ANALYTIC TORSION AND RUELLE ZETA FUNCTIONS FOR
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ABSTRACT. In this paper we derive a relationship of the leading coefficient of the Laurent
expansion of the Ruelle zeta function at s = 0 and the analytic torsion for hyperbolic
manifolds with cusps. Here, the analytic torsion is defined by a certain regularized trace
following Melrose [16]. This extends the result of Fried, which was proved for the compact
case in [6], to a noncompact case.
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1. INTRODUCTION

In this paper we derive an equality between the leading coefficient of the Laurent expansion
of the Ruelle zeta function at s = 0 and the analytic torsion for hyperbolic manifolds with
cusps. This extends the result of Fried, which was proved for the compact case in [6], to a
noncompact case. Here the analytic torsion for manifolds with cusps is defined by a certain
regularized trace following the idea of the b-trace of Melrose [16].

This paper can be considered as a continuation of our previous study [21] of the relationship
between a special value of the odd type Selberg zeta function and the eta invariant which
extends the result of Millson [18] to hyperbolic manifolds with cusps.

Let Xr denote a d-dimensional hyperbolic manifold with cusps, which is given by

Xr = ['\SOo(d, 1)/SO(d)

where T" is a co-finite discrete subgroup in SOg(d,1). We assume that Xt is equipped with
the constant negative curvature —1. We also assume that I' is neat (hence torsion free), that
is, the group generated by the eigenvalues of I' contains no root of unity. A consequence of
this is

(1.1) Fp:=I'NP=TNN(P) for P e Pr

where N(P) is the nilpotent part of P and Pr = {Py,..., P} denotes a complete set of
I-conjugacy classes of I'-cuspidal parabolic subgroups of SOg(d, 1).
The Ruelle zeta function R, (s) over Xr is now defined by

Ry(s) = JT det (- x(m)e @)

’YEPthp

for Re(s) > (d —1). Here PI'yy, denotes the set of I'-conjugacy classes of the primitive
hyperbolic elements in I', the determinant denoted by “det” is taken over the representation
space V), of a unitary representation x of I, and [(C) denotes the length of the closed geodesic
determined by a hyperbolic element ~.
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Let us recall some results about R, (s) in [10] when d = 2n + 1. First, by Theorem 1.1 of
[10], the Ruelle zeta function R, (s) has a meromorphic extension to C. Second, let Ny be the
order of the singularity of R, (s) at s = 0 such that

R}(0) = lim sV R, (s) € C—{0,00}.

By Theorem 1.2 of [10], we have that if d = 2n + 1,

12 0222 “n+1—k ﬁHZ Hlb’“@)+dc<x><—1>"(2:__12>

where [y := dimker;2(Ay) with the Hodge Laplacian Ay acting on the space of differential
k-forms twisted by x over Xr, by denotes the order of the singularity of the determinant of a
certain scattering operator C’; (0k,s) at s = 5= — k, and d.(x) is the sum of the dimensions
of the maximal subspaces of V) ’s where x|rnp acts trivially for P € Pr (see (3.2)).

From (1.2), we can see that if d = 2n 4 1 the behavior of the Ruelle zeta function R, (s)
at s = 0 is related to the spectral data of the Hodge Laplacians Ag’s, and it is a natural
question whether the leading coefficient R;“((O) may have a relationship with another spectral
data. In [6], it was proved that this is equal to the analytic torsion (up to a constant) for
odd-dimensional compact hyperbolic manifold Xt. Since we do not have an analytic torsion
for our noncompact case, we need to introduce an analytic torsion T'(Xr, x) which is linked
to the leading coefficient R} (0). To do this, first of all we define the spectral zeta function
of the Hodge Laplacian Ay using a certain regularized trace of the heat operator of Ag. In
Theorem 6.1 we show that this spectral zeta function of Ay is regular at s = 0. Then we can
define the regularized determinants of Ay’s and the analytic torsion T(Xr,x) in the usual
way as in the compact case. Actually this approach was suggested by Melrose in [16] and the
regularized trace in this paper is essentially the same as the b-trace of Melrose. Following this
idea, Hassell defined b-analytic torsion for certain noncompact manifolds in [12]. We refer to
Section 6 for the precise definitions of the spectral zeta function of Ay and T'(Xp, x).

The following theorem states a relationship of R} (0) with the analytic torsion T'(Xr, x)
where some defect terms are given from the cusps (geometrically) and the scattering data of
Ay’s (analytically).

Theorem 1.1. For a (2n + 1)-dimensional hyperbolic manifold Xt with cusps, the following
equality holds up to sign,

(1.3) R (0)™" = C(Xr,x) - C(d)*N) - S(Xr, x) - T(Xr, x)-
Here
n—1
C(XF, X) — H (_4(n - k)?)(—l)kak , H 2 Lktle . k)(—l)kez
k=0
where o 1= By — Pr—1+ Br—2—... £ 5o, e1 = (2,?) — (an_l)a ez = (2n —2k + 1)(2:) - (%k_l)’
n—1
S(Xr,x) = H Sx(kz)(_l)kﬂ(zl?) with — Sy(k) = li%n k)(s +n — k)% det C];(ak, s).
k=0 ST

This result was announced in [22].
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Remark 1.2. Let us observe that C(d) depends only on the dimension d, not on I" although
C(Xr,x), S(Xr,x) depend on I' sensitively. When Xt is compact, the equality (1.3) is
reduced to the formula of Fried in [6]. Actually we can see that the same formula holds under
a more general condition that d.(x) = 0 even if Xt may have cusps. In fact, if d.(x) = 0,
then Ny is given only by the £’s in (1.2) and C(d)%X) = S(Xt,x) = 1. Moreover the sign
ambiguity in Theorem 1.1 disappears since this comes from the scattering operators C’i(ak, s).

Remark 1.3. In [26], [27], Sugiyama studied the geometric analogues of the Iwasawa con-
jecture for 3-dimensional hyperbolic manifolds. He proved that the Laurent expansion of the
Ruelle zeta function R, (s) at s = 0 satisfies several analogues of the Iwasawa conjecture in the
algebraic number theory under the condition d.(x) = 0. In particular, in [27] it is proved that
R}(0) is essentially given by the Reidemeister torsion for (Xr,x) if dc(x) = 0. Our Theorem
1.1 is crucially used in its proof. It seems to be interesting to understand the equality (1.3)
in Theorem 1.1 for general cases in the view point of the geometric analogues of the Iwasawa
conjecture.

Comparing the formulae of the order of the singularity Ny for even- and odd-dimensional
cases (see (1.2) and Theorem 1.2 of [10]), one can expect that there is less relationship of
R}(0) with the spectral data in the even-dimensional case. Actually because of a certain
symmetry (see (8.6)) we can not link R} (0) with T'(Xr,x) in the even-dimensional case.
It is also known that the analytic torsion T'(Xr, x) is trivial for even-dimensional compact
manifold. However, it turned out that this is not true anymore for noncompact hyperbolic
manifold X1 with cusps, and that T'(Xr, x) has an following explicit expression.

Theorem 1.4. For a 2n-dimensional hyperbolic manifold Xt with cusps, the following equal-
ity holds

n—l k on—1 2n—2 de(x)
(1.4) T(Xr,x) = ([Jn—1/2- 8V n(CGea)-C ))) _

k=0
Remark 1.5. The right-hand side of (1.4) originates from the non-invariant part of the
weighted unipotent orbital integral on the geometric side of the Selberg trace formula. Geo-
metrically this is the defect for the Hodge theorem of the de Rham complex for hyperbolic
manifolds with cusps. For the odd-dimensional case, the corresponding term is also contained
in the factor C'(d) in Theorem 1.1.

Remark 1.6. For the case of d = 2n, we can also obtain an expression of R}(0) in terms of
similar factors on the right-hand side of (1.3) except T'(Xr, x). This easily follows from the
functional equation of R,(s) presented in Theorem 1.1 of [10]. (The simplest case of d = 2
was also mentioned at pp. 162 in [5].)

Now let us explain the structure of this paper. In Section 2, we review the basics of
harmonic analysis over hyperbolic spaces to fix notations and normalizations used in this
paper. In Section 3 we study the spectral side of the Selberg trace formula. This will
explain the motivation of the regularized trace that is used to define the analytic torsion for
hyperbolic manifolds with cusps. In Section 4 we explain the Selberg trace formula for the
nontrivial homogeneous vector bundles over hyperbolic manifolds with cusps. In Section 5, we
completely compute the contribution of the weighted orbital integrals for our case applying
the result in [13]. In Section 6, we define the spectral zeta functions of the Hodge Laplacians
using the regularized trace following Melrose [16] and show that they have meromorphic
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extensions over C. This enables us to define the regularized determinant and analytic torsion.
In Section 7 and 8, we prove Theorem 1.1 and 1.4 combining all the results proved in the
previous sections. In Appendix A, we perform an algebraic computation which gives the proof
of Theorem 5.3.

Acknowledgement The author wishes to thank P. Loya for some comments which im-
proved the exposition of this paper. He also wishes to thank the referee for pointing out some
minor errors in the first version and helpful suggestions concerning general overview of this

paper.

2. HARMONIC ANALYSIS OVER REAL HYPERBOLIC SPACE
2.1. Algebraic structures. The d-dimensional real hyperbolic space is the manifold
HY(R) = {x6Rd+1|x%+x%+...+x§f:cfl+l =—1, zg41 >0}

equipped with the metric of curvature —1. The orientation preserving isometries of Hd(]R)
form the group G = SOq(d, 1) which is the identity component of SO(d,1). The isotropy
subgroup K of the base point (0,...,0,1) is isomorphic to SO(d). Hence the real hyperbolic
space H%(R) can be identified with the symmetric space G/K. We denote the Lie algebras
of G, K by g = so(d, 1), ¢ = so(d) respectively. The Cartan involution 6 on g gives us the
decomposition g = £ @ p where £, p are the 1, —1 eigenspaces of 0, respectively. The subspace
p can be identified with the tangent space To(G/K) = g/t at 0 = eK € G/K. The invariant
metric of curvature —1 over H%(R) corresponds to the normalized Cartan-Killing form

1
2(d—1)

where the Killing form is defined by C(X,Y) = Tr(ad X oadY) for X, Y € g.

