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Agranovich-Dynin Formula for the Zeta-determinants of the
Neumann and Dirichlet Problems

Jinsung Park and Krzysztof P. Wojciechowski

ABSTRACT. Let A denote a Laplace type operator acting on sections of a bundle S
over a compact manifold M with boundary Y . Let us assume that the Dirichlet to
Neumann operator N is a positive operator. We offer a detailed proof of the equality

detC AN

0.1 = det: N

( ) detc Ap ¢

where An, Ap denote the Laplacian with Neumann, Dirichlet boundary conditions
respectively.

Introduction and statement of the result

Let A denote a Laplace type operator acting on sections of a bundle S over a compact
manifold M with boundary Y . In the following we assume that there exists a collar
neighborhood N 2 [0,1] x Y of Y in M such that the Riemannian structure on M and
the Hermitian structure on S are products when restricted to IV . We also assume that
the operator A restricted to the submanifold N has the following form

(0.2) A=-02+Ay

where u denotes the (inward) normal coordinate in N and Ay is the corresponding
Laplacian on Y . The operator A : C*°(M;S) — C™(M;S) itself does not have nice
analytical properties. For instance, the kernel of A is infinite dimensional. We have to
put a boundary condition on A in order to obtain a closed Fredholm operator. The two
most classical conditions are the Dirichlet condition and the Neumann condition. We
introduce the operator

Ap=A:domAp — L2(M;S) ,
where
domAp ={se H*(M;S); s|lYy =0} .
Similarly we define Ay with
domAyx ={s€ H*(M;S); (0,8)Y =0} .
Both Ap and Ay enjoy the standard properties of the Laplacian on a closed manifold.
In particular they have well-defined (-determinant (see Ray and Singer [10]).
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The elliptic boundary value problems Ap and Ay on M define an elliptic, pseudo-
differential, self-adjoint operator A on Y , the so called Dirichlet to Neumann operator.
In the following we call N' the DN operator. We provide the precise description of the
DN operator later on. In this note we assume

(A) N is a positive operator.

We assume (A) in order to prove formula (0.1) without introducing more elaborate tech-
nical tools. This gives us an opportunity to present the technique we are going to use in
our study of the (-determinants in one of the simplest possible set-ups. We will discuss
a proof of (0.1) without assuming (A) elsewhere.

Let us explain some consequences of condition (A). First of all, positivity of A/ implies
that Ay is an invertible operator. Then we may use the Dirichlet to Neumann bracketing
to show that Ap is an invertible operator. We refer to Taylor [14] for an exposition of
the basic results on Neumann and Dirichlet problems.

The purpose of this note is to study
detCAN
detcAD

The adiabatic analysis of this quotient was provided by the authors (see [8]), and now we
briefly describe the main result of their work. Let us introduce a manifold Mg obtained
from M by replacing the collar N by Ng = [0,R] X Y . We extend the bundle S and
operator A to Mp in an obvious way (we use formula (0.2)). We denote this extended
operator by Agr and the corresponding operators with the Dirichlet, Neumann boundary
conditions by Ar p, Ar n. Then the following equality holds

. detcARN
A4 lim ———— =det¢\/A
(0 ) REI(])Q det(AR,D et Y

(0.3)

under certain conditions (see Remark 0.2). The analysis of the behavior of the small
eigenvalues (converging to 0 as R — oo) allowed us to prove a similar formula in the case
of non-invertible Ay (see Park and Wojciechowski [9] for the detailed formulation). Still,
it is difficult to get excited about this type of results as the adiabatic process (limg— )
kills interesting geometric and analytical information.

In this paper the adiabatic analysis is replaced by the argument outlined by Forman
(see [6]). Let us point out, however, that we introduce one important modification to
the Forman method. We regularize the determinants and their variations by introducing
their counterparts which live on the cylinder. This methods works very well in this note
and it simplifies the proofs of the main technical results presented in Section 4. Moreover,
this method is now applied in the analysis of more complicated problems related to the
cutting and pasting of the (-determinant (see Loya and Park [7] and future publications).

