU,V, gq ^ Û P π0pUq,

then for the unique k P ω satisfying Û “ seqkpU,V, gq, we have that

seqæpU,V, g, Ûq “ ‘0ďiďk seqipU,V, gq.

Proof. It is routine to check that the following has the intended meaning:

pw “ seqæpu, v, γ, ûqq ” uccpw, uq ^ pseq0pu, v, γq ‘ ûq Ď w^

γpvX ûq X w “ ∅^ γ´1
pwX γpvqq Ď w. □

Let us consider the set

X1 :“ tpU,V, g, Ûq | seqpU,V, gq ^ Û P π0pUqsu,

which is definable in ActG,ROpM,Gq uniformly for pM,Gq P Mpvolq. We have a
surjection

ρ1 :“ #π0 ˝ seqæ : X1 ÝÑ N.

This surjection satisfies that

k “ ρ1pU,V, g, Ûq if and only if Û “ seqkpU,V, gq.
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The fiber of ρ1 is

tpy, zq P X1 ˆ X1 | #“pseqæpyq, seqæpzqqu,

and hence uniformly definable. It is trivial to check that ρ1 produces a uniform
interpretation of Arith1 to ActG,ROpM,Gq. For instance, we have

ρ1pyq ` ρ1py1
q “ ρ1py2

q

if and only if

|ù #`pseqæpyq, seqæpy
1
q, seqæpy

2
qq.

After this interpretation of Arith1, the symbol # has an intended meaning as a func-
tion from ROpMq to N. We have uniformly defined functions seqcomppu, v, γ, αq
and seqcompæpu, v, γ, αq satisfying

seqcomppU,V, g, kq “ seqkpU,V, gq,

seqcompæpU,V, g, kq “ ‘
k
i“1 seqcomppU,V, g, iq.

Similarly, we consider another uniformly definable set

X1
1 :“ tpU,V, g,Wq | seqpU,V, gq ^ uccpW,Uqsu.

We have a surjection

ρ1
1 : X1

1 ÝÑ PpNq

defined by the condition

ρ1
1pU,V, g,Wq :“ tρ1pU,V, g, Ŵq | Ŵ P π0pWqu.

Since the fiber of ρ1 is uniformly definable, so is that of ρ1
1. We will introduce the

function symbol P# in L2
Act interpreted as ρ1

1.
Finally, we have

ρ1pU1,V1, g1, Ûq P ρ1
1pU2,V2, g2,W2q

if and only if

#π0 seqæpU1,V1, g1, Ûq “ #π0 seqæpU2,V2, g2, Ŵq

for some Ŵ P π0pW2q. Hence, the pair of surjections pρ1, ρ
1
1q produces a desired

interpretation of the two–sorted structure Arith2. We note that the order relation
symbol ă, the successor symbol S , and the inclusion symbol Ď are naturally inter-
preted as a consequence.



30 S. KIM, T. KOBERDA, AND J. DE LA NUEZ GONZÁLEZ

4.3. Analysis. The interpretation of R is now standard. From N, we interpret Z,
together with addition, multiplication, and order, by imposing a suitable definable
equivalence relation on a suitable definable subset of N2. We similarly interpret Q
by imposing a suitable definable equivalence relation on a definable subset of ZˆZ.

We define R together with addition, multiplication, and order via Dedekind cuts
of Q, is interpretable because of our access to PpNq. Finally, we have canonical
identifications of

N Ď Z Ď Q Ď R,

wherein we set “ to be the relation identifying natural numbers with their images
under this sequence of inclusions. In the sequel, we will simply talk about natural
numbers, integers, or rationals as elements of R without further comment. We
further may assume to have Rk in the universe of the structure for all k P ω.

In order to justify the introduction of the sort symbol Contk,ℓ in the structure, let
us first note that each function in CpR,Rq is uniquely determined by its restriction
on Q. Since

|RQ| “ p2ωqω “ 2ω “ |R|,

we have an interpretation of CpR,Rq by R, and hence, that of

CpRk,Rℓq.

This latter set is the domain of Contk,ℓ, and the function symbols

applpχ, ρq “ σ, normpχq “ ρ

are interpreted accordingly. In practice, we write

f prq “ s, } f } “ r

for the above formulae. The expanded language containing ActG,RO structure, sec-
ond order arithmetic, and analysis will be written Act2

“ ActG,RO,R. This establishes
the uniform interpretability of ActG,RO,RpM,Gq to ActG,ROpM,Gq, namely Proposi-
tion 3.3 for the case i “ 1.

5. Interpretation of points

We now wish to be able to talk about points of M more directly, and prove Propo-
sition 3.3 for the case i “ 2. This would complete the proof of Theorem 1.8.

Rubin [38] accesses points in a space with a locally dense action via a certain
collection of ultrafilters consisting of regular open sets; in his approach, the inter-
section of the closures of all the open sets in each ultrafilter corresponds to a single
point of the space. We cannot follow this approach directly, as we need to stay
within the first order theory of groups and Boolean algebras. Instead, we consider
a certain collection of regular open sets such that the components in each of those
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open sets converge to a single point of the manifold. We continue to make the
standing assumption that pM,Gq P Mpvolq with dim M ą 1, unless stated otherwise.

5.1. Encoding points of a manifold. Using the LG,RO,R–formulae introduced in
the preceding sections, we define the following new formulae:

cofpw, uq ” infcomppwq ^ w Ď u^ p@û P π0puqqrconnpwX ûqs,

cofcontainpw, uq ”pDw1
qrw1

Ď w^ cofpw1, uqs,

cofmovepγ, u0, u1q ”pDwqrcofpw, u0q ^ cofpγpwq, u1q ^ p@ŵ P π0pwqqrRCBpŵ, u0qss

Note that when |ù cofmovepg,U0,U1q, we can find some W whose connected
components can be written as

W “
ğ

iPω

Wi,

with the property that each Wi is contained in some relatively compact ball inside
U0; moreover, no two components of W belong to the same component of U0, and
similarly for gpWq and U1.

We consider the definable subgroup

Stlim
G pUq :“

ď

tGrWK
s | W P ROpMq and cofpW,Uqu,

which we call as the limit stabilizer of U in G. Intuitively, each element of this
group fixes some open sets that are arbitrarily close to a certain limit point of the
components of U. We will write γ P Stlim

puq for the formula corresponding to
g P Stlim

G pUq.

