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Ruelle zeta function and Prime geodesic
theorem for hyperbolic manifolds with cusps

Jinsung Park

Abstract. For ad-dimensional real hyperbolic manifold with cusps, we obtain more refined
error terms in the prime geodesic theorem (PGT) using the Ruelle zeta function instead of the
Selberg zeta function. To do this, we prove that the Ruelle zeta function over this type manifold
is a meromorphic function of orderoverC.
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1 Introduction

Let Xt be ad-dimensional locally symmetric space given By = IN'\G/K whereG

is a semi-simple Lie group of rarkkand K is a maximal compact subgroup @f and

I" is a discrete torsion free subgroup@®@f We also assume that the Riemannian metric
over Xt induced from the Killing form is normalized so that the sectional curvature
of Xr is —1. Now let us recall that a prime geodegig over X corresponds to a
conjugacy class of a primitive hyperbolic element I'. Let 7 (z) denote a function
counting the prime geodes@, of length{(C,) whose normN (vy) = (@) is not
larger thane. Then the prime geodesic theorem (PGT) states

xdfl

(d—1)logx (2.1)

7r(z) ~

where f(z) ~ g(z) meandim,_, g(g = 1. This was proved by Gangolli [9] and
DeGeorge [5] independently whe¥t is compact, and by Gangolli-Warner [10] when
Xr has a finite volume.

In [13], [14], Hejhal extensively studied the Selberg zeta function over a hyper-
bolic Riemann surfac&, that is, when is a co-finite discrete subgroup 6f =
PSL(2,R). Applying these results, Hejhal proved PGT with error terms (see also [15],
[19], [24]), , .

mr(z) = > li(z")+ O(z3(logz)2) (1.2)

%<sn§1

where)\,, = s,(1— s,) is a small eigenvalue if0, 1—36] of the Laplaciamyy acting on
L*(Xr),andii(z) := [; 57 dt. Recalling the leading term i) is 5 asz — oo,
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it is easy to see that PGT (1.2) is a refinement of (1.1) for a special case of co-finite
I c PSL2,R).

Since the size of the error term in (1.2) is given by the small eigenvaluésg, of
and the estimate of the small eigenvalue for a specific arithmetic case is one of the
main problems in analytic number theory, there have been many works, for instance
the work of Iwaniec [17] and Luo-Sarnak [18], to obtain the optimal size of the error
term for such a specific arithmetic discrete subgrbup PSL(2, R).

Comparing PGT in (1.1) with the one in (1.2), one can try to obtain the correspond-
ing error terms in (1.1) as in (1.2) for&dimensional locally symmetric spacg- of
rank 1. A plausible approach for this is to use the Selberg zeta fundéfidn) follow-
ing Hejhal [13, 14] or Randol [24] as they did for hyperbolic Riemann surfaces, then
one may believe that the poles£flog Zr (s) over the strip} (d—1) < Re(s) < (d—1)
would provide us with error terms for PGT as in (1.2). However, this approach using
the Selberg zeta functiafir (s) provide us with only the error terms corresponding to
the poles in the strigd — 2) < Re(s) < (d — 1), hence the Selberg zeta function
Zr(s) is not sufficient to obtain the expected error termg if 3. In the section 5 of
[10], this is explained in the view point of the Tauberian theorem of Wiener-lkehara.
On the other hand, reflecting on this section of [10], one can see that a meromorphic
extension of the Ruelle zeta function

Rr(s):= J] (@—e i)™ for Re(s) > (d— 1)
YEP K

can be used to obtain such error terms in (1.1). HREedenotes the set of conjugacy
classes of a primitive hyperbolic elemenin I'. This is also pointed out in the last
part of the section 4 of [8]. We also refer to the work of Parry-Pollicott [22] where
they used the Ruelle zeta function for an axiom A flow to derive PGT.

