RUELLE ZETA FUNCTION AND PRIME GEODESIC THEOREM FOR
HYPERBOLIC MANIFOLDS WITH CUSPS

JINSUNG PARK

ABSTRACT. For a d-dimensional real hyperbolic manifold with cusps, we obtain more refined
error terms in the prime geodesic theorem (PGT) using the Ruelle zeta function instead of
the Selberg zeta function. To do this, we prove that the Ruelle zeta function over this type
manifold is a meromorphic function of order d over C.
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1. INTRODUCTION

Let X1 be a d-dimensional locally symmetric space given by Xpr = I'\G/K where G is
a semi-simple Lie group of rank 1 and K is a maximal compact subgroup of G, and I is a
discrete torsion free subgroup of G. We also assume that the Riemannian metric over Xr
induced from the Killing form is normalized so that the sectional curvature of Xr is —1. Now
let us recall that a prime geodesic C, over Xr corresponds to a conjugacy class of a primitive
hyperbolic element v € I". Let np(x) denote a function counting the prime geodesic C., of
length 1(C.,) whose norm N(v) = €/(“) is not larger than 2. Then the prime geodesic theorem

(PGT) states
A1
(1.1) ﬂ'r(x) ~ 7((1_ 1)loga:

where f(z) ~ g(z) means lim, % = 1. This was proved by Gangolli [9] and DeGeorge

[

g
[5] independently when Xt is compact, and by Gangolli-Warner [10] when Xt has a finite
volume.

In [13], [14], Hejhal extensively studied the Selberg zeta function over a hyperbolic Riemann
surface Xr, that is, when T is a co-finite discrete subgroup of G = PSL(2,R). Applying these
results, Hejhal proved PGT with error terms (see also [15], [19], [25]),

(1.2) ar(z)= Y li(z™) +O(z1(logz) )

<<l

where A\, = s,(1 — s,,) is a small eigenvalue in [0, 1—36] of the Laplacian Ag acting on L?(Xr),
and li(z) := f; lo}gt dt. Recalling the leading term of li(x) is logg”z as r — 00, it is easy to see
that PGT (1.2) is a refinement of (1.1) for a special case of co-finite I' C PSL(2, R).

Since the size of the error term in (1.2) is given by the small eigenvalues of Ay, and the
estimate of the small eigenvalue for a specific arithmetic case is one of the main problems in

analytic number theory, there have been many works, for instance the work of Iwaniec [17]
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and Luo-Sarnak [18], to obtain the optimal size of the error term for such a specific arithmetic
discrete subgroup I' C PSL(2, R).

Comparing PGT given in (1.1) and in (1.2), one can try to obtain the corresponding error
terms in (1.1) as in (1.2) for a d-dimensional locally symmetric space Xt of rank 1. A plausible
approach for this is to use the Selberg zeta function Zr(s) following Hejhal [13, 14] or Randol
[25] as they did for hyperbolic Riemann surfaces, then one may believe that the poles of
d% log Zp(s) over the strip 3(d — 1) < Re(s) < (d — 1) would provide us with error terms for
PGT as in (1.2). However, this approach using the Selberg zeta function Zr(s) provide us
with only the error terms corresponding to the poles in the strip (d — 2) < Re(s) < (d — 1),
hence the Selberg zeta function Zr(s) is not sufficient to obtain the error terms if d > 3. In
the section 5 of [10], this is explained in the view point of the Tauberian theorem of Wiener-
Ikehara. On the other hand, reflecting on this section of [10], one can see that a meromorphic
extension of the Ruelle zeta function

Rr(s) := H (1- e_Sl(C”f))_l for Re(s) > (d—1)
yePTy

can be used to obtain the sharper error terms in (1.1). Here PI'y denotes the set of conjugacy
classes of a primitive hyperbolic element « in I". This is also pointed out in the last part of
the section 4 of [8]. We also refer to the work of Parry-Pollicott [23] where they used the
Ruelle zeta function Rr(s) to derive PGT.

