ETA INVARIANTS AND REGULARIZED DETERMINANTS FOR ODD
DIMENSIONAL HYPERBOLIC MANIFOLDS WITH CUSPS

JINSUNG PARK

ABSTRACT. We study eta invariants of Dirac operators and regularized determinants of
Dirac Laplacians over hyperbolic manifolds with cusps and their relations with Selberg zeta
functions. Using the Selberg trace formula and a detailed analysis of the unipotent orbital
integral, we show that the eta and zeta functions defined by the relative traces are regular
at the origin so that we can define the eta invariant and the regularized determinant. We
also show that the Selberg zeta function of odd type has a meromorphic extension over
C, prove a relation of the eta invariant and a certain value of the Selberg zeta function
of odd type, and derive a corresponding functional equation. These results generalize the
earlier work of John Millson (see [12]) to hyperbolic manifolds with cusps. We also prove
that the Selberg zeta function of even type has a meromorphic extension over C, relate it
to the regularized determinant, and obtain a corresponding functional equation.

1. INTRODUCTION

In the seminal paper [12], Millson derived a relation of the eta invariant of the odd
signature operator and a certain value of Selberg zeta function of odd type for compact
hyperbolic manifolds of dimension (4n — 1). To prove this, Millson used the Selberg trace
formula, which relates the spectral data to the geometric data, applied to a test function
defined by the odd heat kernel of the odd signature operator. In [7], the corresponding
work was done for the analytic torsion and the Ruelle zeta function for odd dimensional
hyperbolic manifolds. These results have been generalized to the case of compact locally
symmetric spaces of higher rank in [13], [14] .

It would be an interesting problem to extend the aforementioned results to noncompact
locally symmetric spaces with finite volumes. However, we encounter several serious dif-
ficulties when we discuss the extension of those results to noncompact locally symmetric
spaces. First of all, the heat operator of the Laplacian is not of trace class. Hence we cannot
use the trace of the heat operator as in the compact case. In [18], [19], Miiller introduced
the relative trace to overcome this kind of difficulty and defined corresponding relative eta
invariants and relative regularized determinants. In this paper, we follow Miiller’s approach
to study the (relative) spectral invariants for noncompact hyperbolic manifolds with finite
volumes. If the continuous spectrum of the operator has a gap near zero, the relative trace
behaves as the usual trace in the compact case. This is the case of the Laplacians acting on
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functions. The regularized determinants of these operators and their relations with Selberg
zeta functions have been extensively studied for two and three dimensional manifolds with
cusps in [4], [5], [10], [11], [17]. However, if the continuous spectrum of the operator has
no gap near zero, we need to know the large time behavior of the relative trace, so its
relation with the scattering theory. In this paper, we study the spectral invariants of Dirac
operators and Dirac Laplacians for odd dimensional hyperbolic manifolds with cusps, whose
continuous spectrums reach zero.

Our approach is to use the Selberg trace formula applied to test functions defined by the
heat kernels. To do so, we analyze the corresponding geometric side of the Selberg trace
formula, in particular, the unipotent orbital integral. A detailed analysis of these terms
enables us to show that the Selberg zeta functions of odd/even type have meromorphic
extensions over C. These results can be considered as generalizations of an old result of
Gangolli and Warner in [8] to the case of nontrivial locally homogeneous vector bundles
over noncompact locally symmetric spaces.

We explain our result more precisely. Let X = I'\Spin(2n + 1,1)/Spin(2n + 1) be a
(2n + 1)-dimensional hyperbolic manifold with cusps. Here I' is a discrete subgroup of
G = Spin(2n + 1,1) with finite co-volume. Throughout this paper, we also assume that
the group generated by the eigenvalues of I' contains no root of unity. We now consider
the Dirac operator D acting on L?(X,E). Here the spinor bundle E over X is a locally
homogeneous vector bundle defined by the spin representation 7, of the maximal compact
subgroup Spin(2n + 1) of Spin(2n + 1,1). Let us observe that the restriction of 7, to
Spin(2n) C Spin(2n + 1) has the decomposition o @ o_ where o denotes the half spin
representation of Spin(2n). Let IC; be the family of functions over G = Spin(2n+1,1) given
by taking the local trace of the integral kernel of e '®* or De~®” where D is the lifting of
D over the universal covering space of X. Now the Selberg trace formula applied to K; has

the following form,

S Y Riloid) - = [ TH(Cr(oy, —iNCh(oy iN (o i) (KD)) dA
4

_ — 0
=0t Noeok

= Ir(K:)+ Hr(K:) + Ur(Ky)

where ), := O';_ Uo, gives the point spectrum of D, Cr(o4,i)) is the intertwining operator
(note that Cr(o4,i\) = Cr(o—, i) since o4, 0_ are unramified) and It (), Hr(-), Ur(-) are
the identity, hyperbolic and unipotent orbital integrals, respectively. Following [15], [18],
[19], we define certain operators Do(i) determined by D such that e~ tP° — Sor e~tPo(i)?
De~tD* — Sor Dy (i)e P8 are trace class operators on L2(X, E) where £ is the number
of the cusps of X. We also show that the spectral side of the above Selberg trace formula
is equal to the relative trace Tr(e~*P* — 2% ¢~P6()) or Tr(DeP* — 3% | Dy(i)ePo(0);
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for example, if IC; is give by e~ tB 2,

Tr(e_tD2 - Z e—th(i))
i=1

=Y Y Runin) - o [ T —iNCE o iV iN(K)) i)

O=0% )\ €0

= Ir(K:) + Hr(Ky) + Ur(Ky).

A similar formula holds for Tr(De~tP* — r Dy (i)e P3(™) with the corresponding kernel
function K;. The exact forms of Ir(KC;), Hr(K;) are well-known, in particular, the hyperbolic
orbital integrals Hp(KC;) provide us with the Selberg zeta function of odd/even type. Hence,
a main task in this paper is the analysis of Up(K;). To do so, we use a result of Hoffmann
in [9] and perform explicit computations for the weighted unipotent orbital integrals for our
concerned cases. These explicit computations constitute some of the main ingredients of
this paper. By these explicit computations, we can show that Up(K;) = 0 if K; is determined
by DetP?.

Following Miiller’s approach in [17], [18], [19], we define the eta function np(s) and
the zeta function Cpz(s) using the relative traces Tr(e *P* — Sy e tP5(0)), Tr(DetP* —
>y Dy (i)ePe(M), respectively (see (44), (30), (31) for the precise definitions of np(s),
(p2(s) ). The continuous spectrum of D is the whole real line, hence the large time contri-
butions of the relative traces can also give rise to poles of np(s), (p2(s). Therefore, we need
to consider separately the small time contributions and the large time contributions for the
meromorphic extensions of 7p(s), (p2(s). We use the analytic expansion of the intertwining
operator along the imaginary axis to get the large time contribution and we analyze all the
terms in the geometric side of the Selberg trace formula for the small time contribution.
We prove the following meromorphic structures of the eta and zeta functions.