The main purpose of this paper is to refine the result of Gangolli-Warner [10] fol-
lowing suggestion of Fried [8] for real hyperbolic manifotg with cusps. Here a real
hyperbolic manifoldX with cusps is given as follows: Let us gutCc G = SQy(d, 1)
be a discrete co-finite torsion free subgroug-ofNow let us denote b the set of -
conjugacy classes 6fcuspidal parabolic subgroupsadh We assume that the discrete
subgroud” satisfies the condition

Frp:=FNP=rNN(P) for PePr

where N (P) denotes the nilpotent part d?. Now the resulting manifoldX; =
MNG/K is ad-dimensional real hyperbolic manifold with cusps. In our approach,
a main ingredient to obtain the error terms of PGT a¥eris the Ruelle zeta function
Rr(s). Recently in [11], it is shown thaRr(s) can be extended as a meromorphic
function overC with precise description of the locations of zeros and poles. For our
purpose concerning PGT, we need the following basic faéidk).
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Theorem 1.1.For a d-dimensional real hyperbolic manifold with cusps, a mero-
morphic extension ovel of the Ruelle zeta functioRr (s) has an expression

G
Qr(s)

wherePr(s), Qr (s) are entire functions of ordet overC.

Rr(s)

A proof of Theorem 1.1 is given in the section 2. Actually we will prove Theorem
1.1 for the Ruelle zeta function twisted by a special unitary representattdf. This
can be used for PGT in a fixed homology class, which would be a refinement of [1],
[71, [23] for real hyperbolic manifolds with cusps. A detail of this application will be
given elsewhere.

To state the main result about PGT, we introduce some notations. Let us consider
an lwasawa decompositiadf = NAK with a decomposition of Lie algebrga =
n®a @t The subgroupl = SO(d — 1) is defined to be a maximal subgroup of
K = SQO(d) which commutesA. Let us denote by, the fundamental representation
of M acting onA*R?1 @ C. Whend = 2n + 1, j = n, o,, denotes a direct sum of
half spin representations, & o_. We denote by, the Laplacian acting on the space
of k-forms overXr, which decomposes into the subspaces where the principal series
representatiom,; » acts forj = (k — 1), k. By Theorem 1.1 and a modification of the
proof in [13], [14], we prove

Theorem 1.2.For a d-dimensional real hyperbolic manifold with cusps, we have
PGT with error terms

@)= Y. (Ml ®) + o(wib(oga) 2) (1.3)

3do<sn (k)<2do

wheredy = 45t and (s, (k) — k)(2do — k — s,(k)) is a small eigenvalue ifD, 3d2]
of A ON T, 3. (k) With sp (k) = do + iAn (k) OF sy (k) = do — iAn (k) in (3do, 2do).

A proof of Theorem 1.2 is given in the section 3. Theorem 1.2 is a refinement of
the corresponding result of Gangolli-Warner [10] with error terms for real hyperbolic
manifolds with cusps. According to the last part of the section 4 of [8], it seems that
Fried also obtained the corresponding result to Theorem 1.2 for compact case in his
unpublished note. A new feature in Theorem 1.2 is a signdtufg” of the terms
li (z*»(¥)) depending ork. By Theorem 4.6 in [11] and (2.1), for a small eigenvalue
corresponding ta,, (k) € (2do — 1,2dp], we havek = 0, hence whenl = 2 the
signature(—1)¥ is always(—1)° = 1 as we expect from (1.2).

Remark 1.3.In general, some parts of cuspidal and residual spectrum can appear as
small eigenvalues df;, (see the chapter 8 of [26] or [27]). We also refer to the section

6 of [3] for an example with small eigenvaluesfy. It is interesting to generalize this
result to the case d;, for £ > 1 since this would imply the leading terms of (1.3) are
effective.
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Remark 1.4.Recently a related work to Theorem 1.2 was given in [21] where the
author derivedQ_.-estimate for error terms of PGT using the Selberg zeta function
under some condition for the scattering determinant. According to the aforementioned
remark, this approach seems to be problematic to olf2airestimate for error terms

in principle.

