HALF DENSITY VOLUMES OF REPRESENTATION SPACES
OF SOME 3-MANIFOLDS AND THEIR APPLICATION

JINSUNG PARK

Department of mathematics
Seoul National University
151-742 Seoul Korea

ABSTRACT. In this paper we compute half density volumes of the irreducible SU(2)-
representation spaces for Seifert fibred manifolds and graph manifolds. These rep-
resentation spaces are not discrete so that the half density derived from the Rei-
demeister torsion is used as a measure. As an application of our result we get the
exact value of the Jeffrey-Weitsman-Witten invariant of a Seifert fibred manifold
with non-discrete irreducible SU(2)-representation space.

§1 Introduction

In this paper we compute half density volumes of the irreducible SU (2)-rep-
resentation spaces of Seifert fibred manifolds and graph manifolds. The half density
over the irreducible SU(2)-representation space of a 3-manifold comes from the
Reidemeister torsion for Ad-SU (2)-representation. More precisely the determinant
term of the first homology of the Reidemeister torsion gives the half density of
the irreducible representation space. This is because the tangent space of the
irreducible representation space can be identified with the first cohomology of the
twisted cochain complex.

The motivation of this paper is given by two sources. The first is the E.Witten’s
method to compute the symplectic volume of the irreducible SU(2)-representation
space of a Riemann surface. In [W2] Witten suggested an useful method to com-
pute the symplectic volume of this space using the Reidemeister torsion and the
character theory of the Lie group SU(2). The second is the invariant defined
by L.C.Jeffrey and J.Weitsman in [J,W1]. This invariant is motivated by the
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asymptotic expansion of the Witten invariant of a 3-manifold. They define this in-
variant using the Reidemeister torsion as a half density measure of the irreducible
SU (2)-representation space. Hence to compute this invariant we must compute the
Reidemeister torsion completely including the determinant term of the homology
which is the half density measure of the SU(2)-representation space. In this paper
we call this invariant as the Jeffrey-Weitsman-Witten invariant. From the above
motivations we could consider naturally that this invariant might be computed by
the method of [W2]|. The examples to which we apply the method of Witten are
Seifert fibred manifolds and graph manifolds. This is because these manifolds are
made from the trivial circle bundle over the Riemann surfaces by twisting finite
fibers. So the method of Witten is applicable with some modification.

To compute the half density derived from the Reidemeister torsion, we must
compute both the scalar part and the determinant part of the Reidemeister tor-
sion. The method to compute the scalar part comes from [F]. For Seifert fibred
manifolds and graph manifolds this value gives the weight of the half density to
each connected component of the irreducible SU (2)-representation space. So we
combine two methods of [F] and [W2] to compute the half density volumes of
the irreducible SU (2)-representation spaces for Seifert fibred manifolds and graph
manifolds.

Our computing method is ‘to cut and to paste’ with a topological view point.
This can be comparable to the method of P.Kirk and E.Klassen to compute the
Chern-Simons invariants for 3-manifolds [K,K]. We decompose the given manifolds
into simple pieces which we can deal easily and then we glue the data of the
decomposed pieces and investigate the gluing maps. The data of the pieces and
the gluing maps gives the result that we want to get.

Now we explain how this paper is organized. In the section 2 we study basic
examples which are the building blocks of Seifert fibred manifolds and graph man-
ifolds. We study the Reidemeister torsions and the SU(2)-representation spaces
of these basic examples. In the section 3 we compute the scalar part of the Rei-
demeister torsions of Seifert fibred manifolds and graph manifolds for Ad-SU(2)-
representations. The computing method of the section 3 comes from [F|. This
method is exactly ‘to cut and to paste’ so that we can apply the result of the
section 2. In the section 4 we integrate the determinant term of the first homology
part of the Reidemeister torsion over the irreducible SU(2)-representation space.
The integration process of this section is also ‘to cut and to paste’. We get the half
density volume of the irreducible SU (2)-representation space by investigation of
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the pasting process for the half densities of the representation spaces of the decom-
posed pieces. In the section 5 we apply the result that we get in the section 4 to
compute the Jeffrey-Weitsman-Witten invariant for Seifert fibred manifold whose
irreducible SU(2)-representation space is non-discrete. This gives the exact value
of the Jeffrey-Weitsman-Witten invariant for a Seifert fibred manifold with the
non-discrete SU(2)-representation space combined with the result of D.R.Auckly

for the Chern-Simons invariant for this manifold.

62 Basic Examples

In this section we study some basic examples which we will use in section 3 and
4. We study the Reidemeister torsions and SU(2)-representation spaces of S, T2
and pants P. These examples are the building blocks of some 3-manifolds which
we will deal later. From now on R-torsion means the Reidemeister torsion always.
For the definition and the basic property of the R-torsion, see [F].

Our first example is the circle S1. Every SU(2)-representation of mq(S?1) is
reducible since 71 (S!) is abelian. Hence the representation is determined by the

holonomy parameter u so that the SU(2)-representation p,, has the following form

eQTriu 0
pu(l) = < 0 e—27riu)

for the generator 1 € 71 (S*) = Z. Hence the SU (2)-representation space for 1 (S!)
is St which can be identified with the maximal torus T" of SU(2). We denote
this space by L. This representation space will be used importantly later. The R-
torsion of S for Ad-SU(2)-representation is denoted by 7(S!, Ad(p,)). R-torsion
is given by the torsion of the following chain complex C.(St, Ad(p,)):

up to conjugation

0 — C1(R") ®x su(2) — Co(R") @, su(2) — 0

where R! is the universal covering space of S' and the tensor product is taken
over the 7 = 71 (S!). Then the homology of C.(S1, Ad(p,)) is
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where R is the real number field, e,z are the 0,1-cells of S* respectively and v is
the Ad(p)-invariant vector in su(2). Then we have that

(2.1) 7(S%, Ad(py)) = 4sin®(2mu) Dy g1y € detH. (8", su(2),) ™

where Dy, (1) = (e®v) @ (x®@v) " and detH,(S*, su(2),) = detHp(S*, su(2),) ®
detH; (S, su(2),)~*. For the notation about the determinant line, we follow the
notation of [F].