Theorem 1.1. The eta function np(z) and the zeta function (p2(z) have the meromorphic

structures,
= 2y
T((z+1)/2)np(2) = T ok o T K(2),
k=0
= B Bo h o~ %
r _ N SR Nt S
(2) ép2(2) k:Z_nHk_; - 2 kzzoz_k—; =)

where By, [ are locally computable constants, i, ), are constants which are determined
by the intertwining operator Cr(o4,iX), h is the multiplicity of the zero eigenvalues of D,
and K(z), H(z) are holomorphic functions . In particular, np(z) and (p2(2) are regular at
z=0.
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It follows from Theorem 1.1 that we can define the eta invariant by

(D) = np(0).

Following [12], we use the Selberg trace formula to derive the relation of the eta invariant
n(D) and the value of the Selberg zeta function of odd type Z¢;(s) at s = n (see (45) for the
precise definition of Z¢(s)). Let us remark that Z%(s) is defined a priori only for Re(s) > 0
and the meromorphic extension of Z¢(s) over C is one of the main results of this paper. As
we mentioned above, we show that all unipotent terms are vanishing in the Selberg trace
formula applied to the odd heat kernel function. In conclusion, the equality of the relative
trace and the orbital integrals for the odd kernel function is exactly the same as in the
case of compact hyperbolic manifolds. Therefore we can expect the same formula of n(D)
and Z%(s) as in compact hyperbolic manifolds. However, in the corresponding functional
equation, the term determined by the intertwining operator appears. The following theorem
states our results for (D) and Z¢(s).

Theorem 1.2. The Selberg zeta function of odd type Z¢,(s) has a meromorphic extension

over C with s =n as a reqular point and the following equalities hold:

1
D)= —log Z}
1(D) = = log Z4;(n),

_27171

for seC.

Z%(n+ 8)Z%(n — s) = exp(2min(D)) (det C+(S)C—(0)>

det C_(s)C+(0)

0 C_(s)>'

Here C1(s) are linear operators given by Cr(o4,s) = (C (s) 0
+

We can define the zeta function (p2(z, s) of the shifted Dirac Laplacian D? + s? where s
is a positive real number. Now the continuous spectrum of D? + 52 does not reach 0 and the
large time contribution does not create any poles of (p2(z,s). Therefore we can see that
(p2(z,8) is regular at z = 0 by Theorem 1.1. It follows that the regularized determinant

Det(D?, 5) := exp(—Cp2 (0, 5))

is well-defined. We show that Det(D?,s) can be extended to a meromorphic function of
s on C. Let us observe that Det(D?,s) # Det(D?, —s) as a meromorphic function over C
(see Remark 8.2). We use the Selberg trace formula to prove a relation between Det(D?, s)
and the geometric data, which consists of the Selberg zeta function of even type Z§(s) (see
(58) for the precise definition of Zf;(s)) and certain meromorphic functions over C derived
from the identity and unipotent orbital integrals. Let us also remark that Z¢,(s) is defined
a priori only for Re(s) > 0 and its meromorphic extension over C is one of the main results
of this paper. By a similar manner as in the previous case, we also derive a functional
equation for Det(D?, s) and Z%(s) where the unipotent factor plays a non-trivial role. The
following theorem states our results for Det(D?, s) and Z%(s).
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Theorem 1.3. The Selberg zeta function of even type Z§(s) has a meromorphic extension
over C and the following equalities hold for any s € C:

1, _on s
Det(D?,s) = C Z§ (s +n)T(s + 5)72 " exp (47r/ p(o4,iX) + Py(iX) dX),
0

Det(D2,5)% = C2 (det Cr(o4,8)) 2" Z%(n + ) Z%(n — s) (I‘(s + %)F(—s + %))*W

where C' is a constant, p(o4,s) is Plancherel measure for o4, Py(s) is an even polynomial
of degree (2n — 4), and k denotes the number of the cusps of X .

If we compare Theorem 1.2 with Theorem 1.3, we can see that there are no defect terms
determined by the cusps in the relation of (D) and Z¢,(n). But the defect terms appear
in the relation of Det(D?,s) and Z§(s).

This paper has the following structure. In Section 2, we define a Dirac operator D for
the locally homogeneous vector bundle E, which is defined by the spin representation 7,
of maximal compact subgroup Spin(2n + 1). We introduce an operator Dy(i) naturally
determined by D, and using this we define the relative trace. In Section 3, we introduce the
Selberg trace formula for nontrivial locally homogeneous vector bundles over noncompact
locally symmetric spaces of rank 1. In Section 4, we use result from [9] to analyze the
unipotent terms. In Section 5, we derive the relation between the relative trace and the
spectral side of the Selberg trace formula. In Section 6, we define np(s) and (p2(s) and
prove Theorem 1.1. In Sections 7 and 8, we prove Theorem 1.2 and Theorem 1.3 using
results of Sections 3, 4 and 5.

Acknowledgments. The author wants to express his gratitude to Werner Miiller and
Werner Hoffmann for their helpful comments on this paper. He also thanks Paul Loya,
Morten Skarsholm Risager, Masato Wakayama and Krzysztof Wojciechowski for several
help during the writing of this paper. Finally he thanks the anonymous referee for pointing
out many mistakes and giving several comments, which improve this paper considerably. A
part of this work was done during the author’s stay at ICTP and MPI. He wishes to express
his thanks to ICTP and MPI for their financial support and hospitality.

2. DIRAC OPERATORS ON ODD DIMENSIONAL HYPERBOLIC MANIFOLDS WITH CUSPS

Let G be a noncompact connected simple Lie group with finite center and let g denote
its Lie algebra. We assume that the real rank of GG is one. Let I' be a discrete subgroup
of GG such that the group generated by the eigenvalues of I' contains no root of unity. Let
K be a maximal compact subgroup of G, 6 the associated Cartan involution, £ @ p the
associated Cartan decomposition, and C( , ) the Killing form of g. Let a be a maximal
abelian subalgebra of p; a is one dimensional since the rank of G is 1. Let ® be the set of
roots of (g, a). Choose an order for ® and let g = go ® > ycq+ 91 D D rca+ -2 be the root
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space decomposition where gq is the centralizer of a. Let oy be the unique simple positive
root; then ®T = {ay,2a1}. Let ny, := ga, and nog, := gon,. This last space may be 0. If
N = exp(ng, © nag,) and A = exp(a), then G = NAK is an Iwasawa decomposition. Let
Py = NAM (with M the centralizer of A in K') be the associated minimal parabolic. The
G-conjugates of Py are the proper parabolic subgroups of G. A parabolic subgroup P is
called I'-cuspidal if I' N N(P)\N(P) is compact. Here N(P) is the unipotent radical of P
which, we may assume, is G-conjugate to N. Let Pp = {Py,---, P;} be a complete set of
I’-conjugacy classes of I'-cuspidal subgroups of G.

