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Ruelle zeta function and Prime geodesic
theorem for hyperbolic manifolds with cusps

Jinsung Park

Abstract. For ad-dimensional real hyperbolic manifold with cusps, we obtain more refined
error terms in the prime geodesic theorem (PGT) using the Ruelle zeta function instead of the
Selberg zeta function. To do this, we prove that the Ruelle zeta function over this type manifold
is a meromorphic function of orderd overC.
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1 Introduction

Let XΓ be ad-dimensional locally symmetric space given byXΓ = Γ\G/K whereG
is a semi-simple Lie group of rank1 andK is a maximal compact subgroup ofG, and
Γ is a discrete torsion free subgroup ofG. We also assume that the Riemannian metric
overXΓ induced from the Killing form is normalized so that the sectional curvature
of XΓ is −1. Now let us recall that a prime geodesicCγ over XΓ corresponds to a
conjugacy class of a primitive hyperbolic elementγ ∈ Γ. Let πΓ(x) denote a function
counting the prime geodesicCγ of length l(Cγ) whose normN(γ) = el(Cγ) is not
larger thanx. Then the prime geodesic theorem (PGT) states

πΓ(x) ∼ xd−1

(d− 1) logx
(1.1)

wheref(x) ∼ g(x) meanslimx→∞
f(x)
g(x) = 1. This was proved by Gangolli [9] and

DeGeorge [5] independently whenXΓ is compact, and by Gangolli–Warner [10] when
XΓ has a finite volume.

In [13], [14], Hejhal extensively studied the Selberg zeta function over a hyper-
bolic Riemann surfaceXΓ, that is, whenΓ is a co-finite discrete subgroup ofG =
PSL(2,R). Applying these results, Hejhal proved PGT with error terms (see also [15],
[19], [24]),

πΓ(x) =
∑

3
4<sn≤1

li(xsn) + O(x
3
4 (logx)−

1
2 ) (1.2)

whereλn = sn(1− sn) is a small eigenvalue in[0, 3
16] of the Laplacian∆0 acting on

L2(XΓ), andli(x) :=
∫ x

2
1

log t dt. Recalling the leading term ofli(x) is x
logx asx →∞,
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it is easy to see that PGT (1.2) is a refinement of (1.1) for a special case of co-finite
Γ ⊂ PSL(2,R).

Since the size of the error term in (1.2) is given by the small eigenvalues of∆0,
and the estimate of the small eigenvalue for a specific arithmetic case is one of the
main problems in analytic number theory, there have been many works, for instance
the work of Iwaniec [17] and Luo-Sarnak [18], to obtain the optimal size of the error
term for such a specific arithmetic discrete subgroupΓ ⊂ PSL(2,R).

Comparing PGT in (1.1) with the one in (1.2), one can try to obtain the correspond-
ing error terms in (1.1) as in (1.2) for ad-dimensional locally symmetric spaceXΓ of
rank1. A plausible approach for this is to use the Selberg zeta functionZΓ(s) follow-
ing Hejhal [13, 14] or Randol [24] as they did for hyperbolic Riemann surfaces, then
one may believe that the poles ofd

ds logZΓ(s) over the strip1
2(d−1) < Re(s) ≤ (d−1)

would provide us with error terms for PGT as in (1.2). However, this approach using
the Selberg zeta functionZΓ(s) provide us with only the error terms corresponding to
the poles in the strip(d − 2) < Re(s) ≤ (d − 1), hence the Selberg zeta function
ZΓ(s) is not sufficient to obtain the expected error terms ifd > 3. In the section 5 of
[10], this is explained in the view point of the Tauberian theorem of Wiener-Ikehara.
On the other hand, reflecting on this section of [10], one can see that a meromorphic
extension of the Ruelle zeta function

RΓ(s) :=
∏

γ∈PΓh

(
1− e−s l(Cγ))−1

for Re(s) > (d− 1)

can be used to obtain such error terms in (1.1). HerePΓh denotes the set of conjugacy
classes of a primitive hyperbolic elementγ in Γ. This is also pointed out in the last
part of the section 4 of [8]. We also refer to the work of Parry-Pollicott [22] where
they used the Ruelle zeta function for an axiom A flow to derive PGT.