The next example is the torus T?2. Since m1(T?) is also abelian, every SU(2)-
representation of 71 (7T?) is reducible with a following form

627rio¢ 0 62771',8 0
past @) = (7" B)s peaton = (707

(& (&

for a basis (1,0),(0,1) of m1(T?). We know that SU(2)-representation space
R(T?,SU(2)) is an object which is called as the ‘pillow case’. The R-torsion
7(T?%, Ad(pa 5)) is the torsion of the following chain complex C.(T?, Ad(pa.3)):

0 — Co(R?) @ su(2) — C1(R?) @, su(2) — Co(R?) @, su(2) — 0.

Then we have
Ho(T?, 5u(2),) = Rle ® ],
Hl(T2=Su(2)P) R[x@v,y@v],

Ho(T?, su(2),) = Rz Uy ® v]

where R is the real number field, v is the Ad(p)-invariant vector in su(2) and
e, x,y,x Uy are the 0,1,2 cells of T2 respectively. From the Poincare duality,

22) 7(T?, Ad(p)) = (e®v) '@ (rx@vAy®0v)@ (zUyv)™?!
' = D;Ii(TQ) € detH,(T?, su(2),)"*
where detH., (T2, su(2),) = @2 H;(T?, su(2),) V"

Our third example is the pants P. Contrary to above examples with abelian fun-
damental groups, 1 (P) is the free group with two generators. Hence there are irre-
ducible SU (2)-representations of 71 (P). We can see that the SU(2)-representation
space R(P,SU(2)) is the quotient space of SU(2) x SU(2) by SO(3) since P is
homotopy equivalent to the figure eight simplex P’. We denote the irreducible
SU (2)-representation space of m (P) by R(P,SU(2))~ C R(P,SU(2)). Since P is
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homotopy equivalent to P’, we consider a chain complex C.(P’, Ad(p)) instead of
the chain complex C.(P, Ad(p)) for an irreducible SU (2)-representation p

0— C’l(ﬁ") Rn su(2) — C’O(P') ®r su(2) — 0

where P’ is the universal covering space of P’. Then we have
Ho(P, su(2),) = Ha2(P, su(2),) =0,
Hy (P, su(2),) = R[z1 @ v1, 22 ® ve,x3 ® v3]

where R is the real number field, x;’s are the three boundaries of P and v;’s are
the Ad(p(z;))- invariant vectors in su(2). The R-torsion 7(P, Ad(p)) is the scalar
multiple of

(2.3) (z1 ®@v1) A (22 ® v2) A (23 ® v3) € detH. (P, su(2),)”"

where detH, (P, su(2),) = detH;(P, su(2),) because the representation p is irre-
ducible.

In fact 7(P, Ad(p)) is a volume form of R(P,SU(2))~. Now we consider more
closely the volume form 7(P, Ad(p)). Let

O'R(P,SU(z))_ —>,C1 X£2 X,Cg

be the map induced by the restriction from P to OP = {1, x2,x3} where L; is
the SU(2)-representation space for a circle x; defined by the same way as L for
S1. Recall that £; can be identified with the maximal torus T of SU(2). By the
definition, o takes the conjugacy class of an irreducible representation p to the
holonomies of p(z1), p(x2), p(z3). Since o is injective map, there exists an object
on £y X L9 x L3 whose pull back is the volume form 7(P, Ad(p)). We denote this
by o.7(P, Ad(p)). Since we can identify £; with the maximal torus T, we have
that
o.7(P, Ad(p)) = frivavs

for some f € L?(Ly x L3 x L3) where v; is a natural volume form on the maximal
torus T with J1 vi = 1. From now on Vol(G) is the volume of the compact Lie
group GG. Then we have the following formula

3

2 1
24 «T(P, Ad e —— il N ;
where the above sum is taken over all the irreducible representations of SU(2),
N« is the dimension of the representation space of an irreducible representation c.
Note that the equality in (2.4) holds in L2?-sense. The proof of (2.4) is given in
[W2].

If we assume that one boundary x3 of P has a fixed holonomy, we must modify
(2.4). The following formula for a boundary with the fixed holonomy is also used
in [W2] without the explicit derivation. So we derive it here. In the following
proposition we use the character theory of SU(2). For the detailed fact, see [B,tD].
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Proposition 2.5. If the trace of p(x3) is fized so that tr(p(x3)) = 2cos(8) for
some fized 0, then o.7(P, Ad(p)) is

2V ol(S?) 1 sin(nab)

Vol(SU(2))? — N sin(0) Xa(p(®1))Xa(p(22))r1r2

where the above sum is taken over all the irreducible representations of SU(2) and
Ne 1S the dimension of the representation space of an irreducible representation .
Vol(S?) is the volume of S? induced from a volume form of SU(2).

Proof. We can consider the set of conjugacy classes of representations satisfying
the given condition as the inverse image of the following map

psoo: R(P,SU(2))” — L1 X Lo X L3 — L3

for e?™¥) ¢ L4 where pg is the natural projection. We denote this inverse image
by R(P,SU(2),0)~. And let S2() be the subset of SU(2) with fixed trace 2 cos(f).
Then there exists the natural projection map p : SU(2) x S?(0) — R(P, SU(2),0)~
with a fiber SU(2)/Z>. As above we have a map

o' R(P,SU(2),0)” — L1 x Lo

which sends [p] in R(P,SU(2),60) to the holonomies p(x1), p(z2).