In this note, we employ our method to prove that (0.1) holds up to a multiplicative
constant. Then a separate argument is used to show that this multiplicative constant is
equal to 1 . This gives the main result of the paper:

THEOREM 0.1. The following equality holds
detcAN
detcAD

REMARK 0.2. In [9] we have proved that the DN operator Nr (defined by Ag)

converges to /Ay as R — oo . In fact we showed that Sg := Nr — VAy was a
smoothing operator whose operator norm is bounded by & for a positive constant ¢ . It

= deth\f .
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follows that if we assume that Ay is invertible and that there is no L2-solutions of the
extension of A on a manifold with cylindrical end, then Az is a positive operator for
large R . We refer to [9] for the details.

In Section 1 we introduce the DN operator.

In Section 2 we digress a little and discuss non-positivity of the DN operator for the
Dirac Laplacian.

In Section 3 we show that the difference between the DN operator N of A on M
and the corresponding DN operator on the cylinder is a smoothing operator. This result
is used later to establish the trace class property for various operators appearing in the
proof of Theorem 0.1.

In Section 4 we study the variation of the (-determinant and prove (0.1) up to a
multiplicative constant.

In Section 5 we show that the aforementioned constant is equal to 1 , which ends the
proof of Theorem 0.1.

Acknowledgements We want to express our gratitude to the referee for thoughtful
comments, and helpful suggestions which led to the substantial improvements in the
exposition.

1. Dirichlet to Neumann operator

We offer here a brief presentation of part of the theory of the elliptic boundary
value problems, originated in the works of Calderon [5], Agranovich and Dynin [2],
[1], and Seeley [12]. The case of a 1st order Dirac operator was discussed in Section
2 of Scott and Wojciechowski [11] (see also a detailed exposition in Boof-Bavnbek and
Wojciechowski [3]). We concentrate on the case of a particular operator A and we assume
for simplicity that all elliptic boundary conditions P considered here define invertible
operators Ap : dom Ap — L2(M;S) .

We start with the trace map
Y(s) = (s|Y, (Ous)[Y) : CF(M;5) — C= (Y3 5|Y) & CF (Y5 S[Y)
which extends to a well-defined map
7= (0 m) s HE(M;8) — HY 3 (V3 S|Y) @ H 3 (Y3 8|Y)

where H* denotes the k-th Sobolev space for k > 2. The operator A determines H(A) ,
the Cauchy data space on Y ,

{(f,9) eCY;S]Y)dC>®(Y;S|Y); Is € C°(M;5S) s.t.
As=01in M\Y and v(s) = (f,9) }

There exists a pseudo-differential projection onto H(A) , but the construction we use
has a choice involved. We have to pick A , the extension of A to an invertible operator of
Laplace type on a closed manifold M which contains M as a submanifold with boundary.
The projection P(A) on H(A) is given by the formula

(1.1) P(A) =~(ruATI57G) .

Here 4 denotes the trace on Y of the section defined on M , and 7 is the operator
adjoint to 4 (we refer to [12] for a detailed exposition of the necessary material), ras
is the restriction operator (operator which maps section s on M to s|M). Finally, G is
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the Green’s form, which in the product case, is the bundle involution G : S|Y & S|Y —

Sy & S|y
0 -1d
G= <Id 0 >

As we mentioned before, the pseudo-differential projection P(A) depends on the choice
of the operator A . This is also the case for the Poisson operator for A |

K=ruA™'5°G
which maps the boundary data onto the null-solutions of A in M \'Y .
Now we introduce the operators
Pp, Py : C®(Y;8)Y) @ C®(Y;S]Y) = C(Y; S|Y) @ C(Y; S|Y)
determined by the projections of S|Y @ S|Y onto first (resp. second) summand
o= (3 o) - Pv=(0 1)

These maps provide us with projections onto the Oth and 1st order parts of the Cauchy
data of a section of S . It follows from assumption (A) that

Sp =PpP(A) : H(A) — range Pp = C°(Y; S|Y) ,

Sy =PyP(A) : H(A) — range Py =2 C°(Y; S|Y)

are invertible bounded operators and that the operators PpP(A) + Py(Id — P(4)) ,
PyP(A) + Pp(Id — P(A)) are invertible. Hence we can define

Sp' = P(A)[PpP(A) + Py(Id — P(A))]"'Pp |

Sy' = P(A)[PyP(A) + Pp(Id — P(A)] ' Py .
The Poisson operator for Dirichlet boundary condition is given by
(1.2) Kp=KSp" .