The main purpose of this paper is to refine the result of Gangolli-Warner [10] fol-
lowing suggestion of Fried [8] for real hyperbolic manifoldXΓ with cusps. Here a real
hyperbolic manifoldXΓ with cusps is given as follows: Let us putΓ ⊂ G = SO0(d, 1)
be a discrete co-finite torsion free subgroup ofG. Now let us denote byPΓ the set ofΓ-
conjugacy classes ofΓ-cuspidal parabolic subgroups inG. We assume that the discrete
subgroupΓ satisfies the condition

ΓP := Γ ∩ P = Γ ∩N(P ) for P ∈ PΓ

whereN(P ) denotes the nilpotent part ofP . Now the resulting manifoldXΓ =
Γ\G/K is a d-dimensional real hyperbolic manifold with cusps. In our approach,
a main ingredient to obtain the error terms of PGT overXΓ is the Ruelle zeta function
RΓ(s). Recently in [11], it is shown thatRΓ(s) can be extended as a meromorphic
function overC with precise description of the locations of zeros and poles. For our
purpose concerning PGT, we need the following basic fact ofRΓ(s).
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Theorem 1.1.For a d-dimensional real hyperbolic manifoldXΓ with cusps, a mero-
morphic extension overC of the Ruelle zeta functionRΓ(s) has an expression

RΓ(s) =
PΓ(s)
QΓ(s)

wherePΓ(s), QΓ(s) are entire functions of orderd overC.

A proof of Theorem 1.1 is given in the section 2. Actually we will prove Theorem
1.1 for the Ruelle zeta function twisted by a special unitary representationχ of Γ. This
can be used for PGT in a fixed homology class, which would be a refinement of [1],
[7], [23] for real hyperbolic manifolds with cusps. A detail of this application will be
given elsewhere.

To state the main result about PGT, we introduce some notations. Let us consider
an Iwasawa decompositionG = NAK with a decomposition of Lie algebrag =
n ⊕ a ⊕ k. The subgroupM = SO(d − 1) is defined to be a maximal subgroup of
K = SO(d) which commutesA. Let us denote byσk the fundamental representation
of M acting on∧kRd−1 ⊗ C. Whend = 2n + 1, j = n, σn denotes a direct sum of
half spin representationsσ+⊕ σ−. We denote by∆k the Laplacian acting on the space
of k-forms overXΓ, which decomposes into the subspaces where the principal series
representationπσj ,λ acts forj = (k−1), k. By Theorem 1.1 and a modification of the
proof in [13], [14], we prove

Theorem 1.2.For a d-dimensional real hyperbolic manifoldXΓ with cusps, we have
PGT with error terms,

πΓ(x) =
∑

3
2d0<sn(k)≤2d0

(−1)kli(xsn(k)) + O
(
x

3
2d0(logx)−

1
2

)
(1.3)

whered0 = d−1
2 and(sn(k) − k)(2d0 − k − sn(k)) is a small eigenvalue in[0, 3

4d2
0]

of ∆k onπσk,λn(k) with sn(k) = d0 + iλn(k) or sn(k) = d0 − iλn(k) in (3
2d0, 2d0].

A proof of Theorem 1.2 is given in the section 3. Theorem 1.2 is a refinement of
the corresponding result of Gangolli-Warner [10] with error terms for real hyperbolic
manifolds with cusps. According to the last part of the section 4 of [8], it seems that
Fried also obtained the corresponding result to Theorem 1.2 for compact case in his
unpublished note. A new feature in Theorem 1.2 is a signature(−1)k of the terms
li(xsn(k)) depending onk. By Theorem 4.6 in [11] and (2.1), for a small eigenvalue
corresponding tosn(k) ∈ (2d0 − 1, 2d0], we havek = 0, hence whend = 2 the
signature(−1)k is always(−1)0 = 1 as we expect from (1.2).

Remark 1.3.In general, some parts of cuspidal and residual spectrum can appear as
small eigenvalues of∆k (see the chapter 8 of [26] or [27]). We also refer to the section
6 of [3] for an example with small eigenvalues of∆0. It is interesting to generalize this
result to the case of∆k for k ≥ 1 since this would imply the leading terms of (1.3) are
effective.
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Remark 1.4.Recently a related work to Theorem 1.2 was given in [21] where the
author derivedΩ±-estimate for error terms of PGT using the Selberg zeta function
under some condition for the scattering determinant. According to the aforementioned
remark, this approach seems to be problematic to obtainΩ±-estimate for error terms
in principle.

