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Notations and Definitions

£ alge\omicaﬁﬂné cloged Field o{“ char(®)=0
R = ®LAXo,.--,Xnd : Q Po|3nornia.Q r\"iné/%

Defin'lff‘on [ Term or‘caqer‘ing on monomia.Q§]

For od=(clo. &, . n) € Zg: ;
Xd‘ iz qogfliiqdn 2 A monomial

> A totall ordev T on monomiadds T o term oder
% T sobisties
XA<x® KT < xEx”

\_-___ -~



In this tw\k, we will $ocus on two term orders
* Groded lexcographic order ( glex)

x> Zalex X6 it omd on‘a_ ‘{f
1) dc-:a()("‘)? O‘%Q(B) or
: ) _ B ad the lefemost nonzero of o-B
“)d%(x )..dqg()( ) Ts positive .

* Groded reverse |exicogrphic order (grlex)
& Zriex XB it omd ov\‘é_ ’if

D deg0*) > dar () or
Ti)deg(x“):dqg(x(s) omd he rFightmost nonzero of d—3

s negative .
—



Exomple
Monomiolls of degree 3 ™ &2 y.2]

C(Zl — oa=(1.0 22)

= d-p=(1.0.72)
4> — @=(0.3.0) e

= XZ 7 33 (glex) aQz < ‘33 (gr\ex)

=



o For a \r\omogeneous po\ghomidﬂ £'(‘Io:"'» Xn) & Q)

Tn"t(g_) - = dhe 8@":&9‘\: monomiaQ  of ‘.(r('xo - Xp)
w, . £ the term order T.

e For a homogeneous ded) TCR ,

Tnt(I) = +he 'icieaQ %ehera'\'eo\ b& the <et
We soy thad 0 (T) Ts the TnikioQ idedd of L
w.r. vt T.

=



let I= (5.,-",&) be a homogqneous '\dQO-Q of R.

= TIn gererad | (T &) -, TnH) ) gF in.CL)
= We con choose o set o pdynomiols
{gt»%.\>"'>g%}C1

such  thalt
Cind%), -, W\t(ﬁ;) , Tﬂt(gl), AN t(%fq) ) =Th(T)

Definition. [ Grdbrer bases |
A <et of— po\gnom‘sz S=1 9,",9‘;)...’9\"_} C [
s o Grobner basis for L w.e.t T, i€

(TR, - TheR)) = Tn;(l)
.



Remor
A reduced Grobner basis Ts the uni%ue Grabner
bosis S'—"-{‘ﬁ,“ ,gn}'g'orl sucin tnod™

(N +e \ead‘ina coefficient og £, =1
for eoch. 1 =1, -, N
(1) ho monomial og §i lies Th the
S
el ( Tr(5), - T () ,---,‘l‘n.t(fn‘)

'§or eachh 1 =1, n

=



let T be o homogeneous ideal of R=Rlx..%n]
- 2 = (9 *{j) . an Tnvertible matrix Tn Gl (R)
e F@, . %) ER
We define an oction on R by

f(%o,-. . Za) F— £ 9Xo) , - » Y(Kn))
where. JOG) = 22..-.-0 Fite X .

= We carnr Q)(‘renc\ this action ‘o
O hbmogeneous dbdeadd TR

1) = <ﬁgm,---,gam)) | feI)

=



e C C \P?' - o ratoned novmad curve
v T = (XA, XXX, Xa = Xi%3)

g Le) = (Aota . do¥s. ULa)

e For a ramdom gee\_(&") ,

(%(IC))— ('Xo KoXr » ‘Il ' XX :L)




= The Toitial idea of L dep@.nds on
the choice of coordinates.
(e ne(9(1)) vories with +he choice of
3= Qi) eqly, )
However, bc“r odlou)'m%_ (& gereric change of coordinates
we moag eliminate -this dependence .