From now on, we assume that G = Spin(2n+1,1) and K = Spin(2n+1). Let X denote the
noncompact symmetric space given by Spin(2n+1,1)/Spin(2n+1). The Killing form C( , )
provides us with an invariant metric on G/K by (Y, Z) = £C(Y, Z) for Y, Z € p, which gives
us constant curvature (—1). We use the spin representation (7, V;,,) of Spin(2n+1) to define
a homogeneous vector bundle E over X = Spin(2n+1,1)/Spin(2n+1) by E =G x V;, / ~
where

(g,v) ~ (¢',v)) if (¢',0)) = (gk, (k™))
for g, € G, k € K. We denote such equivalence classes by [g,v]. Note that E admits
a left G action defined by go[g,v] = [g0g,v]. If we restrict the spin representation 7, of
K = Spin(2n + 1) to M = Spin(2n), then 7,, decomposes into two half spin representations
04,0_ of Spin(2n) . Two representations (o, H,. ), (0—, Hy_) are unramified and wo; =

o_,wo_ = o4 for the nontrivial element w € W(A) = M*/M where M* is the normalizer
of Ain K. We define the Dirac operator D : C*°(X,E) — C*(X,E) by
2n+1

D= c(Xi)Vx,

i=1
where {X; : 1 <i <2n+ 1} is a left invariant orthonormal frame such that H := Xg,1 at
eK spans a, and V is the Levi-Civita connection on E.

We consider a locally symmetric space given by X = I'\Spin(2n + 1,1)/Spin(2n + 1)
where I' is a discrete subgroup of Spin(2n + 1,1) with unipotent elements satisfying the
condition in the introduction. As a consequence of this assumption, I is torsion free and
I'nP =TNN(P)sothat TNP\N(P) =T'NN(P)\N(P). Then X is a (2n+1)-dimensional
hyperbolic manifold with cusps. We denote by E the quotient space F\E . This is a locally
homogeneous vector bundle over X. Moreover the Dirac operator D can be pushed down to
X. We denote this operator by D and its unique self adjoint extension on L?(X, E) by D.
The hyperbolic manifold X endowed with the metric (, ) has a following decomposition,

(1) X=XouWiu-.--UW,

where X is a compact manifold with boundaries and W;, i = 1,--- |k are ends of X. (In
general, Xy and W;’s may have the nonempty intersections each other.) For each end W;
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which we call as cusp, W; = [0, 00) x N; and N; can be identified with the flat torus T2" with
the metric dn?, and the restriction of { , ) to W; has the form dg?(r, z) = dr? + e~ 2" dn?(x)
for (r,z) € [0,00) x Nj.

Now we have the following expression for D over the cusp W; ,

(2) D =c¢(H)(Vg+ B —nld)

where B = 7", ¢(X;)c(H)VY, with Levi-Civita connection V¥ over E|y (see (7) in [2]).
Note that B has the property ¢(H)B = —Bc(H) and Ey := ker(B) can be identified with
Vi, Let 0 < g < pua < puz < -+ — oo be positive eigenvalues of B, each eigenvalue
repeated according to its multiplicity with corresponding eigensections ;. We denote by
E,,; the eigenspace corresponding to uj. We decompose

L*(R" x N, Blg+xn,, dg*(r, z))
into
L*(RY, Eg, e " dr) @ @32, L*(RY, B, ® c(H)Ey,;, e " dr)
where R denotes [0, 00). Note that Ey = V,, is a symplectic vector space with a symplectic

structure (¢(H) , ). We fix a Lagrangian subspace L of Ey = V,, such that Ey = L&c(H)L.
Then the map

Oéﬂbj + Oéij(H)’(/}j — e < & >

a—j

gives a unitary equivalence
L*(RY, Eg, e " dr) @ @32, L*(RY, B, ® c(H)Ey,, e " dr)

~ gl A(RT,C2,dr) @ @2, LA(RY,C2, dr)

under which the Dirac operator D over the cusp W; decomposes as follows

d(o
(3) D — EBii1+)1)0 D @?ilD#j
where

d
D, = ( O Tt “) .

ar + @ 0
Hence the Dirac Laplacian D? is transformed into Dpespec( B)DZ where D;‘; = —% + 1% on
L*(R*,C,dr).

We now consider the operator
d
co(H) (- —nld): Co°(RY, Ey) — C° (R, Ey)
whose L2-extension ( with respect to e=2""dr ) is transformed to d(co )-copies of Dy in (3).
Now, we put
Co°(RT, Eo, L) :={ ¢ € Cg°(R™, Ep) | $(0) € L },
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then the following operator

d
(4) c(H)(d——nId) CR"T, Ey,L) — L*(RT, Ey,e 2"dr)
T

is essentially self adjoint. By the natural embedding of RT into the geodesic rays in W; C X,
we can regard L?(R*, Eg, e=2""dr) as a subspace of L?(X, E). The operator c(H)(d% —nld)
in (4) can be extended to the self adjoint operator on L?(X, E) by the zero map over the
orthogonal complement of this subspace in L?(X, E). For each W;, in this way we obtain
the operator Dy(i), i = 1,--- , k. We can see that each Dy(7) has no point spectrum. Now

we have

1=

Proposition 2.1. The differences (e*tD2 > e*mg(i)) , (De ~iD? —> 7 1 Do(i)e *mg(i))
are trace class operators on L?(X, E) fort > 0.

Proof. First choose a smooth function gs such that 0 < gs < 1, gs(z) = 1 for z € X
and gs((r,-)) = 0 for (r,-) € W; with r > s for 1 < i < k. Denote by Ug,, Ui_g4, the
operators in L?(X, E) defined by multiplication by gs,1 — g, respectively. Then, for s >
0, Uy, (325, e7P5(0) is of trace class and the support of Uy, (325, e *P6() consists of
disjoint kK-components lying in W;’s. So, for our proof we may assume that the supports of
e P8 Wy’s are disjoint each other. Now pick f € C*°(X) such that 0 < f <1, f(z) =
for z € Xo and f((r,-)) = e~ for (r,-) € W; with r > 0 for 1 <4 < s. Denote by U; the
operator in L?(X, E) defined by multiplication by f. Then we may write

2 t 2
_tD 2 e—tDO (1) — E e~ 2 O Uf o €—§D

+ Z efépg(i) o Uf o Uf_l o (67%1)2 — Z@fép(z)(i))‘

i=1 i=1
; e—1D3 (1) tp?2 <k —£D2(z‘)
The heat kernel estimates for e *2* and r 0" show that (e 2 Yorq,e 2700
U;l, Ufoe_%DQ,Zle e‘éDg(i)on and Uf o(e” 2D2—Zf:16 3Do ()

are Hilbert-Schmidt
operators. The composition of Hilbert-Schmidt operators is of trace class, hence e~ tD? _

205) - .. . .
>y e~'P0() is a trace class operator. The remaining case is proved in the same way. [

3. THE SELBERG TRACE FORMULA

Let Rr be the right regular representation of G on L?(I'\G) and f be a right K-finite
function in the Harish-Chandra LP-Schwartz space CP(G) where 0 < p < 1. The trace of
the restriction Rp(f) to the discrete part L3(I'\G) of L*(I'\G) can be written as