Let a be a fixed maximal abelian subspace of p. Then the dimension of a is one. Let
M = SO(d — 1) be the centralizer of A = exp(a) in K with Lie algebra m. Let Ty be a
Cartan subgroup in M so that T'= T)s - A is a Cartan subgroup of G. Let ¥;; be the half
system of the positive roots for (mc, tmc). We choose the half system X 4 of positive roots of
(gc, tc) which do not vanish on ac so that X 4 is compatible with ¥j;. Then the union of ¥,
with ¥4 gives the half system of positive roots for (gc, tc), which is denoted by Xg. With
respect to the inner product on tf induced from (-, -) in (2.1), we choose an orthonormal basis
{e;} of t such that e; € af.. Then we have

(1) When d =2n+1,

(2.1) (X,Y) = — C(X,0Y)

Yo={ei+te (1<i<j<n+1), e—-¢ (1<i<j<n+1l)},
Ya={e+e (1<j<n+1l), e1—e (1<ji<n+1)}
(2) When d = 2n,
Yo={e(1<i<n), e—e; (1<i<j<n), e+e (1<i<j<n)},
Ya={e, er—e (1<j<n), ei+e (1<j<n)}

We put 3 = eq, which is the positive restricted root of (g,a). Let p denote the half sum of

the positive roots of (g, a), that is, p = @ﬁ. Later on, we shall use the identification

(2.2) .= C by A3— A
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Let n be the positive root space of # and N = exp(n) C G. The Iwasawa decomposition is
given by G = KAN. From now on we fix the following Haar measure on G,

(2.3) dg = a* dk da dn = o> dn da dk

where g = kan is the Iwasawa decomposition and a* = exp(2p(loga)). Here dk is the Haar
measure over K with [, dk = 1, da is the Euclidean Lebesgue measure on A given by the
identification A = R via a; = exp(tH) with H € a, §(H) = 1, and dn is the Euclidean
Lebesgue measure on N induced by the normalized Cartan-Killing form (-, -) given in (2.1).

2.2. Homogeneous vector bundle. Let us recall the homogeneous vector bundle over the
symmetric space HY(R) = G/ K. If 7 is a unitary finite-dimensional representation of K, then
the sections of the associated homogeneous vector bundle G x, V; over G/K consist of the
map f : G — V; with the condition

(2.4) flgk)=7(k)"1f(g) for geG,kekK.

Equivalently, the sections of G x, V; are equivalence classes of the pairs (g, v) under (gk,v) ~
(g,7(k)v). For such a section f of G x, V,, there is a G-action defined by go - f(g) =
gof (g9 19). For instance, the space of k-forms over G /K is given by this construction: Choose
an orthonormal basis for p*. This basis determines left invariant 1-forms wy,...,wg on G. A
complex valued k-form w on G/K pulls back to a k-form «’ on G given by

/
w = E f’il,m,ikwil AN/

The component functions (fi,, ;) give a map f : G — AFC? satisfying the condition (2.4)
with 7 = 73, acting on V,, = AECE. All the representations 7y, are irreducible representations of
K except when d = 2n and k = n. In this case, 7, decomposes into two irreducible represen-
tations 7,7, 7, acting on /\1@2”, A" C?" respectively. Here ALC?" denotes the + exp( ”—;m')—

eigenspace of the Hodge operator * on A"C?". Let us recall that the highest weight p, of the
representation 7y is given by

P =e2 +e3+ ...+ ext1 for 1<k<n, d=2n+1,
Wi =€z +e3+ ...+ epy1 for 1<k<n-—1, d = 2n,
Mfzeg+63+...+en:|:en+1 for d=2n.

Let us denote the irreducible fundamental representations of M = SO(d — 1) by oy’s if
d = 2n, and o}’s with k # n, oF if d = 2n + 1. These satisfy the following branching laws:

(1) For k # n with d = 2n or d = 2n + 1,
[Tklar:oe] =1 if and only if Oy =0} O Op= Okp_1,
(2) For k =n and d = 2n,
rE o =1 if and only if oy =0, = 0n_1,
(3) For k=nand d=2n+1,

[Tnlar i o =1 if and only if Oy =0p_1 Or 0Oy= o,jf.
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2.3. Heat kernel of the Hodge Laplacian. The Hodge Laplacian Ay on the space of k-
forms for the curvature —1 metric is an invariant differential operator constructed as follows:
We choose a basis E; of £ and a basis E; of p that are orthonormal with respect to the
normalized Cartan-Killing form (-,-). Then

(2.5) Q:i=-> E'+) Ej

is the normalized Casimir element in the center of the universal enveloping algebra of g. For
a representation 7 of K, let
/ R(k) ® 7(k) dk

be the projection from L?(G) ® V; to L*(G,7) = (L*(G) ® V;)X where R denotes the right
regular representation of G on L?(G). Then the Hodge Laplacian Ay, is given by
(2.6) A= Qs (R(—Q) ® IdVTk> Q-..

That is, the Hodge Laplacian Ay is the restriction to the 7,-invariant part of the corresponding
invariant differential operator to —£2. -

The subgroup Py := NAM is a minimal parabolic subgroup of G. Given (o, H,) € M and
A € ag, the following action

(1®e? @ o) (nam) = a’o(m)

defines a representation of Py on H, where a** denotes exp(iA(loga)). Then the principal
series representation Ty ) = Indgo(l ® e ® o) of G acts on the space

Hox = {f:G— H,| f(namz) = a™*Pa(m)f(z), flx € L*(K)}

by the right translation 7, x(g) f(z) = f(xg). The following proposition whose proof is similar
to Lemma 1 of [6] gives the action of Ay over Hy, » if [7|a : 0¢] # 0.

Proposition 2.1. If [Tk|ar : 4] # 0, the Hodge Laplacian Ay acts on Hy, x by N>+ (% —1)?
where o, means o= if d = 2n + 1.

To deal with the heat operator e ***, we follow the discussion in the section 2 of [2] or
the section 3 of [19]. Let us denote by Qx = — Y E? the normalized Casimir operator of K.
Recalling (2.5), let Ag denote the corresponding left invariant Laplace operator over G; that
is,

(2.7) Ag=-Q+20=-> E - E.
Using the following well known formula (for instance, see (A.10) of [1])
k() = {1k + prcs ke + PK) — (PKC PKC)
where pr denotes the half sum of the positive roots of K = SO(d), one can show that

Tk(QK) = )\kIdVTk with A\, = (d — k)k
(This formula is even true for 7, with d = 2n.) By (2.6) and (2.7),
A = Qr(Ag ® Idy,, )Qr, — 2X1dy,, -

Now let e *2¢ denote the heat semi-group operator given by a smooth kernel P,

B f(gy) = /G Pioy'g0)f(g2)dgn,  for e IX(G), g1 € G.
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Hence, the heat semi-group operator of Ay satisfies
(2.8) et = 2Nt (e7tAC ® Idy, )Qx,.

which implies

e 1Bk (g tgy) = Mt / 71 (ko) Pi(k1g5 *g1ka) 73 (k1) dkydks.
KxK

—tAk(

Therefore, the kernel e g1, g0) = e Bk (95 141) satisfies the following covariance relation

(2.9) e A% (grky, goka) = (k1) T e A (g1, g2)Th (K2) for kq,ke € K.

For a fixed t > 0, by Lemma 2.3 in [2], e *2¢ belongs to the Harish-Chandra LP-Schwartz
space CP(G) for any p > 0. Here CP(G) is the space of all functions f € C°°(G) such that

sup (1 + 0(g))™¥(g) 5| D1Daf(g)| < oo forany m >0, Dy, Dy
geG

where o(g) is the geodesic distance between the cosets eX and gK in G/K,

q,(g):/ e PH(K) qf
K

for the Iwasawa decomposition gk = K (gk) exp(H (gk))N(gk), and D1, Dy denote the right,
left invariant differential operators, respectively. Let us remark that C?(G) C C¥ (G) if p < p/
(see p.4 in [8]). Now we can conclude

Proposition 2.2. For any t > 0, the heat kernel e **k belongs to (CP(G) ® End(VTk))KXK
for any p > 0 and e '™* satisfies the covariance relation in (2.9).

Now let hf := tr(e7***) where tr is given over V;,. Then h¥ belongs to C?(G) for p > 0 by
Proposition 2.2. Hence one can define

Oy () = Trmya(hE) = Tt /G W (9)mon(9) dy.

For a given unitary representation 7 of GG, we define its matrix block of 7 corresponding to
P; € Homg (7|, 7) by

®7(g) := Prr(g~ P! for ged.
We note that ®7(g) € End(V;) for a fixed g € G and

O™ (kyghks) = T(ka) 10T (g)7 (k)™ for ki,ks € K.

This is an 7-spherical function on G on which the normalized Casimir operator €2 in (2.5)
acts by its infinitesimal character. We refer to the section VIII 4-6 in [14] for more details of
these facts. Hence, by Proposition 2.1, for 7 = 7, 7 = 75, » wWe have

(2.10) /G e—mwg;gl)@:(gz)dm=exp(t(A2+((d;”6)2))@(91)

if [7i|ar = 0¢] # 0 and both sides of (2.10) vanish if [7x|as : 0¢] = 0. Taking the trace over V;
and putting g1 = e, we get

(d

ey amve [ ) B de = e (- 102+ (5 - 0) B0
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by the orthogonality relations for the matrix elements of 7 where &33 :=tr ®7. On the other
hand,

(2.12) Trw(hf)—/ (gY@ (g)dg  for T =T,n.
G

Comparing (2.11) and (2.12) and noting ®7(e) = dim V;, we obtain

Proposition 2.3.

exp (-t(ﬁ+(@—5)2)) if Ikl od 20

Oy, 2 (hF) =
A { 0 if [mklar o0 =0

3. SPECTRAL DECOMPOSITION FOR HYPERBOLIC MANIFOLDS WITH CUSPS

3.1. Hodge Laplacian for hyperbolic manifolds with cusps. Let us choose a unitary
representation y of I' on a finite-dimensional hermitian vector space V,. We now consider the
right quasi-regular representation R, on

Hy={¢:G = Vy|o(y2) = x(7)é(z) foryel,z€G, |¢| € L*(\G)}
given by (Ry(x)¢) (y) = ¢(yx). As in [29], this representation R, of G on H, decomposes
into a discrete part and a continuous part. That is,
R, = R;l( ® Ry, acts on H, = H;l( @ HY.

The action Rgl( on Hgl( is a direct sum of irreducible representations, each of them occurring
with finite multiplicity and the action of R{ on Hf is a direct integral, with no irreducible
sub-representations, of principle series.

For a test function h € CP(G) with 0 < p < 1, which is of right K-finite, the induced
representation R{(h) is of trace class and

(3.1) TeRI(h) = Tt /G h(g) Ri(g)dg = 3 my(m) Trn(h)
WE@

where m, (7) denotes the multiplicity of = € G in HY.
Let us recall that a d-dimensional noncompact hyperbolic manifold with cusps is given by

Xp = I\G/K = T'\SO(d, 1)/SO(d)

where T is a cofinite discrete subgroup of G = SOy(d, 1) satisfying the conditions imposed in
the introduction. The vector bundle E;z over Xr of k-forms twisted by x is given by

EF =Vy %y G Xz, V7.

