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Abstract. We introduce a result in [4] about Jeffrey-Weitsman-Witten
invariants of Seifert fibred manifolds.

1. Definition of Jeffrey-Weitsman-Witten invariant

We review the Chern-Simons gauge theory to understand the definition of
the Jeffrey-Weitsman-Witten invariant. For the detail of the Chern-Simons
gauge theory, see [5], [3].

Let X be a 2-dimensional manifold and P be a principal SU(2)-bundle
over X. Let A,AF ,G be the affine space of connection one forms of P ,
the space of flat connections of P and the gauge transformation group of P
respectively. Let M2 be the moduli space of the flat connections of P .

We consider a 3-dimensional manifold Y1 with a boundary X. Moreover
we assume that a neighborhood of X in Y1 is diffeomorphic to X × [0, 1).
For A ∈ A, g ∈ G we consider a U(1)-valued function S(A, g) defined by

(1) S(A, g) ≡ exp(2πi(CS(Ãg̃)− CS(Ã)))

where Ã and g̃ are the extensions of A and g into Y1, Ãg̃ is the gauge
transformation of Ã by g̃ and the Chern-Simons invariant CS(Ã) is given
by

(2) CS(Ã) =
1

8π2

∫

Y1

tr(dÃ ∧ Ã +
2
3
Ã ∧ Ã ∧ Ã).

Such an extension of g̃ always exists since π1(SU(2)) = π2(SU(2)) = 0. We
choose the extensions so that Ã and g̃ are pull-backs of A and g by the
projection to X over X × [0, 1) respectively. Then S is independent on the
extension Y1 and the extension Ã and g̃. In fact the extensions (Ã1, g̃1) and
(Ã2, g̃2) into Y1 and Y2 give a connection B̃ and a gauge transformation h̃
on Y = Y1 ∪ Y2 so that

exp(2πi(CS(Ãg̃
1)− CS(Ã1))) exp(2πi(CS(Ãg̃

2)− CS(Ã2)))−1

= exp(2πi(CS(B̃h̃)− CS(B̃))) = 1.(3)
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The above function S over A× G is a cocycle since

(4) S(Ã, g̃)S(Ãg̃, h̃) = S(Ã, g̃h̃).

We can define a line bundle L over M2 by

(5) L ≡ AF ×S C

where the right side is the quotient space given by the equivalence relation

(6) (A, z) ∼ (Ag,S(A, g)z)

for A ∈ AF , z ∈ C.
We consider a 3-dimensional manifold Y and a principal SU(2)-bundle

PY over Y . We decompose Y into two handle bodies Y1 and Y2. Let X be
the intersection of Y1 and Y2. We apply above construction to 2-dimensional
manifold X and PY |X = P . We consider the restriction of line bundle L
to Lagrangian submanifolds L1, L2 of M2 where L1, L2 are made from the
handle bodies Y1, Y2 of Y . Let Li be the restriction of the line bundle L to
Li. Then there is section Si(A) of Li over Li defined by

(7) Si(A) = exp(2πiCS(AYi))

for [A] ∈M2 and AYi is an extension of A to Yi.
Now we consider the intersection of the two Lagrangian submanifolds

L1, L2 in M2. Then we can see that this intersection is the moduli space
of flat connections of PY over Y which we denote by M3. By the cor-
respondence between the flat connection A and the SU(2) -representation
ρY of π1(Y ), M3 can be identified with R(Y, SU(2)). There may occur
singularities of M2 within M3. But the set of singularities is a measure
zero set in M3. So we may not care these singularities in the following
construction since we shall integrate over the dense subset R(Y, SU(2))− of
M3 = R(Y, SU(2)).

We consider the k-tensor power of L, L⊗k
over M2 and their restrictions

to two Lagrangian submanifolds L1, L2. We denote these by L⊗k

1 ,L⊗k

2 . Then
we can pair two sections Sk

i = S⊗k

i of L⊗k

i in M3 by the hermitian product
of the complex line C. We denote this pairing by 〈Sk

1 ,Sk
2 〉. Then this can be

considered as an U(1) valued function on M3 = R(Y, SU(2)). We can see
easily that 〈Sk

1 ,Sk
2 〉 at a connection A is the exponential of the Chern-Simons

invariant of Y , that is, exp(2kπiCS(A)).
We recall that the half density derived from the Reidemeister torsion

(R-torsion) can be considered as a measure of R(Y, SU(2))−. The Jeffrey-
Weitsman-Witten invariant is defined by integrating the pairing 〈Sk

1 ,Sk
2 〉
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with respect to half density τ(Y, Ad(ρY ))
1
2 over R(Y, SU(2))− using the cor-

respondence between the flat connection A of P and the SU(2)-representation
ρY of π1(Y ). We formulate this construction as the following definition.

