JEFFREY-WEITSMAN-WITTEN INVARIANTS OF
SEIFERT FIBRED MANIFOLDS

JINSUNG PARK

ABSTRACT. We introduce a result in [4] about Jeffrey-Weitsman-Witten
invariants of Seifert fibred manifolds.

1. DEFINITION OF JEFFREY-WEITSMAN-WITTEN INVARIANT

We review the Chern-Simons gauge theory to understand the definition of
the Jeffrey-Weitsman-Witten invariant. For the detail of the Chern-Simons
gauge theory, see [5], [3].

Let X be a 2-dimensional manifold and P be a principal SU(2)-bundle
over X. Let A, Ar,G be the affine space of connection one forms of P,
the space of flat connections of P and the gauge transformation group of P
respectively. Let My be the moduli space of the flat connections of P.

We consider a 3-dimensional manifold Y; with a boundary X. Moreover
we assume that a neighborhood of X in Y; is diffeomorphic to X x [0,1).
For A € A, g € G we consider a U(1)-valued function S(4, g) defined by

(1) S(A, g) = exp(2mi(CS(A%) — CS(A)))

where A and § are the extensions of A and g into Y7, A9 g the gauge
transformation of A by ¢ and the Chern-Simons invariant C'S(A) is given
by

1 s 2. L
2 CS(A) = — tr(dANA+-ANANA).
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Such an extension of g always exists since 71 (SU(2)) = m2(SU(2)) = 0. We
choose the extensions so that A and § are pull-backs of A and ¢ by the
projection to X over X x [0,1) respectively. Then S is independent on the
extension Y] and the extension A and §. In fact the extensions (Aj, ;) and
(As, §o) into Y7 and Y3 give a connection B and a gauge transformation h
onY =Y, UY5 so that

exp(2mi(CS(A9) — CS(Ay))) exp(zm(csmg) CS(Ay)))1
)=

3) = exp(2mi(CS(B") — CS(B))
1
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The above function S over A x G is a cocycle since

(4) S(A,§)S(A%, h) = S(A, gh).
We can define a line bundle £ over My by

(5) ,CE.AFXSC

where the right side is the quotient space given by the equivalence relation

(6) (4,2) ~ (A7,5(4, 9)2)

for Ae Ap,z € C.

We consider a 3-dimensional manifold Y and a principal SU(2)-bundle
Py over Y. We decompose Y into two handle bodies Y; and Ys. Let X be
the intersection of Y7 and Ys. We apply above construction to 2-dimensional
manifold X and Py|x = P. We consider the restriction of line bundle £
to Lagrangian submanifolds L1, Ly of Mo where L1, Lo are made from the
handle bodies Y7,Ys of Y. Let £; be the restriction of the line bundle £ to
L;. Then there is section S;(A) of £; over L; defined by

(7) 5:(A) = exp(2miCS(Ay,))

for [A] € M3 and Ay, is an extension of A to Y;.

Now we consider the intersection of the two Lagrangian submanifolds
L1,Ly in Ms. Then we can see that this intersection is the moduli space
of flat connections of Py over Y which we denote by Ms. By the cor-
respondence between the flat connection A and the SU(2) -representation
py of m(Y), M3 can be identified with R(Y,SU(2)). There may occur
singularities of My within M3. But the set of singularities is a measure
zero set in Ms. So we may not care these singularities in the following
construction since we shall integrate over the dense subset R(Y, SU(2))~ of
M3z = R(Y,SU(2)).

We consider the k-tensor power of L, £ over M and their restrictions
to two Lagrangian submanifolds L1, L. We denote these by E?k, E?k. Then

we can pair two sections Sf = Sf@k of Ez@k in M3 by the hermitian product
of the complex line C. We denote this pairing by (SF, S4). Then this can be
considered as an U(1) valued function on M3 = R(Y,SU(2)). We can see
easily that (SF, SK) at a connection A is the exponential of the Chern-Simons
invariant of Y, that is, exp(2kmiCS(A)).

We recall that the half density derived from the Reidemeister torsion
(R-torsion) can be considered as a measure of R(Y,SU(2))”. The Jeffrey-
Weitsman-Witten invariant is defined by integrating the pairing (Sf,S5)
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with respect to half density 7(Y, Ad(py))% over R(Y,SU(2))~ using the cor-
respondence between the flat connection A of P and the SU(2)-representation
py of m(Y). We formulate this construction as the following definition.