Let us remark that contrary to the operator K , Kp does not depend on the choice
of A since the restriction of K to H(A) is independent on the choice of the Calderon
projection. This may be explained in the following way. Let f € C*°(Y;S]Y) , then
Kpf is a null-solution of A in M \' Y and

Ppy(Kpf) = PpyKSp' f = SpSp'f=f -
Hence s = Kp f is the unique solution of Dirichlet problem
As=0 and s|Y =f .
The corresponding DN operator is defined by the formula
(1.3) N =—vKp=-SxSp' .

The assumption (A) implies that it is an invertible operator and it is not difficult to see
that

(1.4) N7t =—-SpSy' = —Kn.

REMARK 1.1. Let us comment on the sign convention in the definition (1.3). We
follow [12] and use the inward normal derivative in the first order component v, . We
introduce the minus sign in the definition of N in order to end-up with positive (in the
general case bounded from below) operator.
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In the following, we also need a formula for the inverse of the operator Ap ,

(1.5) ARt =AT1 - KSp PpyATT .
To simplify notation in the formula above, A~! denotes the following operator
(1.6) At =ryATte,

where e, : L?(M;S) — L?(M;S) is an extension map (by 0) from M to M . The first
term on the right side of (1.5) defines an inverse in M \ Y , the second is a “boundary”
correction term, which makes sure that the result is an element of dom Ap . The same
formula, with “N” replacing “D”, gives the inverse of Ay .

2. Remark on the non-positivity of the DN operator

It is not difficult to show that DN operator N is a pseudodifferential, elliptic operator
of order one, with the principal symbol equal to the principal symbol of the square root of
Ay (see for instance [9]). This shows that A is bounded from below. We have assumed
in Theorem 0.1 that N is positive. This is not the case in general and we would like to
present an example of the situation in which A" may have not only non-trivial kernel,
but also true negative eigenvalues.

We consider a compatible Dirac operator D : C*°(M;S) — C*(M; S). We keep up
the assumptions from the Introduction (with the exception of Condition (A)). Hence in
particular we have the product metric structures in the collar N . The operator D has
the following form in N

(2.1) DIN =G0, + B) .

where B : C*(Y;S|Y) — C*°(Y;S]Y) is the corresponding Dirac operator on Y and
G : S|Y — S|Y is a unitary bundle isomorphism, such that

G? = -Id and GB = —BG .

The space H(D) , the Cauchy data space of D , has a different structure from the Cauchy
data space of A . There exists Calderén projector P(D) on C*(Y;S|Y) , which is a
pseudodifferential operator of order 0 (see [3] and [11] for details). In particular H(D)
is a Lagrangian subspace of L?(Y; S|Y) meaning that

(2.2) G(H(D)) = H(D)* .
The following result is a straightforward consequence of Green’s formula.
PROPOSITION 2.1. The DN operator N of D? is equal to B when restricted to H(D),
N|H(D) = BIH(D)
PROOF. Let f € H(D) and let s denote a section of S , such that
Ds=0 and s|Y =f .

First, we observe that s is the solution of Dirichlet problem. Let us denote by s; €
C°(M; S) the solution of

As; =0 and 1Y =f .
We put s = 51 — 5 50 Asy = D?s5 = 0 and s2|Y = 0. This gives

0= (Ds2;52) = [ Ds2 || — / (G((Ds2)|Y); 52]Y) dvol(y) = || Dsaf*
Y

so Dsg = 0 and s2|Y = 0 . The vanishing of s is a consequence of the Unique Continu-
ation Property for Dirac operators (see for instance [3]). Now, for any
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w e C®(M;S5), we have
0 =(As;w)

—(Ds: Dw) — /Y (G(G(D + B))s)|Y: w|Y) dvol(y)

= [ @usly + B wly) avol(y)
%
and N f = —(0y51)|Y = —(0ys)|Y = Bf for f € H(D). This completes the proof. O

Now we use formula (2.1) to extend D to the Dirac operator on a manifold M ,
where M, is a manifold with cylindrical end

My = (—00,0] x Y UM .