Theorem EGoJl'igo , Bayer-g‘[:'illmanj
There T8 o Zariski open set L C G, (R) ,amd
o monomic deal T  such +hot
J = (3(T)) Hor o geLl CGlney

=



Theorem EGoJl?go . Boyer - Shillman |
There 71§ o Zarisk open set U C G (R) ,and
o monomiod deal T  cuch Hrot

J = (3(T)) Hor ol %eLJ C Gl
Remor &
1. We call J e generic TnitiaQ ideal of T,
omd  denote it by Gin (I],
Q. We S0y that L 15 Tn generic coordinates

5 (D) = G (T,

=



Questiont.  How di%cu\’c. s i ‘o compu’fe GR .72

Stnce the construction of GR val&es the foundadion

Sor most compwadizn n algebraic geometry amol

commutative algebva , it T Tmportaak o know
The complexity of the Compui‘cd‘m of GY.




Boyer -Mumtord Tntroduced
) degnee—compbxitg " omd reaulari-l-,.é_”
of Tnittad tdedls w.art a given term ovaer,

0S O meosure of the cowplexity of computing GB.

=



Definition. [ Regularity |
For o ‘nomogeheous \o\eoQ L of ‘Q COV\S\der‘
the minimal  free reslution F of L :

. 00— R P, ... &F.gﬁo&f_—vo
where  Fi=® R )@) “)
We sog thad T w m-reguar
¥} ] §m for ol 1] lith @i5+f\‘o

We define the reéu(ari’oa_ of L denoted oy reg(I)

0s the smallest m for which T ¢ m-regular,

e



Definiton L Degree ~ Complexity |
Suppose thad T Ts Tn gereric coordinates
For a ferm order T ,the degree-complexity m.(T)

s the moximum degree M O reduced Grobner
bosis of L. In particulor

-m(l) := the doéreo-(omp\ex“\’c% w.r ot %\r\ex,
o M(T) := +he degree—COMP\exitg Ww.r.t g\ex,

Remor  The degree-complexity of o variety
Y CP" 1o defined for ifs de%n'iv%

dead  Tyx=@ H'(d,(m)
.

<



In gehercﬂ, * & so hard to compute the reduced
Grabner bosis G ™ generic Coovdh naes

Je need Yo use CRS Hor compu‘kotki‘on.

-- Goal: compute the generic initial ideal of a homogeneous ideal $%

with respect to a $TermCrder$

"e %A ----------------------- code for funclion "gin" -----eemmmmmm e
g ) -- Input: a homogeneous ideal $1$ and a TermOrder.

-- Qutput: generic initial ideal w.rt a TermOrder.
Macoulay 2

-- Syntax: gin (I. a homogeneous ideal, TermCrder)

S‘mg war

gin = (I, TermOrder) -> {

S:=ring [

n = # gens 5;

R = (coefficientRing S)[gens S, MonomialOrder=> TermOrder];
f == map(R.5, gens R);

1= 1)

RtoR := map(R,R,random(R*{0}, R*{numgens R:-1}]);
monomialldeal RioR J

]




Exomple [ Mocaulay 2]
COY'\STO\Q\" o Smooth COmP\efe Tersectidn curve

CCPof tpe (2.2.3). Then,

- T =(F Fa.G)  (deghi=2,degG=3)

* @i, (1) = (‘Xg,%l()‘I?’,(xflxl,sco'lz,scgz ED
e (D)= the moximum degree in {W,.K, G} =3

(D)= 5. (What s M(T) = ?)