The Hodge Laplacian Ay acting on the space of sections of V;, over G/K can be naturally
pushed down to a differential operator acting on C5°(Xr, Efé) By abuse of notation, we use
the same notation Ay to denote its self-adjoint extension on

L*(Xp, EY) = { |fl € L*(Xp,V5,) | f(yz) = x(7)f(x) fory €T },

which consists of the 7;-isotypic component of H,. In general, the operator A on L?(Xr, Efz)
has discrete spectrum o,(Aj) as well as continuous spectrum o.(A). The continuous spec-
trum of Ay is mainly controlled by the scattering operators C")z (ok, s) and C’;z(ak_l, s), which
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will be explained in the next subsection, for purely imaginary numbers s = iA € C. These
scattering operators have the matrix forms of size d.(x) where

(3.2) de(x) =D dj(x)-
j=1

Here dj(x) denotes the dimension of the maximal subspace of V) over which x|rnp, acts

trivially for P; € r. When d = 2n + 1, the scattering operator Cy (o, s) has the size 2 d.(x)

+

- is un-ramified.

since o

3.2. Scattering operators and Maass-Selberg relation. Let

L*(M) =) ®d(o)H,, Ry =) ®d(o)o
UEM UEJ/\Z
be the decomposition of the right regular representation Ry; of M on L?(M) where d(c) =
dim H,. A similar induction procedure to the principal series representation starting with
Ry instead of 0 € M gives rise to a unitary representation of G,

Z @ 7(o,\) acts on Z @ H(m(o,N))

0'61/\4\ 0'61/\4\
where

(0, A) = d(o)mg 2 if wo =o,
S d(0)Te ) @ d(Wo)Tye if wo #o.

Here w is the nontrivial element in W (G, A). Now for P; € Pr with the corresponding
decomposition P; = N;A;M; where P; = :anO:E;l, N; = :ana:j*l, Aj = xjAmj*l, M; =
x; M :1:]71 for certain x; € K, the above definitions carry over to each M, with obvious changes

of notation such as 7(o;, A;) for 1 < j < k. For 7 € K with ||y : o;] # 0, let us observe
H(oj,7) := (Ho;n; ® VT)K = (Hy; ® VT)M,

and that the 7-isotypic component of H (7 (o, A;)) can be identified with the d(o;) copies of
(Hy, @ Vo)M if wo; = o, or d(o;) copies of ((Hy, ® Hye,) ® V;)M if wo;j # 0. The second
case happens if and only if 7 = 7,,,0 = o;F with d = 2n + 1.
For P = P; € Pr and ¢ € Vp ® H(o, 7) where Vp denotes the maximal invariant subspace
of V), under x|rnp, the Eisenstein series attached to ® is defined as
E(P,®,s,z):= Z X('y)e(s‘*'p)(H(flx))<I>(fy_1:c) for Re(s) > a-1
~el'/TNP 2

where H(xz) = Hj(x) is given by the decomposition x = Nj(x)exp(H;(z))K (z). This is
absolutely and uniformly convergent on compact sets in the half plane Re(s) > %, and
extends meromorphically to C. These facts can be proved as in [11], [29]. For P;, P; € Pr,

the constant term of E(P;, ®,s,x) along P; is defined by

1

Ep, (P, ®,s,7) = E(P;, @, s,nz)d
& 52) vol(I' N N;\Nj) /FmNj\Nj ( s ne) dn
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and has the following expression along FP;,
Ep, (P, ®,s,2) = Z e(ws+p)(Hj(x)) (C}i(w7 5)@)(@
’LUEW(A“AJ)

where W (A;, A;) denotes the set of all bijections w : A; — A; defined by wa; = za;x~ ! for
x € K and

C}i(w,s) :Vp, @ H(oy, 7) — Vb, @ H(oj,7), w e W(A;, Aj).

Now combining the operators C’]Ti(xiwm;l xj - s) with the nontrivial element w € W (A, A)
defines the scattering operator

Cy(o,5) on Hy(o,7) = Z © Vb, @ H(ay, 7).

Jj=1

When 7 = 75, we denote CT*(a, s) by C;z (0, s) for simplicity. In a natural way, we see that

K K
Hy(o, 1) = Z ®© Vp, @ H(oj,7) = Ve®H(o,T) where Ve = Z ®Vp;.

j=1 j=1
The scattering operator has a meromorphic extension over C and it satisfies the well-known
functional equations

(3.3) CY(0,5)CY (0, —s) = 1d, C(0,8)" = C7(0,3).
Now we analyze RS (h) for h € CP(G) (0 < p < 1) assuming that h is of fixed 7-type. We

also assume that ©, (k) = Ougwr(h) if wo # o. (The function hf defined in the previous
section satisfies these conditions.) Let us choose an orthonormal basis {®,,, = vy, ® &,} of
Hy (o, 7). We put

E(s,z) = Z E(®mn, s, x),

where E(®,, s, z) is defined as the usual Eisenstein series E (P, ®,s,z). Then the kernel
K¢(h: x,y) of R{(h) on H is given by

Ke(h:zy) = 3 [l 0] 42 /OO 7o (0, ) (R) E(iA, ) @ E(id, y)* dA

~ i J_
ceM

where 7, (o, \) is the representation of G on H, (o, 7) defined by the m(o;, A;)’s.
For P; € Pr, the subset Cj(u) = N;A;j(u)K C G is called a cylindrical domain where

Aj(u) ={ar € Aj|a; = exp(tH;), t>u}.
Then there is a ug > 0 such that the sets Cj(u) := p(Cj(u)) C Xt = I'\G/K are disjoint to
each other for u > ug and 1 < j < k where p : G — Xr denotes the natural projection. The
measure in (2.3) induces the metric
dt* + e *'dn®
over Cj(u) where dn? is the flat metric over (I'N N;)\N;. We put Xr(u) := Xr — Us_, Cj(u).
Now we have an expansion formula of [ X () tr(K°(h : z,2)) dz as u — oo in the following

theorem which can be proved as in the section 6 of [29].
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Theorem 3.1. (Maass-Selberg relation) For u > ug > 0, we have

/ tr(K°(h: z,z)) dx
Xr(u)

= 3 [l : 0] dg)(m /_ T Opa(h)dr— /_ 0, (1) tr(C (0, —iN)IACT (0,i))

oceM
+7000(h) r(C1(0,0)) ) +O(u™).

4. SELBERG TRACE FORMULA

4.1. Trace formula. For 0 < p < 1 the Selberg trace applied to h € CP(G) has the following
form,

(4.1) Tr R (h) = Iy(h) + Hy(h) + Uy(h) + Wy (h) + Sy (h) + Jy(h)

where the left-hand side has the form in (3.1). The terms on the right-hand side are explained
as follows. Here I, H,,U, are given by the identity, hyperbolic, unipotent orbital integrals
respectively. These are invariant tempered distributions on G, which were fully analyzed in
[25].

First, for I, (h) we have

I, (h) = dim V} - vol(I'\G) - h(e).

By the Plancherel theorem,

he) = Y d@)enm) + Y - [ Oealtypto ) x

wGéd oceM

where d(w) denotes the formal degree of w € Gyq and p(o, \) denotes the Plancherel measure.
Let us recall that for G = SOy(2n + 1, 1) there is no discrete series so that there are no terms
from @d in the above formula. For G = SOq(2n, 1), the discrete series may give a nontrivial
contribution in general. For h = h¥, we can see that this contribution is nontrivial only when
k = n, d = 2n and it is the harmonic part of A, in L?(G,V;, ) by Theorem 3.2 in [23].
Repeating the argument for the 7-spherical function defined for w € éd as in the subsection
2.3, we see that O, (hF) is a nonzero constant only when k = n, d = 2n and ©,(h¥) = 0
otherwise. Now we have

(4.2) L (hF) = dim Vy - vol(T\G) - (Sn(k;)c(Tn)
Y [ ey, )

where 6, (k) = 1if k = n, d = 2n, §,(k) = 0 otherwise, and ¢(7,) is a constant only depending
on Ty,.
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By Theorem 3.1 in [17] and taking care of the normalization, the Plancherel measure
corresponding to (74, x, Hes, A) is given by

1
(43)  plow,N) = 727D (n+ 5) 7 d(oy)

k n
[T +m-5+12) T ¥+ (0-45)? if d=2n+1,
Jj=1 j=k+1
p(og, A) = 727400 (0) 72 d(04,) tanh(mA)
k 1 n—1 1
H (n— j+§)2)‘H ()\2+(n—j—§)2) if d=2n
j=1 j=k+1
where 0, means o when d = 2n + 1.
The term H, (h) is given by
(4.4) Hy(h)= > trx(y) - vol(T,\G,) - / h(g~'vg) d(Gg)
~Elhyp G\G

where I'yy, denotes the set of the I'-conjugacy classes of the hyperbolic elements in I', and
I'y, G, denote the centralizers of v in I', G respectively. We may assume that a hyperbolic
element v € T has the form a,m, € ATM where AT = {1 ¢ > 0}. By the section 6 in [28],
we have

Vol(P\G,) - / hg™'79) d(Grg)
Y
(4.5) = Zz )" D(aym,) L tra(m.,) / Ogr(h)e MDA )
UEM
where [(Cy) denotes the length of the closed geodesic determined by <, j(7v) denotes the

IO With a primitive 7y, and

positive integer such that v = ~;
D(aym) = af, |det (Ad(aym,) ™t —1d|s) .

For h = h¥, we have

(4.6) (ht \/— Z trx (v Z U(Cy)

vyel'y [Tk|1\/[:0'g]750

[ (e ) E (d=1) _,\?  (@d-1)i(Cy)
‘det (Ad(awmw)*l—Id]n)‘ ltrog(mv)ef Tt eft( 2 *Z) e~ Ca

(d=1)I(Cy)
by Proposition 2.3, the Fourier integral of the Gaussian and a = e~ 2 -,

The terms Uy (h), W, (h) will be discussed later. The scattering term S, (h) and the residual
term J, (h) have the following form,

Sy(h) :i > 2 It s old(o) /_ " Ty (0, N (B)CL (0, NI C (0, 1A) dA,

TeK oeM

()= 3 3 3 lrlar s 01d(o) Temy (0. ) (R)CF ,0).

EK UEM
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For h = h¥, these term are

1 & -
(D) S = Y de) / et OG-0 (CF (a7, —iN)IRCE (04, i0)) d,
" [relarodl#£0 —o0
1 7t((d_1)7€)2 L
48) Jyh)y === Y d(o)e 2 tr(C}(0,0)),
[7%| ar:04]#0

which are the finite terms as |u| — oo on the right-hand side of the Maass-Selberg relation in
Theorem 3.1 when h = h}.