Tr(Re(f)lzzm\ay) = In(f) + He(f) + Ur(f) + So(f) + To(f).
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Here
In(f) = Vol(T\G) (1),
H(= Y VoG [ S,

{v:hyperbolic} G\G

wm=@ﬁamﬂm+@m J(F) + CLOTI),
4m Z / Tr(Cr(o,v)” %CP(U v)rr(o,v)(f))dv,

ceM

Ir(f) =~ Z Tr(Cr (o, 0)mr (o, 0)(f))
ceM
where I', G, are centralizers of  in T', G respectively, the constants C1(I"), Co(T"), C{(T)
and tempered distributions 71, T, T] will be discussed in the next section, and

Cr(o,v) : Hr(o,v) — Hr(o, —v)

denotes the intertwining operator (see p.166-167 in [1], p.9-10 in [22] for the precise defi-
nitions of Cr(o,v), Hr(o,v)). We refer to [1], [20], [22], [23] for detailed expositions of the
Selberg trace formula. The various invariant measures that we use are normalized as in [20].
More precisely, let dx be the Haar measure on K which assigns to K total volume one, let
d4, dy be the exponentiation of the normalized Lebesgue measure on the Lie algebra a, n
of A, N, respectively, relative to the Euclidean structure associated with the Killing form.

Then the Haar measure dg is determined by
da(z) = a®* dy(n)da(a)dg (k) for = =nak

where p is the sum of the positive roots of (g, a) divided by 2.

The kernel K;(z : y) of the integral operator e —tB? (or DetP*) over G/K is a section
of FX E* the external tensor product of E and E* over G x G. The bundle E is a trivial
bundle, hence the kernel K;(z : y) is an element of (C°°(G x G) @ End(V;,))X, which
consists of endomorphism valued functions on G x G invariant under K. It follows that
there exists a function K;(z) : G — End(V;, ) such that

Ki(z:y) = Ki(z™'y) and K (k7 'zks) = 7 (k7 V) Ki(2) 70 (k2)

for x,y € G, k1, ko € K. We define the local trace of I?t(x) to be the scalar function on G
given by Ky(z) := tr(K;(z)). We denote by K;(o,v) the Fourier transform of K; for the

unitary principal representation 7, , of G, that is,

Ki(o,v) == Tr(msu (Ky)).
From now on, we will denote by K7, K7 the scalar functions corresponding to e tP 2, De—tB?,
By (4.5) in [13], we have



10 JINSUNG PARK

Proposition 3.1. For A € R, we have

~

Ke(op,id) = e ™ Kooy, id) = Ae ™, K°(o_,i\) = —xe ™.

Since oy is unramified, the intertwining operator Cr(oy,v) = Cr(o_,v) acting on
Hr(o4,v) = Hr(o—,v) switches the subspaces induced by the representations o4,0_.
Hence, Cr(o4,v) takes the form

Cr(osv) = (C+O(V) C_O(V)>

with respect to the decomposition of Hr (o4, ). Therefore, we have

CF(U+,V)_101/~(J+7V) = (C_(_VO)CL(V) C+(—y())C'(V)>

and
1
Tr () = 5 TH(Cr(o 1, 0)mr(o+, 0)()) = 0
Since T,|yp = o4 @ o_, the Selberg trace formulas applied to K7, K7 are given by

6) Y Y Koz - g [ To(Crlon —NCHE V(o N(KD) A

0=0+ )\ Edg:

= Y e _ dlo+) / e 4 (Cr(og, —iN)Ch(og,i))) dA

4
Ak€op
= Ip(KY) + Hr(K7) 4+ Ur(K7),

© Y Y Rein) - g [ TCrlon —iNChow Nr(o4. ) (K7)) dA

0=0+ )\k 60'3:

= Y et _ dlo+) / T etV tr(C_(—iX)C"(iX)) dA

47
Ak €op

L o) / T e (O (—iN (1)) dA

i J_&

= Z )\keit)\i - d(o-—i_)/ )\eft)\z trS(CF(U+7 —Z)\)CII—W(O'_A'_,ZA)) d)\

47
Ap€op
= Ip(KY)+ Hr(K})+ Ur(KY)

where d(o . ) is the degree of o, (although we know d(oy) = 2", we will use the notation
d(oy) instead of 2"~! since this indicates the origin of the constant factor) and

tr(Cr(04, —1)Ch(o4, 1)) 1= te(C— (—1)C (1)) = tr(C4 (~1)C". ().
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For It (Ky), we have
In(Ky) = Vol(F\G)( / Ri(o4,iNp(os,iN) dA + / Ri(o_,iNp(o_,iN) d)\)

where p(o4,i)) is the Plancherel measure which is an even polynomial with respect to A.
The equalities Kf(o4,i\) = e~ and p(o4,i)) = p(o_,i)) give

(1) In(KS) = 2Vol(T\G) / e oy, iN) dA
and [?t" is odd with respect to A so that
(8) Ir(Ky) = 0.
It is well-known that
1 o - _uon?
(0)  HrlKy) == Y UCHIM D) (Xoy () + xo(my) ) e 1t
@ ~:hyperbolic

(10)  He(KD) = —2 3 UC)E() DO (e () = xo (o)) € F-
(47Tt) 2 ~:hyperbolic

where [(C) is the length of the closed geodesic C,, j(v) is the positive integer such that
v = 7](7) for a primitive element o, D(7) = "] det(Ad(a,m~)~! —I|,)| for the element

aym~ € AT M which is conjugate to v and x, is the character of o.

4. UNIPOTENT TERMS

In this section we compute unipotent terms Ur(Ky), Ur(K7). We employ the formula
obtained by Hoffmann (see [9]) to compute these terms explicitly. By this explicit compu-
tation and Proposition 3.1, it follows that Up(Ky?) = 0. This simplifies many steps related
to the application of the Selberg trace formula for K.

For a real rank 1 group G, the unipotent term for a right K-finite function f in CP(G),
0 < p<1isgiven by

(1) wm=1ﬁamﬂm+@u J(f) + LTI}

a1
(see theorem in p.299 of [20]). Here o is the unique simple positive root for (g, a), the
constants C1(I"), Ca(T), C’1 ) which depend on I' are computed in [3] and

//fk: nk dkdn
111

o |

To(f) = 2{/G/Gn0 f(:vnox_l)d:n—i—/G/G . flangtz™h) dz}

2
T{(f)—W/N/N/fk Lninok) log | log(n1)| dkdni dng
1 2
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where nyg is a representative of the nontrivial unipotent orbit in ng, m; = dim(n;) and A(n;)
is the volume of the unit sphere in n; and G, is the centralizer of an element n in G.

In our case, G = Spin(2n + 1, 1), the second term T5(f) = 0 and mg = 0 in the third
term 77 (f) since N = Nj. The first term 7} for K; is given by

27TA111 / Ri(o4,i)) d)\+/ 2 _,z)\)d)\)

We have I?f(ai,i)\) = ¢ and Kt (04,i\) = £Ae ™ which implies
b
7TA(1‘11)

The third term 77 (f) is more complicated and we need to introduce some notations. Let

T (Ky) =

(12) Ty(KY) = / e d\ and Ty(K?)=0.