=



Grm&w(l\ =

2 4 3 2 24 712 23 32 222 B2 i 2 4 54 26 4 B 39
0lZ = monomialldeal (X , x X , X , XX , XX , XX , XX , X , XXX, XXX ,XX, XXX, XxXx, XX, XXX, XXX, XX, XXX, XXX,
@ @1 1 12 w2 12 12 2 @23 123 13 123 123 @3 123 123 13 123 123
2 13 il 42 23 3 B 2 3 53 25 45 38 2 12 2 22 2 22
XXX , XXX , XX , XXX, XXX, XXXX,XXXX,XxXxXxXx, XXX, XxXxxXxxXx,XXxXxX,XxXxx X, Xxxx,Xxxxx,xxx,
123 123 13 124 134 1234 1234 1234 134 1234 1234 123 4 024 1234 034
2 22 522 242 4 4 2 372 211 2 192 33 223 63 3 ie3d 2 4 5 4 234
KX XX , XX XX, XXX, XXXX,XXXX, XXX X, XXX X,XX, XXX, XXX, XXX, XXXX,XXXX,XXXxXx,Xxx,
1234 1234 134 1234 1234 123 4 123 4 14 124 124 B34 1234 1234 1234 134
4 3 4 Z2 18 4 18 4 5 2 5 55 225 4 25 355 295 £ 6 4 B i46 17 6 4 7
XX XX , XXX X, XXX X, XX, XXX, XXX, XXX, XXXX,XXXX,XXXX, XXX, XXXX,XXXXX, XXX X,XXx,
1234 123 4 123 4 B4 124 124 134 1234 1234 1234 134 1234 1234 123 4 124
337 287 ZB8 278 16 8 329 3 18 26 18 15 18 311 2511 14 12 24 13
XX XX , XX XX, XX, X XXX, XXX X ,XXXX,XXXX ,XXXX ,XXX X ,XxXX ,XXXX ,XXX X ,XXxx ,
1234 1234 14 1234 123 4 1234 1234 1234 123 4 124 1234 123 4 1234
Z 3 14 13 14 Z 216 12 16 £ 17 11 18 Z 19 18 28 9 22 8 24 7 26 6 28
XX XX , XXX X ,XXXX , XXX X ,XXXX ,XXX X ,XXX ,XXX X ,XXXX ,XXXX ,XXXX ,XXxx ,
1234 123 4 1234 123 4 1234 123 4 124 123 4 1234 1234 1234 1234
5 3@ 4 32 3 34 Z 36 38 49
XXX X ,XXXX ,XXXX ,XXXX ,XXXX ,Xxx J
1234 1234 1234 1234 1234 124




Bomple  Corsider 0 amooth rationad curve C < (P3
defined oy [st] = r<b, s ot* 21

=, Ic _ (Cx‘%-%‘la, qj'*_‘_ 9(\9(;5, qoﬁ_ﬁﬁ,s@z}-xfxa ,9(\‘,' "13(2)
F‘ ‘ &L F'-'b Fﬂ- F;E

= Gy (1) = (%9, 5, 16220, %S, 2%, 100,%, )
S

. d(IC) = U
- M(1c) =1




Ovre o§ fhe Tmportant problems s to bound
tre regularity of Gin(T) for o term order T.

The ‘Fo\\ou)'ihg probbm wWaS g’iven bg Bo«er-Num\Cord

Problem

1. How much bigger m(L) can e than d (L) ?
(M(T))

2. Bound m (L) (M(T)) with regect to
A(T) omd +he number of variables n.

=



r\)evleuo og- \<V\OUOY\. Qesu\{:s.

7 For o monomiad term order T,

Ging(I) Pag Borel §ixed property

(e % X7 e GindD) & X e Gin (L)
Sor aQ,Q J(L .

72 Y‘e%(cﬁnt(_ﬂ.) ) = m.t( I) [BO\YQI- S{-,t\\mqh]
In particulor,
M(D) = reg (Ginge (1)) MIT) =reg(Gin g, (1))

=



Thooremt  Let TCR be a homogeneous idead |

Hence

reg(l)=— @g(@mgﬂex(l)) — m(L)

?
Bayer -Stllman

omar  We notice that
khow’i‘ng, on  upper bound. Jor m(I)

s eguivalent fo knowing the vegularity bound
Y‘Qg ('_r_)

A grast deol of research fos been conducted u;!th
the aim of arswering fhis guestiorn. .