2 Order of the Ruelle zeta function

2.1 Twisted Ruelle zeta function

For a special unitary representation V, ) of ' = 71(Xr), we define a twisted Ruelle
zeta function

Ry(s) = ] det(id - X(v)e_‘gl(cﬂ>7l for Re(s) > (d—1).
YEPT

Here the notationdet' denotes the determinant taken oVgr The Selberg zeta func-
tion attached t@, is defined by

. _ 1~ — 87@
Zy(ok,8) = exp( =Y trx(1)i(7) D (y) Mrog(ma)e 2 )z(cﬁ)
Y€Mh

for Re(s) > (d — 1). Herely denotes the set of thie-conjugacy classes of the
hyperbolic elements iff, j(v) denotes the positive integer such that 7{,(’” with

a primitiveyg € Pl'y. We may assume that a hyperbolic elemert I has the form
aym, € AT M and

D(7) = D(aym,) = af, |det(Ad(a,m,) " — Id|,) |

whereat = exp(dot, H) if a, = exp(t,H) for a normalizedd € a.
ForRe(s) > (d—1), the following relationship oz, (s) betweer?, (o}, s)'s holds,

d—1
Ry(s) = [[ Zelow, s + k)Y 2.1)
k=0

where ifd = 2n + 1, Z, (0, s + n) denotesZ, (o;', s + n)Z,(0;, , s + n) with the
half spinor representations” of M = SO(2n). In [11], it is shown thatZ, (o, s)
has a meromorphic extension ov@mwith a precise description of locations of zeros
and poles. Hence the Ruelle zeta functi®g(s) has a meromorphic extension over
by (2.1).
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2.2 Divisors of Z, (o, s)

In order to prove Theorem 1.1, it is sufficient to prove the same/{@p, s) by (2.1).
For Z, (o, s), from Theorem 4.6 in [11], we have

Proposition 2.1.For 0 < k < [dp], there exist two entire functions;(s), Gi(s) of
order d respectively such thaf, (o}, s)Fi.(s)Gi(s) "t is an entire function ove€
with zeros at
(1) s; = dg+i\; of orderm; Where)\JZ + (do — k)2 is an eigenvalue with multiplicity
m; of A, ong, y, and
(2) s¢ = do + q; of orderb, (*, ) wheredetC% (o}, s) has a pole at = ¢, of order
by with Re(q,) < 0.

HereC’;(ok, s) denotesr;-isotypic component of the scattering operatgr(oy, s)
for the fundamental representation of K acting onA\FR? @ C.

Let S1, S, denote respectively the sets consisting of the zerds, 6fy, s) Fi(s)Gr(s) 1
appearing in(1), (2) of Proposition 2.1. By the result in [6], we have

Z |sj|_d_6 < 00
SjESl

for anye > 0. Hence, by Theorem 2.6.5 in [2], the following canonical product over
S1 is an entire function of ordet overC,

Pg,(s) = HE(Si,d)
=t
where
’LL2 ud
E(u,d) = (1—u)exp(u+7+...+ E)'

The setS; is a subset of the set of the zeros of an entire funcBgs) (see (2.2)) of
orderd by Proposition 2.2. Noting thai‘et(]’;(ak, s) has finitely many poles over the
half planeRe(s) > 0, by the Hadamard's factorization theorem f8fs), the following
canonical product ove$; is also an entire function of orddroverC,

Ps,(s) = ﬁE(;d)
/=1

Therefore, we see that, (o, s) Fi.(s)Gr(s) ~1Ps, (s) ~1Ps,(s) 1 is an entire function
and has no zeros ovér. Hence, by the Hadamard’s factorization theorem there exists
a polynomialg(s) such that

Zy (01, 8)Fi(5)Gi(5) " Psy (5)LPsy(s) L = explg(s))  for s € C.
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On the other hand, from the proof of Theorem 4.6 in [11], we know
d -1
o log (Zy (0%, 5)Fi(s)Gr(s)™") — 0 ass — oo.
S

Hence the order af(s) should bei. This completes the proof of Theorem 1.1.

2.3 Order of det C% (o, 5)

In this subsection, we prove

Proposition 2.2.A meromorphic extension ov€rof detC’Q(ak, s) defined a priori for
Re(s) > (d — 1) has an expression

A(s)

B 2.2)

detC’fj(ak, s) =

whereA(s), B(s) are entire functions of ordef overC.