Remark 5.1. One can rephrase Rubin’s interpretation of points in second order
logic [38] as follows, as summarized in [23, Theorem 3.6.17]. Rubin allowed cer-
tain collections (called, good ultrafilters) of regular open sets to interpret a single
point in the space, by taking the intersection of the closures of those open sets. He
then proved that two good ultrafilters P and Q interpret different points p and q if
and only if the group

GtQK
u :“

ď

tGrWK
s | W P Qu

acts sufficiently transitively, in the sense that for some U P P, every V P ROpMq
satisfying ∅ ‰ V Ď U is an element of the set

GtQK
upPq.

In our approach, we will utilize the sufficient transitivity of the limit stabilizer group
characterized in terms of the formula cofmovepγ,w0,w1q.
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Let us consider the set X2 :“ Act2
pM,Gqpϕ2

domq, defined by the following for-
mula:

ϕ2
dompu, v, γq ” seqpu, v, γq ^ p@w0,w1qrcofpw0, uq ^ cofpw1, uq ÝÑ

pDδ P Stlim
pw0qqrcofmovepδ,w0,w1qss.

The following lemma furnishes an interpretation of the points.

Lemma 5.2. For each pU,V, gq P X2 and for an arbitrary sequence txiuiPω satisfy-
ing xi P seqcomppU,V, g, iq for all i P ω, the limit

ρ2pU,V, gq :“ lim
iÑ8

xi

exists in M, and is independent of the choice of txiu. Moreover, the following con-
clusions hold.

(1) The map ρ2 : X2 ÝÑ M is surjective.
(2) We have

ρ2pU0,V0, g0q “ ρ2pU1,V1, g1q

if and only if some g P Stlim
G pU0q satisfies

cofmovepg,U0,U1q.

(3) We have
hpρ2pU,V, gqq “ ρ2pU 1,V 1, g1

q

if and only if

ρ2phpUq, hpVq, hgh´1
q “ ρ2pU 1,V 1, g1

q.

(4) We have ρ2pU,V, gq R W if and only if some pU 1,V 1, g1q P X2 satisfies

U 1
XW “ ∅^ pρ2pU,V, gq “ ρ2pU 1,V 1, g1

qq .

(5) We have ρ2pU,V, gq P int M if and only if there exists some W such that
RCBpW,Mq and such that cofcontainpW,Uq.

Proof. Let pU,V, gq P X2, and let

txi P seqcomppU,V, g, iquiPω

be a sequence. In particular, we have xi P int M. Suppose two subsequences

ty0, ju jPω, ty1, ju jPω Ď txiuiPω

converge to two distinct points y0 and y1. For i “ 0 and i “ 1, we let Wi be the
union of sufficiently small good open balls Wi, j centered at yi, j. In particular, we
may assume that cofpWi,Uq, and that

lim
j

Wi, j “ tyiu
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in the Hausdorff sense. By hypothesis, we have some h P Stlim
pW0q such that

|ù cofmoveph,W0,W1q.

Since h fixes arbitrarily close points to y0, we have hpy0q “ y0. It follows that

y0 “ hpy0q “ lim hpy0, jq “ y1.

This proves the existence of the claimed limit. The same argument also implies
the independence of the limit from the choice of txiuiPω, and also the backward
direction of part (2). The surjectivity of ρ2 in part (1) is clear, after choosing U
to be a suitable sequence of good open balls converging to a given point in the
Hausdorff sense.

Let us verify the forward direction of part (2). Assuming the hypothesis, we can
find two sequences tx0, juiPω and tx1, juiPω such that

xi, j P seqcomppUi,Vi, gi, jq.

As in the proof of Lemma 3.13, we can find a disjoint collection of good balls
tDiu of decreasing sizes such that each Di contains x0, j and x1, j, after passing to
a subsequence if necessary. By the uniform convergence theorem, we have some
h P G such that hpx0, jq “ x1, j for all j, and such that h pointwise fixes some
nonempty open set inside

seqcomppU0,V0, g0, jq X DK
j .

In particular, we have that h P Stlim
G pU0q and that cofmoveph,U0,U1q, as claimed.

The remaining parts of the lemma are straightforward to check. □

In part (2) of the lemma, we see that the relation

ρ2pU,V, gq “ ρ2pU 1,V 1, g1
q

is first order expressible; hence, we deduce that the functional relation gppq “ q and
the membership relation p P W in parts (3) and (4) are interpretable for p, q P M,
g P M and W P ROpMq. Part (5) of the lemma separates out the interior points.

Direct access to points allows us to make direct reference to set theoretic opera-
tions. For instance, we can define unionpu, v,wq by

unionpu, v,wq ” p@πqrpπ P u_ π P vq Ø π P ws.

Clearly, unionpU,V,Wq for regular open sets tU,V,Wu if and only if W “ U Y V .
Henceforth, we will include the usual set-theoretic union symbol in the language
such as Y,X and z. We are also able now to talk directly about the closure cl U of
a regular open set U, both in M and in V for arbitrary U Ď V; for this, it suffices to
note that p P cl U if and only if p R UK.
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5.2. Encoding discrete sets of points in a manifold. Let us now interpret the set

Pdisc
pint Mq :“ tA Ď int M | A is discreteu.

In particular, every finite subset of int M belongs to Pdiscpint Mq.
We recall from Lemma 3.14 the formula finintpu,wq. We first let X1

2 be the set of
quadruples pU,V, g,Wq defined by the following formula:

ψ2
dompu, v, γ,wq ” dispersedpwq ^ pu‘ suppe g Ď wq^

@ŵ P π0pwqrϕ2
dompuX ŵ, vX ŵ, γq ^ RCBppu‘ suppe γq X ŵ, ŵqs.

For such a quadruple, we set

ρ1
2pU,V, g,Wq :“ tρ2pU X Ŵ,V X Ŵ, gq | Ŵ P π0pWqu.

It is routine to check that this map defines a surjection

ρ1
2 : X1

2 ÝÑ Pdisc
pint Mq

with a definable fiber. Namely, we have

ρ1
2pU0,V0, g0,W0q ‰ ρ1

2pU1,V1, g1,W1q

if and only if there exists some regular open sets W 1,W2 satisfying that

RCBpW 1,W2
q

and that
␣finintpUi,W 1

q ^ finintpU1´i,W2
q

for some i P t0, 1u.
We interpret the membership between a point and a set; namely, we have

ρ2pU,V, gq P ρ1
2pU

1,V 1, g1,W 1
q

if and only if there exists some W2 satisfying that RCBpW2,W 1q and that

cofcontainpW2,Uq.

We also interpret the group action

hpρ1
2pU,V, g,Wqq “ ρ1

2pU
1,V 1, g1,W 1

qq

as
ρ1

2phpUq, hpVq, hgh´1, hpWqqq “ ρ1
2pU

1,V 1, g1,W 1
qq

Finally, the set ρ1
2pU,V, g,Wq P Pdiscpint Mq has finite cardinality if and only if W

has finitely many connected components. In this case, the cardinality function # for
T P Pdiscpint Mq is clearly definable by

#pρ1
2pU,V, g,Wqq “ #π0pWq.

