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0. Statement of the Results

Let D: C*(M; S) — C*°(M; S) denote a compatible Dirac operator acting on sec-
tions of a bundle of Clifford modules S over a closed manifold M. Assume that
we have a decomposition of M as M| U M,, where M; and M, are compact man-
ifolds with boundary such that

M = M, U M, MiNM,=Y =0M; =0M, . (0.1
The {-determinant of the operator D is given by the formula
det;D = 5205 () (0.2)

(see [17]). The value of the function {,(s) at s = O is a local invariant in the sense that
it is given by a formula (,>(0) = [ a @(x)dx, where a(x) is a density determined at x by
the coefficients of the operator D at the point x (see for instance [6]). This is the
reason why the index of an elliptic differential operator, which can be viewed as
the difference of the values of two different {-functions determined by the operator,
has a nice decomposition corresponding to the decomposition of the manifold.

Another contribution to the phase of det;D is the eta-invariant #4(0). This is not a
local invariant (see [2]), hence at first sight it is difficult to expect a decomposition
formula. It is therefore rather surprising that such a formula actually exists.

In the following, we concentrate on the odd-dimensional case (dim M = 2k + 1).
We further assume that M and the operator D have product structures in a
neighborhood of the boundary Y. More precisely, we assume that there is a bicollar
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neighborhood N =[—1, 1] x Y of Y in M such that both the Riemannian structure
on M and the Hermitian structure on S are products when restricted to N. This
implies that D has the following form when restricted to the submanifold ¥

D = G(3, + B). (0.3)

Here u denotes a normal variable, G : S|Y — S|Y is a bundle automorphism and B is
a corresponding Dirac operator on Y. Moreover, G and B do not depend on u and
they satisfy

G'=-G, G'=-1d, B=B" and GB=-BG (0.4)

The operator B has a discrete spectrum with infinitely many positive and infinitely
many negative eigenvalues. In the following we assume that dim ker B = {0}. This
simplifies the exposition and allows us to avoid a discussion of technicalities.
Let II. denote the spectral projection onto the subspace spanned by the
eigensections of B corresponding to the positive eigenvalues. Then IT. is an elliptic
boundary condition for D, = D|M; (see [1]; see [3] for an exposition of the theory
of elliptic boundary problems for Dirac operators). In fact, any orthogonal
projection satisfying

—GPG=1d—P and P—1Tl. isa smoothing operator (0.5)

is a self-adjoint elliptic boundary condition for the operator D,. This means that the
associated operator

(D2)p : dom (Dy)p — LX(My; S|M>)

with dom (D), = {s € H'(M>; S|M,); P(s|Y) =0} is a self-adjoint Fredholm
operator with ker((D2)p) C C®(M>; S|M>) and discrete spectrum (see [16]). We
denote by Gr¥ (D») the space of P satisfying (5).

The existence of the meromorphic extensions of the functions 5p,),(s), { Do (s) to
the whole complex plane and their nice behaviour in a neighborhood of s =0
was proved by the second author in late 1994 and announced in the AMS meeting
in San Francisco in January 1995. The reader can find the full exposition in [21].
The results of [21] were later generalized by Gerd Grubb [7].

Let us observe that Id — P € Gri (D) if P is an element of Gri (D). Let
n(G(d, + B); Py, P>)(s) denote the py-function of the operator G(3,+ B) on
[0,1] x Y subject to the boundary condition P, at u=0 and Id — P, at u=1.
We have the following pasting formula proved in [21]

np(0) = D), 0) + N(Dy)p, (0) + n(G(3, + B); Py, P2)(0) mod Z. (0.6)

A similar formula for finite-dimensional perturbations of I1. has been discussed
by several authors (see [19, 20] and references therein).
The proof of (0.6) offered by the second author goes as follows.
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First, we replace the bicollar N by Ng = [—R, R] x Y. Now 7,(0), which can be
expressed via a suitable heat-kernel formula, splits into contributions coming from
each side, plus the cylinder contribution and error terms. The error terms disappear
as R — oo.

Second, though #5(0) is not local, its variation (for instance with respect to the
parameter R) is local and therefore the value of the contributions do not vary with
R. This fact and the explicit calculation of the invariant #(G(9,+
B); Py, P;)(0) mod 7Z proves the formula (0.6).

In this Letter we discuss the corresponding splitting formula for the modulus of the
determinant of the Dirac operator D

det,D? = ¢l (o,

We follow the strategy employed above. Step number one works as before. We split

% |
(e (0) = /O T e Prds (0.7)

into contributions coming from different submanifolds plus cylinder contributions
and the error terms. Here Dr denotes the operator D on the manifold My equal
to the manifold M with N replaced by Ng.