In the remaining part of this subsection, we present detail of a proof of Proposition
2.2. In fact, the following proof is a simple modification of the proof of Selberg in [25]
to a higher dimensional case where we employ the Colin de Verdiere’s method for the
analytic continuation of the resolvent of the Pseudo-Laplacian in [4].

We decompos& as

Xr :XoUC]_U...UCp

where Xg is a compact manifold with boundari@¥~1's andC; = [r;,00) x T971.
The metricdg? overC; induced from the normalized Cartan-Killing form has the form,

dg®|c, = dr® + e~ dw?

wheredw? is the metric over the flat tord&?—* induced from the Cartan-Killing form.
Let us recall that there existslacuspidal parabolic subgroup; which fixes the
infinity of C;. LetV; be a maximal subspace bf wherex|rnp; acts trivially. For
simplicity, we assume thatimV; = 1 for the following proof. Wheny is trivial, this
condition is satisfied. The general case can be proved by a minor modification.
Let us choose)(r) € C3°(R) such thatp(r) = 0for » < ro andg(r) = 1 for
r > 19+ 1whererg = max{ry,...,r,}. Forj € {1,2,...,p} ands € C, we put

S if ©eXr—Cj,
j P(r)el oty if 2= (ry) € C;

for a fixedv € V; ® H(oy, 1) WhereH (oy, 71,) denotes they-isotypic component of
H(m(oj,A;)) for a representation(c;, A;) of P;. We refer to the section 2.6 of [11]
for more detail. Let us put

Dj(z,s) = (Ak —(s—k)(2do— k — 8))Oj(x, s)
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where A, denotes the twisted Laplacian acting @%(Xr,V,). Note that®; €
QF(Xr, V) has a compact support, and the generalized eigensdgfions) is given
by
— -1
Ej(z,s) = ©;(x,s) — (B — (s — k)(2do — k — 5)) " ®j(z, s)
for Re(s) > do. Herel, denotes the self adjoint extensiongfacting onQ% (Xr, V)
to its L2-closure denoted by := L?(Xr, AF(T* Xr) ® V, ). (AlthoughH depends on
k, x, we omit these indices for simplicity.)
Fora > rg, let

Ho = { ® € HY(Xr, ""(T*Xr) @ V) | ®(000) =0, G=1,...,p}

WhereCDo = [ra_1 ®(r,y) dy for (r,y) € (rj,00) x T4 Let H, be theL?
closure oﬂ—| in H. Let us recall thaf\, has an form

A, = —D? + )\

for a self-adjoint elliptic differential operatd@® and a constank; by Proposition 1.1
in [20]. Now let us consider the quadratic fo, onH, given by

Qu(®) = ||DO|%,  for ® € H,.

This quadratic forng), is closed and therefore it is represented by a self-adjoint oper-
atorD2 onH,, and we puﬂk = —D + A ONH,,. ThenA,C has a pure point spectrum

and the resolvenky,(s) = (B, — (s — k)(2do — k — s))_ is a compact operator on
H,. Fora > ro + 2, observing®; € H,, we put

Fj(x,s) 1= ©j(x,s) — Ri(s)®;(x, ). (2.3)

The zeroth Fourier coefficiertt); (, s) := F{(z, s)|c; has the form

- oldots)r if
P9y = [0 frea gy
e(do+5)TAij(s)v + e<d0_s)rBij(3)U if a; <7 <a

We putC? = [a,00) x T to be the subset of; and X3 = Xr — U_,C9.
We consider a Neumann Laplaciafj, which is the self-adjoint extension 4, act-
ing onC(XY) & @p 1COO(CO) with the Neumann boundary conditions. We repeat

the above construction d; for A7 and denote b)A” the resulting operator. Then
A” satisfies the usual Weyl law because the restrlctlortkggaﬁver each components
satlsfy this, for instance, ov«ﬂ*0 it follows from [6]. By the min-max principlej-th

eigenvalue oﬁg is not larger tharj-th eigenvalue of\;. Therefore, we can see

#{ 10 €8k [0< i <A} < COAZ (2.5)
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where S, = {pn|n € N} denotes the spectrum &f.. Note that there is no zero
eigenvalue of); since the corresponding harmonic form can not belong/{o By
(2.5),

o~ —(4+9)
Z“” 27 < 00
n=1
forae > 0. We put
Sy 1= { ¢, | \¢ Isarootofu, = (s — k)(2dg — k — s) for somen € N }.