=



Theorem  n generdd,

ni
m(1) < (2dd)) -

The go\\ow’m% example Shows thal  thig ‘eound

s the best POSSTb\e » OY neour\é, SO,

L E Mayr omd A .Meyer |
R__:%E S(W'\), F‘-Cm)’ Ci.(m), Bfm) \|~<~.L$q-) lﬂmé_h]

Let TCR be the idead  defined by
the ON-6 genemibrs

<



(m) m-i) (m-=1t)
- g g
om) m-t) (m-\)
B- Cu

- -l ) (M) _ () ()
h Ci(m\F..(m ‘)B-(]m )_ ‘L(m BE F( )83

(1< 1S4)
§F(m) (lf'l\ (m) S(m)CJ,(m)

m) ~(m) (m) Cm)
<mena |FIGQT-FR
g (m (nn\ S‘(mC:_Cm)B ()

\S(m) (m) _Rmomg )

- e EY (B 1<is 4
A




Theovem | Moyer - Meye,wr]
let T be ne ‘nomo%e,niadfm of the

idedl T . Then

AT =4
- m(IH) > 2> + |

This is only -one known Samily of ideads
where reg(l) Ts doubly. exponential

in the number of variables .

A



However | ™ X s a smooth variety o tm(X)=r

fhen m(Tx) 7s much smaller, like the d(Tx)"
roon ‘ or bettev
Theoremn X C P = o smooth voriety

@ m(Ix) ¢ (FH) (degX)-2)+2
() ogr<a = m(%) < degx)—codm O+

© IF (§,...5¢), a;= deg(’fl,)

= m(Ix) ¢ Q+t0.+ -+ Q¢ ~ codim(X) +|

Remar® Tt is well known tad cﬂeg()()é d(]’.x)n-
Hence , these results shows thott m(Ly) € Cd(]:x)n

-

<



The bound of m(Iyx) Ts still open
for dim(X) 2 4 [ Etsenbud -Goto]

e

“isenbud - Goto  Conjecture
(Qegm\ari -ba Cov\i ec‘cuure)

If X C P s o hon-degenerod‘e Vdrie‘l:&
°¥ cOo\i‘me,ngTon e |

fhen M(Iy) < deg()-e +1

=



Matn Results ( The ase of M(T))

Question. Dhot can we soy abod the cormsPondTna
problem for M (L) ?

Remor & It s kinown grbm exper'l ence that
G‘m.g(ex(l) fends fo be extremely complicaded,

So . M(I) con climb to much higher O‘Qgrees than m(]:)

Our resuts ghow +tholk

M(Ix) Ts deeply reldted to generic pryjedizng
of X.

_ \ =



Partia@ Efimination Tdeals
. YCP"' : a reduced clogsed subscheme

. TyCR : the de@m'mg ideal of X .
0 \P" X — [Pn": Q ijec[jon from o Po’mt pe Fn\x

We may asswne thak P?—Cl.0.0--O}

= Whar T the de%n'ing daaQ of the set
e 20 = {3e T | mdtg(T0) 7 1} 2

(™
/ %:/ 3€ Z(X)
D

i:o‘l,l}.\

A




Defnition
et ]‘_CQ ﬁtxo... nd .

= k(@)= 81"( ) t+|('§)=0,§61}'
(i-t partid elimination idel )

_\'Pgorejfn_ E M. Green ]
O Ki(I,) &RLx, - xpn] = homogeneous ideal)

@ E(kuL)= {2eMx)| L) >i]
Where e - X —%(Pn-‘) p=L.o, 0le \Pn \ X

= +he roadicd ided K Ki(Iy) Jdefines the
algemec set Zi(X).

e



How 1o CompuT?_ ki (Ix) ?

ProPcsH:Ton, let TCR bea homogeneous ‘ldeoQ n
generic coordindkes

I G ©® o Gdbner kosis for T Ww.r 8lex order.