The main purpose of this paper is to refine the result of Gangolli-Warner [10] following
suggestion of Fried [8] for real hyperbolic manifold Xr with cusps. Here a real hyperbolic
manifold Xt with cusps is given as follows: Let us put I' € G = SOq(d, 1) be a discrete
co-finite torsion free subgroup of G. Now let us denote by Pr the set of I'-conjugacy classes
of I'-cuspidal parabolic subgroups in G. We assume that the discrete subgroup I satisfies the
condition

F'p:=T'NP=TNN(P) for P e Pr

where N(P) denotes the nilpotent part of P. Now the resulting manifold Xr = I'\G/K is
a d-dimensional real hyperbolic manifold with cusps. In our approach, a main ingredient
to obtain the error terms of PGT over Xr is the Ruelle zeta function Rr(s). Recently in
[11], it is shown that Rp(s) can be extended as a meromorphic function over C with precise
description of the locations of zeros and poles. For our purpose concerning PGT, we need the
following basic fact of Rr(s).

Theorem 1.1. For a d-dimensional real hyperbolic manifold Xt with cusps, a meromorphic
extension over C of the Ruelle zeta function Rr(s) has an expression

_ Pr(s)
Qr(s)

where Pr(s), Qr(s) are entire functions of order d over C.

RF(S)

A proof of Theorem 1.1 is given in the section 2. Actually we will prove Theorem 1.1
for the Ruelle zeta function twisted by a special unitary representation y of I'. This can be
used for PGT in a fixed homology class, which would be a refinement of [1], [7], [24] for real
hyperbolic manifolds with cusps. A detail of this application will be given elsewhere.

To state the main result about PGT, we introduce some notations. Let us consider a
Iwasawa decomposition G = NAK with a decomposition of Lie algebra g = n® a ® £. The
subgroup M = SO(d—1) is defined to be a maximal subgroup of K = SO(d) which commutes
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A. Let us denote by oy, the fundamental representation of M acting on AFR?~! @ C. When
d=2n+1, j =n, o, denotes a direct sum of half spin representations oy @ o_. Now let us
recall that this space decomposes into the subspaces where the principal series representation
To; \ acts for j = (k — 1), k. We denote by Ay, the Laplacian acting on the space of k-forms
over Xp. By Theorem 1.1 and a modification of the proof in [13], [14], we prove

Theorem 1.2. For a d-dimensional real hyperbolic manifold Xr with cusps, we have PGT
with error terms,

(1.3) @) = Y (<1 ®) 4 0(2i® (logx) )

Sdo<sn(k)<2do

where dy = % and (s (k)—k)(2do—k—sn(k)) is a small eigenvalue in [0, 3d3)] of Wory M () (Ak)
with sp(k) = do + idn(k) or sp(k) = do — iAn (k) in (3do, 2do).

A proof of Theorem 1.2 is given in the section 3. Theorem 1.2 is a refinement of the
corresponding result of Gangolli-Warner [10] with error terms for real hyperbolic manifolds
with cusps. According to the last part of the section 4 of [8], Fried also seemed to obtain the
corresponding result to Theorem 1.2 for compact case in his unpublished note. A new feature
in Theorem 1.2 is a signature (—1)* of the error terms li(z*»(*)) depending on k. By Theorem
4.3 in [11] and (2.1), for a small eigenvalue corresponding to s, (k) € (2dy — 1, 2dp|, we have
k = 0, hence when d = 2 the signature (—1)* is always (—1)° = 1 as we expect from (1.2).

Remark 1.3. In general, the set of small eigenvalues of Ay consists of the residual spectrum
and cusp forms with small eigenvalues (see the chapter 8 of [27] or [28]). We also refer to the
section 6 of [3] for an example with small eigenvalues of Ag. It is interesting to generalize this
result to the case of Ay for k > 1 since this would imply the leading terms of (1.3) effective.

Remark 1.4. Recently a related work to Theorem 1.2 was given in [22] where the author
derived ()i-estimate for error terms of PGT using the Selberg zeta function under some
condition for the scattering determinant. As we mentioned before, this approach seems to be
problematic to obtain (4-estimate for error terms in principle. Hence Theorem 1.2 in [22]
seems to be incorrect in this view point.