Step two, however, cannot be repeated in this situation. The variation of the right
side of (0.7) is not local and in fact it is not difficult to see that det; Di blows up as
R — oo. We therefore study the ratio of the determinants

det; 'Di
detg(’DLR)%d_n> detg('Z)qu)lz-[> ’

(0.8)

We use Duhamel’s Principle as in [5] (see also [8]) in order to show that the
expression in (8) is convergent as R — oo. The main result of this announcement
is the following Theorem.

THEOREM 0.1. Assume that ker B = {0} and that the operator Dg is an invertible
operator for R sufficiently large. Then the following formula holds:
det; D3
lim SR ;
R—o00 (detl (DI,R)Idfn> )(det{ (DZ,R)lL)

=2"wO, (0.9)

Remark. Related results were discussed by Piazza (see [10, 11]) in the context of the
b-calculus introduced by Melrose. Piazza proved a formula that relates the numer-
ator of the left side in (0.9) to the product of the regularized determinants on
two manifolds with asymptotically cylindrical ends and the determinant of the Dirac
operator on the hypersurface (see (4.11) in [10]). The authors hope to reprove
Piazza’s result on the splitting of determinant line bundles for the families of Dirac
operators and on the additivity of the curvature of the determinant line bundle
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without using b-calculus. We also hope to study the relation with the splitting for-
mulas presented in [12].

1. Heat Kernels, Relative {-Determinant and Decomposition Formulas

The Relative {-determinant, as discussed for instance in [15], is an important ingredi-
ent in our approach to the pasting formulas. The operator D on M is in this Section
understood as a pair {D;, D5}, with D; = D|M; and acting on (the pair of) sections
(s1, $2), where s; € C*°(M;; S) satisfy the transmission condition s1|Y = s,|Y. The
corresponding Atiyah—Patodi-Singer problem is the couple {D;, D,} acting on
(s1,52) , which now satisfies

(Id =T )(s11Y) =0, I (521 Y) = 0.

It was explained in [4] that there is a natural interpolation between the
Atiyah—Patodi-Singer condition and the transmission condition given by the for-
mula

sinrIl.(s1]Y) = cosrIl.(s2]Y), cosrIl_(s;|Y) =sinrIl_(s2|Y), (1.1

where 0 < r < /4.

We follow [4] and combine (1.1) into a single boundary condition. To do that we
consider the manifold X = M \ Y. This is a manifold with boundary Z=Y U Y
. The Dirac operator D in the collar W = [0, 1] x Z can be represented as

5 (F(al,+3) 0 )
0 (-3, + B)

(0 ) ar (P ) =rash

To study the cylinder contribution we consider the operator D acting on
C*([0, 00) x Z; S‘) , where S denotes a corresponding bundle of Clifford modules
over [0, 1] x Z extended to the whole unbounded cylinder (we refer to [4] for more
details). The bundle S is a direct sum S @& S . The condition (1.1) now corresponds
to the boundary condition

cosrI1-(B)(s|Y) = sinr ITI_(B)(s| Y), (1.2)

where I : S — S is the involution switching the first and second summand in S @ S.
Next let us observe that the condition (1.2) is determined by the projection

- - 1 -
P, = cos’ rI1-(B) + sin’ r I1_(B) — 5sin(2) 1. (1.3)

This led Briining and Lesch to study a special class of elliptic self-adjoint conditions
in order to obtain a general pasting law for the y-invariant. We refer to the beautiful
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paper [4] for a full exposition. Here we only present the calculations made in the
special simple case of a Dirac operator on an odd-dimensional manifold, which
we use in order to study adiabatic pasting of the {-determinants. The key for us
(and for Briining and Lesch as well) is that we can explicitly construct the heat kernel
of the corresponding operator exp(—tf) p,)- More generally we consider the boundary
condition P which satisfies the following conditions (fulfilled by P, in (1.3))

—GPG=1d—P, [P.B]=0. (1.4)

We do not require that P commutes with B, however we assume that
PBP = b|B|P, (1.5)
for some constant b > —1. For instance, in the case of P, defined in (1.3) we have
P,BP, = cos(2r)|B|P,. (1.6)

Now assume that we have given a boundary condition P which satisfies (1.4) and
(1.5). Let us consider the operator D on the cylinder [0, o00) x Z. Then
Ep(t; u, v), the kernel of the operator exp(—D)p), is given by the formula (see Section
4 of [4])

1 (=12 (utv)? 52
Ep(t;u,v) = e” @ +(Id —2P)e™ @ )e '8 4
) = 7 ( e )
1 | =L =2
+—d-P / e” @ B (P)e® D184y,
A/ T[l( ) 0 ( )
where

B (P) = (1d — P)B(Id — P).