2 Order of the Ruelle zeta function

2.1 Twisted Ruelle zeta function

For a special unitary representation(χ, Vχ) of Γ = π1(XΓ), we define a twisted Ruelle
zeta function

Rχ(s) :=
∏

γ∈PΓh

det
(

Id− χ(γ)e−s l(Cγ)
)−1

for Re(s) > (d− 1).

Here the notation “det" denotes the determinant taken overVχ. The Selberg zeta func-
tion attached toσk is defined by

Zχ(σk, s) := exp
(
−

∑

γ∈Γh

tr χ(γ)j(γ)−1D(γ)−1tr σk(mγ)e−(s− d−1
2 )l(Cγ)

)

for Re(s) > (d − 1). Here Γh denotes the set of theΓ-conjugacy classes of the

hyperbolic elements inΓ, j(γ) denotes the positive integer such thatγ = γ
j(γ)
0 with

a primitiveγ0 ∈ PΓh. We may assume that a hyperbolic elementγ ∈ Γ has the form
aγmγ ∈ A+M and

D(γ) = D(aγmγ) = aρ
γ

∣∣det
(
Ad(aγmγ)−1 − Id|n

) ∣∣

whereaρ
γ = exp(d0tγH) if aγ = exp(tγH) for a normalizedH ∈ a.

ForRe(s) > (d−1), the following relationship ofRχ(s) betweenZχ(σk, s)’s holds,

Rχ(s) =
d−1∏

k=0

Zχ(σk, s + k)(−1)k+1
(2.1)

where ifd = 2n + 1, Zχ(σn, s + n) denotesZχ(σ+
n , s + n)Zχ(σ−n , s + n) with the

half spinor representationsσ±n of M = SO(2n). In [11], it is shown thatZχ(σk, s)
has a meromorphic extension overC with a precise description of locations of zeros
and poles. Hence the Ruelle zeta functionRχ(s) has a meromorphic extension overC
by (2.1).
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2.2 Divisors ofZχ(σk, s)

In order to prove Theorem 1.1, it is sufficient to prove the same forZχ(σk, s) by (2.1).
ForZχ(σk, s), from Theorem 4.6 in [11], we have

Proposition 2.1.For 0 ≤ k ≤ [d0], there exist two entire functionsFk(s), Gk(s) of
order d respectively such thatZχ(σk, s)Fk(s)Gk(s)−1 is an entire function overC
with zeros at

(1) sj = d0± iλj of ordermj whereλ2
j + (d0− k)2 is an eigenvalue with multiplicity

mj of ∆k onπσk,λj and

(2) s` = d0 + q` of orderb`

(
d−1
k

)
wheredetCk

χ(σk, s) has a pole ats = q` of order
b` with Re(q`) < 0.

HereCk
χ(σk, s) denotesτk-isotypic component of the scattering operatorCχ(σk, s)

for the fundamental representationτk of K acting on∧kRd ⊗ C.

LetS1, S2 denote respectively the sets consisting of the zeros ofZχ(σk, s)Fk(s)Gk(s)−1

appearing in(1), (2) of Proposition 2.1. By the result in [6], we have
∑

sj∈S1

|sj |−d−ε < ∞

for anyε > 0. Hence, by Theorem 2.6.5 in [2], the following canonical product over
S1 is an entire function of orderd overC,

PS1(s) =
∞∏

j=1

E
( s

sj
, d

)

where

E(u, d) = (1− u) exp
(
u +

u2

2
+ . . . +

ud

d

)
.

The setS2 is a subset of the set of the zeros of an entire functionB(s) (see (2.2)) of
orderd by Proposition 2.2. Noting thatdetCk

χ(σk, s) has finitely many poles over the
half planeRe(s) > 0, by the Hadamard’s factorization theorem forB(s), the following
canonical product overS2 is also an entire function of orderd overC,

PS2(s) =
∞∏

`=1

E
( s

s`
, d

)
.