4.2. Unipotent terms. By the computation in [20], the terms U, (h) and W, (h) are given
by the sum over P = NAM € Br of the following term

. d
(4.9) vol(TP\N(P)) lim = (s Cp (s, x)Tp(h. )
s—0 ds
under our normalization. Here the Epstein type zeta function (p(s, x) is defined by

Crls,x) = > trx(m)|X,[T@VEF for Re(s) > 0
WEFPJZ?&@

where n = exp(X;) and |X,|? = (X,), X,,). The other term Tp(h, s) is given by

Tp(h,s):A(ln)/N/Kh(knk—l)\1ogn|<d—1>8dkdn

where A(n) is the volume of the unit sphere in n. By section 1 of [20] (and section 7 of
[29]), we know that s — Tp(h, s) is holomorphic over a certain strip containing the imaginary
axis. Let us remark that the condition (1.1) is used in the derivation of (4.9) and will be
used in the forthcoming analysis of (p(s, x). Now let us observe that x|r, decomposes into
one-dimensional representations xp’s of I'p (since I'p is abelian by (1.1)) such that

d—1
xo(n) = exp (2mi(n161 + ... + ng_104-1)) for n= H n?j
j=1

where {7;} denotes a fixed basis of I'p. For P € Pr, we decompose

V=VpaVpt
where Vp C V' is the maximal subspace over which x|r, acts trivially, so that x decomposes
into a direct sum of Idy, and xg’s with nontrivial § = (61,...,64_1), that is, one of 6; is not
an integer.

Proposition 4.1. The Epstein type zeta function
Cp(s,x0) = Y. xa(n)| Xy~
nel' p,n#e

has a meromorphic extension over C. This meromorphic function is entire if 0 is nontrivial
and has a simple pole at s = 0 if 0 is trivial.
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Proof. Since (p(s,xp) is absolutely convergent for Re(s) > 0, it is enough to consider a
meromorphic extension of

S S B X2 : (d-1)
ol =55 |t (X ol it o= 552

over the left half plane Re(s) < 0. By a standard argument, one can obtain such a meromor-
phic extension over C if we have the asymptotic expansion of

4.10 o(me X0 as 1 0.
( Xo(n

nelp,n#e
To this end, we recall the Jacobi type identity

(d=1) by
(4.11) 3 xolme P = volrpAN(P) (D) T Y e

nel'p Ak
where A\, denotes the eigenvalues of the Laplacian Ay acting on the space of the sections of
the flat vector bundle defined by xg over I'p\N(P). The equality (4.11) follows by putting

t = (4s)~! at the following equality

— d(n,'r]'n)2
e = [ am) (Y wme ) dn
Ip\N(P) ( Z )

nel'p

where d(n,nn) denotes the Euclidean distance given by the normalized Cartan-Killing form,
which equals to | X;|. Then Ay has the zero eigenvalue if and only if § is trivial. Hence

> xelne N = -1+ R
nelp,n#te

where R(t) = O(e™ %) for a certain ¢ > 0 as t — 0 if 6 is nontrivial and =97 O(e™7) as

t — 0 if 0 is trivial. It follows that the meromorphic extension of (p(s, xg) is entire if 6 is
nontrivial and has a simple pole at s = 0 if 8 is trivial.

0

Now we have

(4.12) Cp(s,x) = dp(x) - Z |, | "D 4 Z Z Xo(1)| Xy (@ D+D
nel' p,n#te 0 nel'pnte

where dp(x) = dim Vp and the second sum runs over the nontrivial §. The first and second

sums on the right-hand side of (4.12) have a simple pole, and is regular at s = 0, respectively,

by Proposition 4.1. Therefore we conclude

(4.13) lim d% <8 Cp(s, x)Tp(h, 5)) = dp(x) (CPTp(h) + RpTp(h)) + CpTp(h)

where C'p, Rp denote, respectively, the constant term and the residue of the ordinary Epstein
zeta function at s = 0, Cp denotes the sum of the constant terms of (p(s, xg) with nontrivial
f at s =0, and

Tp(h):A(ln)/N/Kh(knk:_l)dkdn,
(d

Th(h) = A(_n)l) /N /K h(knk™")log|log n| dk dn.
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The term U, (h) is the sum over P € Pr of the invariant part of the right side of (4.13),
that is,

(4.14) Ux(h) = Z VOI(PP]‘\N(P]')) (de (X)CPj + épj) TPj(h)
PjePr
with
(4.15) o o (h) dX
cert

by the section 6 in [28]. The remaining part is
Wi(h) = 37 vol(Tp,\N(P))) dp, (x) Re, Th, (h).
P;ePr

By the computation in [3],

(d—1)
(T p\N =1 for P
vol(lp\N(P)) Rp A or PePr
under our normalization. Hence
(4.16) Wy (h) = de(x) / / h(knk™1)log|logn| dk dn.
N JK

5. COMPUTATION OF THE WEIGHTED ORBITAL INTEGRAL

5.1. Weighted orbital integral. The weighted orbital integral given in (4.16)

(5.1) Wx(h):dc(x)/N/Kh(knk:l)log\logn|dk:dn

is a non-invariant tempered distribution. To explain this, let us recall that the intertwining
operator

Top(o, N6 = /N $en)dn : Hor(P) — Hynr(P)

where the notation H, »(P) denotes the principal series representation with its dependence
on P. The restriction to K defines an isomorphism from H, x(P) to

L*(K,Hy) :={ [ : K — H, | f(mk) = a(m)f(k), |f| € L*(K)}.

By this isomorphism, Jp|P(U, A) can be regarded as a family of operators acting on L?(K, H,).
Let
Jp(0, X s h) = =Tr(mg(h) Jpp(0, A) " OinJpp(0, A))

where 0;) denotes the derivative under the identification (2.2) for a family of operators acting
on L?(K, H,). Now we can get the invariant part of W, (h) by subtracting the non-invariant
part as follows,

(5.2)  Ip( / / (knk~1)log |log n| dk dn

_<pvzd /_Jpa,)\ h)y dx— > d(o) ?Ga,o(h)>

oceM ceM
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where 2n(o) is the order of the zero of p(o,A\) at A = 0. Now one can consider the Fourier
transform of invariant tempered distribution Ip for h € C%(G), which is expressed in terms
of the discrete series and the principal series.

Let H, € tc be the coroot corresponding to a € +X¢, that is, a(H,) = 2,/ (Hy) € Z for
all o,/ € £X¢, and let

(53) n= [ Ha
aEX

which is an element of the symmetric algebra S(tmc). We denote the simple reflection cor-

responding to a by s, for @ € ¥g. By Corollary on pp. 96 of [13] (taking A\p = g with

B(Hg) = 2), we have
Proposition 5.1. For h € C?(G) — C3(G) where C3(G) is the subspace of the cusp form in

(5.4) Ip(h) =5 o Z / )@ (h) dA
ceM
where
(5.5)  Qo,\) = 2d(o —= Z B(H )) (w(1+A (H ))—l—w(l—)\o(Ha))).

OLEZA
Here 1 is the digamma function and Ay — ppr is the highest weight of (o,i)\) € M x ia.

Remark 5.2. By the lemma 5 in [3], if G = SOg(d, 1) for d > 3, the equality (5.4) still holds
without any contribution from the discrete series for any h € C?(G).

5.2. Computation for o4. To express W, (h) in terms of the elements in G, we use (5.2)
and (5.5).
First let us investigate the last term on the right side of (5.2). From (4.3), we have

n(ox) =1 (0<k<n-1), n(cX) =0 if d=2n+1,
n(og) =1 (0<k<n-1) if d=2n.

Next we consider the term given by Jp(o, A : h) in (5.2). For a fixed irreducible representation
7, it is known that the Harish-Chandra C-function C-(o,i\) satisfies

T Jp (0, N) " 0nJpyp(0,A) = Cr(0,i0) 0 Cr(0,iN) T
where T’ is the projection to T-isotypic component of H, . Hence, if h is of 7-type, we have
(5.6) Jp(a, A1 h) = —0,\(h) Cr(0,iN) 100 Cr (0, iN)

when [7|ys : 0] # 0. By Theorem 8.2 in [4], we can derive the following equalities:
(1) When d =2n+1,

1 1 1
: aog Cr (og,iA) = ———— — | S+ )
(5.7) 9ix1og Cr, (0%, iA) iN+tn—k (2)\+ +z)\—|—n>
. ]' 1 1
Oixlog Cr (0%—1,0A) = MW‘<M+"'+M+n>

where o, means o;-.
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(2) When d = 2n,

. 1 . . 1
(58) 81)\ lOg CTk (O'k,ZA) = m + < 1/1(1)\) — lp(l)\ +n+ 5) ) + 210g 2,
Bixlog Cy (71, i) ! +(¢('A) DN+ +1))+21 2
izlog Cr (0p_1,1A) = ———— iA) — (i n4+ - 0
A8 En Tkt IA—n+k- 2 2 &

where 7, means 7.5

Now the remaining task to compute W, (h) is to obtain an explicit form of (o, A) which
express Ip(h) in terms of the principal series.

Theorem 5.3. For the representations oy, of SO(d — 1) for 0 < k < [d%l], we have

Qop, ) = — CZ(;’”( Y(iX — %) +p(—ix— %) FHEA+T) +(—iA+1) )
DRI R (N S 1y y
iy (é " k)2 < JX;(—M(@) +j;1(—1)“1d(0j) ) - PV

where o, denotes or if d = 2n + 1 and P,f()\) is an even polynomial of 2n — 4 degree for
d=2n+1>5 ord=2n >4 and a constant for d = 3,2.

The proof of this theorem will be given in the Appendix A.
For 7,00 with [1g|as : 0¢] # 0, we put

1 ) .
D(1, 00, A) := —d(o*g)a(ai)\ log C7, (0¢,i\) — Oixlog C-, (0, —M)).

Then by the equalities (5.7), (5.8) and Theorem 5.3, denoting a possibly different polynomial
by the same notation PZ()\) (the change happens in the constant term of P¢(\) only when
d = 2n) we have

Corollary 5.4. The following equalities hold,
Q(O’k, /\) + ‘I)(Tk, O’k,)\) == —d(o‘k)(1/}(l)\ + 1) + 1/)(—2)\ + 1))

_\k(d—1 _ k—1 ‘ d— A
" i? i)((d—Ql - k; ( > (=Wd(a)) + ) (=1 d(o) > — B,
> .

Q(O’k, )\) + (I)(Tk_,_l,O'k,)\) = —d(O'k)(iﬁ(Z’)\ + 1)+ w(—i)\ + 1))

COREE =0 (K g e vnia )
+/\2+(%—k)2 (J;O( 1) d(%)“‘j:;l( 1) d(“])) Pg(N).

6. ZETA REGULARIZED DETERMINANT FOR HYPERBOLIC MANIFOLDS WITH CUSPS

Now let us recall that the heat operator e **k over X is not of trace class, so that we
can not take its usual trace. To overcome this, we follow the idea of Melrose in [16] as
follows. If the heat operator e *2 would be of trace class, then its trace is the same as
S xp b (e‘mk (x, x)) dx, although this integral diverges in our case. However, we could remove

the diverging part of the expansion of

/ tr (e_tA’“ (z,2)) do as  u— 00
Xr(u)
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by Theorem 3.1 and define the regularized trace Tr.(-) of e *** to be the remaining finite
part of it. Then we have

d

(6.1) Tr (e72) = > ey Y ( (Z‘) U7 gy (Cﬁ(az,O))

Aj€op(Ak) [Tk|ar:0¢]#0

d(o o . .