Ty be a Cartan subgroup in M, so that T'= A - T} is a Cartan subgroup of G. Let X,
denote the set of positive roots for (mc, tmc). Let px,, be the half sum of elements in 3.
We denote by ¥ 4 the set of positive roots of (gc, t¢) which do not vanish on ac. The union
of ¥ with ¥4 gives the set of positive roots for (gc, tc) denoted by Y. Let H, € t¢ be
the coroot corresponding to o € +X¢, that is, a(Hy) = 2,0/ (H,) € Z for all o, o’ € +3g

and IT == [[ s,
reflection corresponding to a € EG by sq. Following the corollary on p.96 of [9], we put

= o= Z / (o, —iX) fo,iN) dA

cEM

H, is an element of the symmetric algebra S(tmc). We denote the simple

where
SaA
Q(0,iX) = 2d(o — = Z A(H Msads) (w(l + Ao(Ha)) + (1 - Ag(Ha)))
EM)
aEEA
where d(o) is the degree of o, 1 is the logarithmic derivative of the Gamma function and
As — px,, is the highest weight of (o,i)) € M x ia.
The principal series representation (7, ,,Hs,.) depends on the parabolic subgroup P and
we denote its dependence on P by (74, (P), Hs(P)). The intertwining operator

Ipip(0,v) : How(P) — Mo (P)
is defined by
(Jpp(o,v)o) /(Z)xn ) dn
and satisfies
JP\P(Uv V)Tow(P) = WJ,V(P)JPW(U: V).
The restriction to K defines an isomorphism from M, (P) to He(P). Then Jp|p(o,v) can

be considered as a family of operators from H,(P) to H,(P). Here H,(P) is the space of
all measurable functions v : K — H, such that

v(km) = o(m) tu(k)
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forallme M, k € K. Let
(o0 f) i= = Te(to () Tpypl(0,v) 00T py (0, 1))

where the derivative 9, is taken with respect to v for the family of operators Jp|p(o,v)
acting on H,(P). Then there exists the Harish Chandra C-function C; (o, ) such that

T7Jpp(o, u)—la,,Jp|P(a, v) = Cr(o,v) 10,Crlo, )T,
where T is the projection to the T-isotypic component of H, ., (P). We refer to [6] for more
detail. We have the following proposition for C;, (o4, V),
Proposition 4.1. For the half spin representation o1 of Spin(2n),
(2n—1)! T@EA+1)
(n—1D! T(iA+n+3)
Proof. This follows from theorem 8.2 in [6]. O

Cr,(04,iA) = Cr,

n

(o0_,i\) =

By the equality (8) (see also (49)) in [9], the weighted orbital integral 77 is given by

T{(f)=£f)( fvad /_JpaudeZd ()f( 0))

ceEM oeM

where p.v. means the Cauchy principal value and 2n(c¢) is the order of the zero of p(o, )
at v = 0. Using that n(o1) = 0 and Proposition 4.1 we obtain

my e » o . .
TIED = 5 / eV (04, —iN) + Qo —i) = 2d(04)Dinlog Cr, (04,11) ) A,
m < ) .
T]{(Kto) = m(lnl) / )\6 t)\2 (Q(O-J,_, _Z)\) - Q(O-_, _Z)\)> d}\

Now we consider 2(o4,iA) in the following proposition.

Proposition 4.2. For the half spin representation o+ of Spin(2n), we have

Q(04,i)) = Qo_,i))
d(oy) , 1
- = (¢(m—n+2

where P™(\) is an even polynomial of degree (2n — 4) for n > 2 and P*(\) is a constant.

)+ Y(—iA—n+ 1)+¢(1)\+ ) 1/)(—@')\+%)>+P”()\)

Proof. The n = 1 case can be computed in the same way as for the n > 2 cases, hence
we may assume that n > 2 in the following proof. The highest weight of the half spin
representation o4 of Spin(2n) C Spin(2n + 1) is given by
1
§(€2+€3+"'+6ni€n+1)
with respect to the standard basis {e;}. This implies that
1

. ) 1 3 3
iXel + 0+ + px,, =iXe; + (n — 5)62 + (n— 5)83 4t §en + §€n+1.
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The positive roots o € X4 are given by e; —ej,e; +¢; for 2 < j <n+ 1. Then we can see

that s, _c,)(iXer + o+ + ps,,) is

. 1 .3 3 1 . .
idej+(n—)ea+ -+ (n—j+)er+- -+ gentoenyr if 2<j5<n,

2 2 2 2
. 1 3 1 e
iNepr1+(n—)ea+--+ e, e if j=n+1
2 2 2
and (e, ;) (iAe1 + ot + pxy, ) 18
. 1 .3 3 1 . .
—z)\ej—i—(n—5)62—1—---—(n—]+§)61+~--+§en:|:§en+1 if 2<j<n,
1 1
—i)\€n+1—|—(n—*)€2+-"+§67LZF*61 if j=n+1.
2 2 2
These give us the formula
I(8(¢,+e;)(iXe1 + ox + pxy, )
1 3 Y
(13) G (= 1)) (4 (1= D) (4 (o))
o1 3 1
(R ) (R () (= ()
where
Lo Lo
Cj = H ((n—k+§) —(”—l“‘g))

1<k<I<nk#jl#]

— 11 (I—k)2n—k—1+1)

1<k<I<nk#jl#]

for 2 < j < n+ 1. In particular, we obtain

H(Sel:l:ej (i)‘el +oy+ ,OZM)) = H(Sel:l:ej (i)‘el +o_+ IOZ‘M>)
H(S€1—€j (i)‘el +to++ pEM)) = H(S€1+€j (i)‘el +to++ pZM))
for 2 < j < n+1. From now on, we denote by P;()\) the polynomial of X in (13) for

2 < j <n+1. Note that P;j()\) is an even polynomial of degree 2(n — 1). On the other
hand, (ideq + o+ + px,,)(Hq) is given by

1
i)\:F§ if a=e —ent1
3
w\—f—(n—j—i—i) if a=e+e;, 2<j<n
1
i/\:t§ if a=e +epy1.
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Then the pair <1/1(1 + (ide1 +ox +px,, ) (Ha)), (1 — (iXe1 + 0+ + ng)(Ha))> is given by

w(z‘/\—n—i-j—%), w(—i)\—i-n—j—i-g) for e1—ej, 2<j<n
P(IX + %), P(—iX + g) for e —epr1, o=o04
(i + g), P(—iX + %) for e —ept1, oc=o0_
w(i)\+n—j+g), w(_i)\—n+j—%) for ei1+e;, 2<j<n
¢(i)‘+%)v ¢(_iA+%) for e1+ent1, o=o04
1/1(2')\—4—%), @D(—M—}—g) for e1+ept1, o=o0_.
Comparing the two sets
{T(sairer + 04 + piy)) L+ (Der + 04 + p3y ) (Ha), 1= (ider + 0+ py, ) (Ha) |,
{(sa(ider + 0+ ps, ) 1+ (et + 0 + pry )(Ha), 1= (ider + 0+ psy,) (Ha) }

we see that they are equal to each other, so that Q(o4,i\) = Q(o_,i\). We now compute
the exact form of Q(o,i\) = Q(o_,i)). Using the relations 1(z + 1) = 1 + ¢(2), we have

1/)(i/\—n—|—j—1)+1/1(—i)\—n+j—1)+¢(i/\+n—j+§)+1/1(—i)\+n—j+§)

2 2 2 2
I S 2(n—j+3) —2(n—j+3) —2(n—3)
A2+ (3)2 AN+n—j+3)2 AN+ (n—j+3)2 A2+ (n — 1)2
1 1 1 1
+¢(i)\—n+§)+1,Z)(—i)\—n+§)+w(i)\+§)+w(7i)\+§).