Therefore, we see thatZχ(σk, s)Fk(s)Gk(s)−1PS1(s)
−1PS2(s)

−1 is an entire function
and has no zeros overC. Hence, by the Hadamard’s factorization theorem there exists
a polynomialg(s) such that

Zχ(σk, s)Fk(s)Gk(s)−1PS1(s)
−1PS2(s)

−1 ≡ exp(g(s)) for s ∈ C.
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On the other hand, from the proof of Theorem 4.6 in [11], we know

d

ds
log

(
Zχ(σk, s)Fk(s)Gk(s)−1) → 0 as s →∞.

Hence the order ofg(s) should bed. This completes the proof of Theorem 1.1.

2.3 Order of det Ck
χ(σk, s)

In this subsection, we prove

Proposition 2.2.A meromorphic extension overC of detCk
χ(σk, s) defined a priori for

Re(s) > (d− 1) has an expression

detCk
χ(σk, s) =

A(s)
B(s)

(2.2)

whereA(s), B(s) are entire functions of orderd overC.

In the remaining part of this subsection, we present detail of a proof of Proposition
2.2. In fact, the following proof is a simple modification of the proof of Selberg in [25]
to a higher dimensional case where we employ the Colin de Verdiere’s method for the
analytic continuation of the resolvent of the Pseudo-Laplacian in [4].

We decomposeXΓ as
XΓ = X0 ∪ C1 ∪ . . . ∪ Cp

whereX0 is a compact manifold with boundariesT d−1’s andCj
∼= [rj ,∞) × T d−1.

The metricdg2 overCj induced from the normalized Cartan-Killing form has the form,

dg2|Cj = dr2 + e−2rdw2

wheredw2 is the metric over the flat torusT d−1 induced from the Cartan-Killing form.
Let us recall that there exists aΓ-cuspidal parabolic subgroupPj which fixes the

infinity of Cj . Let Vj be a maximal subspace ofVχ whereχ|Γ∩Pj acts trivially. For
simplicity, we assume thatdimVj = 1 for the following proof. Whenχ is trivial, this
condition is satisfied. The general case can be proved by a minor modification.

Let us chooseφ(r) ∈ C∞
0 (R) such thatφ(r) = 0 for r ≤ r0 andφ(r) = 1 for

r ≥ r0 + 1 wherer0 = max{r1, . . . , rp}. Forj ∈ {1, 2, . . . , p} ands ∈ C, we put

Θj(x, s) =

{
0 if x ∈ XΓ − Cj ,

φ(r)e(d0+s)rv if x = (r, y) ∈ Cj

for a fixedv ∈ Vj ⊗H(σk, τk) whereH(σk, τk) denotes theτk-isotypic component of
H(π(σj , λj)) for a representationπ(σj , λj) of Pj . We refer to the section 2.6 of [11]
for more detail. Let us put

Φj(x, s) :=
(
∆k − (s− k)(2d0 − k − s)

)
Θj(x, s)
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where ∆k denotes the twisted Laplacian acting onΩk(XΓ, Vχ). Note thatΦj ∈
Ωk(XΓ, Vχ) has a compact support, and the generalized eigensectionEj(x, s) is given
by

Ej(x, s) = Θj(x, s)− (
∆k − (s− k)(2d0 − k − s)

)−1Φj(x, s)

for Re(s) > d0. Here∆k denotes the self adjoint extension of∆k acting onΩk
0(XΓ, Vχ)

to itsL2-closure denoted byH := L2(XΓ,∧k(T ∗XΓ)⊗Vχ). (AlthoughH depends on
k, χ, we omit these indices for simplicity.)

Fora > r0, let

Ha :=
{

Φ ∈ H1(XΓ,∧k(T ∗XΓ)⊗ Vχ) | Φ0
j |(a,∞) ≡ 0, j = 1, . . . , p

}

whereΦ0
j(r) :=

∫
T d−1 Φ(r, y) dy for (r, y) ∈ (rj ,∞) × T d−1. Let Ha be theL2-

closure ofHa in H. Let us recall that∆k has an form

∆k = −D2 + λk

for a self-adjoint elliptic differential operatorD and a constantλk by Proposition 1.1
in [20]. Now let us consider the quadratic formQa onHa given by

Qa(Φ) = ||DΦ||2, for Φ ∈ Ha.