. ~2

It follows from (1.7) that ~t?e {-function of the operator D, is not well-defined

because the operator e P is not of trace class. However, the difference
~2 ~2

e Pr _ ¢Pr , where P; and P, are Briining—Lesch conditions, has a well-defined

trace and we can study the relative {-function

1

C(f)z; Py, P))(s) = )

/ £ Tre P — e=Prdy. (1.8)
0

This function has a nice meromorphic extension to the whole complex plane, regular
in a neighborhood of s = 0, and we define a relative {-determinant in the usual way

~Indet (B P1, Pa) = S (D Py, P (1.9)

Now we introduce the functions

2 (oo}
erfo(q) = Tn / e dx,
q
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and
Fp(w) = / erfc(v)we’ﬂ’”"’wzdv.
0

Let M F;(z) be the Mellin transform of Fp(w). We have

_1 517 4+ 2 R A TR
Mf,,(z)_4—b[(1—(1—b) F(§)+7%(l—b) -F<T>[0(1—t) dt},

for 0 < |b| <1 and

wri=sbar(51). =) ()

The properties of M F(z) are summarized in Lemma 3.3 in [4]. The most important
point for us is the fact that M F,(z) is meromorphic in C with simple poles at
the points zx = —k for k=1,2,3,... . It follows that those functions are
holomorphic in a neighborhood of s = 0 . The straightforward computation shows
that the relative {-function is given by

(D Py, PY(s) = % Cp (b MF iy, (25) — by MFy (25)], (1.10)

where b; is a constant b from (1.5) corresponding to the projection P;. The relative
{-function is a well-defined holomorphic function in a neighborhood of s =10 .
We now differentiate (1.10) at s = 0 in order to obtain the logarithm of the relative
determinant. Let us recall that

1 K

I'(s) 1+ sy + s2h(s)

in a neighborhood of s =0 , where denotes the Euler constant and h(s) is
holomorphic near s =0 . We obtain the following Proposition giving an explicit
formula for the relative {-determinant of the Briining—Lesch elliptic boundary prob-
lems

PROPOSITION 1.1. The logarithm of the relative {-determinant is equal to
d -2
—&(C(D s Pr, Pa)($))ls=0 = 20 (0)[D1 M Fp, (0) — by M F, (0)]. (1.11)

It is not difficult to find the values of M F;(0) we are interested in

1 In2
MF(0) =73 MF1(0) =5
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and
1
MFp(0) :%ln(l +b) for 0<|b| <.

The smooth transmission condition corresponds to b; =cosn/2 =0 and the
Atiyah—Patodi-Singer condition corresponds to b, = cos0 =1 due to (1.6), which
gives the main technical result of the Note.

THEOREM 1.2. Let {P,}; < denote a 1-parameter family of boundary conditions
defined by (1.3). The following formula gives the relative (-determinant of P,
and Py

S P PO = 2L 0) (1.12)

We employ Duhamel’s Principle in order to deduce Theorem 0.1 from Theorem
1.2. The method, based on ideas of Singer [18], was worked out in [5] (see also [8])
and is now fairly standard. The key here is that the kernel £p(¢; (4, w), (v, z)) satisfies
the estimate

w2
IEp(2: (). (v, 2| < ert Ve e (1.13)

for some natural N and positive constants ¢y, ¢z, ¢c3 . Once the estimate (1.13) is

established there is no problem with following [5]. Details can be found in [9].

2. Concluding Remarks

We want to point out that Atiyah—Patodi-Singer conditions can be replaced by ellip-
tic boundary conditions from the Grassmannian Gr’ (D). Let us discuss the operator
D on the cylinder [0, co) x Y and the boundary condition P € Gr (D). Once again
the {-function of the operator D%; 1s not well-defined. However, if we consider
two conditions Py, P, € Gr} (D), then the relative {-function is well-defined and
we may consider the relative {-determinant

d
—Indet (D% Py, Py) = &mﬁ; Py, P2)($))l5=0-

Moreover, it was observed in [15], that we can use the results of [14] (see also [13]) to
express detg(Dz; Py, P;) as the Fredholm determinant of an elliptic pseudo-
differential operator of the form Id plus smoothing operator on Y . We denote this
determinant by detc.(D; Py, P»). The corresponding pasting formula which involves
the boundary condition Id — Py on M7 and P, on dM; contains an additional factor
detc(D; Py, Po).

To end this Letter let us discuss one more variant of the adiabatic pasting formula.
The manifold M is odd-dimensional, hence the spinor bundle splits on the boundary
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S|Y =St @ S™. Let Ry denote a boundary condition Ri(s|Y) = 0. To be more

precise, let us point out here that spinors of positive chirality (sections of S*)
on Y = dM, are spinors of negative chirality on Y = aM,. We also denote by
D. the operator D subject to the boundary condition R, . The operators D, are
not self-adjoint and in fact we have D = D. The following results follow easily
from [8], where the corresponding formula for the splitting of the analytic torsion
was discussed.

THEOREM 2.1.

lim de'[g DRZ .
R— o0 detC(Dl,R_Dl,R+)' detg(Dz,R_Dz,R_'_) -

1. 2.1)

Once again we refer to [9] for the proof.
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