Then

G =ﬂ(a—ggo)i(ﬂ \@;ﬁf)f-q §5eG | CG;
5 o Grobrer bosis for Ki(I) for cach 130




- — — ————code for function “parial’ — — -
——lnput: igeal |, integer k

—Jutput: A matre: of (nen—minimal) generators of the k—th parial slimination ideal of |.
—Syntax. partizlil, 2).

—5/5,/03

—This is 2 warsion of the parial elimination ideal function that uses the product ocrder for speed.

the suggestion.)
partizl= {1, k) ==

——This par creates 2 new ring with the product crder.
R =ring I.
n ‘=% gsns H.
2 = [cosfficientRing R) [gens A, MonomialDrde=>FProductOrder] 1,n—15}].
f = mapi(S,A, gans ).
J = F1)
—Mow procesd with the computation of the {1.n} Grosbner basis.
——find the lead varizable in the ring 5
z = [flatten antries vars S)_0.
—computs a lex grosbner basis of J (which is realky 1)
gblist ‘= flatten sntriss gans gb J.

L = #Fgbilist.
parizlidezl ={H
for i from O to -1 dol
——geat the next element in the Groebner basis
temp = ghlist_i.
—if the a—degrese of the initial term is less than k+1, put it in the ideal
if [initizlexp temp) < k+1 then {
——tizke parial derivatives until we get rid of the higheast variabls
while (intizlexp temp 1> 0 do |
termp = diffla, templ).
).
parizlidezl = appangdiparialidesl, tampo).
)
)

H=rmap (ring |, 8, flatten sntriss vars ring 1),

H rmatrix {parizalidezl}
. )

(Thanks to B. Thomas for




Example 6.10. A complete intersection curve of type (3.3) in P3.
The lex gin of a general complete intersection of two cubics in 4 variables is z f

2 A L S R . .2 ol 23,2 2.2
15(12 :123 13:1,8.1 ) 11(212, .’12(.:[ 4 1213:146 1214 18213, 1321%)11 .122131’; , [ EETSTS,
‘ / » ‘;‘,r f

ToT ‘,G 23°), To. Tho lex gins of Ko(I) and K 1(1 ) oceur in parcnthcacs

"2

—

Remark Ko@) = (1) = U %5. %1 =R

Theorem.  For a homogen@ous ideal of T CR =906 ...%],
Gﬂng\ex () = @ ‘xo Gin m(K‘-(I))

170
> This implies the fullowing two Sacks :
@ ™M@ = max {1+ M@@)|o¢iea}
L0

where o s the leost c’eame s:r(iic%'ing_ L#O .
d r—y *
(&)  HM™L.R) = on(R/K.L(I),aa-L)
\=

where  H(RL AN =N : Hilbert fuckmon of :&
<




Theorem let X be a reduced subsdhemein P" and let
T X = P" be o generic projection of X to A

If T is a Tsomorphism then

= reg (Ginge.( Tmn)) =M (L),

Coro\\art# let X be o reduced Po’ivd's ™ l'Pn'
>M(Ix) = deg(X)

) I we toke a gereric projectn T X = Y=THX)C P

then TL_Ts on isomorphism
= Trom Theovem , M(Ix) = MUy)

Swce Ly =(R) for a lhomogeneoug Po\gnom'ia.Q R of d?.gme

we fove Gn(Ty) = (%,°3%) =degx) ,

= M(Jy) = deg (X) -




Examplg et I=(F,.FR)E kCa.b.CT] where Fi.hy are
qener o forms of degrge 3

= X-= V(L)CP % o reduced set of paints of degy(X) =9,

\ — " D
+ M2 --no-readline --print-width 116 .
Macaulay 2, version 1.2 . -
with packages: Elimination, IntegralClosure, LLLBases, PrimaryDecomposition, x -
[ J

iZ : R=QQ[a..c,MonomialOrder=>GLex]; . .