It is well-known that the resulting operator has unique closed self-adjoint extension in
the space L?(M;S) , which we denote by D, . This operator has a finite dimensional
kernel (the space of L2-solutions). More general we may introduce the space of extended
L?-solutions of Dy, . A section s € C°°(My;S) is an extended L?-solution of D, if
Doos = 0 and s has the following form on the cylinder (—o0,0] x Y

(2.3) s(u,y) = sp2(u,y) + siim(y)
where s;2 is in L?((—00,0] x Y; S) and s;,, € ker B . We have the following Proposition

PROPOSITION 2.2. Let f = s|Y where s is an extended L*-solution of Do, . Then
WNfif) <.

Proor. By Proposition 2.1,
[t avolty) = [ (Bs:1) dvlty
Y Y
= /Y<B(5L2|y:0 + S1im); (S£2|y=0 + S1im)) dvol(y)

= [ (Blszlyo)isialy-o) dvolly) -
Y

Now, we only have to recall a formula for sy2(u, y) (see the discussion around formula
(22.69) in [3])

sp2(uy) = > axe oa(y)

A<0
where {), ¢} is the spectral resolution of B. We observe that the summation goes over
negative eigenvalues of the tangential operator B. This completes the proof. O

3. Comparison with the cylinder

In this Section, we compare the Calderén projector P(A) with the corresponding
object on the cylinder.

We introduce {A(t)} a family of operators defined by
{A(t) =A+ t}tZO'

In particular the restriction of the operator A to the collar N defines a family of Laplace
type operators over N = [0,1] x Y|

AC(t) ;= A+t = 02+ Ay +t .
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In the following we assume that A¢(t) is subject to Dirichlet boundary condition at
{1} x Y, so that if we put a self-adjoint, elliptic boundary condition at v = 0 , we
obtain the operator with a well-defined (-determinant. The operator A°(t) has a well-
defined Calderén projector on Y 2 {0} x Y and in this Section we compare P(A(t)) with
P(A(t)) .

From now on, we identify L?(N,S) with the image of the natural embedding of this
into L2(M, S). Hence any operator over L?(N, S) can be considered as an operator over
L?(M, S), which is defined to be zero map over the orthogonal complement of L?(N, S)
within L2(M, S). The main result of this Section is the following

PROPOSITION 3.1. The difference P(A(t)) — P(A°(t)) is a smoothing operator acting
on C®(Y; S|y).

PROOF. We choose the doubled invertible extensions A(t) over M, A¢(t) over N
of A(t), A°(t) respectively. The result follows from the fact that, up to a smoothing
operator, we can replace A(tfl in the formula (1.1) by a suitable parametriz, which
involves the operator Ac(t)_1 . In the following proof we omit the parameter ¢ .

We introduce a smooth, increasing function p(a,b) : [0,00) — [0,1] equal to 0 for
0 <wu < a and equal to 1 for b <wu . We use p(a,b)(u) to define

(3.1) ¢1=1—P(;$) , Y1=1—=1o
1 2 3 4
¢2=P(§’§) ) 1/)2=P(7»§>

and then we extend these functions to be the even functigns over M and N in an obvious
way. Now, we define @) , a parametrix for the operator A~! by

(3.2) Q(z,2) = ¢1(2)(A°) "N, 2)9h1(2) + da(x) A7 (z, 2)12(2) -

Then we have

AQEz) = 1 + 220N IENT oy ) 1 500D O0T (e
+ L0 @) ) + LR @A
au2 ? 1(2) + aug (LL') (SL‘,Z)’(/}Q(Z) ’
hence
(3.3) AQ = 1d+S ,

where S is the operator with a smooth kernel S(z, z) equal to 0 if the distance from x
to z is smaller than 1 . The equality (3.3) allows us to write

AT —Q = -A7'S
where —A~1S is a smoothing operator. We reformulate this equality as follows,
A= (A =8"+T
where S’ is a smoothing operator and the Schwartz kernel of 7 has the following form,
T = ¢1(2)(A%) (2, 2)n(2) — (A%) (2, 2) + do(2) A7 (@, 2)1)2(2)
= — (1= (@) (A) (2, 2)(1 = ¢1(2) — o1 (@) (AY) " (w, 2)(1 — 91 (2))
— (1= ¢1(2))(A) " (&, 2)¢1(2) + p2(2) A7 (2, 2)2(2)
Therefore, we can see that
P(A) — P(A®) = yry A5G — yry(A°) 714G = yryS'A*G
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is a smoothing operator on Y . O

We denote by A(t)p , A(t)n , A%(t)p , A°(t)n the corresponding operators with
Dirichlet, Neumann boundary conditions at {0} x Y € M, N . We also denote by Kp (%),
Kn(t), KG(t), K (t) the Poisson operators for Dirichlet, Neumann problems of A(),
A°(t) respectively.