Now using the formula (see the last line of p.95 in [9]),
D M(sahs) = 2I(A,),
a€EX g

we decompose

Ly Blado) (114 Ay (Ha)) + (1 - Ao(Ha))

2 o= H(pEM)
into
d
(Zi) (w(M_nJr %) Fp(—id—n+ %) + P(iX + %) +Y(—id+ %))
and
1 n+1P MR
A(px,,) TV
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where
Rj()\):¥+"' 2(n—j—.|—%) —2(n—j'+%) L_%)
e ) R )R CRu R
We can see, from the definitions of P;(\) and R;(\), that Pj(A)R;(\) is an even polynomial
of degree 2n — 4. This ends the proof. O

For the constants in (11), comparing proposition 6.2 in [1] with theorem 2 in [3], we
obtain

o) mi K
(14) lor| A(ny) 27

Now we have the following corollary.

Corollary 4.3.

Ur(RE) =0, (D) = o [ e PR + Qo)) dx
where Py () is an even polynomial of degree (2n —4) and
d 1 1
Q) = —m% (vr+3) +w(-ir+3)).

Proof. The first claim follows easily from (12), (14), Proposition 4.1 and 4.2. For the second
claim, Q(X) is a priori given by

kd(o 1 , 1 . 1
— (2”(2(1#(@)\—71%-2)+¢(—zA—n+2))
1, . 1 , 1 o1 oL
— S (lid4n+2) F (it nt =) + (Ylir+ —)+¢(—z)\+—))).
2 2 2 2 2
If we use the relation ¢(z + 1) = 1 4+ 4)(z), then we can reduce the above formula to the
claimed one for Q(\). O

5. RELATIVE TRACES AND SPECTRAL SIDES

In this section we study relations of the relative traces with the spectral sides of the Sel-
berg trace formulas applied to the test functions Ky, K7. A formula of this type was proved
by Miiller for the similar cases in [15], [18]. Following [15], [18], we prove the corresponding
formula for Dirac operators acting on spinor bundles over hyperbolic manifolds with cusps.

First, let us observe that L?(X, E) can be identified with the space

(LAM\G) @V, )5 ={ f € L2(T\G) @ V;, | f(zk) = 7(k) ' f(z) for ke K,z€G }.
The decomposition of L?(I'\G) = L3(T'\G) & L?(T'\G) allows us to decompose

(15) (L*(T\G) ® V;,)" = (LIT\G) @ V;,)" & (LAT\G) @ V;,)X.
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The continuous part (L2(I'\G) ® V;, )’ is spanned by the wave packets with the Eisenstein
series, so we need to know how D acts on the Eisenstein series. For ® € (Hr(oy,v)®V;, )X,
the Eisenstein series attached to ® is defined by

E@:v:zx):= Z O (yx),
yeTNP\T

which is defined a priori for Re(v) > 0 and has the meromorphic extension over C. Assume
that ®; 1 is in the +i-eigenspace of ¢(H) on (Hr(o4,v) ® V;, )X for j =1,--+ ,d(04). The
Eisenstein series E(®; + : 1A : x) for v = i\ satisfies
(16) DE(®j+ :iX:x) = £AE(Pj 4+ iX: x).
For ¢ € C§°(X, E), the decomposition (15) provides us with the formula
(7)  ole) =D (9, 0x)0k(x)

k
d(o+

)
1 o0 , ‘
t 3 [ B@inia) [ B@—id () dy iy
j=1 /70

d(o+

)
1 (o)
+ i ; /_Oo E(®j_:iX:x) /XE((I)j’ s —idy)o(y) dy dX

where {¢;} is an orthonormal basis of (L3(I'\G) ® V;,,)¥. Since D preserves the decompo-
sition of (15), we may assume that each ¢y, is an eigensection of D. Therefore (16) and (17)

imply
Do(x) =Y Al dr) ()
Ak

d(oy)
1 o0 ‘ ‘
R Z/ A]—“7(‘I’a',+iMi»”C)/XE(<I>j,+:—M:y)qﬁ(y) dy d\
j=1 oo

1 d(oy) oo
- Jz_:l /_oo AE(®j— :iX:x) /X E(®j_: —iX:y)o(y) dy d.
From this we can see that the following equalities hold in the distributional sense:

(18) ey =Y e Mon(a) ® ¢i(y)

/\kEO'p

d(o4)
1 o _)\2 . ) N
+E 221 /_ooe t E(@j4:id:2) @ E(®j4: —iX:y)" dA
j:

d(oy)
1 e L o
i Zl /_of E(®)— i) :2) © B(®; - : —iX:y)" d),
]:
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(19)  De P (z:y) = Z e~ Mgy (z) ® é1.(y)

Ak Eop
1 dlo+) oo .
—t . ) .
Fap [ AT B ) 0 B i) )
]:

d(oy)
1 o0 —t>\2 » ) ' ) . .
CAr ]; /_OO Ae TV E(® - it x) @ B(®j - 1 —id i y)* dA.

Recalling the decomposition (1) of X, we consider the subset W; g := [R, 00) x N; in W;.
We choose Ry such that W; g’s are disjoint each other for R > Rg. We put Wgr := U, W; r
and Xp := X — Wg for R > Ry. The constant term of the Eisenstein series E(® : i) : x)
over W; has the form

(20) AP, 4 MR (O (04, i0) @ 1))

i
Here ®; is the component of ® over W; and note that the operator Cr(o4,i\) ® Id acts on
(Hr(oy,i)) ® V; )X, From now on, we assume that ||®;|| = 1 for i = 1,--- ,x. We now
discuss the Maass-Selberg relation in our context.

Proposition 5.1. (Maass-Selberg) We have
(21) /X |E(®j 4 :i):2)|*de = 26R — tr (CLEN)CL(—iN)) + O(e~R)
R

= 2kR — tr (Cy(—i\)CL(N) ) + O(e™F)
where ¢ is a positive constant.