-
i3 : Fl=random{3,R);F2=random{3,R); ®

i5 : I=ideal(F1, F2): [
xo. Tt ‘xn]

05 : Ideal of R

¢ RtoR := map(R,R,random{R*{8}, RA{numgens R:-1}37; L]T-A- : wc

: RingMap R <--- R Pm:‘-

: GinI= menomialldeal RteoR I Y

i
3 2 4 9 3 22 23 5 7
T‘i‘“ -L o8 = monomialldeal (a , a b, a*b , b , a*b c, a c , a*b ¢ , a*b*c , a*c )
o8 : M(Ix) - M(IY)

= Ty =(F) where $7s o poly of deg(x)

= Gm(TR) = (29%,

= M( Iy) = Aﬁg(x)
-
.

& &

oo




Conca. and Sidman.  Pave choon that 1§ I is the defin'mg ideal.
of a smooth Trreducible complete ntersedtn of {:ﬂ:e (a.b) in IPB,

then M(I) Ts as Sllows .

Theorem (A. Conca and J. Sidman, 2005)

Let | be the definig ideal of a smooth irreducible complete intersection
curve C of type (a, b) inP3. Then

4 ifa=b=2.
M(]) =
(/) {1 i ab(a—gﬁb—” otherwise

Remarfe For a generic Projecﬁon T:CCcP — P
the Tmoge C'=T(C) fos only hodes os singuarities |

One may check P  AR-DCT1) ab-{ ) -3(c), which s

-

2
fhe vumber of nodes T the plane curve C'C P:',

=



For @ non- degenende smooth cu.rve CCIP i¥ ry3 4hen
0 gereric projectpn T : C — P> & on \somorphusm omd

M(Ic) — M(I‘ﬂ'(c)) .
To give the exact formla for M(Ic) w.rt deg(C) amd g(C),
We on|g need to consider +re case n=3
In fnis Case , we Prweo\ e {ollowings
(0  M(Ic) = may § M(Ko(Ia)) | M(K(I)) +1 }
(b)  MKo(Ie)) = deg(C)

deg (C)-|

© MK(T) = (F9777) -3

=



@) Note thak M(Ie) = may { Mk(@a) | M(<(T) 1§

= MU(I)) > Mk (T)) +1

if and only 1§ either
C1s o rational normal curve

or
Cis a el\ip'l:'ic normafl curwve

Theorem (J. Ahn, 2008)

Let C be a non-degenerate smooth integral curve of degree ( and
genus g(C) inP". Then, M(l¢) is given as follows:

3 if C is a rational normal curve in P°.
4 if C c P8 is an elliptic curve of degree 4.
1+ (") —9g(C) otherwise




Example 2.6 (Macaulay 2). Consider a smooth rational curve C < P? of degree 5 defined by

the map
[s, 1] — [s°, 5%, st*, 7).

If I is the defining ideal of C, then
4 3 3 2

— _ _ 2
o o = (xpX3 —X1X4, X3 — XX, X1X3 — X5X7, X

, 2 3 4 2 3
o Ginpegreviex(Ic) = (X7, X1X5, X5, X1X5X3, X5X3).

= By the veslt o Payer-Stillmon, m(Ic) = reg(lc) = Y4

On the other Qond, M(Ie) = \+( 5;‘)-g, = T

o Ginpegrex(Ic) = (X7, X1X3, X3, X1X3X3, X1X2X3, X X2, X X3X4, X1 X2X3X], X1X2X)

9(1 Gﬂ“( Kl (‘Lc) )

_ £
= A ( ’X 9(.2. (13, ‘1;'13 ) 1? X.\.Qq. 1;1}“4 9(1%4)

6= (“*)") -4

b

A



Fxomple  let X be a smooth C.1 curve of tpe (u4)in P*

> a(Ix) = reg(Ix) by the resilt of Bayer-Stillmom .
ad 0 - RC-12) - R - R4 —> R— B —o

= reg(Tx) = O . Tn foct Qndrm(lx) s the ‘co\\oud\\rtg
i6 : gin (I, R —.—&Ca.b.c.d e !