The author thanks Y. Hashimoto for his comment, which corrects an error in the first draft.

2. ORDER OF THE RUELLE ZETA FUNCTION

2.1. Twisted Ruelle zeta function. For a special unitary representation (x, V) of I' =
m1(Xr), we define a twisted Ruelle zeta function

-1
Ry (s) := H det (Id - X(’y)e*‘gl(c”)) for Re(s) > (d—1).
'YEPFh
Here the notation “det” denotes the determinant taken over V. The Selberg zeta function
attached to oy is defined by

o T _(s_d=1
Zy (oK, s) = exp( - Z trx(7)§(7) " D(y) " tr o (ms e (s—%3 )l(Cv)>
'YEF},

for Re(s) > (d — 1). Here I'}, denotes the set of the I'-conjugacy classes of the hyperbolic

()

elements in I", j(y) denotes the positive integer such that v = 7{) with a primitive vy € PI'y,.
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We may assume that a hyperbolic element v € I" has the form aym, € AT M and

D(y) = D(aym,) = aﬁ; |det (Ad(avmv)_l — Id\n) ‘

where af = exp(dotyH) if ay = exp(tyH) for a normalized H € a.

For Re(s) > (d — 1), the following relationship of R,(s) and Z, (o, s)’s holds,
a1 k+1
(2.1) Ry(s) = [ Zulorrs + )Y
k=0
where if d = 2n 4+ 1, Z,(on, s + n) denotes Z,(o;', s +n)Z, (o, ,s + n) with the half spinor
representations o of M = SO(2n). In [11], it is shown that Z, (o, s) has a meromorphic

extension over C with a precise description of locations of zeros and poles. Hence the Ruelle
zeta function R, (s) has a meromorphic extension over C by (2.1).

2.2. Divisors of Z, (o, s). In order to prove Theorem 1.1, it is sufficient to prove the same
for Z, (o, s) by (2.1). For Z, (o, s), from Theorem 4.3 in [11], we have

Proposition 2.1. For 0 < k < [dy], there exist two entire functions Fy(s),Gi(s) of order d
respectively such that Z,(og, s)Fy(s)Gr(s)™! is entire function over C with zeros at

(1) s; = do £i)\; of order m; where )\? + (do — k)? is an eigenvalue with multiplicity m; of
Topn (Ak) and

(2) s¢ = do + q¢ of order by (dgl) where det Cl;(ak,s) has a pole at s = qy of order by with
Re(qe) < 0 where Cl;(ak, s) denotes Ty-isotypic component of the scattering operator Cy (o, s)

for the fundamental representation 1, of K acting on NFR¢ ® C.

Let 51,52 denote respectively the sets consisting of the zeros of Z,(oy, s)Fi(s)Gr(s) ™!
appearing in (1), (2) of Proposition 2.1. By the result in [6], we have

> lsil T < o0

for any € > 0. Hence, by Theorem 2.6.5 in [2], the following canonical product over Sj is an
entire function of order d over C,

Ps,(s) = HEG,d)
=1
where
u? u?
E(u,d) :(l—u)exp<u—|—?—|—...—|—g>.

The set Sy is a subset of the set of the zeros of an entire function B(s) (see (2.2)) of order
d by Proposition 2.2. Noting that det sz(ak, s) has finitely many poles over the half plane
Re(s) > 0, by the Hadamard’s factorization theorem for B(s), the following canonical product
over Sy is also an entire function of order d over C,
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Therefore, we see that Z, (o, s) F(s)Gr(s) "1 Ps, (s) "1 Ps,(s) ! is an entire function and has
no zeros over C. On the other hand, from the proof of Theorem 4.3 in [11], we know

dis log (Zy (o, S)Fk(s)Gk(s)_l) — 0 as s — 00.

Hence, by the Hadamard’s factorization theorem there exists a polynomial g(s) of order d
such that

eXp(g(S))ZX(O'k,S)Fk(S)Gk(S)ilpgl(5)71PS2(S)71 =C for s €C
where C is a constant. This completes the proof of Theorem 1.1.