LEMMA 3.2. Fach of Kp(t) — K% (t) , Kn(t) — K& (t) has the smoothing Schwartz
kernel K (z,z) for (z,z) € (M — {1} x Y) x Y with a jump discontinuity at {1} x Y.
Proor. We have
Kp(t) = K5 (t) = ru ()17 GSp(8) ™" — ruA°(t) 157 GSpH(8) !
(see Section 1 for the definition of Sp(t)~! and S%(¢)~!). We follow the proof of Propo-
sition 3.1 and see that ras (A(f)™* — A°(t)™1)5*G has the following Schwartz kernel,
rar (= (1= ¢1(2)) (D)~ (@, 2)¢h1(2) + S'(2,2))7*G

where z € M,z € Y. We observe that the second term is smoothing for (z,z) € M x Y
and that the first term is smoothing for (z,z) € N x Y, which is extended to be zero
out of N within M. Hence this Schwartz kernel is smoothing with a jump discontinuity
at {1} x Y. It is immediate from the Proposition 3.1 that Sp(t)~! — S%(¢)~! is also
a smoothing operator, and these implies that the Schwartz kernel of Kp(t) — K4 (t) is
smoothing with a jump discontinuity at {1} x Y. We work in the same way in the case

of Kn(t) — K () - O
Let N (¢), N¢(t) denote the DN operators of A(t), Ac(t) .

COROLLARY 3.3. The difference of the DN operators N(t) — N¢(t) is a smoothing
operator acting on C*(Y; S|Y).

COROLLARY 3.4. The following operator is of trace class,
(AN = AM)Dp) — (AN = A%()p') « L*(M;8) — L*(M; S).
PROOF. We apply the equality (1.5) to get
(34)  (AW®)N —AMp) — (AN —A(D)p)
— KN ONAWD ™+ Kp (oA + K5 (DmA ()™ — K (At .

Lemma 3.2 implies that ICn (£) =K% (1), Kp(t) —K%(¢) has the smoothing Schwartz kernel
with a jump discontinuity at {1} x Y. We repeat the proof of Proposition 3.1 to show
that v, (A(t)~1 — A°(t)~1) has the smoothing Schwartz kernel with a jump discontinuity
at {1} x Y. Therefore, the operator on the left side of (3.4) is of trace class. O

4. Variation of the (-determinant

In this Section, we study the variation of the (-determinant of the family of operators
{A@t) =A+t}h>o -
We begin with the following Lemma:
LEMMA 4.1. The variation of N(t) with respect to the parameter t is given by
N(t) = nA#)p K ()
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Proor. We have . .
N(t) = —’yl’CD(t) .
Now we differentiate with respect to ¢ the following equalities,
ABKp(t)f =0, nKpt)f=f ,
where f denote a smooth section of S over Y . The derivative A(t) is equal to 1 so
(4.1) AMKp(t)f = =Kp(t)f , 7Kp(t)f =0 .

The second equality in (4.1) implies that the range of Kp(t) is in the domain of A(t)p
so the first equality gives

Kp(t) = —At)p' Kp(t)
which leads to the required identity

N(t) = —mKp(t) =nAl) ' Kp(t)

COROLLARY 4.2. The difference N'(t) — N°(t) is a smoothing operator-
Here is the first crucial technical result

LEMMA 4.3. The following equality holds,

(4.2) %( Indetc N (t) — Indete N(E) ) = Tr ( NON(E) ™ = Ne@@Ne(@t)™)

ProoF. We have

%( Indet NV () — Indet NC(t) )

d
= - a(@l\f(t)(o) = G (0))

d d L™ e une
- _ 4 - s—1my uN(t) uN“(t) d
dtds | _, I‘(s)/o w T (e ‘ ) du
d [ e
== u Ty (e7* N — em N M) gy by Corollary 3.3
0