4 3 22 4 5 32 42 34 2 4 24 34 26 6B 26 8
6 = monomialldeal (¢ , a b, ab ,a* ,b,a*c,bc,ac,ab¥ ,a0bhc,bc,ac, a*h*c , bc , a*c ,

- 1§ we {:.1‘3 to cOmpu'l'e M(Ix) . we will $ind
What 75 MUy) 2 that it e almost impossible

However, we know thaX deg(ly)= > and g(C)=225
= MQy) = (dea(:-)q) -Q@)+!l = \Ta9

=



Exmple T =( a>-y7*, Y_7t)

= C fas ore singdar psint 3=C0.0.0.1]
In this Coge, dim(Tomg(C\):?: . .(C) =10

(070 0 2P P Py R,

V33, y222t 8t y2aS, y 258, yiT y e, = 10).

= M(lc) =16

|+ (d%cl‘\) —6(C) =19

$




Corollary.  Let CciP" be nondegenem’ie smooth Curve
1) en(Ic) = reg(Gm, (Tc)) £ deg(C) & )

o) Mle) = reg(Gin,(Ia)) < (d@s@-') < Jiauff“""
p N




Noxt Question [ B SturmTels . 2009 ]

B Sturmfels astked us 1o Com‘:wde M(L)
O\ur’\‘ng KIAS summer School on Tf'qflCa.Q G—eome-(;,—g

\
‘Gereric forms £, amd §, of degree 4 T R, %]
define & smooth Surface in P Dhat T2 M(T) ? ¥

A



We don'+ know & SQ'E , bk this motivatec
ouy Studué_ o comPuie ML) ‘For SULT'FQCQS h Pq-

Theorem. S P + o smooth suface . Then
(0 k(Ig) o a sakurated idealdl

(b) T_S‘ Q ¥ contdined T a %uodr'ic hyper&&v%ﬂes
ten. K(Lg) Ts a reduced Kbeal .

This theovrem s Pn:v@d bg the ‘g:o“ow“iﬂg ‘gac‘:s:
1) M .Green's Spectral S%uev\ce on kosul comdex

o - = 3
2) 1st Ritting idedl ?r—‘itl::P (Ty (35) defines the
reduced scheme <trycture on \/(K\(Ig))

= ,RT(IQ) = :ﬁ't‘\:'\'.‘?%(-lrx-os) .
\__ =




Remark et S be a loally Cohen-Nacaulaé surfoce |ny\3.
on a %Madric hypersu\r?ace Q™ P* Then ,
0) Tf deg(S) = 24  then Ig = (Q.F) where deg(F)=al
(S s & complete Tntersecton of chpe (2,) )
> m(Ig) = reg(ls) = ot .

o) I deg(S) = ~| then Ig=(QR.G ) where deg(&;) =d

=4 Bg Hilbert — Burch Theorem »
0 - R(~%-1)* —> RCDDR(-a) —— Tg =0

L Ly ("
A = (L3 Lq\ thQI'M'iV\O\’\tQQ Tdea.Q
Fs e of A
# T.S - (L Ly-La Ly ) LlFs L;)_F'G Lgﬁs Lqﬁe)
=Q = G, i —



Theorem L, Kwak , Song 2012 ]
let S be a Smooth Surface Tn P with %o(és(ﬂl) 0.

[ 3 if S is a rational normal scroll with d = 3
Ms) = | 4 if S is a complete intersection of (2,2)-type
5 if S is a Castelnuovo surface withd = 5
24 (*FNOTN) —g(Y1(S)  ford > 6

Where Y(s) C lP?' Ts double curye of dearee (d;l) -g(SﬂH).
under o generic prjection of S to P>,

Moreover, deg(g) = qa
o) M) = —:‘,_—(ok*— LA’+5 = Qo+ 4 )

L) M (3) = -:‘—L(O&—-Gd\!‘ﬂacﬁ—\m +8) .

oeq (S) = ad-|
— |




Example  deg(S) =17 , ®(Is@) o0
In thic cace 20—l =T = oa=4

M(Ig) = "5(0\4—663-1-\36."-\3-6\ +8) = 20

In fact.