- (475) /_Ooe t(’\2+dlg)tr(0>’z(ag, —Z)x)(?i,\C];(Ug,z)\)) d)\)
where 0,(Aj) denotes the point spectrum of Ay, dy = (% —{), d(o¢) = dim (V,,). Let us
observe that the right-hand side of (6.1) is the same as the geometric side of the Selberg trace
formula applied to the test function h¥ over G, so that

(6.2) T, (e_mk) = Ly(hf) + Hy(hy) + Uy (ki) + Wy (hf)
by (4.1). Using this regularized trace, let us define the spectral zeta function of Ay by

(6.3) Ca,(8) = </ / )ts Ty, (e7'4% — Py dt

where Pj denotes the orthogonal projection onto kery2(Ag). Here the small and large time
integrals fol, J1* are defined for Re(s) > 0 and Re(s) < 0 respectively. This decomposition
of the integral over the small and large times is needed when d = 2n + 1, k = n since the
continuous spectrum of A, reaches zero, that is, the heat operator e *** does not decay
exponentially as t — oco. To state the theorem on the meromorphic extension of (a, (s), we
introduce a notation

d(d, k) = ((—1)k—1( %_1(_1)jd(gj))) - (d;1> - (d; 2).

7=0
Then we have
k—1 k—1 ' d—1 '
—2a(d,k) = —2((-1) e )) = C1F (-1l + X-17 ) )
=0 §=0 =k

which appeared in Corollary 5.4. Now we have

Theorem 6.1. The spectral zeta function (a, (s) = Ca,_,(s) has a meromorphic extension
over C, which has the following form if d = 2n

> aj = aj . b Bk + on(k)n*
r _ Z J T J - He(s),
AR ST +jz%2) s+i—3 ! g (s+7—3) 5 )

and ifd=2n+1

D(s)Ca, (5) = Z (sa'leer)jle&n(k)Z ¢ _ Br + 8, (k)n° )
2

S_]—§ S

j=n 0
or some constants a;,a’;,bj, c; where B = dimkery2(Ag), 0n(k) equals 1 if k =n or k =
f j» @5, b5, ¢; where By = dimk Ag), on(k Is1if k k
(d —n) and vanishes otherwise,

e o 1

0= de()d(dn), %= =5 (de(x)d(d, n — 1))

and Hc(s), Ho(s) are entire functions. In particular, Ca, (s) is reqular at s = 0.
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Proof. Let us first deal with the large time contribution floo -dt in (6.3). The continuous

spectrum of Ay, is given by the union of the half intervals [(452 — £)2,00) for £ = k,k — 1
hence the bottom of the continuous spectrum of Aj does not reach zero unless d = 2n+1 and
¢ = k = n. Equivalently, Tr, (e_mk) decays exponentially as ¢ — oo for other cases, which
we can see easily from the right-hand side of (6.1). Therefore, the large time contribution to
the meromorphic extension is trivial unless d = 2n 4+ 1 and £ = k = n. Now for this case, we
observe the following expansion at A = 0,

tr(C’”(an,—i)\)ai,\C Jn,z)\ Zag A2

X
which follows from (3.3). From this, we see that

1 00
(6.4) / et (CT (0, —IN)INCT (00, i) AN ~ ijt—<j+%> as t — oo.
-1 -
7=0

The corresponding integrals over (—oo, 1]y U [1,00)) decay exponentially as ¢ — oo. For
d = 2n + 1, o, is un-ramified so that tr (C;’(O‘n,())) = 0. Hence the residual term vanishes

for this case. Now the expansion (6.4) and these facts imply that the large time integral floo
is well defined for Re(s) < % and extends meromorphically to the whole complex plane with
the following form

[e.9]

(6.5) /100 T, (78 — Py) dt = Z 07 + Hi(s)

=0 s=j=3

for some constants ¢; and a holomorphic function H;(s).
Next to deal with the small time integral fol - dt, we use the right-hand side of the equality
(6.2). For I,(h¥), we separate the cases d = 2n and d = 2n + 1. First, if d = 2n recall that

the Plancherel measure P(oy, \) is a sum of A2**1tanh(7)\) with 0 < k < n — 1 from (4.3).
Now we observe

(6.6) / e~V A tanh(mA) dA =(—1)FF / e~ Xtanh(mA) dA
e oo
:(1)k8f/ e " tanh(mv/x) dz
0

vl [T (coshéﬂ)

")
_(-1) k@f - lg/omi txﬂ COSh\/‘(%\/E))d$).

Hence if d = 2n, we conclude
(6.7) L(hf) = ey gt 4 5, (R)E(T, X, )
t=k,k—1 j

where ay; are some constants and d,,(k)é(T, x, 7,) is the contribution from the first term on
the right hand side of (4.2). Second, if d = 2n + 1 recall that the Plancherel measure p(oy, \)
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is a polynomial of order 2n from (4.3). Hence we can easily see

n

(6.8) L(h)y= S .5 at i

t=k,k—1 j=0

for some constants ag;. For Hr(hF), by (4.6), we have

C2
(6.9) H(h}) ~ ae % as t—0

for a constant a and ¢ := ming,.pyperbolic}{(Cy) is a positive real number. For Uy (hF), by
(4.14) and (4.15) we can see that this can be dealt as I, (hf) for d = 2n + 1 and it consists of
the terms with j = n in (6 8) For W, (h}), by Corollary 5.4, we have

Z / O (PN + Qu(N) + RE(V) dA

l=kk—1

(6.10) Wi (hE

Here Py(\) is an even polynomial of degree at most (2n —4) for d = 2n + 1 or d = 2n,

QuA) = —d(on) ($(EA + 1) + ¥(=ix+1)),  RE() = —(-1)2d(d, k)

N4 d2
It is easy to see that the contribution of Py(\) is just the same as (6.8) replacing n by (n—2).
For Qg()\), we use the following asymptotic expansion

o0

1 By,
¢(z+1)wlogz+2z—;(2]€)z2k as z — 00
where the Byi’s are Bernoulli numbers, to obtain
o0 )\2 s -1 1
(6.11) / e Qu(N) dX ~ > ajt/ "2 bt 2logt  as t—0
oo =

for some constants a; and by. By an elementary computation,
(6.12) A7 ey e gy VT

dt J o A2+ df NG
which implies
6.13 L it
(6.13) . e e T+ jzo aj

for some constants a;. By (6.8), (6.9), (6.11), (6.13), and the Taylor expansion of e at
t=0,ifd=2n

Ly(h§) + Hy () + Uy () + Wy (i)

~ —6n(k)n° +Za]t]+ Z at] 2—|—th] 2logt as t—0
j=-n j=—(n—2)

for some constants aj, a’;, b; where n° = d.(x)d(d,n), and if d = 2n + 1

F(R8) + HL )+ D )+ W) ~ —Su(B)+ 3 a5t 2+thﬂ flogt  as t—0

]_—TL
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for constants aj, b; where n° = —3(dc(x)d(d,n — 1)). Therefore the small time integral fol

is well defined for Re(s) > % and extends meromorphically on C with the following form if
d=2n

—  q - - B+ dn(k)n°
r => > E e
j=-n j=—(n-2) J=
andifd=2n+1
— Zoo % ZOO bj B+ n(k)n?
Holant) = j=—n% +7 - % " =0 (s+J— %)2 § + (o)

for some (new) constants aj, aj, b; and a holomorphic function Hs(2). For d = 2n + 1 and

k = n, combining this and (6. 5) Completes the proof.
U

By Theorem 6.1, we can define the regularized determinant of Ay by

d
Api=exp (|
det¢ Ay 1= exp ( 7 s:OCAk (8))
and the analytic torsion T'(Xr, p) by

detCAl (detcAg)g
(detcAg)?  (detcAy)’

1)d+1d

T(Xr,x) = (deteAg_) TV D L (dete Ag)

Note that our definition of analytic torsion is a generalization of the original one given in [24],
which reduces to (the square of) the original one in [24] when Xr is compact. We also remark
that a similar definition of the analytic torsion was introduced by Hassell in [12] using the
b-trace.

For a hyperbolic manifold Xr with cusps, T'(Xr, x) is nontrivial even if d = 2n as we will
see in Section 8.

In the following section, we will relate T'(Xr, x) with the leading coefficient R} (0) of the
Ruelle zeta function R,(s) at s = 0. To do this, we will need following expression of R, (s)
(for instance, see pp. 532 in [6]),

d—1
(6.14) Ry(s) = [[ Zulow,s + )V
k=0

in terms of the Selberg zeta function Z, (oy, s) defined by
(6.15) Zy (0, 8) == exp( — Z trx ()7 (7) " D(y)” 1‘trgk(m7)ef(87%)l(&)>
'YEthp

for Re(s) > d — 1. Here we may assume that ~ is conjugate to aymy € ATM and D(vy) =
D(aymy). We also put Zy(oy,,s) = Zy(o;,s) - Zy(o,,s) when d = 2n + 1. By Theorem 4.6
in [10], the Selberg zeta function Z, (o, s) has a meromorphic extension over C.
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7. PROOF OF THEOREM 1.1

Throughout this section, we assume d = 2n + 1.
First, taking the Mellin transform M (-) of the equality (6.2), we have

(7.1) M (Tr(e7%) — By) = ML (RF) + MHy(hf) + MU, (RF) + MW, (hf) — M(5).
For the left-hand side of (7.1), we have

Lemma 7.1. The following equality holds,
lim (M (Tr(e7*2%) = ) () + T(s) (B + 0n(B)7°)) = Ch, (0)-

s—0

Proof. From the definition, we have

€0 (0) = T L (Ca (5) — G (0)) = lim (M (Trg (e %) — ) — D(5)Ca 0)).
Moreover, by Theorem 6.1,
Car(0) = =Bk — dn(k)n°

Our lemma now follows easily. 0

Now we want to obtain the explicit form of each term at s = 0 on the right-hand side of
(7.1). First, the last term M () is defined by

1 o)
M(B)(s) = /0 L dt + /1 £ B dt

where the first (second) term on the right-hand side has a meromorphic extension from the
half plane with Re(s) > 0 (Re(s) < 0). These terms equal ’8—8’“ and —%, respectively so that

(72) M(Bi)(s) = 0

The term M I, (hY) is computed in Lemma 3 on pp. 533 in [6]. Let us present some details
of these computations for completeness. By Proposition 2.3, (4.2) and (4.3),

1 o0
Ly(hf) = dimV; - vol(T\G) Y e~tn=0" / e~ p(og, \) dA
l=k,k—1 —©

where p(oy, A) is an even polynomial. Now for the integral part, each monomial can be treated
as

o0 d a o

(7.3) / e VNN = (- =) / e dX = bt 73
where b, = /73 - 3 ... 2221 50 that M I, (h})(s) consists of

&0 1
(7.4) E,(s) i= b, / 570570 gt — p.T(s —a — 5= ¢)~As—a=3)

0
for Re(s) > a + 3. When ¢ < n, M1, (h}) has a meromorphic extension over C and
1
E,(0) = bsI'(—a — 5)(11 — f)et!
atl 2T 2a4+1 nt 2
=(-1D)*"""——(n—1¥) =27 (IA)“* dA.
2a + 1 0
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When ¢ = n, we split the integral defining F,(s) as we did for M (5),

1 3 o0 3
Eq(s) = ba / #7972 dt + b, / £5705 g
0 1

where the first (second) term on the right-hand side has a meromorphic extension from the
half plane with Re(s) > 0 (Re(s) < 0). These terms equal a‘il and —Sil;” r, respectively,
2

so that

2

E.(s)=0 if ¢=n.