We push 7(P, Ad(p)) by ¢’ so that we get a volume form o, 7(P, Ad(p)) on
L1 x L5. Then this volume can be written by fv;vs for some f € L?(L£y x L3). To
find f exactly, we integrate the character y, of p(x1), p(z2) for an the irreducible
representation « of SU(2). This is because the set of characters {x,} for all the
irreducible representations of SU (2) is the uniformly dense subset of the continuous
function space of £ x L. So we have the following equalities;

W an = / You (p(21)) X (p(2))0"7 (P, Ad(p)
L1 X Lo

B 2

~ Vol(SU(2))

B 2

~ Vol(SU(2))
6051,612 —1

=t [ e (00) g0

Xai (9(0)71)

/ D0 (X (p(21)) Yy ((22)))dU2dg (0)

SU(2)xS2()

/ Yo (9(6) ™ pl2) ™) Xy (pl2))dU2dg (0)
SU(2)xS2(6)

= 200,000 Vol(S*(9)).

1
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So we have that

ol.7(P,Ad(p)) = ‘Q/ZZO{SZG) Zi )Xoc(P(931>)Xa(P($2)>V1V2.

On the other hand, x,(g(0)™1) = m;izg)e) and Vol(S%(0)) = Vol(S?). So we get

the formula in the proposition. [J

63 R-torsion of Seifert fibred manifolds and graph manifolds

In this section we compute the scalar part of the R-torsion of Seifert fibred
manifolds and graph manifolds for the Ad-SU(2)-representation. This quantity
gives the weight of the half density for each connected component of the irre-
ducible SU(2)-representation space of Seifert fibred manifold or graph manifold.
Our computing method in this section comes from [F].

First we consider the manifolds whose R-torsion we will compute. We denote
the Seifert fibred manifold with the Seifert invariant {g; (a1, 51), .- ., (Qm, Bm)} by
M = M(g; (a1,01)s- - (Qm, Bm)). We have that w1 (M) is

m g
{aivbh@bvh : [hvai] - [h7bz] - [h7QJ] = 17Q;th'ﬁj = 17 HQJ H A, ] - 1}
j=1 =1

We assume that ¢ = 2 from now on. The irreducible SU(2)-representation of
m1(M) is well known. See [A],[F,S],[K,K] for the irreducible SU(2)-representation
of m (M). We review some facts that we need.

Since h is central in 71 (M), an irreducible representation p takes h to £1 in
SU(2). So the trace of p(g;) is 2cos(=2). The set of numbers {ny,...,ny}
which are called as ‘rotation numbers’ de‘éermines a connected component of the
irreducible SU (2)-representation space R(M,SU(2))~. The rotation number n;
is even(odd) if §; is even(odd).

Next we consider a graph manifold which is made from two Seifert fibred mani-
folds M7, My which have a torus boundary each. We review some materials about
graph manifolds of [K,K]. M; is given by deleting a solid torus D? x S* from M
where a disk D? lies in the base surface ¥, and a circle S! is the fiber component
of the Seifert fibration. Then 71 (M) is

7T1(M1) = {ai7bi7Qj7h : [hva'i] = [hvb’t] = [h7QJ] = 1aquhﬁj = ]-}



8 JINSUNG PARK

The other manifold Ms can be constructed by the same way from the another
Seifert manifold M (¢’; (o, 51), ..., (al, 3))). Then m (Ms) is

m(Ms) = {al,, b ik« [k,al] = [k, b)) = [k, ry] = 1,7“?’]653’ =1}.

Since OM; = M, = T?, we can glue two manifolds M, M, by an automor-
phism ¢ of T2. We assume that the meridian, the longitude pairs of dM;, OM> is
given by

(i) = ([T s Tt
“27)‘2}_{HTJ Ha,b’ k}.

= i'=1

Define ¢ : OMy — OMs by

(p1) = apia + BAg,

(3.1)
d(A1) = Yp2 + 02

where ad — By = —1. Then we have a glued manifold N = M; Uy M, and
we call this manifold as graph manifold. Later we need distinguish two cases
when v = 0,7 # 0. When we need clarify the dependence of v, we denote graph
manifold by N, to express the dependence of 7. The natural question is how we
glue the irreducible SU(2)-representations pi, p2 of the manifolds My, My to get
an irreducible SU(2)-representation of graph manifold N. In fact, there are a
condition of gluing of representations. Since 71(0M;) is abelian, we have

627ri¢1 0 62771'1/)1 0
p1(p1) = ( 0 o—2mid1 | p1(M) = 0 e—2mity |

eQﬂ'id)g 0 e27riw2 0
pQ(MQ) = ( 0 6—27m'¢>2 ) PQ()\2) = 0 e—27riw2 .

We can see that 11,9y € Z [%] since h,k are central. Then the condition that a
glued representation p exists is that

(3.2) 1 = ada + B, Y1 = Y2 + 1.

This condition comes from (3.1).
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To compute the R-torsions of Seifert fibred manifolds and graph manifolds we
decompose these manifolds into simple pieces which we considered in section 2.
For the Seifert fibred manifold M(g; (a1, 51), - ., (Qm, Bm)), we can decompose M

into
m-solid tori Aj = D7 x S' and (2(g — 1) + m)-copies of X; = P; x S'

where a disk D? lies the base surface X , S! is the fiber component and P;’s are
the pairs of pants. The decomposition is the inverse process of construction of M
and the pants decomposition of >, — Ugnle]Z. We can assume that each X; meets
only one A; or does not meet A; by the isotopic moves of the exceptional fibers.

For graph manifolds N = M; Uy M, we decompose N into M, My and then

apply the same process to M; as above. So we have

m-solid tori A;, n-solid tori By,

and (2g +m — 1)-copies of X;, (29’ + n — 1)-copies of Y

where X;,Y; are homeomorphic to P x S! and
M, = U?iTm_lXi U}n:1 Aj and My = U?/g:—li—n_ly;‘/ U;-L/:l B]’/.