2.3. Order of det C;z(ak, s). In this subsection, we prove

Proposition 2.2. A meromorphic extension over C of det Cﬁ(ok,s) defined a priori for
Re(s) > (d — 1) has an expression

A(s)

B(s)

where A(s), B(s) are entire functions of order d over C.

(2.2) det C';z(ak, s) =

In the remaining part of this subsection, we present detail of a proof of Proposition 2.2.
In fact, the following proof is a simple modification of the proof of Selberg in [26], [21] to
a higher dimensional case where we employ the Colin de Verdiere’s method for the analytic
continuation of the resolvent of the Pseudo-Laplacian in [4].

We decompose Xt as

XF:X()UClU...UCp

where X is a compact manifold with boundaries 7¢"1’s and C; 2 [r;, 00) x T41. The metric
dg? over C; induced from the normalized Cartan-Killing form has the form,
d92|(;j = dr? + e dw?

where dw? is the metric over the flat torus 79! induced from the Cartan-Killing form. Let
us recall that there exists a I'-cuspidal parabolic subgroup P; which fixes the infinity of Cj.
Let Vj be a maximal subspace of V) where x|rnp, acts trivially, and ¢(r) € C§°(R) such
that ¢(r) = 0 for r < r¢g and ¢(r) = 1 for » > r9 + 1 where rop = max{ry,...,r,}. For
j€{1,2,...,p} and s € C, we put

0;(a,5) = {0 Tf z € Xp—Cj,
o(r)e’ v if x=(r,y) el

where v € HF(T1, Vj), and
®j(z,s) = (A — 5(2di, — 5))Oj(z, s)
where A}, denotes the twisted Laplacian acting on Q¥ (X, Vy) and dj, :== % — k. Note that
®; € OF(Xr, Vy) has a compact support, and the generalized eigensection Ej(z, s) is given by
— -1
Ej(x,s) = 0j(x,s) — (A — s(2dx — ) ®j(z, s)

for Re(s) > 2dy. Here Ay denotes the self adjoint extension of Ay acting on QF (X, Vy) to
its L?-closure denoted by H := L?*(Xp, AF(T*X1) ® Vy). (Although H depends on k, x, we
omit these indexes for simplicity.)
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For a > rg, let
Ho = { ® € H' (Xr, N"(T"X1) @ V) | ®0](400) =0, j=1,...,p }

where <I>9(r) = [ra—1 ®(r,y) dy for (r,y) € (rj,00) x T4, Let H, be the L?-closure of H, in
H. Let recall that A, has an form

A = -D? + Ak
for a self adjoint elliptic differential operator D and a constant A\; by Proposition 1.1 in [20].
Now let us consider the quadratic form @), on H, given by
Q.(®) = ||ID®||?,  for ® <€ H,.

This quadratic form @, is closed and therefore it is represented by a self-adjoint operator D2
on Hg, and we put A, = —D2 + )\, on H,. Then Aj has a pure point spectrum and the

resolvent Ry (s) = (Ag— s(2dy, — s))f1 is a compact operator on H,. For a > r¢+2, observing
®; € H,, we put

(2.3) Fj(z,s) == 0,(x,s) — Ri(s)®;(x,s).
The zeroth Fourier coefficient Fg (z,8) := F)(x,5)|c, has the form
dij €™ v it r>a
2.4 Fl(z,s) =47 ’
(2.4) (@) {eTSAij(s)v + "4 B (s)v if aj <r<a.

We put CJQ > [a,00) x T4 to be the subset of C; and X = Xr — U?ZlC]Q. We consider
a Neumann Laplacian AP, which is the self adjoint extension of A acting on C°(X{) @
EB?ZICEO(C]Q) with the Neumann boundary conditions. We repeat the above construction

of Ak for A7 and denote by AZ the resulting operator. Then AZ satisfies the usual Weyl
law because the restrictions of A} over each components satisfy this, for instance, over C;-)
it follows frorri [6]. By the min-max principle, j-th eigenvalue of AZ is not larger than j-th
eigenvalue of Ag. Therefore, we can see

(2.5) AL €Sk | 0<pn <A} <CA2

where S}, = {ttn|n € N} denotes the spectrum of A}. Note that there is no zero eigenvalue
of Ay, since the corresponding harmonic form can not belong to H,. By (2.5),

(44
>t <o

n=1

for a € > 0. We put
§k ={ A, | A¢ is aroot of u,, = s(2dy — s) for some n € N }.