Gin(ls) _(x[,, xnxlﬁ x?l' xgxlxz xgxlxg xuxgﬁ xux1x3 xnxlxsz xuxlxgxg,
8 18 4 2,32
XpX1X2X5, Xp0X1X, }3'.f[|}3!f].1".52}3'.55,,.?!541r X[]X]X3X4, XDX]XEXQ,X,!‘ X0X1X9X3Xy,

7 4 4 6,4 5
XDX1X2X3X4, XDX1X2X4, xgxlxd, XuX1X2X3X4, X0oX1X2X3Xy, XnX1X2X3X4,

5.6 7 4.8 10 212
XOX1X2X3Xy, xux1x2x4 X0X1X2X4Xy, xux1x2x3x4 s X0X1X2X3Xy

14 16
X0X1X2X3X, . XoX1X2X4 ).




Example  deg(S)=8 , H(Jo@)Fo
In this case, Qx=Q Ha=y
M(L) = 4 (a*-uo®+50™ ac+ 4) = 38.

- 2 3 .8 2.2 6 12 2, 2 5,2
Gin(ls) = (X5, XoX7, X7, XoX{X5. XpX1X5, XoX;, X0X7X2X3, X0X1X5X3,

XoX3X3. XoX1X3X3. XoX1XX2, XoX1X2x11, Xox1x0xY | Xox1X3°,

4 4.4 6 2,10
X0X1X3X4, X0X1X9XqX4, X0X1X2X3X4. XoX1X9X3 X4, X0X1X2X3X4,

5 23,2 4 9.2 16,2
: CQMP.A‘QA Gin X0X1X5X3X5. X0X]X3X5. X0X1X53X3X5. X0X1X5X3Xq. X0X1X2X3 X5
4.2 3,53 224
0§ IS

XoX3XoX3, XoX1X0X3, XoX1X5X2X], XOX1XIX3X3, XoXaXaXy,

xnxlxzx“xj, xoxlxzxng, xuxlxzx;5xj, XX x3x3, XUX]X;IXgXi,

XoX1X3X3X5, XoX1XAX2X3, XX1X9X5, XoX1X%X3 x§. xox3x],

13,8
X[;.X1X2X X4. XUX1X2X X4., X|3X1X2X3X4‘ X[)X]X X X_,;‘ XpX1X2X3 Xy,

9 4,10 12,10 11 11,,12
XOX1X2X4, XDX]X2X3X4 s XDX]X2X3 Xy s X0X1X2X3X4 s XpX1X2X5 Xy,

X9X1X2X3X4 s X0X1X2X3X4 s XQX1X2X3 X4 . XDX1X2X4 . X9X1X2X3X4 s
X[)X]XQXEXP, X[;.X]szgxiﬁ, X[;.X]X;gxgxiz, X0X1X2X§Xi4, XgX]szgxis,

XoX1X2X3X5", XoX1XXaX5, XoX1XaX3Xa, XoX1XoXg ). [

- =




Table 1
The complete intersection S of (2, a)-type in P4,

o 5 6 7 8 9 10 20 50 100
Mils) 122 302 632 1178 2018 3242 64982 2881202 48024902
m(s) 6 7 8 9 10 11 21 51 101
Table 2
The smooth surface S € P* of degree (2o — 1) lying on a quadric.
o 5 6 7 8 9 10 20 50 100
M(ls) 74 202 452 884 1570 2594 58484 2765954 47064404
m(ls) 5 6 7 8 9 10 20 50 100
A



Problems

X a smooth projective variety of degree d, dimension n and
codimension 2. Then, it is expected that

@ m(lx) =reg(lx) <d-—1
(Castelnuovo-Mumford-Eisenbud-Goto conjecture),

o M(lx) ~2(2)?" (Asymptotic expectation).

Remark
@ [tis true for m(ly) when n=0,1.2,3 and still open for n > 4,

@ For M(lx), itis still open for n > 3.




Thank you !
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