This quadratic formQa is closed and therefore it is represented by a self-adjoint oper-
atorD2

a onHa, and we put̃∆k = −D2
a +λk onHa. Then∆̃k has a pure point spectrum

and the resolventRk(s) =
(
∆̃k − (s − k)(2d0 − k − s)

)−1
is a compact operator on

Ha. Fora > r0 + 2, observingΦj ∈ Ha, we put

Fj(x, s) := Θj(x, s)−Rk(s)Φj(x, s). (2.3)

The zeroth Fourier coefficientF 0
ij(x, s) := F 0

i (x, s)|Cj has the form

F 0
ij(x, s) =

{
δij e(d0+s)r v if r > a,

e(d0+s)rAij(s)v + e(d0−s)rBij(s)v if aj ≤ r ≤ a.
(2.4)

We putC0
j
∼= [a,∞) × T d−1 to be the subset ofCj andX0

0 = XΓ − ∪p
j=1C

0
j .

We consider a Neumann Laplacian∆n
k , which is the self-adjoint extension of∆k act-

ing onC∞
c (X0

0) ⊕ ⊕p
j=1C

∞
c (C0

j ) with the Neumann boundary conditions. We repeat

the above construction of̃∆k for ∆n
k and denote bỹ∆n

k the resulting operator. Then
∆̃n

k satisfies the usual Weyl law because the restrictions of∆̃n
k over each components

satisfy this, for instance, overC0
j it follows from [6]. By the min-max principle,j-th

eigenvalue of̃∆n
k is not larger thanj-th eigenvalue of̃∆k. Therefore, we can see

#
{

µn ∈ S̃k | 0 < µn ≤ λ
} ≤ Cλ

d
2 (2.5)



8 Jinsung Park

whereS̃k = {µn |n ∈ N } denotes the spectrum of̃∆k. Note that there is no zero
eigenvalue of̃∆k since the corresponding harmonic form can not belong toHa. By
(2.5),

∞∑

n=1

µ
−( d

2 +ε)
n < ∞

for a ε > 0. We put

Ŝk := { λ`, | λ` is a root ofµn = (s− k)(2d0 − k − s) for somen ∈ N }.
As before, by Theorem 2.6.5 in [2], the canonical product over the setŜk,

P
Ŝk

(s) =
∞∏

`=1

E
( s

λ`
, d

)

is an entire function of orderd overC. PuttingP (s) := (s − d0)PŜk
(s) (we omit

the indexk of P (s) for simplicity), it is easy to see thatP (s)Rk(s)Φj(x, s) is entire.
Moreover, from (2.3) and (2.4), it follows thatP (s)Aij(s), P (s)Bij(s) are also entire
functions overC.

Recall that̃∆kΦ = ∆kΦ for Φ ∈ Ha ⊂ H. Then it is easy to see that forΨ ∈ H,

〈Rk(s)Φj(x, s), Ψ(x)〉

=
∞∑

n=1

(
µn(µn − (s− k)(2d0 − k − s))

)−1〈∆kΦj , Ψn〉 · 〈Ψn, Ψ〉 (2.6)

whereΨn denote the eigenfunction of̃∆k corresponding toµn for n ∈ N. We put

En(s) :=
∏

(λ`−k)(2d0−k−λ`)6=µn

E
( s

λ`
, d

)
.

By Theorem 1.11 in [12], there existC1, C2 > 0 such that forz ∈ C,

|En(s)| ≤ C1 exp
(
C2|s|d log+ |s|) (2.7)

wherelog+ x = logx for x ≥ 1 andlog+ x = 0 for x ≤ 1. By (2.6) and (2.7), there
existC1, C2 > 0 such that forΨ ∈ H,

|P (s)| · | 〈Rk(s)Φj(x, s), Ψ(x)〉 | ≤ C1 exp
(
C2|s|d log+ |s|) ||Ψ||.

In particular, this implies that forΨ with support in(aj , a)× T d−1 ⊂ Cj ,

|P (s)| · | 〈Fj(x, s), Ψ(x)〉 | ≤ C1 exp
(
C2|s|d log+ |s|) ||Ψ||.