We can assume that X7 meets Ms, Y7 meets M; and that X; (Y;/) meets only one
A; (Bj) or does not meet A; (Bj/) as above.

We consider SU (2)-representations of (M) or 71 (/N) such that the induced
representations by restriction to each pieces X; or X;, Y, are irreducible. We call
such a representation as totally irreducible representation for M or N with respect
to above fixed decomposition.

As the previous section we denote the highest wedge product of a basis of
Hi(X,5u(2)px) bY Dp,(x su(2),, ) and ®§l:0(DHi(X78u(2)pX))(_W by Dy, (x) for a
manifold X of d-dimension. We denote the dimension of H;(X, su(2),,) by hi(X)

in the following proposition.
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Proposition 3.3. Let py, pn, be irreducible SU(2)-representations of m (M),

w1 (N ) with rotation numbers {n;},{n;,n} }. We assume that pa,pn., are totally
irreducible for M, N. The R-torsion of the Seifert fibred manifold M (g; (e, 35))
and the graph manifold N~ = Mi(g; (o, 85)) Us., M2(g'; (s, 351)) is given by

sin? 7Tnjﬁj)
(M, Ad(par)) = 4™ H Dylan € detHo (M, su(2),,)",
. B* 7rn,,,6" *
m—+n i SiIlQ( aj»ﬁg ) - SIDZ( aly ) 1
T(Ny, Ad(p, ) = 4™ f (7) =1l ——"Dulw,
j=1 J i'=1 7'

€ detH, (N, su(2),,) "

where .
BiB; =1 mod o B3 =1 mod o,

1 if v=0
hi(M) = hao(M) is 6(g—1)+2m and hy(Ny) = ho(Ny) is 6(g+g —1)+2(m+n),
6(g+4g)+2(m+n)—T7ifv=0,v#0.

Before we prove the proposition, we remark some facts. We can see that
the R-torsion depends on the gluing torus automorphisms of the decomposed
pieces by (aj,8;), (e}, 8},) and the representation ppr,pn by rotation numbers
(nj), (nj,n}). Since Ad-SU(2)-representation is unimodular, the highest wedge
product of Dy, (a7, su(2),,) does not depend on the basis change of C;(M) when a ba-
sis of su(2) is fixed. In the above proposition we have that D;i(_) = Dy, (.,su(2) @
D;IQ (- 5u(2)) since we assume that the representations are irreducible.

Proof. We shall compute the R-torsion of graph manifold IV, for the totally irre-
ducible SU(2)-representation with respect to the given decomposition. For Seifert
fibred manifolds we get the result in the process of computation of graph manifold.

First we define some tori from the decomposed pieces such that

Tj — 8AJ, T]// — (?Bj/,

Thip = Xi, N Xiy, Tl =Yy NYy,  T=DMn0M.

1112

We have a following formula about the R-torsions of each pieces and the given
manifold IV, such that
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T(Ny) = @i 5y 7(Xi) - 7(A5) - 7(Yer) - 7(Byr)
(@i, 7(T3) - (L) - 7(Tiniy) - 7(Tyiy) - 7(T)) ™ @2y 7(ET)

1179

(3.4)

where - denotes the tensor product and the last term 7(E") is the torsion of
the spectral sequence of the generalized Meyer-Vietoris sequence. For the proof
of (3.4), see [F]. In the above formula we omit the representation notation for
convenience.

Since A;, Bj: are homotopy equivalent to S!, we can consider S! instead of
Aj, Bj for the R-torsion. Let e be O-cell of each pieces, aj,b;; be 1-cells of
SV’s which are homotopy equivalent to A;, Bj:. Then we have that Dy, a;) =
e® aj_l and Dy B,) =€® bj_,l. We omit the notation of invariant vectors of
Ad(p)(aj), Ad(p)(bjs) for convenience. Then we have following formulas from the

construction of N, and (2.1)

T(A;) = 4sin2(ﬂnj7j VD!

(3.5) L
. 1Y
T(Bj/) = 4Sln2( Ojél- . ) Hi(Bj,)
3!

where 3;v; = 1 mod oy, 8,7} =1 mod «}, and v;,7} are given by the twists of
the exceptional fibers.
For X;,Y; which are homeomorphic to P; x S, P/, x S, we can see that the

Sl-component has the trivial holonomy since the given representations take h, k
into +1 € SU(2). Hence we have that

T(Xi) = (z; ® 27 ®23) ® ((x] Uh) ® (x7 Uh) @ (af UR)) !
-1
= DH*(Xi) )
(Vi) = (y) ®ys @ys) @ (yi Uk) @ (y5 Uk) ® (v Uk)) ™!

-1
=Dy, v

(3.6)

where OP; = {z},2?, 23} and 0P}, = {y},,y2,y} }. We omit the notation of invari-

ant vectors under Ad(p(z;)), Ad(p(y;)) for convenience. For the tori T3, T}, T; ; ,
T/

Y., T, we have the value of R-torsion for these tori from (2.2).
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Now we compute the spectral sequence terms E”. First E! is given by

d2
b

0 - @l Hy(Z;) &2 Hy(T?) «— 0

01

0 «— @l Hi(Z) " Hi(Cy) <~ @2 Hy(T?) «— 0

do

0 — iy (el @22:1H0 (T7) «— 0

where [y =2(g+¢ — 1)+ (m+n),la=3(g+¢ —1)+2(m+n) and

Ul z; =X, U2 T Y,
+ _
Uy = UM Ay U By,

7

U?:l T? = Ui, Ty Ujiy TJ{, Ugiiy Tii. Ugriry Tz'/{i{, UT.
We can see that
do(e) =e for ee€ ®;Ho(T;) Dy HO(Ti/’)v

3.7
(37) do(e) =0 for e€ @ yHo(Tii.) Spawry Ho(Tir ) © Ho(T).