/ Tr (N (£)e™ "N — Ae(t)e N ) du
0

—lim T (NN (1) e O - Ne(ne(r) eV )]
= lim Tr (N(ON () e NG - Ne@Ne(@) " eV ),

To study this limit as ¢ — 0, we introduce a family of operators {F}(u)}ue[0,00)- The
operator Fi(u) is given by the formula

1 e N() Ne(t)
Fi(w) = %/F ) [)\—N(t) N /\—Nc(t)] dr

where T' is a standard counter-clockwise contour around R*. Corollary 3.3 and 4.2
immediately imply that the integrand

e~ uA [ N(t) N l

A IA=N@E) A=Ne(@®)
is a family of smoothing operators with the norm of the size O(A72) as |A\| — oo for
u € [0,00). In particular, this is a family of smoothing operator continuous with respect
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to u, even when v = 0. Hence Fi(u) is a family of trace class operators, which is
continuous for u € [0, c0) with respect to the trace norm. Therefore, we obtain

lim Tr (Fi(c)) = Tr (F3(0))

and by the Cauchy integral formula,
Tr (F(0)) = Tr ( NON @)™ = Ne@Ne@t) ™! ).

Finally we conclude

%( Indet NV (t) — In detgj\/c(t) )

lim Tr(N(t)N(t) Lo—eN“(t Nc( )NC(t)*lefeNc(t) )

£—

Te (NN (@) = NN ™)

PROPOSITION 4.4. The following equality holds,

jt( Indete NV (t) —IndetceN9(E) ) = Tr (A@) N — A@)p' — Aty + A1)

Proor. Formula (1.4) and Lemma 4.1 lead to the expression
NON () = =1 AW) 5 Kp(t)okn(t) -
The similar formula holds also for N¢(t)A/¢(t)~!. Therefore,
Tr (N(ON (1) = Ne(ONe(t
= Tr (= nA®#) 5 Kp(t)ykn(t
Now we observe that
Kp(t)yKn(t) =Kn(t) , Kn()nKp(t) =Kp(t).

To prove the first equality, we note that Kx (¢)f is the unique solution of A(t)u = 0 with
the Dirichlet data o/ (f) f where f € C*°(Y, S|Y). On the other hand, Kp (£)v0Kn (t) f
satisfies same conditions, so that Kp(t)70/Kn(t) = Kn(t). The second equality can be
proved in a similar way. Now we have

Tr (=AW Kp(t)10kn () + 1A(t) ' Ko (H)70Ky (1))
=T1r wlA(t)DllCN( )+’Y1Ac IICN t )
D)
D)

)™
)+ MA(8) ! KD (E)70KR (2)).

(-
=Tr (- Kn®mA®p +KGOmA“ @)

= Tr (= Kn(Om(A0) ™ = Kp)10A1) ™) + K5 (07 (A1)~ = K5 (A1) ™))
= Tr (= Kn(OmA®) ™ + KpEoA®) ™ + K& (1A ™ — K5 (H)70A%() )
=Tr(A()y' =A@ — (At — A1)

where we used (1.5) and the corresponding equalities for the other operators. Now the
application of Lemma 4.3 completes the proof. O

We argue as above to obtain the corresponding statement for the {-determinants of
Dirichlet and Neumann problems.
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ProproOSITION 4.5. The following equality holds,

d
(43) £( In (detcA(t)N(detcA(t)D)_l) —In (detcAc(t)N(detcAc(t)D)_l) )
=Tr (AN — AWM — AN + A
PrOOF. We follow the proof of the Lemma 4.3 and obtain

%( In (detCA(t)N(detcA(t)D)_l) —1In (detcAC(t)N(detCAC(t)D)_l) )
1

d d < N _ _uAC CuAC
_— - s T u (t)N _ uA(t)D _ uA (t)N uA (t)D d
di ds . T(s) /0 U T (e € e +e ) U

= lim Tr (A()5'e 20 — A@)ple 80P — A(t)yte = OV 1 Ac() plemea ),
E—

To evaluate the limit as € — 0 in the last line, we consider {G(u)} a family of operators
for u € [0, 00) defined by