In conclusion,

M, (h)(0) = *lelV vol( F\G / p(og,iN)d

The term U, (hf) and the part with P,()) in (6. 10) enoted by Wi(h,’f) can be dealt in the
same way as we did for I, (hF) and we have

(7.5) M (Iy(hf) + Uy (hy) + W (B)))( Z / P(iN) d
Z k,k—1

Here

(7.6) Py(s) = dimV, - vol(D\G)p(e, 5) — de(x) P (s) + C(x, k)

where C(x, k) is a constant from U, (h¥), which is determined by (4.14), (4.15).

For M H,(h}), first we recall
1 oo
571 = / (z(x + 2¢))2e @29 (90 4+ 9¢) da for Re(s) <0
F(]. — S) 0

where ¢ > 0 following [18], [6]. Now using

o
1
e e@t20t (94 4 90
/0 ( ) VAt

and putting ¢ = (n — ¢), [ = [(C,) in (4.6), we have

(7.7) MH(h5)(s5) = 3 F(l)/ooo(a:(x—i—2(n —6)))’5(%log Zy (00,20 — 0+ 2)) do

1—3s
=kk—1

12
e~ me Tt gt = ¢ l(@to)

for Re(s) < 0. By Theorem 4.6 in [10], the Selberg zeta function Z, (o, s) has a meromorphic
extension over C. In particular, it follows that Z, (o, 2n — ¢ + x) has the following form near
z =0,

(7.8) 2 (00,20 — 0+ 1) = Zop_gx"2¢(1 + O(x))

where 79,,_¢ denotes the order of singularity of Z, (o, s) at s = 2n —£. By Theorem 2.1 of [9]
or Theorem 4.6 of [10],

—ay ifl#n
7.9 et =
(7.9) "an—t {—2an ifl=n

where

ag = By — Br—1 + Br—2 — ... £ Po.
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Using this, the integral part on the right-hand side of (7.7) can be analyzed as
o d
(7.10) / (o 2(n — 1)) (- Tog Zy (00,20 — £+ ) da
0

:/ ilogZX(Jg,2n—€+ac) dx—i—O(s)—l—O(e)—rgn_g/ 5 Nz +2(n—0)"%dx
€ 0

dx
where
(7.11) / 5 N +2(n — )" da
0

_ Jlog(2(n—0)e) — L + O(s) + O(e'~ 1 if ¢<n,

B loge — 5= + O(s) it £=n
From (7.7), (7.9), (7.10) and (7.11), for small s < 0,

«
M Hy(hf)(s) = (—10g Zan—t = r2n—¢log(2(n — £)) = =) + O(s) + O(e2).
t=k,k—1

Hence we obtain
(7.12) lim (MH,(hf)(s) = BeD(s)) = > —log Zan—¢ + (log2(n — £))
=k k—1

where the term log(2(n — ¢)) disappears when ¢ = n.
To analyze the remaining terms of W, (h}) in (6.10), let us denote the corresponding parts
of Wy, (hF) with Q¢(X), Re()\) for £ = k,k — 1 by Wﬁ(hf), W;’(hf) respectively, that is,

W2(hF) = — de(x) S d(oy) /OO etV HO=O) (4 (X 4 1) 4 h(—id + 1)) d,

47 S
t=kk—1
de(x)d(d, k) 0 [ ey (n—=10)
3pky — _ ) _1\k—L tAN+(n—0)2)__ \"*7*%)
W3 (hi) o £§k :k_l (=1) /OO € A2+ (n— )2 dA.

Now, we deal with Wf(h,’f)(O)
Lemma 7.2. The following equality holds,

MWZ(R{)(0) = de(x) Y d(og)(logT(n—£+1)+C)
l=k,k—1

where C' is a constant which does not depend on £.

Proof. For ¢ € R and Re(s) > 0, let

/ 5~ 1/ e (A 4 1) + (—id + 1)) dAdt.

It can be shown that the c-family of functlons fe(s) extends meromorphically over C and
that f.(s) is regular over C — {1, -3, —2, ...} in the same way as the proof of Theorem 6.1.
Denoting by f/(s) the derivative of fc( ) Wlth respect to ¢, for Re(s) > 0,

—2¢ /OO t° /OO e M) (YA 4 1) + P(—id + 1)) dAdt = —2¢f (s + 1),
0 —00
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which also holds over C — {%, —%, —%, ...} by the meromorphic extension. In particular, f.(0)
is smooth for ¢ € R, and

£1(0) = — 20/000 /OO et (X 4+ 1) + p(—id + 1)) dAdt

—_ 20/_00 )\21_{_62(1/)(i>\+ 1) + ¢(—iX + 1)) dA

e 1
:_QZ/W(AHC— LA+ 1) dA = —dm(1 4 o).

From this formula, we see that f.(0) = —4mlogI'(1 + ¢) + a for a constant a for ¢ € [0, 00).
Applying this to the formula of Wz(hf), we obtain the expected equality. O

Next, for W;’(hf)(()) we have
Lemma 7.3. The following equality holds
tim (MW3(E)(5) + 02(0)'2) = d.(x)d(d, ) (log(n — ) ~log(n — k + 1)
where the right-hand side is trivial if k = n.
Proof. For ¢ € (0,00), we put

o o0 —t>\2 C2 C
F(t)—/_ooe A+ >A2+Csz.

By (6.12), we have

Hence, for Re(s) > 0,

/ IRt dt = — 1/ t*(— cﬁe—tcz) dt
0

0 s Vit
_Cﬁ > s—% —tc? _ ﬁ —2s 1
_5/0 t572e 7 dt = S C F(s+2).
This implies
MW (hi)(s)
__ &lddld k) > (k! ﬁu —2log(n — £)s + O(s*))(v/m + T'(1/2)s + O(s))
27 (=k,k—1 5
d.(x)d(d, k _
=— (X)27T()£_kzk:—1 (—1)kt (g — 27 log(n — £) + mp(1/2) + O(s)),
which completes the proof. ]

Combining (7.5), (7.12) and Lemma 7.1, 7.2, and 7.3,

1 n—{ _
(7.13) detgAk = H Zon—s (2(77, - E))faé exp (5 / Pg(Z)\) d)\)
t=k,k—1 0

(n — DTGRP (g 4 1)~ de(0d(o0) o~ de(X)d(0)C
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where the terms (2(n — £))~® disappear if £ = n. Let us remark that the order (—1)¥—+1 of
(n—{) depends on both k and ¢ and this is due to the non-invariant property of the weighted
orbital invariant.

From Theorem 2.2 of [9] or Theorem 4.14 of [10], we have

Proposition 7.4. For s € C, the following equalities hold
Zx(ak7 s+ k)F(S —n+k+ 1)*dC(X) d(Uk)S*dC(X) d(d,k)

= Z (04,20 — k — 8)T(n — k — s + 1) " %040 (9(p — k) — )70 d(dk)
s+k—n _

: detC’i(ak, n—k— s)4or detC’i(ak, 0)~4%) exp ( - / Py (iz) dz),

0
Zy(on, s +n)T(s + 1) 2de() d(on)
= Zy(on,n —5) - T(—s + 1) 7240 dlom)

s ~
- detC7 (o, —5) U det CT (0, 0) 1) exp ( - /0 2P, (iz) dz).

By Proposition 7.4 and recalling

—1
Sy (€)== 8%1_11([2_4)(5 +n— )" detCl oy, 5) = (1) sl%nm_a ((s —n+0)" detC%(oy, s)) ;
we obtain
n—{ _
(7.14) Zon—s exp ( / Py(iX) d\)
0

=7 (detC;;(ag,())SX@))d(ae) (2(n _ g))dC(X)d(CM)
((n = )0 (1 — ¢ — 1)) I (_pyactn=t-de(0dlen)

where we also used the fact res,—_,,I'(z) = (;Ll!)n. Combining (7.13) and (7.14),

(7.15)  (detcAr)® = [ Zon—e Ze (detC(or, 0)5, (£) " (2(n — £)) 720+ e0IdE0

l=kk—1
(n — )40 +(=1)F120(dK)) (=24 ()0 C (1 )oe+(n—E-1)de(x)d(o)

Using detc Ay, = det¢Agy41—, we have
(7.16) T(XF,X) = (detcAo)2n+1 . (detCAl)i(anl) . (detcAQ)(Qnig) - (detCAn)(fl)n.
From (6.14), we also have

)n—l

Z-or (-1 Zon—2

—1

Z(
T 1

" s Zon—-1

. N, -1 2y Zo
ilir(l) (s"°Ry(s)) = 77,

Now combining this and (7.15), (7.16) and recalling detC’f;(ag,O) = =1, finally we conclude
that the following equality holds up to sign,

(7.17) lim (sM Ry (s)) " = C(Xr,x) - C(d)*X . §(X1, x) - T(Xr, x)

s—0
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Here
= n k41
C(xr,x) =[] (4= k)T S,y = [ Silk) 0w
k=0 k=0
and
n—1
C(d) = H o(=1)F1d(dk) (n— k)(71)’“(2d(ak)(nfk)+d(d,k))'
k=0

Note that the terms e=2de()d(@)C ’g are combined to be 1 by the equality

n
> (~1)fd(or) = 0.
£=0
8. PROOF OF THEOREM 1.4

Throughout this section, we assume d = 2n.
As in the odd-dimensional case, we start with

M (Tr,(e7"%) — B) = ML(h¥) + M H, (hf) + MU, (hY) + MW, (hF) — M(5).

The Mellin transform of each term except IX(hf) of this equality can be treated as in the
odd-dimensional case. For I, (h}), we have

Lemma 8.1. When d = 2n, the following equality holds,

dimV,, - vol(I'\G)
k _ X
MIX(ht )(8) - 22(2n,1)1—\(n)2

n—1 —
T o0 . h
3 do) bj('S)l/ (x+d§)—(s—1—l)w
t=kk—1 = S7J7+Jo
where the b;’s are given by p(og, \) = 72~ 4=V (n)~2d(o4,) A tanh(7)) Z?;& bj(A2+ d2).