We omit the details, which are very similar to those in Section 5.1. We denote by
Mdisc-int the sort symbol for sets belong to Pdiscpint Mq.
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5.3. Interpreting exponentiation. We now interpret the map

G ˆ Zˆ M ÝÑ M, pg, k, pq ÞÑ gk
¨ p,

so that the exponentiation map

exp : G ˆ Z ÝÑ G

is definable. Note that gkppq “ p1 holds with k P ω if and only if we can write
k “ mq` r for some integers 0 ď r ă m and q such that we have a period–m orbit

p, gppq, . . . , gm
ppq “ p,

and a sequence of distinct points

p, gppq, . . . , gr
ppq “ p1.

Let us now define formulae expcyc and explin, which will express the existences of
a periodic orbit and of a sequence without repetitions, respectively. More precisely,
we set

expcycpγ, α, πq ”pα “ 0q _ pDτ P Mdisc-int
qr#τ “ α^ pπ P τ “ γpτqq

^ ␣pDτ1
P Mdisc-int

qr∅ ‰ τ1
Ĺ τ^ γ ¨ τ1

“ τ1
ss,

explinpγ, α, π, π
1
q ”pDτ P Mdisc-int

qr#τ “ α` 1^ tπ, π1
u Ď τ^ γpτztπ1

uq “ τztπu

^ ␣pDτ1
P Mdisc-int

qr∅ ‰ τ1
Ĺ τ^ γ ¨ τ1

“ τ1
ss.

We see that exppg, kq ¨ p “ p1 with k ě 0 if and only if the tuple pg, k, p, p1q

satisfies the formula

exppγ, α, π, π1
q ” pDα1, β1, β2qrα “ β2α

1
`β1^expcycpγ, β2, πq^explinpγ, β1, π, π

1
qs.

It is then trivial to extend the definition for the case k ă 0, establishing the defin-
ability of the exponentiation function.

5.4. The AGAPE structure. We now define our ultimate structure

Act3
pM,Gq “ ActG,RO,R,MpM,Gq “ AGAPEpM,Gq

as the extension of Act2
pM,Gq “ ActG,RO,RpM,Gq by including the points in M and

adding the relations
gppq “ q, p P W

for g P G, p, q P M and W P ROpMq. We are then justified to use the expressions
such as

p P int M, p P BM, p P cl U, gn
“ h, fix g “ cl U, U Y V “ W

for points p, regular open sets U,V,W, group elements g, h P G and integer n P Z
in AGAPEpM,Gq.
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6. Balls with definable parametrizations

From this point on, we work in the AGAPE language LAGAPE “ LG,RO,R,M,
containing second order arithmetic and points. The underlying structure will be
AGAPEpM,Gq; recall our further standing assumption that dim M ą 1. We will
use the notation In “ r0, 1sn and Qnprq :“ r´r, rsn. The main objective of this
section is to interpret the dimension and collared balls inside of a manifold, as de-
scribed in the following two theorems.

Theorem 6.1. For each n ě 2, there exists a formula dimn such that we have
|ù dimn if and only if M is an n–manifold.

Theorem 6.2. For each n ě 2, there exist formulae

flowsnpu, γ, πq,Paramnpu, γ, π, ρ, π1
q

such that the following hold for all pM,Gq P Mpvolq with n “ dim M.
(1) Let U P ROpMq, g P Gn and p P M. If

|ù flowsnpU, g, pq

then we have a unique homeomorphism

Ψ “ ΨrU, g, ps : In
ÝÑ cl U

the graph Γ of which satisfies

Γ “ tpr, qq P In
ˆ M : AGAPEpM,Gq |ù ParamnpU, g, p, r, qqu,

and also p0, pq P Γ.
(2) Let U and V be good open balls inside int M such that cl U Ď V; if pM,Gq P

Mvol, we further assume that volpUq{ volpVq is sufficiently small compared
to some positive number determined by n. Then we have

|ù pDγDπq flowsnpU, γ, πq.

In Section 8, we will modify the definition of ΨrU, g, ps so that the domain is
Qnp2q, instead of In. We emphasize again that the above formulae for M and Mvol

may differ; for instance, the sentence dimn may be more precisely denoted as dimn

and dimvol
n separately depending on the context.

6.1. Detecting the dimension of a manifold. We prove Theorem 6.1 by interpret-
ing a sufficient amount of dimension theory. For a topological space X, the order
of a finite open cover U is defined as the number

sup
xPX

∣∣∣tU P U | x P Uu
∣∣∣.

Though in classical literature one considers general open covers, it is sufficient
(especially in our situation) to consider finite covers only; cf. [12, 15].
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We say the topological dimension of X is at most n, and write dim X ď n, if every
finite open cover of X is refined by an open cover with order at most n ` 1. The
topological dimension dim X is defined to be n, if dim X ď n holds but dim X ď

n´ 1 does not. A topological n–manifold has the topological dimension n.
A collection of open sets V “ tViuiPI is said to shrink to another collection

W “ tWiuiPI if Wi Ď Vi holds for each i in the index set I . Let us note the
following well-known facts.

Lemma 6.3. (1) (Lebesgue’s Covering Theorem [21, Theorem IV.2]) If U is
a finite open cover of In such that no element of U intersects an opposite
pair of codimension one faces, then U cannot be refined by an open cover
of order at most n.

(2) (Čech [8]) If X is a metrizable space and if Y Ď X, then dim Y ď dim X.
(3) (Ostrand’s Theorem [30, Theorem 3]) If U “ tUiuiPI is a locally finite

open cover of a normal space X satisfying dim X ď n, then for each j “
0, . . . , n, the cover U shrinks to some pairwise disjoint collection V j “

tV j
i uiPI of open sets such that the collection

Ť

j V
j is a cover.

We can now give a characterization of manifold dimension.

Lemma 6.4. For each positive integer n and for each compact manifold M, the
following two conditions are equivalent.
(A) The dimension of M is at most n;
(B) Let W be a regular open set in M. If

U “ tUi : i “ 1, 2, . . . , 2n`1
u

is a regular open cover of cl W, then there exists a pairwise disjoint collection

V j
“ tV j

i : i “ 1, 2, . . . , 2n`1
u

of regular open sets for each j “ 0, 1, . . . , n such that U shrinks to each V j,
and such that

Ť

j V
j is a cover of cl W.