As before, by Theorem 2.6.5 in [2], the canonical product over theset
a S
P (s) = HE()\—E,d>
=1

is an entire function of ordef over C. Putting P(s) := (s — do)Pg (s) (we omit
the indexk of P(s) for simplicity), it is easy to see thdt(s)R;(s)®;(x, s) is entire.
Moreover, from (2.3) and (2.4), it follows th#&t(s) A;;(s), P(s)B;;(s) are also entire
functions overC.

Recall thaﬂkdb = AP for d € H, C H. Then itis easy to see that fh € H,

(Ri(s)®;(z, 5), W(z))
=5 (pnlpn — (s — k)(2do — k — ))) 0Py, W) - (Wo, W) (2.6)
1

n

whereW,, denote the eigenfunction o, corresponding te, for n € N. We put

En(s) = I1 E(/\%,d).

(Ae—k)(2do—k—Xg)#pin

By Theorem 1.11 in [12], there exiét, C> > 0 such that forz € C,
| En(s)] < Crexp(Co|s|?log™ |s|) (2.7)

wherelog™ x = logx for z > 1 andlog™ = = 0 for < 1. By (2.6) and (2.7), there
existC1, Cy > 0such that fol! € H,

[P(s)] - | (Ri(5)®j(w, ), W(@))| < Crexp(Cals|*log” |s[) [|W]].
In particular, this implies that fo# with supportin(a;, a) x T4t c C},
|P(s)] - | (Fj(x,s), W(x)) | < Crexp(Cals|?log” s[) [|W]|-
Choosing¥(z) = el@+s)" L (¢=257 (1)) y for g(r) € C§°((a;, a)), we conclude

|P(s)A(s)| < Caexp(Cals|*log™ |s|) (2.8)
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for a constantC3 > 0 and in a similar way,
|P(s)Bij(s)] < Czexp(Cals|*log" |s|). (2.9)

Let; () be the characteristic function @f, c0) x 79-1 and set
p
Gi(z,s) = Fi(z,s) + Z pj(x) (e(d"*s)”Aij(s)v + el Byi(s)v — (5ije(d0+s)rﬂ'v>
=1

wherer; denotes the-coordinate over’;. For A(s) = (A;;(s)), B(s) = (Bi;(s)),
andp x p matricesé(x, s), G(x, s) whosej-th rows are given by;(z, s), Gj(x, s)
respectively, we have

E(z,s) = A(s)"1G(x, s), C)’z(ak, s) = A(s)"1B(s).
Therefore,
_detB(s)  P(s)?detB(s)
~ detA(s)  P(s)PdetA(s)’
Putting A(s) = P(s)?detA(s), B(s) = P(s)PdetB(s), by (2.8), (2.9), these are
entire functions of orded overC. This completes the proof of Proposition 2.2.

detC']; (0%, 3)

3 Proof of Theorem 1.2
3.1 Counting function t,,(x)

Let us introduce

dox) = Y. A

YEMh,N(v)<z
whereA(y) = I(C,,) with v = g for ~o € PI'y,, and

Up(z) = /Ofﬂ Yn—1(t) dt forn=1273,....

Using Theorem A in [16], we can derive

ba@) == 3 A (e - N (3.1)

" yETR,N(7)<z

Now we relatey,, (z) to the Ruelle zeta functiofkr(s) as follows. First of all, we
have

d
s log Rr(s) = — E A(Y)N(y)~* for Re(s) > (d —1). (3.2)
5 YEMR
Now, using (3.1), (3.2), and Theorem B in [16], for> 1 we obtain

-1 . ©\og Re(s)d 3.3
Tﬁn(w)——% Re(,s):c s(s—l—l)(s—l—Z)(s—i—n)% Og r(S) S ( . )

wherec > (d — 1).
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3.2 Asymptotics oft)oq, ()
ForT >> O, let R(T') be a closed domain given by

R(T)={seC||s|<T, Re(s)<do}| J{s€C|do<Re(s)<ec, -T<Ims<T}

whereT = /T2 — d2. We may assume:

(x) There is no zero or pole of the integrand of (3.3) over the boundaR(®.