As before, by Theorem 2.6.5 in [2], the canonical product over the set §k,
o0
s
P (s)=]] E(A? d)
/=1

is an entire function of order d over C. Putting P(s) := (s — di)Pg, (s) (we omit the index
k of P(s) for simplicity), it is easy to see that P(s)Ry(s)®;(x,s) is entire. Moreover, from
(2.3) and (2.4), it follows that P(s)A;;(s), P(s)B;j(s) are also entire functions over C.
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Recall that chb = Ap® for & € H, C H. Then it is easy to see that for ¥ € H,
> 1
(2.6)  (Ri(s)®;(x, Z —5(2dp — ) (AR, Uy - (T, T)

where ¥,, denote the eigenfunction of ﬁk corresponding to pu, for n € N. We put
S
E,(s) := H E()\—E,d>.
Ae(2di— o) F#in

By Theorem 1.11 in [12], there exist C7,Cy > 0 such that for z € C,
(2.7) |En(s)| < C1exp (Cas|?log™ |s|)

where log™ x = logz for z > 1 and logt x = 0 for z < 1. By (2.6) and (2.7), there exist
C4,C5 > 0 such that for ¥ € H,

[P(s)] - | (Ru(s)®;(z,5), ¥(2))| < Crexp (Cols|’log™ |s|) ||¥]].
In particular, this implies that for ¥ with support in (a;,a) x 71 ¢ Cj,
[P(s)| - [(Fj(z,5), ¥(x)) | < Crexp (Cals|log™ [s]) || ¥]l.
Choosing ¥(z) = —e* & (e2(=5+dr)rg(r)) for g(r) € C§°((aj,a)), we conclude
(2.8) |P(s)A;j(s)] < exp (C’2|s|dlog+ |s]),
and in a similar way,
(2.9) |P(5) B (5)] < exp (Cals|og™ |s])-

Let 9j(z) be the characteristic function of [a,00) x T%~! and set

p
Gi(z,s) == Fi(z,s) + Z pj(x) (eTJ'SAij(s)v + erﬂ'@dk_S)Bij(s)v - 5ijerfsv>

J=1

where 7; denotes the r-coordinate over Cj. For A(s) = (Ay(s)),

B(s) = (Bij(s)), and p x p
matrices E(z, s), G(x, s) whose j-th rows are given by Ej(x,s), Gj(z, s

) respectlvely, we have
E(z,s) = A(s) 1G(z, s), C];(ak, s) = A(s + dg) " 'B(s + di).

Therefore,
det A(s +dy)  P(s+ dg)?det A(s + dy)
detB(s +dy)  P(s+d)Pdet B(s+dy)’

Putting A(s) = P(s + dg)P det A(s + d), B(s) = P(s + d)? det B(s + di), by (2.8), (2.9),

these are entire functions of order d over C. This completes the proof of Proposition 2.2.

det C’;:(ak, s) =



8 JINSUNG PARK

3. PROOF OF THEOREM 1.2

3.1. Counting function v, (z). Let us introduce

Yo(x) = Z A(v)

YET R, N(y)<z

where A(y) = I(C,,) with v =~ for vy € PT',, and

:/ Yp—1(t) dt for n=1,2,3,....
0

Using Theorem A in [16], we can derive
(3.1) Un() = — A (z = N()"
" y€lh,N(y)<z
Now we relate 1, (x) to the Ruelle zeta function Rrp(s) as follows. First of all, we have
(3.2) % log Rr(s 7; Ay )~° for Re(s) > (d—1).
h

Now, using (3.1), (3.2), and Theorem B in [16], for n > 1 we obtain

1 l.s—l—n

d
(3.3) W)= o | TTETY G R

where ¢ > 2dj.
3.2. Asymptotics of 94, (z). For T' > 0, let R(T') be a closed domain given by
R(T)={seC||s|<T, Re(s)<do}|J{s€C|do<Re(s)<c, -T<Ims<T}

where T = /T2 — d3. We may assume:
(¥) There is no zero or pole of the integrand of (3.3) over the boundary of R(T).