Proof. Suppose we have dim M ď n, and assume the hypothesis of part (B). We see
from Lemma 6.3 (2) that dim cl W ď n. Part (3) of the same lemma implies that
U shrinks to a pairwise disjoint collection of (not necessarily regular) open sets
W j “ tW j

i ui“1,...,2n`1 for each j “ 0, . . . , n with the property that
Ť

j W
j is a cover

of the normal space cl W. By Lemma 2.6, there exists a regular open cover

V :“ tV j
i ui, j

of cl W satisfying
cl V j

i Ď W j
i Ď Ui

for all i and j. This implies the conclusion of (B).



38 S. KIM, T. KOBERDA, AND J. DE LA NUEZ GONZÁLEZ

Conversely, suppose we have condition (B) and assume for contradiction that
m :“ dim M ą n. We first note the following.

Claim. The unit m–cube r0, 1sm admits a finite regular open cover of cardinality
2n`1 that cannot be refined by another open cover with order at most n` 1.

Let C denote the unit cube r0, 1sn`1 in Rn`1, which is embedded in Rm as the
subset with the last m ´ n ´ 1 coordinates being zero. For each vertex v P Cp0q, let
us consider the translated open cube

Uv :“ v` p´1, 1qn`1
Ď Rn`1.

We then have a regular open cover

U :“ tUv : v P Cp0q
u

of C with cardinality 2n`1. Note that each open cube Uv does not intersect an
opposite pair of codimension one faces of C. By taking the Cartesian product U 1

v of
each Uv with p´1, 2qm´n´1, we obtain a finite regular open cover

U 1
“ tU 1

v | v P Cp0q
u

of r0, 1sm. If U 1 is refined by another finite open cover V of r0, 1sm with order at
most n ` 1, then the intersection of the elements in V with Rn`1 Ď Rm is a finite
open cover of C “ r0, 1sn`1 with order at most n ` 1. This violates Lebesgue’s
Lemma (Lemma 6.3), and the claim is thus proved.

Let us now consider a good ball Q in M, which comes with an embedding

ϕ : Rm
ÝÑ M

satisfying ϕr0, 1sm “ cl Q. By applying the above claim, we obtain a finite regular
open cover of cl Q that cannot be refined by a finite open cover with order at most
n` 1. This contradicts condition (B), which we have assumed. □

Note that the cardinalities of covers U and
Ť

j V
j in condition (B) of the above

lemma are explicitly bounded above by 2n`1 and pn ` 1q2n`1, respectively. Note
also that conditions such as

cl W Ď U1 Y ¨ ¨ ¨ Y U2n`1

are expressible in the AGAPE language. It is therefore clear that condition (B) is
expressible in this language, for each fixed positive integer n. As a consequence,
we obtain Theorem 6.1.
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6.2. Parametrizing balls in M in dimension two and higher. For the proof of
Theorem 6.2, let us consider the quotient map pr : R ÝÑ R{

?
2Z defined as

x ÞÑ rxs :“ x`
?

2Z.

The image of Z is dense in the circle R{
?

2Z, equipped with the natural cyclic
order. The expression

?
2 will be regarded as a constant symbol in LAGAPE. We

have chosen this value for concreteness, but for our purpose we may use an arbitrary
irrational number that is definable without parameters in arithmetic. There exists a
definable function angpρ1, ρ2q satifying

r “ angpr1, r2q

if and only if the (unsigned) angular metric between rr1s and rr2s is r P r0,
?

2q.
Let us also define an LAGAPE formula

fcovpu, v0, . . . , vnq ” pcl uq Ď
n
ď

i“0

vi ^

n
ľ

i“0

fincomppviq.

We also use the formula

clshrinkpv0, . . . , vn, v1
0, . . . , v

1
nq ”

n
ľ

i“0

cl v1
i Ď vi.

We will equip M with a compatible metric d, and denote by d8 the induced uniform
metric on the homeomorphism group. We have the following characterization of
uniform convergence.

Lemma 6.5. Let U be a regular open set in M such that cl U Ď int M, and let

F1 Ě F2 Ě ¨ ¨ ¨

be a sequence of subsets of HomeopMq such that each f P F1 setwise stabilizes U.
Then the following two conditions are equivalent.
(A) We have that

lim
iÑ8

suptd8p fæU , Id æUq | f P Fiu “ 0.

(B) Suppose we have two tuples of regular open sets

V “ pV0, . . . ,Vnq, V 1
“ pV 1

0, . . . ,V
1
nq

such that
fcovpU,Vq ^ fcovpU,V 1

q ^ clshrinkpV ,V 1
q.

Then there exist some i P ω such that whenever a pair pV̂ 1, V̂q belongs to

A :“

#

pV̂ 1, V̂q P
n
ď

j“0

`

π0pV 1
jq ˆ π0pV jq

˘

ˇ

ˇ

ˇ

ˇ

ˇ

V̂ 1
Ď V̂

+

,



40 S. KIM, T. KOBERDA, AND J. DE LA NUEZ GONZÁLEZ

each f P Fi satisfies
f pV̂ 1

X cl Uq Ď V̂ .

Proof. Let us assume part (A), and also the hypotheses of (B). We set

ϵ0 :“ inf
␣

dpcl V̂ 1,MzV̂q | pV̂ 1, V̂q P A
(

,

which is positive since A is finite. Choosing i so that

d8p fæU , Id æUq ă ϵ0

for all f P Fi, we obtain the conclusion.
Conversely, we assume the condition (B) and pick an arbitrary ϵ ą 0. Let U

be a finite cover of cl U by regular open sets with radius less than ϵ. Applying
Lemma 6.4 (after replacing the number 2n`1 in the lemma by the size of U ), we
obtain a tuple of regular open sets

V “ pV0, . . . ,Vnq

such that every connected component of each V j has diameter at most 2ϵ, and such
that fcovpU,Vq holds. By Lemma 2.6 and by compactness of cl U, we obtain

V 1
“ pV 1

0, . . . ,V
1
nq

such that
fcovpU,V 1

q ^ clshrinkpV ,V 1
q.

Pick i P ω as given by the condition (B), and let f P Fi and x P cl U be arbitrary.
Since we have some pV̂ 1, V̂q P A such that x P V̂ 1, we see that

dpx, f pxqq ď diam V̂ ď 2ϵ.

This implies that d8p fæU , Id æUq ď 2ϵ and that the condition (A) holds. □

We now interpret non-integral powers of group elements, in the following sense.

Lemma 6.6. There exist formulae

convpu, γ, ρ, δq, flowpu, γq

such that the following hold for each pM,Gq P Mpvolq.
(1) For tg, hu Ď G, U P ROpMq and r P R satisfying cl U Ď int M and

gpUq “ U “ hpUq, we have

|ù convpU, g, r, hq

if and only if

lim
δÑ`0

sup td8pgs
æU , hæUq | s P Z and angps, rq ă δu “ 0.
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(2) For g P G and U P ROpMq satisfying cl U Ď int M and gpUq “ U, we have

|ù flowpU, gq

if and only if there exists a unique topological flow

Φ “ ΦU,g : R{
?