Now we apply the Cauchy integral formula ov@(T") to obtain

1 c+iT 25 T2do
o Io R ds
2m;/c 7 s+ +2) (s+2do) 9 B (s)

do—HT s+2do
Io R d
2772 / /CT /do 7/ s(s+ L) (s+2)---(s+ 2dp) ds 9fir(s) ds
(3.4)

.’L’S+2d0

+Z§)Re§ ( G012 (s +2do) ds 45 loair(s )

whereCr denotes the circular part of the boundaryR(fI") with the anti-clockwise
orientation.

We compare (3.3) fon = 2dg with the left hand side of (3.4). By Section 4.2 in
[11], we know thatdilS log Rr(s) is bounded over the linRe(s) = ¢ > 2dp. Hence, it
is easy to see

1 c+iT 5+2do

W2de(7) = C2mi Joi7 s(s+1)(s+2)--- (s + 2do) ds

|OgRr( ) ds
+ O(zcH2do—2doy (3 5)

The asymptotics of the first term on the right hand side of (3.5) is the same as the one
of the right hand side of (3.4). From now on, we analyze this part:
e For the integralf, - ds, we have

.’L’S+2d0
’/CT s(s+1)(s+2) - (s + 2do) ds |OgRr( )ds

< g3 / ’7 log Rr (s)| |ds|.
(3.6)
By Theorem 1.1 and Proposition 7 of [8],

/ (dlogRr(s)‘|ds|g/ ‘—IogRr ’|ds| <CTllogT  (3.7)
op 1ds |s|=T
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for a constantC. Note that the parametét in (3.7) should satisfy the conditiof).
By (3.6) and (3.7),

s+2dp B 2o
/ p $(s +1)(s+2) - (s +2do) ds L log Rr(s)ds = O(z%" logT).  (38)

e Let us deal with the mtegraﬁd"“T ds. From Theorem 1.1 and Theorem 4.6 in
[11], it follows that fors = o + it Wlth o >dp, [t| >0,

d 2d -1
%IogRr(s):O(t )+ > s —do— il (3.9)
[t=X;1<1

wheredg + i)\ is a pole ofRr (s) along the critical lineRe(s) = do. Then, by the fact
thatdis log Rr(s) is bounded over the linke(s) = ¢ > 2dp, the equality (3.9), and the
Phragmén-Lindel6f theorem, for= o + it with ¢ > do + v andu > 0, |t| > 0,

2dg
% log Rr (s) = o(L). (3.10)

u

For a fixede > 0, we decomposg¢®™*" . dsinto [©""" _.dsand [“"<"" . 4s. For
] | . e+ dote+iT c+iT
the first one, using (3.9) (as in Proposition 6.14 of [14]) we have

do+iT s+2do st .
|0 R ds = O(z>™ T~+). (3.11
~/do+e+i7~“ 5(3 + 1) (S + 2) (8 + Zdo) 9 F( ) ( ) ( )

For the second one, by (3.10) we get

do+e+iT xSJerO | p o C+2dOT_1 | L
/c+z'T s(s+1)(s+2)---(s+2do) d OgRF( )ds = O(x (logz)~te ™).
(3.12)

Combining (3.11) and (3.12), we conclude

do+iT 5+2do
/ Iog Rr(s)ds
erit S(s+1)(s+2)---(s+2do) d

= o(x3do+6T* ) +O(z 27 Ylogz)te7t). (3.13)

o ZT~ ds can be treated in a similar way and gives us the same

The other integral;
estimate as (3.13).
We split the remaining terms given by the residues aR€r’) in (3.4) into three

parts.
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e For the poles,(k)’s of —<% log Rr (s) lying in (do, 2do], we have