Proof. As in the derivation of (6.6), for Re(s) > 0 we obtain

/ 5! / ENH) \ tanh (7 A) (A2 + d2) d) dt

:(8_1)‘_”'(S_j)/ooots—j—Q/Oooe—t(erd%)(WCOShm)d dt

2\/x
— F(S) /oo($ + d?)f(sfjfl)(ﬂ-COSh_ ( \/>))
s—j3—1J, 2z
which, by analytic continuation, also holds for s € C. Since the term é(T', x, 7,) in (6.7) is a

constant with respect to ¢, its Mellin transform vanishes as in (7.2). Then this completes the
proof. O

7

By Lemma 8.1, as also expected from Theorem 6.1, the limit of M1, (h}) as s — 0 does
not exist by itself and we need to remove the simple pole of M IX(hl’f) at s = 0. Lemma 8.1
immediately implies
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Proposition 8.2.
lin% (MIX(hf)(s) —I'(s)a) =dimVy - vol(IT'\G)a(n, k)

where ay, is the residue of M1, (hf)(s) at s =0 and a(n, k) is a constant that is independent
of ', but depends only on G.

Following [7], we write
(8.1) a~b if a=exp(c-dimV, - vol(I'\G))b

for a constant ¢ that is independent of I'. We can proceed as in the odd-dimensional case and
obtain
1 pdo—t _
(8.2) detgAk ~ H Zody—t (2(do — €))% exp (5 / Py(iX) d)\)
t=k,k—1 0
(dy — £)CV LRI D (g — ¢ 4 1)~ de()d(or) g=de(x)d(o0)C

where Zq,_¢ denotes the leading coefficient of the Laurent expansion of Z, (o, 2dy — ¢ + z)
at z =0 asin (7.8), do = 452, Pi(s) = —dc(x)P{(s) + C(x, k) with the constant C(x, k) from
U, (h¥), which is determined by (4.14), (4.15). Now by Theorem 4.14 of [10],

Proposition 8.3. For s € C, the following equality holds
Z, (04,5 + k)T (s — do + k + 1)~ %0 dow) g=de ) AR () s + k)

= Z\ (o4, 2do — k — s)T(dg — k — s + 1)7€00 %) (2(dy — k) — 5)~LCOARD (54 2dg — k — 5)
s+k—do -

. detC];(Uk, dy — k — s)3r) detC’;(Uk, 0)~Uok) exp ( — / Py (iz) dz)

0

where i
Ta(on, s) = [H(Fd(s—e)rd(s+e+ D) S f)}
=0
Here T'y(s) is the multiple gamma function of order d introduced in [15] and E(Xrt) denotes
the Fuler characteristic of Xr.

From Proposition 8.3,

do—€ _
ZQdO,g exp (/ Pg(’l)\) d/\)
0
(8.3) ~ Zy (detCL (04,009, (0)) ") (2(do — £)) VU
T(dy— ¢+ l)dc(x)d(az) T(—do + ¢ + 1>—dc(x)d(<fe) (—1)2
where
S(l) = li(g; 4)(3 +do — )" detCL (0, ).

The ambiguity ‘~’ in (8.3) comes from the constant term of the Laurent expansion of
La(o¢,2dg — s)Tq(og,s)~! at s = £ and the following equality given in Proposition 4.4 of
(91,

Vol(T\G) gy (2”71_ 1> — (—1)" B(Xp).
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Combining (8.2) and (8.3),
(8.4) (detgAk)2 ~ H Zady—t Zi (detci(f%o)sx(g))d(m
t=k,k—1
(_1)ae (2(d0 _ 6))—2a4+dc(x)d(d,€) (F(do 4+ 1)F(—d0 + 0+ 1))—dc(x)d(m_7)

(do — £) D124 (0A(k) 24 () d(00)C

Using det¢ Ay, = det¢Agy,—j, we have
(85)  T'(Xr,x)
—(detcAp) ™2 - (deteAq)?™ - (deteAg) ™2 . (dete Ap—1) Y2 L (deteAy,) T

n+1n

By (8.4) and the symmetry in (8.5), all terms cancel except the term (do—E)(_l)k_HQdC(X)d(d’k)

if we plug (8.4) into (8.5). For instance, the leading terms Z; of Z,(oy,¢) combined to
(8:6)  (ZoZon—1)"" (Z1Zon—2)"  (Z0Zan-1)" - .- (Zn-1Zn) """ (Zn—9Zpn 1) """
‘(Zn—lzn)(ilyﬂ_ln =1.

—1)F=tH12d, (x)d(d, k)

The combination of terms (dy — £)( results in

n—1
T(Xr,x) ~ ( H(do — k)(_l)k”((Qx?fll)—(2"{2)))dC(X).
k=0
Recalling the definition in (8.1),

n—1
(8.7) T(Xr, x) = exp(a(G)dimVy, - vol(T'\G)) ( H(do - k)(—l)kn((%?ff)_(2",:2))>dc(x)
k=0

where a(G) is a constant depending only on G, not on I'. Now let us observe that the equality
(8.7) still holds with d.(x) = 0 if X1 is compact, that is,

1 =T(Xr, x) = exp(a(G)dimV,, - vol(I'\G))

for any co-compact discrete group I' C G. Hence it follows that the constant a(G) = 0.
Finally we conclude

n—1
(88) T(Xr,x) = ([T (o~ k)(*)’““((gﬂf)*(%ﬁ)))dC(X).
k=0
APPENDIX A. PROOF OF THEOREM 5.3

A.1. Odd dimensional case: d = 2n + 1. The case of n = 1 can be computed as in the
cases n > 2. Hence we assume that n > 2 in the following proof. The highest weights s, pt
of the representations oy, o;r of M = SO(2n) C K = SO(2n + 1) are given by

pr=ex+es+---+epp1 (0<k<n-1), pE=estes+---+eptengl.

Recalling
pvy=Mm—1ea+ (n—2)es+ ...+ ep,
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we have

Aoy = 1Ae1 + pg + pymr
=iXe1 +nea+(n—1les+---+n—k+1)exy1 +(n—k —1)exyo -+ en,
At = iXe1 + piy + pu
=ide; +nes + (n—1)eg + -+ + 2e, £ epy.
First we consider II(s,A,) for a € ¥4, which are given by e; —ep,e; +ep for 2 < ¢ <n+1.
Then we have
8(61762)(1')\61 + pg + pM)
iNeg+nes+--+(n—C0+2)er+ -+ (n—k+1)ep
+(n—k—1egia+--+e, if 2<l<k+1,
= ideg+mnes+ -+ (n—k+1)egsq
+(n—k—1Degso+-+n—L+1e1+--+e, if E+2<0<n,
iXepy1+mnes+ -+ n—k+1)egy1+(n—k—1)egpo+---+e, if L=n+1,

8(61—64)(i)\61 + Mvﬂz: + ,OM)

iXeg+mnes+ -+ (n—L0+2)e;+ -+ 2e, £ ept if 2<¥{¢<n,
iXept1 +nes + -+ 4 2e, e if {=n+1,

S(er-+ep) (1Ae1 + g + par)
[ —ideptnes+—(n—L+2er+- -+ (n—k+ 1)eps
+(n—k—1eppo+---+e, if 2<0<k+1,
= —iXej +nex + -+ (n—k + 1)egqq
+(n—k—1)ejyo+--—(n—C+1)eg+---+e, if k+2<L<n,
—iXept1+nea+ -+ (n—k+ e+ (n—k—1egra+---+e, if =n+1,

S(eren) (A1 + pin + par)
B —ideg+nes+ - —(m—L+2)e1+---+2e, £ep if 2<0<n,
] —ideny1 +nes+ -+ 2e, Te if ¢=n+1.
The above computations give us the following equalities,
H(S(elﬂ:eg) (i/\el + pg + PM))
=i (P Hn?) - (W (=12 (NP (n—+3)%) - (=N = (n—L+1)%)- -
(N —n—k+1? - (=N =n—k=132--- (=) if 2<(<k+1,

T(S (e dep) (IXE1 + pig + por))
=CiN+n?)- (VP4 (n=17) - (NP +n—k+1)%) - NP+ (n-k-1)")-
N+ n—L+2)2 (=X = (n—032)---(=\?) if k+2<0<n+1,
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T1(S(eytep)(iN€1 + 1 + par))
=CP N +nh) - N+ -1 (Nt n—l+3)2) (=N = (n—L+1)?)
(=N =28 (=N 1)

ct= I -

0<a<b<n
a,b#(n—k),(n—E+1)

for 0 <k <n,2</¢<n+ 1. By the above computation, we can put
PI?E = H(Seliee (i)‘el + pr + pM)),

n

nl H(561i€z(i)‘61 + :U’?z: + pM))7

which are degree 2(n — 1) even polynomials of A.
Second, we compute the part (¢Y(1 + Ao(Hq)) + (1 — A\s(Hq)). To do so, note that

where

iN—(n—0+2) if a=e—e, 2<l<k+1
iAN—(n—0+1) if a=e —e, k+2<l<n

. i\ if a=e —ent1

et + k4 par) (Ho) =

(iAex + .+ par) (Ho) Nt (n—0+2) if a=e te, 2<0<k+1
iNt(n—0+1) if a=e+e, k+2<l<n
i\ if a=e +ent1,
iN—(n—0+2) if a=e —e, 2<l<n

. iIAF1 if a=€] —€entl

Aet + pit H,) =

(iAer + i+ par) (Ho) A+ (n—L0+2) if a=e +e, 2<0<n
iINE1 if a=e1+ent1.