ChoosingΨ(x) = e(d0+s̄)r d
dr

(
e−2s̄rg(r)

)
v for g(r) ∈ C∞

0 ((aj , a)), we conclude

|P (s)Aij(s)| ≤ C3 exp
(
C2|s|d log+ |s|) (2.8)
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for a constantC3 > 0 and in a similar way,

|P (s)Bij(s)| ≤ C3 exp
(
C2|s|d log+ |s|). (2.9)

Let ψj(x) be the characteristic function of[a,∞)× T d−1 and set

Gi(x, s) := Fi(x, s) +
p∑

j=1

ψj(x)
(
e(d0+s)rjAij(s)v + e(d0−s)rjBij(s)v − δije

(d0+s)rjv
)

whererj denotes ther-coordinate overCj . ForA(s) =
(
Aij(s)

)
, B(s) =

(
Bij(s)

)
,

andp × p matricesE(x, s), G(x, s) whosej-th rows are given byEj(x, s), Gj(x, s)
respectively, we have

E(x, s) = A(s)−1G(x, s), Ck
χ(σk, s) = A(s)−1B(s).

Therefore,

detCk
χ(σk, s) =

detB(s)
detA(s)

=
P (s)p detB(s)
P (s)p detA(s)

.

PuttingA(s) = P (s)p detA(s), B(s) = P (s)p detB(s), by (2.8), (2.9), these are
entire functions of orderd overC. This completes the proof of Proposition 2.2.

3 Proof of Theorem 1.2

3.1 Counting function ψn(x)

Let us introduce
ψ0(x) =

∑

γ∈Γh,N(γ)≤x

Λ(γ)

whereΛ(γ) = l(Cγ0) with γ = γn
0 for γ0 ∈ PΓh, and

ψn(x) =
∫ x

0
ψn−1(t) dt for n = 1, 2, 3, . . . .

Using Theorem A in [16], we can derive

ψn(x) =
1
n!

∑

γ∈Γh,N(γ)≤x

Λ(γ)
(
x−N(γ))n. (3.1)

Now we relateψn(x) to the Ruelle zeta functionRΓ(s) as follows. First of all, we
have

d

ds
logRΓ(s) = −

∑

γ∈Γh

Λ(γ)N(γ)−s for Re(s) > (d− 1). (3.2)

Now, using (3.1), (3.2), and Theorem B in [16], forn ≥ 1 we obtain

ψn(x) = − 1
2πi

∫

Re(s)=c

xs+n

s(s + 1)(s + 2) . . . (s + n)
d

ds
logRΓ(s) ds (3.3)

wherec > (d− 1).
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3.2 Asymptotics ofψ2d0(x)

ForT À 0, let R(T ) be a closed domain given by

R(T ) =
{

s ∈ C ∣∣ |s| ≤ T, Re(s) ≤ d0
} ⋃ {

s ∈ C ∣∣ d0 ≤ Re(s) ≤ c, −T̃ ≤ Im s ≤ T̃
}

whereT̃ =
√

T 2 − d2
0. We may assume:

(∗) There is no zero or pole of the integrand of (3.3) over the boundary ofR(T ).

Now we apply the Cauchy integral formula overR(T ) to obtain

1
2πi

∫ c+iT̃

c−iT̃

xs+2d0

s(s + 1)(s + 2) · · · (s + 2d0)
d

ds
logRΓ(s) ds

=− 1
2πi

(∫ d0+iT̃

c+iT̃
+

∫

CT

+
∫ c−iT̃

d0−iT̃

) xs+2d0

s(s + 1)(s + 2) · · · (s + 2d0)
d

ds
logRΓ(s) ds

(3.4)

+
∑

z∈R(T )

Ress=z

( xs+2d0

s(s + 1)(s + 2) · · · (s + 2d0)
d

ds
logRΓ(s)

)

whereCT denotes the circular part of the boundary ofR(T ) with the anti-clockwise
orientation.

We compare (3.3) forn = 2d0 with the left hand side of (3.4). By Section 4.2 in
[11], we know that d

ds logRΓ(s) is bounded over the lineRe(s) = c > 2d0. Hence, it
is easy to see

ψ2d0(x) = − 1
2πi

∫ c+iT̃

c−iT̃

xs+2d0

s(s + 1)(s + 2) · · · (s + 2d0)
d

ds
logRΓ(s) ds

+ O(xc+2d0T−2d0). (3.5)

The asymptotics of the first term on the right hand side of (3.5) is the same as the one
of the right hand side of (3.4). From now on, we analyze this part:
• For the integral

∫
CT
· ds, we have

∣∣∣
∫

CT

xs+2d0

s(s + 1)(s + 2) · · · (s + 2d0)
d

ds
logRΓ(s) ds

∣∣∣ ≤ x3d0T−d

∫

CT

∣∣∣ d

ds
logRΓ(s)