2Zˆ U ÝÑ U

such that, writing Φprts, pq “ Φtppq, we have the conditions below.
‚ for each m P Z, we have Φm “ gmæU;
‚ the map rts ÞÑ Φt is a topological embedding of R{

?
2Z into the group

GæU :“ thæU | h P G and hpUq “ Uu ď HomeopUq;

‚ for each rts ‰ r0s, we have fixΦt X U “ ∅.
In this case, for r P R and p P U, the map

pU, g, r, pq ÞÑ Φr
U,gppq

is definable.
(3) If |ù flowpU, gq ^ flowpV, gq, then for p P U X V and r P R, we have

Φr
U,gppq “ Φ

r
V,gppq.

Proof. Applying Lemma 6.5 for the definable set

Fi :“ th´1gs
| s P N and angps, rq ă 1{iu Ď G,

we immediately obtain a desired formula convpγ, δ, u, ρq.
It is straightforward to check

flowpu, γq ” p@ρDδqrconvpu, γ, ρ, δq ^ pρ P
?

2Z_ fix δX u “ ∅qs.

satisfies the desired conditions in (2). In particular, the uniquenss is a consequence
of the fact that the formula convpU, g, r, hq uniquely determines the restriction of h
on U, as an approximation of the form

tgknæUu

satisfying kn ÝÑ r in R{
?

2Z. The definability of the flow in (2) and the indepen-
dence on the choice of U in part (3) also follow by the same reason, completing the
proof. □

In the situation of Lemma 6.6, we will say that g defines a circular flow on the
open set U. When we have convpU, g, r, hq, the element g is viewed as an irrational
rotation through a specified angle, and h is the rotation of the r–multiple of this
angle. By the definability ofΦr

U,gppq for p P U, we are justified to use the expression
such as

Φρu,γpπq “ π1
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in an LAGAPE formula with the hypothesis that π P u. When the meaning is clear, we
also use the more succinct notation

gr :“ Φr
U,g.

We are now ready to complete the proof of Theorem 6.2.

Proof of Theorem 6.2. By Lemma 6.6, we have an LAGAPE formula flowsnpU, g, pq
that expresses the following:

‚ there exists some V “ tViu such that

|ù cl Vi Ď int M ^ gipViq “ Vi ^ flowpVi, giq

for each i, and such that

p P U P cl U Ď XiVi;

‚ there exists a continuous bijection r0, 1sn ÝÑ cl U defined by

pr1, . . . , rnq ÞÑ
ź

i

gri
i ppq;

‚ For all ri P r0, 1s and for all permutation σ of t1, . . . , nu, we have
ź

i

gri
i ppq “

ź

i

g
rσpiq

σpiqppq.

Here, it is implicitly required that
j´1
ź

i“1

gri
i ppq P cl U

for all j ď n, so that
j

ź

i“1

gri
i ppq “ gr j

j ˝

j´1
ź

i“1

gri
i ppq

is well-defined. The formula Paramn is simply obtained from the map pU, gi, ri, pq ÞÑ
gri

i ppq. This proves part (1).
For part (2), we may identify cl U “ Qnp1q and V “ int QnpRq for some suf-

ficiently large R. We can then choose n independent circular flows such that each
flow rotates U in some compact solid torus Bn´1p1q ˆ S 1 with the rotation number
1{
?

2, and such that on the outside of V the restrictions of the flows are the identity
maps; see Figure 1 (a), where a suitable homeomorphism is applied to U for an
illustrational purpose. Such choices of flows will yield the desired conclusion. □

We remark that in the measure preserving case, if volpUq{ volpVq is not suffi-
ciently small, then there may not be enough room for a solid torus inside V such
that cl U occupies p1{

?
2q–fraction of the torus. For instance, one may consider an

annulus that is homeomorphic to S 1ˆ I, but which is equipped with a measure that
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2π?
2

U

V

(a) The ball U is exactly 1{
?

2 fraction
of the domain of a flow.

U

V

(b) There may not be enough room for a
desired measure–preserving flow.

Figure 1. The proof of Theorem 6.2 (2) and a potential issue when
U is not “spaciously collared”.

is not the product of the Lebesgue measures on the two factors. Thus, the annulus
may be “throttled” in some interval as in Figure 1 (b), and thus there may be no
measure preserving flow that globally rotates the annulus.

7. Parametrization of collar neighborhoods

Let us fix an integer n ą 1. We now describe a definable parametrization of
collar neighborhoods of the boundary of a compact n–manifold. More specifically,
we will establish the following.

Theorem 7.1. Then there exist formulae

collarpκq, collar-embedpκ, π, ρ, π1
q

for some tuple κ of variables in the AGAPE language such that each pair pM,Gq P
Mpvolq with dim M “ n satisfies the following.

(1) We have that |ù pDκqrcollarpκqs.
(2) Let K be a tuple of elements in AGAPEpM,Gq satisfying

collarpKq.

Then there exists a unique a collar embedding

u “ urKs : BM ˆ r0, 1q ÝÑ M

of BM such that for all p P BM, q P M and r P r0, 1q we have

upp, rq “ q ðñ pAGAPEpM,Gq |ù collar-embedpK, p, r, qqq .
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7.1. Decomposition of a unit cube. Let us fix n ą 1. We will use a certain parti-
tion of a cube to parametrize a collar neighborhood of BM. We set

Λ :“ t0, 1un´1
Ď In´1,

0 :“ p0, . . . , 0q, 1 :“ p1, . . . , 1q P Λ,

0k, 1k
P Λk

Ď pIn´1
q

k for k ą 0,

lenpwq :“ k for w P Λk,

parpmq :“ m´ 2tm{2u for m P ω.

For convention, we also let
Λ0
“ t00

u “ t∅u.

By abuse of notation, we move or remove parantheses rather freely and often write

Xpv1,...,vkq
“ Xpv1,...,vk´1q,vk “ Xv1,...,vk

when the vector pv1, . . . , vkq is used to index certain objects X˚. For each

w “ pv1, . . . , vkq P Λ
k

with k P ω, we let S̄ w be the dyadic cube of side length 1{2k that contains the
following two points as opposite vertices:

k
ÿ

i“1

vi{2i,
k
ÿ

i“1

vi{2i
` 1{2k.