Hence the dimension of kernel of 0y is 3(g + ¢’ — 1) + (m + n).
Since every gluing is made from the torus automorphism, we have that

S(lUm) =1Um for a basis of [Um € @2 Hy(T?).

Hence the dimension of cokernel of d3 is 3(g + ¢’ — 1) + (m + n).
The map d; depends on the gluing-torus automorphism more explicitly. To
describe this map we introduce a natural basis of @éilH 1(T?) such that

H\(T;) = R[lj,my],  Hi(Tj) = R[l},m}],
Hl(Tz:z:.) = R[li.z'.Jmi.i..]a Hl(Ti/{i{') = R[ 2{1‘{'77’1;{1‘{‘ )
Hy(T) = R[l,m]
where R is the real number field. Then we have that
d1(m;) = ajx; &0 € Hi(X;) ® Hi(4)),

3.8
( ) 51(lj) = ’}/J.CBZ D Qa; € Hl(Xz> D Hl(AJ) for some 3

where i is given such that A; meets X; and +; is given by the gluing torus auto-
morphism as (3.5). For other intersection tori we have that
Si(miq ) =x; @x; € Hi(X;) @ Hi(Xi.),

(3.9) 51(10s.) = 0 € Hy(X:) @ Hi(X,.).
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similar formulas hold in the gluing of the part of M>. And finally we have that

(51(77”&) = .fCl () Oéyl c HI(XI) ) Hl(Y1)7
61(l) = 0@ vy, € Hi(X1) ® Hi(Y1).

The kernel of §; is generated by

{li.i..yl;{i{_} if v#0

3.10

Hence the dimension of the kernel of §; which is same as the dimension of the
cokernel of 41 is 3(g+¢' — 1)+ (m+n) or 3(g+4¢')+ (m+n)—4if vy =0 or v # 0.

From above we can see how E? is given. In fact E? is the H,(N). If we gather
(3.5)~(3.10) and apply these to (3.4), then we get the result about R-torsion in
the proposition. Moreover we can see that h;(Ny) is the sum of the dimension of
the kernel of §p and the dimension of the cokernel of §; and that ho(NV,) is the
sum of the dimension of the kernel of §; and the dimension of the cokernel of o
in £1. O

§4 Half Density Volumes of Representation Spaces

In this section we compute the half density volumes of the irreducible SU(2)-
representation spaces of Seifert fibred manifold M and graph manifold N. The
half density volume comes from the R-torsion, more precisely from the determinant
term of the first homology in the R-torsion. The tangent space of R(M,SU(2))~ at
[par] can be identified with the first cohomology H*(M, su(2),,,). So the determi-
nant of the first homology Dy, (a,su(2),,,) gives a volume form of R(M, SU(2))".

As we studied in the section 3, the sets of the rotation numbers {n;}, {n;,n} }
of the SU(2)-representations pys, py determine a connected component of the ir-
reducible SU (2)-representation spaces R(M,SU(2))~, R(N,SU(2))~. We denote
the connected component of irreducible SU (2)-representation spaces determined
by {n;},{n;,n’} by R(M,(n;)), R(N,(n;,n})). Hence we have the following
equalities about the volume of R(M, SU(2))~, Vol(R(M,SU(2))~) for the Seifert
fibred manifold M;
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Vol(ROLSU@)) = [ AdGoun)!

= (M, Ad(prr))?
Z/wmm (eae))

) *
| sin( njﬁj )|

— Y[

Dy, (msu2),,)-
{n;} =1 \Oé]|2 R(M,(n;)) o

The similar formula holds for the graph manifold N. Hence we restrict our concern
to the connected component R(M, (n;)), R(N, (n;,n})).

Before we compute the term fR(M’(nj)) DHI(Mﬁu(g)pM), we remark some facts.
The spaces over which we integrate are non-compact open manifolds. We will use
only the totally irreducible representations in the process of the integration to get
the half density volume of the representation space. This is possible because the
complement of the totally irreducible representations are lower dimensional so that
the complement can be considered as the measure zero set. Hence we can get the
volume if we use only the totally irreducible representations with respect to the
given decomposition in the section 3.

We shall use the generic fibration structure of R(M, (n;)), R(N, (n;,n’)) in
order to integrate the half density volume form. So we introduce the generic
fibration structures of R(M, (n;)), R(N, (nj,n;)).

Recall the base surface ¥, of M. We delete the m-disks Djz.’s in X, where 8DJ2~
is free homotopic to ¢;. We denote this by ¥, ,,. From the condition qjo.‘j hbi =1
we can give the holonomy conditions on 9%, ,,,. We denote the space of the irre-
ducible SU(2)-representations of 7 (%, ,,) satisfying above holonomy conditions
by R(X4.m,(n;)) where (n;) can be determined as the rotation numbers which
determine the connected component of R(M,SU(2))~. In fact, we see easily that
R(X34,m, (n;)) can be identified with R(M, (n;)). So we use this identification from
now on.

We decompose ¥ ., into the 2(g — 1) + 2m-pairs of pants P; with 3(g — 1) +m
intersection circles S} between the pair of pants such that X; = P; x S! for the
fiber circle S1. We denote the SU(2)-representation space over S} by L; as the
section 2. Then there is a natural map

p: R(Zg’m, (TLJ)) — ,Cl X e+ X £3(g—1)—|—m
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induced by the restriction such that

D)

p([p]) = ([pls1]s -, [plsa

3(g—1)+m

We consider the SU(2)-representation pyx, ,, of m1(Xy,n) such that the repre-
sentation p|p: induced by the restriction to each pieces P; is irreducible. Such a
representation of 71(%, ,,) corresponds to a totally irreducible representation of
71 (M) with respect to the corresponding decomposition of M. For such a represen-
tation py, ., the inverse image of p(px, ,,) can be identified with the 3(g —1)+m
copies of the maximal torus T" divided by (2g + m — 3) copies of the center Z
of SU(2). The maximal torus T gives the gluing data between the pair of pants
and the center Zs comes from some symmetry. For the detail of the proof about
this fact, see the proposition 3.8 of [J,W 2], (4.65) of [W2]. So we have a fibration
structure of R(X, ,, (n;)) = R(M, (n;)) generically such that

(41) 00— @y VTl @2 m=8 7, R(M, (ny)) — @29 VT L — 0,

The ‘generic fibration’ means that the fibration exists only for the totally irre-
ducible representations.