Proof. We will consider only the case of &, so we use the notation @ instead of ®, in the
following proof. The case of ®_ can be done in the same way. It follows from Green’s
formula that

A=XNWE@®:i\:2),E(®:iN :2))x,
(22) = (DE(®:iX:2), E(®:i\ :2))x, — (E(®:i\:2), DE(® : i\ : 2))x,
= (c(H)E(® :i):2), E(® : i\ : 2) )ox,.
By (20), we have
(c(H)E(®:iX:x), B(®:iX : x))aw, ,
_ (MR, VAR, VoW, n
(S PHIR((Cp (o, 0) @ TA)B); | e IR(Cr(os, iN) @ D) ow,, + Ole™R)

= je IONE _j giA-N)R Z Cy (iIN)ikC— (=iN )i + O(ec)
k=1
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where C4(i)); is a component of C1(iA). Now we use the functional equation

. L 0 C_(iN) 0 C_(—iN) _
Cr(o4,i\)Cr(o4, —iA) = (C’+(i)\) 0 ) (C’+(—i)\) 0 ) =1d,

which implies the equality
(c(H)E(®:iX\:x), B(®:iX : x))aw, ,
(23) — ie—i(A—A,)R _ Ze’b()\—)\,)R

— i AN ()i C (=N )i
k=1
+i e OIEN L0k O (—iA)gs + O(e™R).
k=1
Combining (22) and (23), we have
(24) A=XNWE(@®:i\:2),E(®:i\N :2))x, = ik e TOTAIE g gtB-N)R
+i e OENT O (M) (C (—iA) ki — C—(—iN)gs) + O(e™*F).
ik=1

If we pass to the limit A — X after dividing each side of (24) by A — X', we get the equality
(21).
O

The next task is to consider the corresponding formula for Dy(i). We fix a Lagrangian
subspace L in V;,, as before. For an orthonormal basis {¢;} C L, we define

1 1
Gj+ = 7 (%’ - iC(H)de), ¢j— = 7 <1/1j + iC(H)%)
and

e(Qj4+ 1IN x) = e("_M)TqZ)j,Jr + e(”+i’\)7"qu7,,
e(gj— iX:x) = e(”_D‘)TqZ)j,f + e("+i)‘)r¢j7+.

Note that e(¢;+ : iX: z) lies in C®°(RT,V,, ,L) :={ ¢ € C®°(R", Ep) | $(0) € L } and
d . .
c(H)(% —nld)e(gj+ :iX:z) = Xe(dj 4 1N x),

c(H)(dii —nld)e(p;j— :iX:x) = —Xe(p;— i\ : x).

As when we introduced Dy(i), we can regard e(¢; + : i\ : ) as lying in W; C X and denote
such a section by E*(¢j+ : i) : ). Then, for ¢ = (¢o,¢.) € L*(X — Wi, E) @ L*(W;, E)
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with ¢, € C°(W;, E) and ¢clow, € L,

TRSAVN I .
@) Dolio = 3 | B ixse) [ B @ s—in: o) dy iy

d(U+

S Z / AE (¢ id / E(¢j— - —ix:y)d(y) dy dA.
The following equality can be proved in the same way as in the proof of Proposition 5.1,
(26) Z/ |E*(¢j+ : i) : x)2dr = 2kR + O(e™f)
i=1 7 XR

for some positive constant c. (Let us remark that there is no contribution over OW; by the
choice of ¢; + when we apply the Green formula as in (22).) It follows from (21), (26) that

(27) / |B(®;4 : i) : ) Z\E (¢ja i x)de
= lim |E(®; 4 :i):2)]? — Z |E (¢j g 2 i\ x)|2de
R—oo Xg —

= — tr(C(—iN)CL(iN)).

Finally, the following proposition is the result of (5), (6), (8), (18), (19), (25), (27) and
Corollary 4.3.

Proposition 5.2. We have

(28) Tr(e—t'D2 o Ze—ﬁ?g(i))

_Z —tA2 _ O'+)/ eft)\Q tr(CF(U+7_iA)Cf(U+’iA)) dA

= IF(Kt) + Hr(K{) + Ur(Ky),
(29) —t'D2 Z DO —tD2 (’L

_Z)\ e Ak — j” / Ae ™ tr(C_(—iN)CL(iN)) dA
™ —0oQ

d(o4)
47

N / T A (O (—iN)C (i) dA
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Remark 5.3. Although the definition of Dy(i) depends on the choice of the Lagrangian
subspace L, the relative traces on the left sides of (28), (29) do not depend on this choice.
This is because the right side of (26) does not depend on the choice of L.

6. MEROMORPHIC CONTINUATIONS OF THE ETA AND ZETA FUNCTIONS

In this section, we prove Theorem 1.1, which provides us with the pole structures of the
eta function and the zeta function over C. We follow [18] and [19] and define

1 1 z—1 _ _
77’D,1(Z) = z-l—l/ t 2 tD? ZDO tD3(3) ) dt,
(%) Jo

1 1 Y _ 2
Cp21(2) := 7(,2) /0 > 1 tD* E e tPo( h ] dt
for Re(z) > 0 and

]. o0 z—1
nD,Q(Z) = F(z+1)/ tz TI' ZDO ~tD5( )dt,
1

2

(30)

(31)

K

CDQQ(Z) = FS-Z) /100 tZ*I [ Tr(eftDQ . Zefth(i)) —h ] dt

i=1

for Re(z) < 0 where h is the multiplicity of zero eigenvalues of D?. To define the eta
invariant and the regularized determinant, we need to study the meromorphic extensions
of np i(2) and (p2 ;(2) near z = 0 for i = 1, 2. The difficulty, which is not present for closed
manifolds, is the presence of continuous spectrum. Moreover, the continuous spectrum of
D is equal to the whole real line in our case. Hence the meromorphic extensions of np 2(2)
and (p2 »(z) have nontrivial poles.

We start with np1(z). It follows from (10) and (29) that

(32) De 1P ZDO Je P80 = Hp(K7)

S O 0) D) (o ) — X () e T

(47Tt> ~:hyperbolic

[SI)

The number ¢ := ming,.pyperbolic}/ (C) 18 a positive real number, hence as t — 0,

27TZ 2. —1 —1 _l(C’Y)Q _ﬁ
(33) 5 Y UGN TIDE) T Xy (my) = Xo_(my)) e ® - ~ ae®
(47Tt)2 ~:hyperbolic

for a constant a. Now (32) and (33) give

2

De P’ ZDO e 1D Oy ~ ae™ @ as t— 0.