For instance, we have S̄ ∅ “ In´1, S̄ 0 “ r0, 1{2sn´1, S̄ p0,1q “ r1{4, 1{2sn´1 and so
forth. We have partitions (with disjoint interiors):

In´1
“
ď

␣

S̄ w
ˇ

ˇw P Λk
(

for each k P ω,

In´1
ˆ r0, 2q “

ď

#

S w :“ S̄ w
ˆ

„

2´
1

2lenpwq´1
, 2´

1
2lenpwq

ȷ

ˇ

ˇ

ˇ

ˇ

ˇ

w P
ď

kPω

Λk

+

.

We have a unique parametrization σw : In ÝÑ S w of the regular cube S w obtained
by positive homothety and translation.

7.2. The condition for a collar neighborhood. Let us first consider the case that
pM,Gq P M . For a tuple

K “ pUi,U0
i ,U

1
i ,U

0,v
i ,U1,v

i ,T 0
i ,T

1
i , p∅i,0, hori, verti, s0,v

i , s1,v
i | 1 ď i ď n and v P Λq

in the universe of AGAPEpM,Gq, we consider the collection of the conditions and
notations itemized as (a) through (i) below; see Figure 2 for an illustration when
n “ 2.
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BM 2

0

1
2

3
4

7
8

V∅i, j

V1
i, j

p∅i, j

p0
i, j

pp0,0q

i, j

V∅i1 , j1

p∅i1 , j1

p0
i1 , j1

pp0,0q

i1 , j1

s0,0
i

s1,1
i s1,0

i

s0,1
i s0,0

i s0,1
i s0,0

i

U0
i

U1
i

U0
i

Figure 2. The condition COLpM,G; Kq.

Condition COLpM,G; Kq.

(a) We have regular open sets U˚ and U1, . . . ,Un such that

BM Ď U˚
“

ď

1ďiďn

Ui,

and such that every regular open neighborhood of BM contains gpU˚q for some
g P G; moreover, each Ui has finitely many components, and the closures of
distinct components are disjoint.

(b) We have dispersed (Definition 3.11) regular open sets

U0
i ,U

1
i ,U

0,v
i ,U1,v

i

for each i ď n and v P Λ; moreover, we have for each ϵ P t0, 1u that

Ui “ U0
i ‘ U1

i , Uϵ
i “ ‘vPΛUϵ,v

i .

(c) For each i ď n, we have hori, verti P G and

p∅i,0 P T 0
i Ď T 1

i P Pdisc
pint Mq

such that T 0
i is a nonempty, finite, minimal hori–invariant set; moreover, the

map

p j, kq ÞÑ p0k

i, j :“ vertk
i ˝ hor j

i

`

p∅i,0
˘

is a bijection from t0, . . . , #T 0
i ´ 1u ˆ ω to T 1

i .
(d) For each i ď n and j ă #T 0

i , there exists a unique Ui, j P π0Ui satisfying

p∅i, j P fr Ui, j.
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For each k P ω, there also exists a unique Uk
i, j P π0Uparpkq

i such that

p0k

i, j P fr Uk
i, j.

We further have closure–disjoint unions

Ui “
ğ

j

Ui, j, U0
i “

ğ

j,k

U2k
i, j , U1

i “
ğ

j,k

U2k`1
i, j .

(e) For each i ď n, we have s∅i P Gn. Setting V∅i, j :“ U0
i, j, we also have

|ù flowsn
`

V∅i, j, s
∅
i , p∅i, j

˘

,

Ψ∅i, j :“ Ψ
“

V∅i, j, s
∅
i , p∅i, j

‰

: In
ÝÑ cl V∅i, j.

For all k ą 0 and pv1, . . . , vkq P Λ
k we have that

ppv1,...,vkq

i, j :“ vertk
i ˝Ψ

∅
i, j

˜

k
ÿ

i“1

vi

2i , 0

¸

P fr Uk´1
i, j X fr Uk

i, j.

(f) For each pi, j,w “ pv1, . . . , vkqq in the index set

I :“

#

pi, j,wq

ˇ

ˇ

ˇ

ˇ

ˇ

1 ď i ď n, 0 ď j ă #T 0
i ,w P

ď

kPω

Λk

+

,

there exists a unique

Vw
i, j P π0Uparpkq,vk

i

the closure of which contains pw
i, j.

(g) For each i ď n and v P Λ, we have

s0,v
i , s1,v

i P Gn.

We further have that

|ù flowsn

´

Vw
i, j, s

parpkq,vk
i , pw

i, j

¯

,

Ψw
i, j :“ Ψ

”

Vw
i, j, s

parpkq,vk
i , pw

i, j

ı

: In
ÝÑ cl Vw

i, j.

(h) For each pi, j,∅q P I , there exists a homeomorphism

Ψi, j : In´1
ˆ r0, 2s ÝÑ cl Ui, j

such that for each w P Λk we have

Ψi, jæS w “ Ψw
i, j ˝ pσ

w
q

´1,

and such that Ψi, jpIn´1 ˆ t2uq Ď BM.
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(i) If x P cl Ui, j X cl Ui1, j1 , then some v, v1 P In´1 and t P r0, 2s satisfy that

x “ Ψi, jpv, tq “ Ψi1, j1pv1, tq.

Moreover, in this case we have for each t1 P r0, 2s that

Ψi, jpv, t1
q “ Ψi1, j1pv1, t1

q.

We now claim three points. First, these conditions are first order expressible.
Second, these conditions produce a definable collar embedding; for this, we will
actualy need only the conditions (h) and (i). Third, every pair pM,Gq P M satisfies
these conditions with a suitable choice of K.

The first point is trivial to check from the preceding results, possibly except for
the continuity condition in (h) at the level–2 subset of In´1 ˆ r0, 2s. At such a point
x0, we then can simply require the convergence of the values of the form

Ψw
i, j ˝ pσ

w
q

´1
pxq

whenever x P S w gets arbitrarily close to x0; we also require the bijectivity of the
resulting map onto cl Ui, j. We can now let collarpκq be the formula expressing the
condition COLpM,G; Kq.

Regarding the second point, we note the following.

Claim. Under the hypothesis COLpM,G; Kq, we have a collar embedding

u “ u rKs : BM ˆ r0, 2s ÝÑ M

which is unambiguously defined by

upΨi, jpv, 2q, rq “ Ψi, jpv, rq

for all pi, j,∅q P I , v P In´1 and r P r0, 2s. In particular, the image of the level–2
set under the map u coincides with BM.

Proof. The well-definedness and the injectivity follow from the condition (i) above.
This map u is continuous since so is Ψi, j for all i and j. The condition (h) further
implies that this map u is a collar embedding of the boundary. □

From the above claim and from the definability of Ψw
i, j, we obtain the desired

formula collar-embpκ, π, ρ, π1q expressing the map u. We complete the proof of part
(2) in Theorem 7.1 by simply reparametrizing u so that the level–0 set corresponds
to the boundary.