By the similar way we can consider a generic fibration for the graph manifold
N,. But we need distinguish the cases when v = 0 and ~ # 0 for graph manifolds.
We recall (3.2)

(3.2) 1 = apz + Ba, 1 = Y2 + 01o.

where 1); is fixed for each connected component R(N, (n;,n})). If v =0, we can
see that

Y1 =+ and @1 = 2 + B2
since ad = —1. So the variables ¢1, ¢o are related by
¢1 = £¢2 + Bia.

If v # 0, we have that
1 o
G2 = —1 — —o.
Y Y

If we combine this with the first equality of (3.2), then we have that

1 = g% + 1wz-
Y Y
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So the variables ¢1, ¢o are fixed.

We can consider the base surface X, of M; and the base surface X, ; of
M. We delete m-disks, n-disks from ¥, 1, ¥, 1as above. Then we get X, 41,
Y4 n+1- Note the boundaries of X 11, ¥y 41 consist of m + 1 circles, n + 1
circles respectively. We decompose Xy 41, 2g/ ny1 into

(29 + m — 1)-pair of pants P; and (2g' +n — 1)-pair of pants P,

such that X; = P; x S1,Y; = P, x S1. Recall that X; = P; x S! meets M, and
Y: = P x S! meets M.

As above we may have the generic fibration of R(N,,SU(2))~ from the cor-
respondence of ¥ 41 and Xy 5,41 to My and M,. But the generic fibration of
R(No, (nj,n})) is not same as the generic fibration of R(N., (n;,n’,)) for v # 0.
If we consider boundaries of P; and P; around which the holonomies of p|p,,
] p; are ¢1, ¢2 respectively, then we know that ¢; is fixed if v # 0, is free with
the above relation if v = 0. Hence we have generic fibrations of R(No, (n;,n%/)),
R(Nyz0, (nj,n},)) such that

0 — @2 T} &', Zo, — R(No, SU(2), (nj,n’)) — &2V L — 0

(4.2)
0— @ésleil/ 692421 Zy, — R(ngo, SU(2), (nj,n;-/)) - @25:(11)51‘ —0

where I3 = 3(g+¢ — 1)+ (m+mn), Iy =2(g+9g)+ (m+n)—3 and I50) =
3g+g -1+ (m+n), 5(1)=3(g+g)+(m+n) -4

To state our main result we define a function (%(s) defined for s € C with
Re(s) > 0, a finite set A € R — Z and for k = 0,1. The function ¢%(s) is defined
by

[e%¢) (n-|-1)’c m .
P (—1) sin(mna;)
CA(S) - Z( ns H| sin(ﬂai) |)
n=1 =1
for A= {ay, - ,a,}. For an empty set ¢, Cg(s) is the Riemann-zeta function.

Theorem 4.3. The half density volume of R(M, (n;)) is given by

Vol(R(M, (n;))) = cu ;“—fC%M@(g —1)+m)

where
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The half density volume of R(N, (n;,n})) is given by

Vol(R(Ny, (nj,n})))

;B : j
m | sin(T2la)| n[sin(—5)]
=y — |1 —Chy 209+ g = 1)+ (m+n)
- aj|z vl o, |2
Jj=1 ¥ j'=1 J
where
O = 2m Yol (SH)m Y ol (SU(2))~late FmEn =)
J— { 0 if PyYse”
L if By € Z[5] -
n N 1 n
AN:{2¢172¢27_17"' 7_7_/17"' »
a1 Oy O ol
and
Vol(R(Nyzo, (nj,n)))
. anﬁ’f‘ . TN ; ,8 -/
1 & |sin(—2)] [ | sin( O/ )l
=cy ;H 7 H,—QCAM (29 +m —1)Ca,, (2¢' +n—1)
|’7|2 j=1 |Oéj|2 j'=1 |O‘j/|2
where
N = 2y ol (S2)mIn 2y o) (ST (2)) (9 Hmdn)
ny Nom, n} n’
Ay, = {201, —, -, — Arv = {20, —L ... 0
M, { ¢1,O[1, ’Oém ’ Mo { ¢27O/17 ,Oéfn}

Proof. We shall compute only the half density volume of R(N.,(n;,n/,)). For
R(M, (n;)) we can get the result by the same way.
From the proposition 3.3 and (4.2) we have that

=

Vol(R(N,, (nj,n',))) = / (N, Ad(p. )
R(N’Y7(n3 1 /))

ﬂ /ﬁ/*
m |sm( 4 n [ sin(= a )|
_2m+nf(7)% / Dy (N, su(2), )
j[[l Iaglz 1_:[1 |, |2 R(Ny.(myntyy N
/ﬁ/*
n | sin(Z%)| n |sm
() [ ——2— H / pF - / 1B,
j=1 |O‘J’2 j'=1
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where F = @l T}/ @'t Z,, B, = @2 g, with k = 0,1 if y = 0,7 # 0 and
pr, kg, are the volume forms of F, B, such that DHI(NWSU(Q)pN) = ur - P UB, -
We see easily that ugp on F' is the 3(g + ¢’ — 1) + (m + n) copies of the natural
volume form v of the maximal torus 7" with le v = 1. In fact pup is given by the
volume form of the kernel of §y in the proof of the proposition 3.3. So we have