Definition 1.1. For integer k, the Jeffrey-Weitsman-Witten invariant Z (Y, k)
is defined by

(8) Z(v k) = / (SE, SH)7(Y, Ad(py))3
R(Y,SU(2))~

This definition is given in [3]. This definition is motivated from the as-
ymptotic expansion of the Witten invariant Zy (k) of 3-dimensional manifold
Y in [6]. The asymptotic expansion of Zy (k) is given by

Zy (k) = 5 Y, (r(Y, Ay)) 7 exp(— 2H2mEEAL)

(9) exp(2(k + 2)miCS(A;))

where the sum is taken over the finite set of flat connections A;, 7(Y, 4;)
is the R-torsion for A; of Y and SF(A;) is the spectral flow from trivial
connection to the flat connection A;. The above formula is given in [2]. We
can see that if the moduli space of flat connections is a discrete set, then
definition 5.1 is almost same as the leading term of the above asymptotic
expansion since the square root of the R-torsion becomes a point mass in
this case.

2. JEFFREY-WEITSMAN-WITTEN INVARIANTS FOR SEIFERT FIBRED
MANIFOLDS

Now we introduce our result in [4] for Jeffrey-Weitsman-Witten invari-
ant Z(M, k) of Seifert fibred manifold M with the non-discrete irreducible
SU (2)-representation space R(M,SU(2))~.

We denote the Seifert fibred manifold with the Seifert invariant {g; (a1, 1),
ooy (Qmy Br) } by M = M(g; (a1,61), -, (Qm, Bm)). We have that m (M)
is

m g
{ai bisqj hos [hyai) = [h,bi) = [h,q5) = 1,¢;7 1% = 1, [ ¢ [ [las bs]) = 1}.
j=1 i=1
We assume that g is larger than 2 or equal to 2 from now on. The irreducible
SU(2)-representation of 71 (M) is well known. We review some facts that
we need.

Since h is central in 71(M), an irreducible representation p takes h to

+1 in SU(2). So the trace of p(g;) is 2COS(%). The set of numbers

{n1,...,npy} which are called as ‘rotation numbers’ determines a connected
component of the irreducible SU(2)-representation space R(M,SU(2))~.
The rotation number n; is even(odd) if 3; is even(odd).
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To compute Z(Y, k), we must integrate the pairing (S, S§) with respect
to the half density of the R-torsion over R(M, SU(2))~. We know that the
value (SF, S§) at the flat connection A is simply the Chern-Simons invariant
of A. This invariant is constant in each connected component R(M, (n;)).
By the result of [1], the value for the fixed connected component R(M, (n;))
is given by

2

- : 2671 G
11 2% J ] 2 ]
(11) exp | 2kmi( ; oy Z
where € = 3,1 if pps(h) = —1,1 and BiB; =1 (mod) a; as above.
From the result in [4] for the half density volume of R(M,SU(2))~ the

value of the Jeffrey-Weitsman-Witten invariant Z (Y, k) over the connected
component R(M, (n;)) which is determined by {ni1,...,n,} is given by

1
fR(M,(nj))<S{€’ S5)(T(M, Ad(pr)))=
jsin( 200

1
lovj|2

(12) 28t SH T

From (10), (11) we have the following theorem.

fR(Mv(”j)) DHl(M’s“(Q)PM) ’

Theorem 2.1. For the integer k, the Jeffrey-Weitsman-Witten invariant
Z(M, k) of the Seifert fibred manifold M with the Seifert invariant (g, (a1, f1,

; Qm, Bm)) s given by

. m B2 en m j
eM Z exp [2k‘m(— > e 2[]3 +2 J) QZJ 1%)
{(n;)}

|sin(~52)|

(13) X H;nzl 71] ZSLO l(nQ(g 11)+m HJ 1 |sm( aj] )l )

where the above sum is taken over the finite set of the rotation numbers
{(nj)}, enr = 2" Wol(S?)™Vol(SU(2))9*™ ! and e = L or 1 if pp(h) =
—1 or 1.

We can see that Z(M, k) depends only on the manifold M via the Seifert
invariant (g; (cs, 3;)) since the set of all the rotation numbers (n;) is deter-
mined by 71 (M).
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