(_1)k 2do+sn (k) 3
sn(k)ez(do,zdo] S (k) (sn(k) + 1) - (sp(k) + ZdO)x (3.14)

wheres,, (k) is related to the small eigenvalge, (k) — k) (2do — k — s, (k)) in [0, %dé]
of A, onm,, . (k) With s, (k) = do + iAn (k) OF 8, (k) = do — iAn (k) in (do, 2do].
e For the poles,, (0)'s of —i < log Rr(s) along the critical lineRe(s) = do, we have

o(;ﬁdo / Tt_ddN(t)) = O(23% log T (3.15)

where N (t)(= O(t%)) denotes the counting function ef,(0) = do + it,, over the
critical line Re(s) = dp.

e To deal with the poles o.( +1)(S+2 T5T2dy) ds 4 log Rr(s) in R(T,do) = R(T) N
{s| Re(s) < do}, we defineR(s) to be a meromorphic function of ordérgiven
by removing the zeros and poles Bf (s) in the half planeRe(s) > dp using the
canonical product. Then we have

iUS+2dO

ZGR(ZTdo)Reg ( (s+1)(s+2)---(s+ 2do) ds IogRr( ))

1 $s+2do

T 2mi /|S|_T s(s+1)(s+2)--- (s +2do) ds

As in the derivation of (3.7), one can show that the right hand side of (3.16) has the
same size as (3.7). Hence we have

IogR() s. (3.16)

$S+2d0

2, Res- ( (s+1)(s+2) - (s + 2do) ds & loafir(s )) = O(z**logT).

z€R(T,do)
(3.17)
For a givenz >> 0, we choosél” satisfying(x) such thatz? — T'| < 1. Putting
¢ = d and combining (3.4), (3.5), (3.8), (3.13), (3.14), (3.15) and (3.17), we conclude

_ (—1)F 2do+sn (k) 3d
Vao(e) = D T ) a5 20) O loga).
Sn(k‘)e(do,zdo]

(3.18)

3.3 Reduction toyy(x), wr(x)

To derive the asymptotics @fy(x) from 24, (), we use

z+h Tp_1+h z1+h
Al f(x / / / ™ (z0) dag - - - dan—_1
Tn—1
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whereh is a constant which will be fixed later. By the mean value theorem,
AG, a?lotsn = p20 (5, 4 2do) (s, + 2do — 1) -+ (s + 1) T (3.19)
wherez € [z, x + 2doh], hence
o(x) < h2PAT, hogy(x) < tpo(x + 2doh). (3.20)
By (3.18) and (3.19), we have

—2dy A+ _ (=™ ~2do_ 3dy 2do
h2PAL Pogp(z) = > + O(h~2dog30 Jog 1) + O(h2%).

sn (k)
sn (k)€ (do,2do]
(3.22)

1
The optimal size of the error term in (3.21) is given whes: i (logz)*. By (3.20)
1
and (3.21) withh = x%(log x)*o, we obtain

1)k gsa (k)
do(z) < Y %+o(x§d0(|ogx)%). (3.22)
sn (k) €(3do,2do) "

For the lower bound, we use

T Tn—1 Z1
T— Tp—1— T1—

Yo(x — 2dgh) < hiZdOAEdO oay(x) < Yo(x).
In a similar way, one can show

to obtain

_1\k,.5n(k)
Z % + O(a:gdo(logx)%) < o(x). (3.23)
sn(k)eGdo2dg

Combining (3.22) with (3.23), we conclude that

(_1)kxsn(k) 3 1
1/)0($> = Z T(k?) + O(mZdo(logaz)Z). (3.24)
sn(k)€(3do,2d)]

To obtain the formula forrr (), we recall
Tl
Wr(w)—/z @dﬁ(t)

where

o= S AG)

YEPT 1, N(y)<z
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Combining

Yo(x) = 0(z) + 0(x2) + 0(x3) + - - -

with (3.24), we have

‘”gdo);) (3.25)

mr(z) = (—1)F li (2= ®) + O((Iogx

sn (k)€(3do,2do]

To obtain the error term in (3.25), we used the following asymptotics with 3,

/ﬂc i _ @ ta—r + (a+1)L~-
> (logt)® ~ (logz)® ' “(logz)*t " (logz)a+2

wherea > 0. This completes the proof of Theorem 1.2.

Acknowledgments. The author thanks Y. Hashimoto for his comment, which corrects
an error in the first draft.
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