Now we apply the Cauchy integral formula over R(T) to obtain

1 c+i1~“ S+2d0 p
il : "
27T'/HT s(s+1)(s+2)- (s+2d0)d og Rp(s)
do-l—zT o+2dg ;
3.4 - - N
( ) 271 /—|—zT ‘/CT /dO ZT 3 + 1 (5 + 2) (S + 2d0) d og F( )
S+2d0 d
> he s
2€R(T) <3(5 +1)(s+2)--(s+2dg) ds )

where Cp denotes the circular part of the boundary of R(T') with the anti-clockwise orienta-
tion.
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We compare (3.3) for n = 2dy with the left hand side of (3.4). By Section 4.3 in [11], we
know that < log Rr(s) is bounded over the line Re(s) = ¢ > 2dy. Hence, it is easy to see

1 c+i’f IS+2dO d

(3:5)  Yaqy () = C2mi Joi s(s+1)(s+2)--- (s + 2do) ds

log Rr(s) ds

+0 (chero T72d0 ) )

The asymptotics of the first term on the right hand side of (3.5) is the same as the one of the
right hand side of (3.4). From now on, we analyze this part:
e For the integral fCT - ds, we have

5+2do d d
(3.6) (/C TG g e Rr s < x3d0T—d/CT\dslong<s> ds].
By Theorem 1.1 and Proposition 7 of [§],
(3.7) / ilog Rp(s)‘ |ds| < / ‘ilog Rr(s) logT
cp lds |s|=T 1 ds

for a constant C. Note that the parameter T should satisfy the condition (*) in (3.7). By
(3.6) and (3.7),

s+2dg d
(3:8) /c ST (s 2dy) ds BT ds = O(x** logT).

d0+ZT

o Let us deal with the integral f -ds. From Theorem 1.1 and Theorem 4.3 in [11], it
follows that for s = o + it with o > do, |t| > 0,

d d -
(3.9) T log Rr(s) = O(t*™) + Y~ s —do—ix| ™"
lt=X;1<1
where dy + i); is a pole of Rp(s) along the critical line Re(s) = dy. Then, by the fact that
d% log Rr(s) is bounded over the line Re(s) = ¢ > 2dp, the equality (3.9), and the Phragmén-
Lindel6f theorem, for s = o + it with o > dp + u and u > 0, |t| > 0,

tho

do+iT
do+e+iT
one, using (3.9) (as in Proposition 6 14 of [13]) we have

(3.10) di log Rr(s) = O<

d0+

For a fixed € > 0, we decompose f -ds into -ds and f d°+e+lT -ds. For the first

do+iT x8+2d0 d log R J o st . )
3.11 _ oy
e /d()+6+i7~“ s(s+1)(s+2)--(s+2do) ds og Rr(s)ds (z )

For the second one, by (3.10) we get

do+e+iT s+2do d " 1 .
12 log R ds = O(gct2dop—1] —1-1y
(312) /c+iif s(s+1)(s+2)--(s+2do) ds og Rp(s) ds (2 (logz)~'e )
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Combining (3.11) and (3.12), we conclude

do+iT 5+2do i
3.13 4 p p
( ) /c—i—if“ s(s+1)(s+2) - (s+2dy) ds og F(S) S

= O(:UngHT*l) + O(xCJerOT*l(log x)*lefl).