1
/F’LLF - 22(g+g’)+(m+n)—3"

The volume form pp, on B, @l5(k)£ is given by the volume form of the
cokernel of 4; in the proof of the proposition 3.3. So pp, can be written by
fovi - vig0) or fivg - v for some fi € Lz(@éi(lf)ﬁi) for k = 0,1. ;From
(2.4), the proposition 2.5 and the pants decomposition of ¥ 41, X4/ nt+1, We can
see that fo = f-g, f1 = f-h where f is the product of

2(9 + g’ — 2) — copies of Vol(SU@))2 Z H Xa (),

2V ol 82 1 \Sm(—m“%)!
_ copies of E —————Xa()Xa (),
m — copies O Vo l SU(2 e | sin 777’;J)| Xa()Xa(")
o el 1 D
n — copies of —————— ——MJ,J Xa()Xal"),
VOl(SU(Q))Q > Na |SiIl( ¥ )|

and ¢ is the product of

3

: 2 1
2 — copies of Vol(SU(2))? Za: e HXQC);

i=1
and h is the product of

2Vol 52) 1 |sin(2mnq¢1)|
Vol(SU(2))? Z | sin(27 ¢y )| Xa(-)Xa("),
_2Vol(S7)
(2))

2V ol (S? 1 |sin(2mnq¢2)|
Vol(SU(2))? Z (0xal)

Mo [Sn(276s)|

where the value of representation py. ([7;]) or pn. ([y;/]) appears at the slot of
Xo(+) if ; or y;, is a homotopy class of a boundary of P; or P},.
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We use the orthogonal pairing of the characters on each intersection circle be-
tween a pair of pants such that

[ xalowO)xalon () ws = 8 sV ol(SU (),

7

These pairings on £; for 1 < i < I5(1) with respect to v; give wa pp, for v # 0
so that we get the volume of R(N,, (n;,n,)) when v # 0. Note that this pairing
does not occur on the intersection circle between P; and P] since the holonomies
¢1 and ¢9 are fixed if v # 0.

When ~ = 0 the above pairings on £; with respect to v; give same result except
one L; which comes from the intersection of P, and P;. This is because the
holonomies of py_ around a boundary of P; and P which give the pairing do not
coincide but have the relation ¢ = +¢2 + 5. So the pairing in this case is given
by

//;. Xa (o (D(e2™*1)xa(pn (D(*™2)) ™ )vi = (=1)"da,5V 0l (SU(2))

k3

where D(e2™%i) is the SU(2)-matrix with the diagonal elements {e?™%i ¢=27%i}

and
0 if PyYpeZz
{ 1 if By € Z[A] - Z
Recall that 3 is given in (3.1). We have that {n,} is the set of the natural numbers
for the Lie group SU(2). For this see the proposition (5.3) of [B,tD]. The constants
C%;,C}; are given by gathering all the constants in the above pairings. O

We remark some facts about theorem 4.3. We compute the half density volumes
of R(M, (n;)), R(N,(nj,n’,)) using the fibration structure of the representation
space R(Xg 1, (n;)) which has the symplectic structure. In [W2] Witten computes
the symplectic volume of R(X, ,,, (n;)). We use his method with some modifica-
tion. So we point out two differences between the symplectic volume form - this is
the R-torsion of ¥, ., - of R(X, ,(n;)) and the half density of R(M, (n;)). The
first comes from two different volume forms of the fiber @>9 V11 /g29tm=3 7,
In our case the volume form over the fiber comes from the natural volume form
v on the maximal torus T of SU(2), but in [W2] the fiber volume form comes
from the volume form vy induced from the volume form of SU(2). Of course the

difference comes from the different constructions of two volume forms. The second
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is the term sin(wZL). In [W2] this term is necessary to define natural symplectic
volume form of R(X, ., (n;)) so that this term cancels out a factor of character

term W n [W2]. But we need not this term to give the cancellation.
aj

85 Application to Jeffrey-Weitsman-Witten invariant

In this section we apply our result of the previous section to compute the Jeffrey-
Weitsman-Witten invariant of a Seifert fibred manifold M with base surface X >.
In this case the irreducible SU(2)-representation space R(M,SU(2))~ is non-
discrete set so that the R-torsion is used as the half density of R(M,SU(2))~
in defining the Jeffrey-Weitsman-Witten invariant.

We review the Chern-Simons gauge theory to understand the definition of the
Jeffrey-Weitsman-Witten invariant. For the detail of the Chern-Simons gauge
theory, see [R,S,W], [J,W1].

Let X be a 2-dimensional manifold and P be a principal SU(2)-bundle over X.
Let A, Ar,G be the affine space of connection one forms of P, the space of flat
connections of P and the gauge transformation group of P respectively. Let M
be the moduli space of the flat connections of P.

We consider a 3-dimensional manifold Y; with a boundary X. Moreover we
assume that a neighborhood of X in Y; is diffeomorphic to X x [0,1). For A €
A, g € G we consider a U(1)-valued function S(A4, g) defined by

S(A, g) = exp(2mi(CS(A9) — CS(A)))

where A and § are the extensions of A and ¢ into Y7, A9 is the gauge transformation
of A by g and the Chern-Simons invariant C'S(A) is given by

CS(A) = #/Yltr(dfl/\flqtgflAfl/\fl).

Such an extension of § always exists since 71 (SU(2)) = m2(SU(2)) = 0. We
choose the extensions so that A and § are pull-backs of A and ¢ by the projection
to X over X X [0 1) respectively. Then S is independent on the extension Y; and
the extension A and §. In fact the extensions (Al, g1) and (Ag, g2) into Y7 and Y;
give a connection B and a gauge transformation honY =Y; UY; so that

exp(2mi(CS(A]) — CS(Ay))) exp(2mi(CS(A]) — CS(Ay))) ™
— exp(2mi(CS(B") — CS(B))) = 1.
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The above function S over A x G is a cocycle since
S(A,§)S(A%,h) = S(A, gh).
We can define a line bundle £ over My by

L= .AF Xs C
where the right side is the quotient space given by the equivalence relation
(A,z) ~ (A7,5(4A,9)2)

for Ae Ap,z € C.