1 (e 1 1 1 1
G = — - - X
(W) =50 /F N AN A AW, A= AN A=A s
where IT" is a contour we use in the proof of Lemma 4.3. Corollary 3.4 implies that the
integrand

e 1 1 1 1
N AN A=Al A= AN A= A)p
is a family of trace class operators with the norm of the size O(A=2) as |A\| — oo for
u € [0,00). By definition, this family is continuous for v € [0,00), so that Gi(u) is
a family of trace class operators continuous with respect to the trace class norm for
u € [0,00) . Therefore we have

lim Tr (Gi(e)) = Tr (G4(0)) = Tr (A(t) ' — A(t)p' — A%(t) 5" + A%(H) ")

where we used the Cauchy integral formula in the second equality. Thus, we conclude
d _ ¢ c -
%( hl (detcA(t)N(detcA(t)D) 1) — 111 (detgA (t)N(detcA (t)D) 1) )
=Tr (A()y' — A@)p' — A%ty +A%(1)5)

Now, Proposition 4.4 and Proposition 4.5 give the main result of Section 4

THEOREM 4.6. If N is positive, we have
(4.4) d I detcA(t)y  det¢A(t)p \ _ d I det N (t)
dt detcA(t)p  deteAc(t)n dt det Ne(t)
for any t € R,

5. The quotient of the (-determinants

Identity (4.4) implies that

detCA (t)N
detcA(t> D

where C' is a constant independent of ¢ .

detc AN (t)N

(51) detcAC(ﬂD

(deteN (1) = © (deteN(t) ™"
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We have to show that C' is 1 . The equality follows from the asymptotic expansion
of Indet¢ L(t) as the parameter t — oo , where L(¢) is a pseudo-differential operator with
the parameter of weight k

oo ) dim NV )
(5.2) IndeteL(t) ~ Z ajt_% + Z bjt'T1 Int as t— oo .
j=—dim N 3=0

In formula (5.2) the coefficients a; and b; are determined by the local formulas in terms
of the symbol of the operator L(1) (see Burghelea, Friedlander and Kappeler [4]). The
same formula holds for the elliptic, self-adjoint differential operator with the local elliptic
boundary condition. We apply (5.2) to the families of operators A(t)p, A(t)n, N(¢)
and A°(t)p, A°(t)n, N¢(t). We denote by ap, an, an and af), a%, af, the constant
terms of these expansions. Then the following equality holds

InC = (ap —an —ay) — (ap —ay —afy) -
The constant terms ap, an,a$,, a% are locally computable from the symbols of A(1)p,
A(l)y , A%(1)p , A°(1)n so
(ap —an) — (ap —ay) = (ap —ap) —(ay —afy) = 0 .
Let us remark that the boundary contributions near v = 0 of ap, a$, (an, a%;) cancel

each other and the contributions out of u =0 of ap, an (af), a$;) cancel each other. It
also follows from Corollary 3.3 that the following equality holds

an —ay = 0 .
We conclude that C' is equal to 1 . In particular, if we put ¢t = 0 in (5.1) then

detCAN
detCAD

- detCA?\,

(53) o detCACD

(deteN)H (dete N

Now the following Proposition completes the proof of Theorem 0.1.

ProrosSITION 5.1. The following equality holds,
detAS
SN = det(:Nc
detcA%

PROOF. We can make explicit computations of the (-determinants of the Laplace
type operators over the finite cylinder to obtain

oo

detcAfy = 2" - exp(—(2v/m) " (T(s) T (s = 1/2)¢ay (s = 1/2))(0) - [ (1 4+e7),
l=hy +1
det¢Af, = 2" (det¢y/Ay) ™!

exp(—(2v/m) 1D (5) (s = 1/2)Ca (5 — 1/2)Y(0) - [ (1—e72)

l=hy+1

where hy = dimker(Ay) and {u?} is the spectrum of Ay. The computations of detA$,
are performed in section 5 of [7] and det:A§, can be computed in a similar way. We have

oo 1

det A%y 1+e2m
—— =detc/ Ay - I | —_—.
detcAg, — VY 1—e 2
I=hy+1



AGRANOVICH-DYNIN FORMULA FOR THE (-DETERMINANTS 13

We follow computations from section 5 of [7] to obtain the following formula

. e
detg./\/' = detC \/ AY . H m
l=hy+1
Now the proof is complete. O
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