Definition 1.1. For integer k, the Jeffrey-Weitsman-Witten invariant Z(Y, k)
is defined by

(8) Z(Y, k) =
∫

R(Y,SU(2))−
〈Sk

1 ,Sk
2 〉τ(Y, Ad(ρY ))

1
2 .

This definition is given in [3]. This definition is motivated from the as-
ymptotic expansion of the Witten invariant ZY (k) of 3-dimensional manifold
Y in [6]. The asymptotic expansion of ZY (k) is given by

ZY (k) ' 1
2

∑
i(τ(Y, Ai))

1
2 exp(−3πi+2πiSF (Ai)

4 )
exp(2(k + 2)πiCS(Ai))(9)

where the sum is taken over the finite set of flat connections Ai, τ(Y, Ai)
is the R-torsion for Ai of Y and SF (Ai) is the spectral flow from trivial
connection to the flat connection Ai. The above formula is given in [2]. We
can see that if the moduli space of flat connections is a discrete set, then
definition 5.1 is almost same as the leading term of the above asymptotic
expansion since the square root of the R-torsion becomes a point mass in
this case.

2. Jeffrey-Weitsman-Witten invariants for Seifert fibred
manifolds

Now we introduce our result in [4] for Jeffrey-Weitsman-Witten invari-
ant Z(M,k) of Seifert fibred manifold M with the non-discrete irreducible
SU(2)-representation space R(M, SU(2))−.

We denote the Seifert fibred manifold with the Seifert invariant {g; (α1, β1),
. . . , (αm, βm)} by M = M(g; (α1, β1), . . . , (αm, βm)). We have that π1(M)
is

{ai, bi, qj , h : [h, ai] = [h, bi] = [h, qj ] = 1, qαj

j hβj = 1,
m∏

j=1

qj

g∏

i=1

[ai, bi] = 1}.

We assume that g is larger than 2 or equal to 2 from now on. The irreducible
SU(2)-representation of π1(M) is well known. We review some facts that
we need.

Since h is central in π1(M), an irreducible representation ρ takes h to
±1 in SU(2). So the trace of ρ(qj) is 2 cos(πnj

αj
). The set of numbers

{n1, . . . , nm} which are called as ‘rotation numbers’ determines a connected
component of the irreducible SU(2)-representation space R(M, SU(2))−.
The rotation number nj is even(odd) if βj is even(odd).
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To compute Z(Y, k), we must integrate the pairing 〈Sk
1 ,Sk

2 〉 with respect
to the half density of the R-torsion over R(M, SU(2))−. We know that the
value 〈Sk

1 ,Sk
2 〉 at the flat connection A is simply the Chern-Simons invariant

of A. This invariant is constant in each connected component R(M, (nj)).
By the result of [1], the value for the fixed connected component R(M, (nj))
is given by

(11) exp


2kπi(−

m∑

j=1

(
β∗j n2

j

αj
+

2εnj

αj
) + ε2

m∑

j=1

βj

αj
)




where ε = 1
2 , 1 if ρM (h) = −1, 1 and βjβ

∗
j = 1 (mod) αj as above.

From the result in [4] for the half density volume of R(M,SU(2))− the
value of the Jeffrey-Weitsman-Witten invariant Z(Y, k) over the connected
component R(M, (ni)) which is determined by {n1, . . . , nm} is given by

∫
R(M,(nj))

〈Sk
1 ,Sk

2 〉(τ(M, Ad(ρM )))
1
2

= 2m〈Sk
1 ,Sk

2 〉
∏m

j=1

| sin(
πnjβ∗j

αj
)|

|αj |
1
2

∫
R(M,(nj))

DH1(M,su(2)ρM
).(12)

From (10), (11) we have the following theorem.

Theorem 2.1. For the integer k, the Jeffrey-Weitsman-Witten invariant
Z(M, k) of the Seifert fibred manifold M with the Seifert invariant (g, (α1, β1,
· · · , αm, βm)) is given by

cM

∑

{(nj)}
exp

[
2kπi(−∑m

j=1(
β∗j n2

j

αj
+ 2εnj

αj
) + ε2

∑m
j=1

βj

αj
)
]

×∏m
j=1


 | sin(

πnjβ∗j
αj

)|

|αj |
1
2

∑∞
n=1(

1
n2(g−1)+m

∏m
j=1

| sin(
πnnj

αj
)|

| sin(
πnj
αj

)| )


(13)

where the above sum is taken over the finite set of the rotation numbers
{(nj)}, cM = 2m−1V ol(S2)mV ol(SU(2))g+m−1 and ε = 1

2 or 1 if ρM (h) =
−1 or 1.

We can see that Z(M, k) depends only on the manifold M via the Seifert
invariant (g; (αi, βi)) since the set of all the rotation numbers (nj) is deter-
mined by π1(M).
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