We consider a 3-dimensional manifold Y and a principal SU(2)-bundle Py
over Y. We decompose Y into two handle bodies Y; and Y5. Let X be the
intersection of Y7 and Y. We apply above construction to 2-dimensional manifold
X and Py|x = P. We consider the restriction of line bundle £ to Lagrangian
submanifolds L, Ly of My where Lq, L, are made from the handle bodies Y7, Y5
of Y. Let L; be the restriction of the line bundle £ to L;. Then there is section
Si(A) of L; over L; defined by

Si(A) = exp(2miCS(Ay;))

for [A] € My and Ay, is an extension of A to Y;.

Now we consider the intersection of the two Lagrangian submanifolds L1, Lo in
M. Then we can see that this intersection is the moduli space of flat connections
of Py over Y which we denote by M3. By the correspondence between the flat
connection A and the SU(2)-representation py of m1(Y), M3 can be identified
with R(Y,SU(2)). There may occur singularities of Mo within Mj3. But the set
of singularities is a measure zero set in M3. So we may not care these singular-
ities in the following construction since we shall integrate over the dense subset
R(Y,SU(2))” of M3 = R(Y,SU(2)).

We consider the k-tensor power of £, L& over M5 and their restrictions to two
Lagrangian submanifolds L, Ly. We denote these by E‘lg)k LY " Then we can pair

two sections SF = Sz‘g’ " of E;@k in M3 by the hermitian product of the complex
line C. We denote this pairing by (SF,S¥). Then this can be considered as an
U(1) valued function on M3z = R(Y,SU(2)). We can see easily that (SF,Sk) at
a connection A is the exponential of the Chern-Simons invariant of Y, that is,
exp(2kmiCS(A)).

We recall that the half density derived from the R-torsion- 7(Y, Ad(py))? can
be considered as a measure of R(Y,SU(2))~. The Jeffrey-Weitsman-Witten in-
variant is defined by integrating the pairing (SF,S5) with respect to half density
(Y, Ad(py))2 over R(Y,SU(2))~ using the correspondence between the flat con-
nection A of P and the SU(2)-representation py of m1(Y). We formulate this
construction as the following definition.
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Definition 5.1. For integer k, the Jeffrey- Weitsman- Witten invariant Z (Y, k) is
defined by

2v.0) = [ (SE,SE)r(Y, Ad(py )
R(Y,SU(2))~

This definition is given in [J,W1]. This definition is motivated from the asymp-
totic expansion of the Witten invariant Zy (k) of 3-dimensional manifold Y [W1].
The asymptotic expansion of Zy (k) is given by

3mi + 2miSF(A;)
S0 ) e~

N[

Zy (k) ~ )exp(2(k 4+ 2)miCS(4;))

exp(

N | =

where the sum is taken over the finite set of flat connections A;, 7(Y, A;) is the
Reidemeister torsion for A; of Y and SF(A;) is the spectral flow from trivial
connection to the flat connection A4;. The above formula is given in [F,G]. We can
see that if the moduli space of flat connections is a discrete set, then definition 5.1
is almost same as the leading term of the above asymptotic expansion since the
square root of the R-torsion becomes a point mass in this case.

Now we compute the Jeffrey-Weitsman-Witten invariant Z(M, k) of Seifert fi-
bred manifold M with the non-discrete irreducible SU(2)-representation space
R(M,SU(2))~ by applying the previous result. To compute Z(Y, k), we must in-
tegrate the pairing < S, S5 > with respect to the half density of the R-torsion
over R(M,SU(2))~. We know that the value < SF, S} > at the flat connection
A is simply the Chern-Simons invariant of A. This invariant is constant in each
connected component R(M, (n;)). By the result of [A], the value for the fixed
connected component R(M, (n;)) is given by

(5.2) exp[Qkﬂi(—Z(ﬁjnj + @) +e2> &)]

Qj Qj

j=1 j=1

where € = §,1if ppr(h) = —1,1 and ;85 = 1 (mod) a; as above.
So the value of the Jeffrey-Weitsman-Witten invariant Z(Y, k) over the con-
nected component R(M, (n;)) is given by

[ st s (M. AdGoan))
R(M,(n;))

., mn; B
T | sin(— )
=2m <S{€,S§ > —061]/ DH (M,su(2)p,, )"
jI;[l o2 JrROw@my .

So we have the following theorem from the theorem 4.3 and (5.2).
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Theorem 5.3. For the integer k, the Jeffrey- Weitsman- Witten invariant Z (M, k)
of the Seifert fibred manifold M (g, (a1, 1,y Qm, Bm)) is given by

M 3En2 €70 ™ 3.
Cyr Z exp[2kmi(— Z(M + 2—]) + € Z &)]

{(n;)} =1 Y % Pl
n 6 . ;
ﬁ | sin( LM i( 1 ﬁ |Sln(7TZ?J)|)
j=1 |O‘J|2 n=1 n2g=em j=1 |Sin(ﬁa_ij)|

where the above sum is taken over the finite set of the rotation numbers {(n;)},
M =2"7Vol(5%)"Vol(SU(2))9™ ! and e = £ or 1 if par(h) = —1 or 1.

We can see that Z(M, k) depends only on the manifold M via the Seifert in-
variant (g; (o, 8;)) since the set of all the rotation numbers (n;) is determined by

7T1(M).

[J,W1]

[J,W2]

[KK]

[R,S,W]
(Wi

[(W2]
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