The other integral f;(:g% -ds can be treated in a similar way and gives us the same estimate

as (3.13).
We split the remaining term given by the residues over R(T") at (3.4) into three parts.
e For the poles s,(k)’s of —4 log Rp(s) lying in (do, 2do], we have

(—1)k 2do-ton (k
(3.14) 5 P
s (k)E(do,2do] sn(k)(sn(k) + 1) (sn(k) + 2do)

where s, (k) is related to the small eigenvalue (s, (k) — k)(2do — k — sn(k)) in [0, 2d3] of
Wak,An(k)(Ak) With Sn(k) = d() + ’l)\n(k) or Sn(k)) = do — Z)\n(k) in (do, 2d0].
e For the poles s,(0)’s of —4 log Rr(s) along the critical line Re(s) = dy, we have

(3.15) O<x3d° /_ it‘ddN(t)) = O (% log T)

where N (t)(= O(t%)) denotes the counting function of s,(0) = dgy + it,, over the critical line
Re(s) = dy.

e To deal with the poles of S(S+1)(S+5)-"(S+2do) 4 Jog Rr(s) in R(T,do) = R(T)N{s| Re(s) <
dp}, we define R(s) to be a meromorphic function of order d given by removing the zeros and
poles of Rr(s) in the half plane Re(s) > dp using the canonical product. Then we have

(3.16) > ( A d )
3.16 Res;—,  og Re(s
2€R(T,do) s(s+1)(s+2)---(s+2do) ds
1 x5+2d0

d
p—y —_— 71 R d '
2mi Jjgj=r s(s + 1)(s +2) -+ (s + 2do) ds og R(s)ds

As in the derivation of (3.7), one can show that the right hand side of (3.16) has the same
size as (3.7). Hence we have

1}.8-&-2(10

d (3o
(3.17) E%d )ReSS'Z(s(s TDGT9)(s 1 2d0) ds log Rp(s)> =0(2*™logT).
z ;@0

For a given = > 0, we choose T satisfying (%) such that |z¢ — T'| < 1. Putting ¢ = d and
combining (3.4), (3.5), (3.8), (3.13), (3.14), (3.15) and (3.17), we conclude

_ (—D* 2do+n (k) 3do
I ) = Sn(k)gc;o,zdo] 52 (k) (50 (B) + 1) -+ (s (k) + 2do) " + Ol loga).
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3.3. Reduction to ¢y(z), mr(z). To derive the asymptotics of ¢o(x) from o4, (), we use

z+h Tn_1+h x1+h
At f(x / / / F™ (o) dag - - - dap_1

where h is a constant which will be fixed later. By the mean value theorem,
(3.19) AF, PPt = 120 (5, 4 2do) (sp + 2do — 1) -+ (s + 1) T
where = € [z, z + 2dph], hence

(3.20) do(x) < hPP AT, Whog,(2) < to(a + 2doh).

By (3.18) and (3.19), we have

(=1)kzsn(k)

(321)  ATPRAL o (@) = Y sn (k)

Sn (k)e(dQ,Qdo]

+ O(h2d0g3% og 1) 4+ O(h2).
The optimal size of the error term in (3.21) is given when h = xi(log x) 1o i By (3.20) and

(3.21) with h = 1 (log x) 4o 4d0, we obtain

(3.22) NOEEED

sn(k)E(Zdo,2do)]

(_1)kxsn(k)
sn (k)

N

+ O( b (log x)

)-

For the lower bound, we use

x Tn—1 1
= / / e / f(n) (z0)dxg - - - dap_1
z—h Jx,_1—h xr1—h

to(x — 2doh) < h™2W0 AL, thoq, () < tho(x).

In a similar way, one can show

to obtain

(_1)k$sn(k)

sn(k)e(Edo,2do] "
Combining (3.22) and (3.23), we conclude that
—1 k s (k)
(3.2 we = Y S ot o)),

sn(k)

sn(k)€(2do,2do)

To obtain the formula for 7r(z), we recall

/ logt

)= > Al

YEPT,,N(y)<z

where

Combining
Yo(z) = 6(x) + 6(x2) + 6(x3) +
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with (3.24), we have

3
x2do

(3.25) r(z) = (—1)* Li(z*®) 4 0(71)

s (k) (2 do,2do] (logz)2

To obtain the error term in (3.25), we used the following asymptotics with o = %,
x

/ Tt tar— e+ 1)
o (ogt)®  (logz)®  “(logz)ett + T Vlog pyet?

where a > 0. This completes the proof of Theorem 1.2.
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