For the third claim, and hence part (1) of the theorem, we note that the condi-
tion (a) is equivalent to that cl U˚ is contained in a collar neighborhood. Hence, we
may simply start with a homeomorphism

u : BM ˆ r0, 2s ÝÑ cl U˚
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that satisfies upx, 2q “ x P BM. Using Ostrand’s theorem (Lemma 6.3 (3)), we can
write

BM “
ď

1ďiďn

cl W̄i “
ď

1ďiďn

W̄i

for some cl W̄i Ď BM each of whose components cl Wi, j is homeomorphic to In´1.
We have a natural homeomorphism

ui, j : In´1
ˆ r0, 2s ÝÑ Ui, j :“ upWi, j ˆ r0, 2sq.

Denote by p0k

i, j the image of p0, 0, . . . , 0, 2 ´ 1{2k´1q under this homeomorphism.
We can find hori that permutes the components cl Ui, j of cl Ui as in condition (d).
We let T 0

i :“ tp∅i, ju j and T 1
i :“ tp0k

i, ju j,k. We further define

Vw
i, j :“ ui, jpS w

q,

and set

Uk
i, j :“ ‘wPΛkVw

i, j, U0
i :“

ğ

j,k

U2k
i, j .

The regular open sets U1
i ,U

0,v
i ,U1,v

i are similar and straightforward to define. The
homeomorphism verti is clearly defined, so that vertippw

i, jq “ pw,0
i, j . After decompos-

ing Uk
i, j modeled on tS wu, we find sparpkq,v

i for the current setup using the uniform
convergence theorem. Here, it is crucially used that the diameters of the cubes Vw

i, j
converge to zero as they approach the boundary. This completes the proof of the
case pM,Gq P M .

Slightly more care is needed in the measure preserving case pM,Gq P Mvol. To
guarantee the existence of a measure preserving flow avoiding issues as described
in Figure 1, we need that the components of the supports of flow-generating home-
omorphsms sv

i to be sufficiently far from each other. More precisely, we will pick
a sufficiently large n0 ą 0 depending on M, and replace condition (g) by the fol-
lowing two conditions; we also change the definition of the tuple κ, which is now
required to contain the group tuple variables sw

i, j as below.

(f)’ For each k P t1, . . . , n0u, ϵ P t0, 1u and w “ pv1, . . . , vkq P Λ
k, we have

sw, sϵ,w P Gn.

We further have that

|ù flowsn
`

Vw
i, j, s

w
i , pw

i, j

˘

,

Ψw
i, j :“ Ψ

“

Vw
i, j, s

w
i , pw

i, j

‰

: In
ÝÑ cl Vw

i, j.
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(f)” For each k ą n0 and w “ pv1, . . . , vkq, after setting w1 :“ pvk´n0`1, . . . , vkq we
have that

|ù flowsn

´

Vw
i, j, s

parpkq,w1

i , pw
i, j

¯

,

Ψw
i, j :“ Ψ

”

Vw
i, j, s

parpkq,w1

i , pw
i, j

ı

: In
ÝÑ cl Vw

i, j.

Part (2) of Theorem 7.1 is still proved in the same way, even independent of the
choice of n0 ě 1. For part (1), we choose n0 sufficiently large that, under a fixed
metric and a measure on some chart neighborhood of M. We will require that for
each fixed w1 :“ pv1, . . . , vn0q P Λ

n0 , each open set in the collection
#

Vw
i, j

ˇ

ˇ

ˇ

ˇ

ˇ

w “ p. . . , v1, . . . , vn0q P
ď

kąn0

Λk

+

is contained in some closure–disjoint collection of open balls
#

Ww
i, j

ˇ

ˇ

ˇ

ˇ

ˇ

w “ p. . . , v1, . . . , vn0q P
ď

kąn0

Λk

+

with the additional requirement that volpVw
i, jq{ volpWw

i, jq is sufficiently small in the
sense of Theorem 6.2. This guarantees the existence and the convergence of each
measure preserving homeomorphism of the required form sϵ,w

1

, completing the
proof.

8. Completing the proof

Cheeger and Kister [9] proved that there exist only countably many homeomor-
phism types of compact manifolds. A key step in their proof was that the topological
type of a manifold is invariant under “small” perturbations, in some quantitatively
precise sense. As is more concretely described below, this step will be crucial for
the construction of the sentences ϕM and ϕvol

M .
For positive integers n, k and ℓ, we denote by E pn, k, ℓq the set of all tuples of

embeddings
f “ p f1,1, . . . , f1,k, f2,1, . . . , f2,ℓq

from Qnp2q to R2n`1 such that the following conditions hold.
(i) The following set is a compact connected n–manifold:

M “ Cp f q :“
ď

i, j

im fi, j Ď R
2n`1.

(ii) There exists a collar u : BM ˆ r´2, 2s ÝÑ M such that upx,´2q “ x for all x.
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(iii) We have that

MzupBMˆr´2, 0qq Ď
ď

i

f1, jpint Qn
p1qq Ď

ď

i

f1, jpQn
p2qq Ď MzupBMˆr´2,´1sq.

(iv) For each i “ 1, . . . , ℓ, the restriction

f2, jæQn´1p2qˆt´2u

is an embedding of Qn´1p2q into BM such that

f2, jpx, tq “ up f2, jpx,´2q, tq

where x P Qn´1p2q and t P r´2, 2s, and such that

BM “
ď

i

f2, jpint Qn´1
p1q ˆ t´2uq.

Every compact n–manifold M is homeomorphic to Cp f q for some tuple f “
p fi, jq P E pn, k, ℓq as above, which we call as a parametrized cover of Cp f q. The
space E pn, k, ℓq inherits the uniform separable metric from C0pQnp2q,Rp2n`1qpk`ℓqq.
The proof of Cheeger and Kister essentially boils down to the following rigidity re-
sult, along with a deep result of Edwards and Kirby on deformation of embeddings
in manifolds [16].

Lemma 8.1. [9] For each f P E pn, k, ℓq and for each ϵ ą 0, there exists δ ą 0 such
that every g P E pn, k, ℓq that is at most δ–far from f admits a homeomorphism

Cp f q ÝÑ Cpgq

that is at most ϵ–far from the identity map.

We choose a sufficiently small δ ą 0 for which the conclusion of Lemma 8.1
holds, and call it as a Cheeger–Kister number of f P E pn, kq; for our purpose
we will further require δ to be rational. Our strategy of proving Theorem 1.4 is
providing a sentence in LAGAPE which is modeled by an input manifold M Ď R2n`1

such that the sentence holds for the structure AGAPEpN,Hq if and only if N admits
an embedding into Euclidean space that is within the Cheeger–Kister number of a
fixed parametrized cover of M.