From these equalities, we can see that (¢(1+(iAe1+pr+pam ) (Ha)), Y(1—(iXe1+pr+poar) (Ha))
is given by

YN —n+L—1), Y(—=iA+n—L{+3) for a=e —e, 2<l<k+1
YN —n+ L), P(—iA+n—L+2) for a=e —e, k+2<l<n
YA+ 1), Y(—iN+ 1) for a=e; —ent1,

YEX+n—L+3), Y(—iA—n+L—1) for a=e+e, 2<l<k+1
YN+ n—L0+2), P(—iA —n+{) for a=e+e, k+2<l<n
PN+ 1), P(—iA + 1) for a=e;+epy,

and ((1 + (ider + pir + par)(Hy)), ¥ (1 — (ider + pt + par)(Hy)) is given by

YA —n+0—1), p(—iA+n—L+3) for a=e —e, 2<l<n
Y(iN), Y(—iA+2) for a=e —ept1, o=o04
PN+ 2), P(—iN) for a=e —ept1, o=o0_
Y@AX+n—0+3), Pp(—iA—n+L—1) for a=e+e, 2<l<n
PN+ 2), P(—iN) for a=e+ept1, o=04
Y(iN), Y(—i\+2) for a=e+ept1, o=0_.
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Putting
U, (i) := Y (iA — n) + P(—iX —n) + (X + 1) + p(—iX + 1),
we have
YEX—n+L—=1)+Y(—iA—n+L—1)+P(irx+n—L+3)+Y(—iA+n—L+3)
_ ‘ 2(n—2€+1) —2(n—{£+3) _ —2n
GO C I Ui Py I | ERD I ey DA e
YEA—=n+0) +P(—iA—n+ ) + (i +n—L+2) + Y(—iA+n— L+ 2)
_ ‘ 2(n—1?) —2(n—{+2) —2n
S GRS v SRS © Ny gy AL iy gy i DAL Ve 4
—2 —2
2(0A+ 1) + (=i + 1) = TaliN) + g+ e
. . . . —-2-2 -2
(A +2) + Y(=iA+2) + B(IN) + Y(=iX) = Vi) + 325+ + T

Now we assume that 0 <k <n — 1. Using the formula }_ s, T(sa(As,)) = 2II(As,) (see
the last line on p. 95 in [13]) and the above formulas to decompose

Iyt an Dot (00 4+ Aoy (Ha)) + 001 = gy (Ha)

aEXp
into

d(;’“)\yn(z’A) = d(gk)( YA —n) + P(—iX —n) +PEX+ 1) +P(—id + 1) )

(where we use the Weyl’s dimension formula for d(oy)) and

(=2 {=k+2
where

2 2(n—L+1) —2(n— £+ 3) —2n
() = . ,
Qe = 3777+ Nt N3 T

2 2(n —1{) —2(n—L+2) —2n

Ryo\) = —— .- I

N =g L VI ey VN ey i YL GRS

By the definitions of Pj')(A), Qne(A) and R, (A), we can see that P’y(A)Qne(A), ( or
Ply(A)Rpe(A) ) is the sum of even polynomials of degree 2n — 4, which is the polynomial
PZ(\) in Theorem 5.3, and

1
Ry = (o) N+ ( < Z Qo+ Z Tt >

2<t<k+1 k+2<t<n+1
where
gy = (DM 0P -a?),
0<a<b<n
a,b#£n—L0+2
k+0+1 2 2
rhe = (DM (P -,
0<a<b<n

a,b#n—Ll+1
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By the Weyl’s multiplicity formula for d(oy), we have

k+1 k-1 2n '
R = g (Do) + 3 1) )
J=

Jj=k+1

where we also use

n 2n
> (=1d(oy) = (1) d(oy).
j=0 j=n

By an essentially same computation, we decompose

g~ Meadoy) % (014 Ao (o)) + (1~ Ao (Ho))

2 a€eYy H(pM)
into
d(gk) W, (i)) = d(;ﬁ ( BN — 1)+ (—ih— 1) + BN+ 1) + (—iA + 1) )
and o
Milpnr) ;Z; PN @Qne().

By the definitions of P, ,(A) and Qp ¢(A), we can see that Py )(A)@pn¢(}) is an even polynomial
of degree 2n — 4, which we can denote by PZ(\).

A.2. Even dimensional case: d = 2(n + 1). For convenience of the computation, we let

n= %— 1 so that d = 2(n—+1) throughout this subsection. The case of n = 0 can be computed

as in the cases n > 1. Hence we assume that n > 1 in the following proof.
With respect to the inner product on { induced from (-, -) in (2.1), we choose an orthonor-
mal basis {e;} of tf such that e; € ai.. Then we have

Yo={e(1<i<n+1), e—e (1<i<j<n+1), e+e (1<i<ji<n+1)},
Ya={e, er—e (1<ji<n+1), er+e (1<j<n+1)}.

Let us write Ay, in terms of {e;}. The highest weights puj of the representations oy of
M =S0(2n+1) C K =S0O(2(n+ 1)) are given by

pr=ex+es+---+epr1 (0<k<n).

Recalling
1 3 1
pym = (n— 5)62—}- (n— 5)63 + ...+ FCn+1y
we have
Aoy =iAe1 + p + pur
. 1 1 3 1 1
=ider +(n+ e+ (n—les+ -+ (n—k+ JJepir +(n—k—Jepra -+ Seny.

First we consider II(s,\y) for a € ¥4, which are given by e, e; —eg, e1+ep for 2 < ¢ < n+1.
Then we have

Se, (iXe1 + pk + par)

) 1 1 3 1 1
:—z)\el—l—(n—i—i)eg—f-(n—g)eg—l—--'—}—(n—k+§)ek+1+(n—k—5)6k+2--'+§en+1.
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8(e1—ep)(IAE1 4 pix + par)
ideg+(n+3)ea+ -+ (n—L+3er+-+(n—k+3)ep
+(n—k—§epro+ -+ g6t if 2<E<k+1,
ideg+(n+3ea+ -+ (n—k+2epy
tn—k—Yeprot+-+(n—C+3er+ -+ denyr if k+2<0<n+1,

8(er+ep) (IAC1 4 g + par)
—ideg+ (n+3)ea+ - —(n—C+er++ (n—k+ 2ers
+(n—k—§epro+ -+ et if 2<0<k+1,
—ideg+ (n+3ea+ -+ (n—k+ 2ep
+n—k—3epro+-—(n—L+3)er+-+iepyr if k+2<l<n+1

Recall that ps consists of e; for 2 <i <n+1, e; £e; for 2 <7 < j <n+ 1 and the co-root
H, of « satisfies a(H,) = 2. By the Weyl’s dimension formula, for oo = eq,

I (e, (iAe1 + i + par)) = d(ok)(par).
For the other cases, it is a polynomial of A as follows:
TI(S (e dep) (PXE1 + pig + por))
= CEAFNN + (14 )7 (R (0= 4 D) (N = (= 04 2)%)
(—>\2—(n—k:+g)2)-(—)\2—(n—k—§)2)---(—)\2—(%)2) o< l<h4l,

H(S(elzl:eg)(i)‘el + pg + pM))

:Cf(ﬂFiA)(A2+(n+%)2)---(>\2+(n—k+2)2)-()\2+(n—k—%)2)---
(A2+(n—€+g)2)~(—)\2—(n—€+%)2)~-(—)\2—(%)2) it k42<l<n+l

where

. 1 1 1
CF =2 I @+*-@+?)- I (+3)
0<a<b<n 0<c<n
a,bg{n—kn—L} c¢{n—k,n—Lt}

for 0 <k <n,2</¢<n+1. By the above computation, we can put
PI?,Z()‘) = H(Sed:eg (i)\el + px + pM))

which is degree 2n — 3 odd polynomial of A.
Second we compute the part (¢(1 4+ A\o(Hy)) + (1 — Ay (Hy)) for a € 3 4. For this,

24 if a=2¢
( ) if a=e —e, 2<l<k+1
(ide1 + pi + par)(Ho) = i)\—(n—é—i-%) if a=e—e, k+2<l<n+1
i)\+(n—€+%) if a=e +e, 2<l<k+1
( ) if a=ete, kE+2<l<n+1.
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From this, we can see that (¢¥(1 + (iXe1 + pr + par)(Ha)), ¥ (1 — (ide1 + pp + par)(Ha)) is
given by

(2N + 1), P(—2iA+ 1) for = 2ey,
w(i)\—n+£—g),w(—i)\+n—€+g) for a=e —¢e, 2<l<k+1
w(i)\—n—l—ﬁ—%),w(—i)d-n—ﬁ—l—g) for a=e —¢e, k+2<l<n-+1
w(i)\+n—f+;),¢(—i)\—n+€—;) for a=e+e, 2<l<k+1
1/1(@')\+n—£+g),¢(—i)\—n+€—%) for a=e+e, k+2<l<n+1

For the sum over a € ¥4 in (5.5), we first consider the term with a = e;. By the results
obtained above,

(se,As)
W <1/}(1 + AU(Hel)) + w(l - )\O'(H(ﬂ)))

( B(2iN+ 1) + (- 2i>\+1)>

35(Hel>

- 2 (sz B(—ix+ ) ¢(M+1)+w(—u+1)+410g2)
a1 = do (zpz/\—n—f )+ (- M—n—%)+¢(m+1)+¢(—m+1)
3 —2(n+3)
m+... )\2(n+)+410g2>

by the properties of the digamma function ¥ (z). Now we take a sum over e + ey, e1 — ey in
(5.5). For 2 </ <k+1,

5 20 BT (00 An(H) + 000~ Ao (1))
a=e1tey
:;H(ffél);;))\a)(lb(i)\—n—ké—g)+1/1(—i)\+n—€+;)
. 7 , 3
—¢(1A+n—f+§)*¢(—z)\—n+€—5))
C1M(Se_eMo) [ 4 4iN 2\
(A-2) T2 I(py) <>\2+(§)2+'”+)\2+(n€+§’)2+)\2+(n£+3)2)

and Similarly fork+2</{<n+1,

Zﬂ

Bedo) (1 g (Ho) 1601 A ()

oz e1tep M)
1T0(Se,—e,Ao) / 4iM 43\ 2i\
A3 = —Pee _ '
(8.9 2 (pm) </\2 (3)? i +)\2+(n—€—|—1)2+)\2+(n—£+§)2)

From the expression of II(s¢,—¢,As), We can see that the term in (A.2), (A.3) consists of a
polynomial of degree 2n—2 if d = 2(n+1) > 4 and some rational functions whose denominators
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are 2+ (n—k+3)2, A2+ (n—0+3)?> when 2 < ¢ < k+1 and A2 + (n — £ + 3)? when
k42 < /¢ <n+ 1. The numerators of these rational functions are given by

ie(A) .

2\ k.t O e Y0 T SR ¢ ot
' H(pM)‘)\Zl(n—k—i-é) ( ) (n + 2) (0'() or <l0<k+1,
N :

z)\’i‘ =(n—40+ =)d(o for 2<{(<k+1,

(par) Ia=i(n—t+3) ( 2) (o) <r<
PO 5
' (par) A=i(n—0+32) (n + 2) (ok) or +2</0<n+

so that the sum of these rational functions over 2 < ¢ <n + 1 is

n— i n-— 5
(A.4) (_1)k2 Z (_1)€d(0_£71) ( k+ 2) + d(oy) Z - ( l+ 2)

1 35
1<t<k A+ (n =k +3)? st Nt (=4 3)?
#k+1
Finally taking the terms in (A.1) and (A.4) with a polynomial denoted by Pj(\), we obtain
d 1 1
Qog, \) = — (gk) (1#( 5) + YP(—iA —n — 5) + YN+ 1) + P(—iN+ 1))
(-DPn—k+1) [ o
Nt okt Z Dd(oy) + > (=17 d(o;) ) = Pe().
Jj= j=k+1
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