∣∣∣ |ds|.
(3.6)

By Theorem 1.1 and Proposition 7 of [8],
∫

CT

∣∣∣ d

ds
logRΓ(s)

∣∣∣ |ds| ≤
∫

|s|=T

∣∣∣ d

ds
logRΓ(s)

∣∣∣ |ds| ≤ CT d logT (3.7)
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for a constantC. Note that the parameterT in (3.7) should satisfy the condition(∗).
By (3.6) and (3.7),

∫

CT

xs+2d0

s(s + 1)(s + 2) · · · (s + 2d0)
d

ds
logRΓ(s) ds = O(x3d0 logT ). (3.8)

• Let us deal with the integral
∫ d0+iT̃

c+iT̃
· ds. From Theorem 1.1 and Theorem 4.6 in

[11], it follows that fors = σ + it with σ ≥ d0, |t| À 0,

d

ds
logRΓ(s) = O

(
t2d0

)
+

∑

|t−λj |≤1

|s− d0 − iλj |−1 (3.9)

whered0 + iλj is a pole ofRΓ(s) along the critical lineRe(s) = d0. Then, by the fact
that d

ds logRΓ(s) is bounded over the lineRe(s) = c > 2d0, the equality (3.9), and the
Phragmén-Lindelöf theorem, fors = σ + it with σ ≥ d0 + u andu > 0, |t| À 0,

d

ds
logRΓ(s) = O

( t2d0

u

)
. (3.10)

For a fixedε > 0, we decompose
∫ d0+iT̃

c+iT̃
· ds into

∫ d0+iT̃

d0+ε+iT̃
· ds and

∫ d0+ε+iT̃

c+iT̃
· ds. For

the first one, using (3.9) (as in Proposition 6.14 of [14]) we have

∫ d0+iT̃

d0+ε+iT̃

xs+2d0

s(s + 1)(s + 2) · · · (s + 2d0)
d

ds
logRΓ(s) ds = O

(
x3d0+εT−1). (3.11)

For the second one, by (3.10) we get

∫ d0+ε+iT̃

c+iT̃

xs+2d0

s(s + 1)(s + 2) · · · (s + 2d0)
d

ds
logRΓ(s) ds = O

(
xc+2d0T−1(logx)−1ε−1).

(3.12)

Combining (3.11) and (3.12), we conclude

∫ d0+iT̃

c+iT̃

xs+2d0

s(s + 1)(s + 2) · · · (s + 2d0)
d

ds
logRΓ(s) ds

= O
(
x3d0+εT−1) + O

(
xc+2d0T−1(logx)−1ε−1). (3.13)

The other integral
∫ c−iT̃

d0−iT̃
· ds can be treated in a similar way and gives us the same

estimate as (3.13).
We split the remaining terms given by the residues overR(T ) in (3.4) into three

parts.
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• For the polessn(k)’s of − d
ds logRΓ(s) lying in (d0, 2d0], we have

∑

sn(k)∈(d0,2d0]

(−1)k

sn(k)(sn(k) + 1) · · · (sn(k) + 2d0)
x2d0+sn(k) (3.14)

wheresn(k) is related to the small eigenvalue(sn(k)−k)(2d0−k−sn(k)) in [0, 3
4d2

0]
of ∆k onπσk,λn(k) with sn(k) = d0 + iλn(k) or sn(k) = d0 − iλn(k) in (d0, 2d0].
• For the polessn(0)’s of− d

ds logRΓ(s) along the critical lineRe(s) = d0, we have

O
(
x3d0

∫ T

−T
t−ddN(t)

)
= O

(
x3d0 logT

)
(3.15)

whereN(t)(= O(td)) denotes the counting function ofsn(0) = d0 + itn over the
critical lineRe(s) = d0.
• To deal with the poles of 1

s(s+1)(s+2)···(s+2d0)
d
ds logRΓ(s) in R(T, d0) = R(T ) ∩

{s | Re(s) < d0}, we defineR(s) to be a meromorphic function of orderd given
by removing the zeros and poles ofRΓ(s) in the half planeRe(s) ≥ d0 using the
canonical product. Then we have

∑

z∈R(T,d0)

Ress=z

( xs+2d0

s(s + 1)(s + 2) · · · (s + 2d0)
d

ds
logRΓ(s)

)

=
1

2πi

∫

|s|=T

xs+2d0

s(s + 1)(s + 2) · · · (s + 2d0)
d

ds
logR(s) ds. (3.16)

As in the derivation of (3.7), one can show that the right hand side of (3.16) has the
same size as (3.7). Hence we have

∑

z∈R(T,d0)

Ress=z

( xs+2d0

s(s + 1)(s + 2) · · · (s + 2d0)
d

ds
logRΓ(s)

)
= O

(
x3d0 logT

)
.