In order to execute this strategy, let us fix a pair pM,Gq P Mpvolq with dim M “ n.
We will slightly modify the definition in Theorem 6.2 by affine transformations, so
that ΨrU, g, ps is a map from Qnp2q into M, sending p´2, . . . ,´2q to p. We let k
and ℓ be positive integers, and consider a tuple

f “ p f1,1, . . . , f1,k, f2,1, . . . , f2,ℓq

of functions in C0pRn,R2n`1q. Let us denote by EMBpM,G; f q the collection of all
the conditions below from (a) through (e); see also Figure 3.
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BM ´3

M1

´2

2

´1
0

im h1,i im h2, j

Figure 3. Parts (c) and (d) of the condition EMBpM,G; f q.

(a) each fi, j restricts to an embedding of Qnp2q into R2n`1;
(b) for the indices as above, we have some

Ui, j P ROpMq, pi, j P int M, g
i, j
P Gn

satisfying flowsnpUi, j, gi, j
, pi, jq, corresponding to the homeomorphism

hi, j :“ Ψ
”

Ui, j, gi, j
, pi, j

ı

: Qn
p2q ÝÑ cl Ui, j Ď int M;

(c) there exists a collar u : BM ˆ r´3, 2s ÝÑ M such that uæBMˆt´3u “ 1æBM, and
such that

MzupBMˆr´3, 0qq Ď
ď

j

h1, jpint Qn
p1qq Ď

ď

j

h1, jpQn
p2qq Ď MzupBMˆr´3,´1sq;

(d) for each j “ 1, . . . , ℓ, the restriction

h2, jæQn´1p2qˆt´2u

is an embedding of Qn´1p2q into upBM ˆ t´2uq such that

h2, jpx, tq “ uph2, jpx,´2q, tq

where x P Qn´1p2q and t P r´2, 2s, and such that

upBM ˆ t´2uq “
ď

j

h2, jpint Qn´1
p1q ˆ t´2uq.

(e) whenever x P cl Ua,b X cl Uc,d for some a, b, c, d, we have

fa,b ˝ h´1
a,bpxq “ fc,d ˝ h´1

c,d pxq.

The condition EMBpM,G; f q implies that f ˝ h´1 :“ p fi, j ˝ h´1
i, j q defines an embed-

ding
M1 :“ MzupBM ˆ r´3,´2qq ãÑ R2n`1,

and that the tuple f is a parametrized cover of the image.
Recall the domain of the sort symbol Contn,2n`1 is C0pRn,R2n`1q. By the preced-

ing results, there exists a formula

Embedn,k,ℓpχq
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expressing EMBpM,G; f q in AGAPEpM,Gq. We emphasize that although the maps
hi, j do not belong to the universe of AGAPEpM,Gq, Theorem 7.1 together with our
access to the real numbers enables us to have such expressions. Let us record this
fact.

Lemma 8.2. Let pM,Gq P Mpvolq satisfy dim M “ n. For positive integers n, k and
ℓ, there exists a formula Embedn,k,ℓpχq with a pk ` ℓq–tuple of Contn,2n`1 variables

χ “ pχ1,1, . . . , χ1,k, χ2,1, . . . , χ2,ℓq

in AGAPE language such that

|ù Embedn,k,ℓp f q

if and only if the condition EMBpM,G; f q is satisfied.

We can now establish the main result of this paper.

Proof of Theorem 1.4. We may assume that n :“ dim M ą 1 and that M Ď R2n`1.
Consider a parametrized cover

f P E pn, k, ℓq Ď C0
pQn
p2q,Rp2n`1qpk`ℓq

q

of M “ Cp f q. We have a corresponding Cheeger–Kister rational number δ “
δpM, f q ą 0. Let us pick δ0 ą 0 such that

sup
}x´y}ďδ0

} f pxq ´ f pyq} ă δ{3.

We can find a partition tC1, . . . ,Csu of Qnp2q having diameters less than δ0 such
that each Ci is the intersection of Qnp2q with a cube with rational corners. Each Ci

is definable in LAGAPE, since so is every rational number. We arbitrarily pick xi in
Ci, and choose qi P Q

p2n`1qpk`ℓq such that

} f pxiq ´ qi} ă δ{3.

Let us now consider the following conditions for an arbitrary pN,Hq P Mpvolq,
which are first order expressible in LAGAPE by preceding results:

‚ dim N “ n;
‚ some tuple g P C0pRn,Rp2n`1qpk`ℓqq satisfies that

AGAPEpN,Hq |ù Embednpgq,

and that
sup
xPCi

}gpxq ´ qi} ă δ{3.
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The above conditions are obviously met in the case when pN,Hq “ pM,Gq. We
also note for each x P Ci that

}gpxq ´ f pxq} ď }gpxq ´ qi} ` }qi ´ f pxiq} ` } f pxiq ´ f pxq} ă δ.

By Lemma 8.1, we see that N is homeomorphic to M. □

9. Further questions

A large number of interesting open questions remain. We already mentioned
Question 1.5. Part of the motivation for this question is the theory of critical reg-
ularity of groups, which seeks to distinguish between diffeomorphism groups of
various regularities of a given manifold by the isomorphism types of finitely gen-
erated subgroups; cf. [22, 27]. Along this line, one may ask whether or not the
Ck–analogue of Theorem 1.4 holds.

Question 9.1. Let M be a compact, connected, smooth manifold, and let N be an
arbitrary smooth manifold. Is there a sentence ϕk,M in the language of groups such
that if Diffk

pNq satisfies ϕk,M then N is Ck–diffeomorphic to M?

Relatedly, leaving the framework of first order rigidity, we have the following.

Question 9.2. Let M be a compact, connected, smooth manifold. Is there a finitely
generated (or countable) group GM such that GM acts faithfully by Ck diffeomor-
phisms of a compact, connected, smooth manifold N of the same dimension if and
only N is Ck diffeomorphic to M?

The discussion in the present article depended heavily on the compactness of the
comparison manifold.

Question 9.3. Let M be an arbitrary manifold. Under what conditions is there a
sentence ϕM in the language of groups such that if N is an arbitrary manifold then
HomeopNq satisfies ϕM if and only if N is homeomorphic to M? More generally,
under what conditions does HomeopMq ” HomeopNq imply M – N?

We conclude by asking what the weakest hypotheses on G can be.

Question 9.4. For what classes of subgroups of HomeopMq do the conclusions of
Theorem 1.4 hold?
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