(3.17)
For a givenx À 0, we chooseT satisfying(∗) such that|xd − T | ≤ 1. Putting

c = d and combining (3.4), (3.5), (3.8), (3.13), (3.14), (3.15) and (3.17), we conclude

ψ2d0(x) =
∑

sn(k)∈(d0,2d0]

(−1)k

sn(k)(sn(k) + 1) · · · (sn(k) + 2d0)
x2d0+sn(k)+O(x3d0 logx).

(3.18)

3.3 Reduction toψ0(x), πΓ(x)

To derive the asymptotics ofψ0(x) from ψ2d0(x), we use

∆+
nf(x) :=

∫ x+h

x

∫ xn−1+h

xn−1

· · ·
∫ x1+h

x1

f (n)(x0) dx0 · · · dxn−1
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whereh is a constant which will be fixed later. By the mean value theorem,

∆+
2d0

x2d0+sn = h2d0 (sn + 2d0)(sn + 2d0 − 1) · · · (sn + 1) x̃sn (3.19)

wherex̃ ∈ [x, x + 2d0h], hence

ψ0(x) ≤ h−2d0∆+
2d0

ψ2d0(x) ≤ ψ0(x + 2d0h). (3.20)

By (3.18) and (3.19), we have

h−2d0∆+
2d0

ψ2d0(x) =
∑

sn(k)∈(d0,2d0]

(−1)kxsn(k)

sn(k)
+ O(h−2d0x3d0 logx) + O(h2d0).

(3.21)

The optimal size of the error term in (3.21) is given whenh = x
3
4 (logx)

1
4d0 . By (3.20)

and (3.21) withh = x
3
4 (logx)

1
4d0 , we obtain

ψ0(x) ≤
∑

sn(k)∈( 3
2d0,2d0]

(−1)kxsn(k)

sn(k)
+ O

(
x

3
2d0(logx)

1
2
)
. (3.22)

For the lower bound, we use

∆−
n f(x) :=

∫ x

x−h

∫ xn−1

xn−1−h
· · ·

∫ x1

x1−h
f (n)(x0) dx0 · · · dxn−1

to obtain
ψ0(x− 2d0h) ≤ h−2d0∆−

2d0
ψ2d0(x) ≤ ψ0(x).

In a similar way, one can show

∑

sn(k)∈( 3
2d0,2d0]

(−1)kxsn(k)

sn(k)
+ O

(
x

3
2d0(logx)

1
2
) ≤ ψ0(x). (3.23)

Combining (3.22) with (3.23), we conclude that

ψ0(x) =
∑

sn(k)∈( 3
2d0,2d0]

(−1)kxsn(k)

sn(k)
+ O

(
x

3
2d0(logx)

1
2
)
. (3.24)

To obtain the formula forπΓ(x), we recall

πΓ(x) =
∫ x

2

1
log t

d θ(t)

where
θ(x) =

∑

γ∈PΓh,N(γ)≤x

Λ(γ).
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Combining
ψ0(x) = θ(x) + θ(x

1
2 ) + θ(x

1
3 ) + · · ·

with (3.24), we have

πΓ(x) =
∑

sn(k)∈( 3
2d0,2d0]

(−1)k li(xsn(k)) + O
( x

3
2d0

(logx)
1
2

)
. (3.25)

To obtain the error term in (3.25), we used the following asymptotics withα = 1
2,

∫ x

2

dt

(log t)α
=

x

(logx)α
+ α

x

(logx)α+1 + α(α + 1)
x

(logx)α+2 · · ·

whereα > 0. This completes the proof of Theorem 1.2.

Acknowledgments. The author thanks Y. Hashimoto for his comment, which corrects
an error in the first draft.
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