This means that np;(2) can be extended to the whole complex plane without poles.
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For (p21(2), we use (28) to get
Tre(e™P* = 3 e™P80) = In(K§) + Hr(KP) + Un(K5).
i=1
Recall that

. 1 o _ _uey?
(34) HF(Kt):\/ﬁ > UCHI) D) T (Xow (M) + Xo_ (my)) e 3
& ~:hyperbolic
As Hp(K7), we have
C2
(35) Hr(Kf) ~ de x as t—0

for a constant a’. We can see that Hp(K§) does not give any poles in the meromorphic
continuation of (p2 ;(2). Next we consider Ir(K{) and Ur(K{). An elementary computation

shows
(36) Ip(Kf) =Yt
k=0
for some constants ax. By Corollary 4.3, we have
2 [
Ur(k) = 5 [ e R+ QO dx

where Prr(\) is an even polynomial of degree (2n —4) and Q()) is given by

d(0'+) . 1 . 1
ke <¢(1A+ 5) + YP(—ir+ 5))
An elementary computation leads to
00 n—2
(37) / e N Py(\) dh = bt
= k=0

for some constants bg. Using the relations

Pl =2 b))+l ) = 20(20) - log?)

2
we have
d
Q) = -~ (2“+> (2(1,[1(21')\ +1) +p(=2iA + 1) — 2log 2) — (Y(IX + 1) + (—iX + 1)) )
To deal with the digamma function 1, we use the following asymptotic expansion
1 <~ By
w(z—i-l)wlogz—i-%—;(mg)z% as z — 00

where By are Bernoulli numbers. This implies the expansion
> 2 s 1 1

(38) / QM) dA ~ D ept* T+ dot 2 logt  as t—0
- k=0
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for some constants ¢, and do. By (35), (36), (37), (38), we have

[e.e]
In(K{) + Ho(Kf) + Un(Kf) ~ > Bet"™2 + Bt 2logt  as t—0
k=—n
for constants Sy, 5. Therefore (p2 ;(2) is well defined for Re(z) > n + % and we can extend
(p21(2) to a meromorphic function on C, with poles determined by

(39) N D e f")l)Q M)
2 2

k=—n

where [, 3, are constants and Hj(z) is a holomorphic function.
To deal with the meromorphic extensions of 7p2(z) and (p2 5(z), we consider the right
sides of the following equalities,

Te(De™P* — 3" Dy (i)e Po0) = 3 A=t
i=1 Ak

_ M / )\e_tA2 trs(CF(O-+a _ZA)CII—‘(O-+’ 1,)\)) d)\’
dr

K
Tr(eftDQ _ Z efmg(i)) _h= Z e*“‘%
i=1 AL 70

_ d(40+)/ e tr(Cr(o4, =i\ C (o, iN)) dA.
™ —00

The discrete eigenvalues give
Z )\ke_w‘i ~ e Z e~ et as t — oo
Ak A 70
for a positive constant c¢. The operator Cr(o4,i)) is analytic along the imaginary axis and
trs(Cr(o4, —iXN)Ch(04,iN)) = — trs(Cr(oy,i\)Ch (o4, —iN)),
tr(Cr (o4, —iA)Cr (o4, X)) = tr(Cr(04,iA)Cr (o4, —id)),

hence we have the following analytic expansion at A = 0:

trs(Cr(op, —iN)Cr(o4,iN) = > foppa AP,
k=0

o

tr(Cr(s, ~iNCh(1,i0) = 3 g2
k=0
for some constants for11, gor. Therefore we have

1 o0
(10 [ A (Crlon ~iNCHEn ) DA~ ot et o,
-1 k=0



24 JINSUNG PARK

1 o)
(41) / e N tr(Cr(og, —iN)Ch(og, i) dA ~ Zy,;t—“f%) as t — oo.
-1 k=0
The corresponding integrals over (—oo, 1]y U[1,00)) converge to 0 exponentially as t — co.
Hence, the expansion (40) shows that 1p 2(2) is well defined for Re(z) < 1 and extends to
the whole complex plane with the following pole structure:

o0

(42 Dz 4+ 1)/2ma(z) = 3 s+ Ka()
k=0

for constants -y, and a holomorphic function Ks(z). In the same way, the expansion (41)

implies that (p25(2) is well defined for Re(z) < 3 and extends to the whole complex plane

with poles determined by the equality

(13) PEpna() = Y 4 i (2)
k=0 2

for the constants ;. and a holomorphic function Hs(z).
We define the eta and zeta functions by

(44) np(z) = np,1(2) + 1p2(2),  (p2(2) == (p21(2) + (p2 2(2).

Here now the right sides of these equalities are meromorphic functions over C with the poles
described in the above. The equalities (39), (42), (43) give the following theorem

Theorem 6.1. The poles of the eta function np(z) and the zeta function (p2(z) are deter-
mined by the equations

P54+ 1)/2mp(s) = ——2 4 K(2),

z—2k—2
k=0
- Br 5 h o~ 7
r = _h % g
(2)¢p2(2) ,;nwk—f(z—;)? z+k§::02_k_%+ (2)

where K(z) and H(z) are holomorphic. In particular, np(z) and (p2(z) are reqular at z = 0.

7. ETA INVARIANTS, ZETA FUNCTIONS OF ODD TYPE AND FUNCTIONAL EQUATIONS

In this section, we study the eta invariant and its relation with the Selberg zeta function of
odd type. We use the Selberg trace formula to prove a generalization of Millson’s theorem in
[12] for hyperbolic manifolds with cusps. Since the unipotent term in our situation vanishes
(see Corollary 4.3), we obtain the same formula as in the case of Millson in [12]. We also
derive the functional equation for the eta invariant and the Selberg zeta function of odd

type.
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By the analysis in Section 6, the eta function np(z) is regular at z = 0 and we can put
z = 0 in the equality

1 oo
) = g, ¢

We define the eta invariant of D by

—tD2 Z D —tD2(Z dt

1 * 1 _ _
n(D) = np(0) = \/7?/0 t~2 Tr(De P ZDO tD5(0)) .

Let us recall that

—tD2 Z Do —tD2

2mi 9. \—1 1 _UCy)?
= )] > UC ) TIDE)  (Xey () = Xo_(my)) et
4 ~:hyperbolic
—7‘2 —S8Tr
Using the elementary equality [~ e_sztlﬁit)/gdt = ¢—, we have

/oo 6_3215 T —tD Z DO —tD2 dt
0
:% > UCHI) D) (Xos (M) = Xo (my)) )

~:hyperbolic

=5 > UCHIMMdet(Ad(aymy) ™ = I[0)| ! (Xoy (my) = Xo_ (my)) e T,
~:hyperbolic

We define the Selberg zeta function of odd type by

(45)  Zi(s)

=exp (= > () Hdet(Ad(aymy) Tt = I])| T (o, (my) = Xo (ma))e” D))
~:hyperbolic

for Re(s) > 0. In Proposition 7.2 we will show that Z¢,(s) has a meromorphic extension
over C and Z,(s) is regular at s = n. Now we have

® 2 2 D2 i d
/0 STy (De P ZDO Do)y dt = 278 log Z% (s + n).

Following the argument on p. 27 of [12], we use the equality

z— 2 >
5 = (2 / st ds
P} 0
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for Re(z) < 1 to get

no(z) =

s2e %"t ds Ty(D ZDO —tD3(0)) gt

e*SQt Tr(De*tD2 - ZDO(i)e*mg(i)) dt ds

7

oo d
= ﬁ S_zf IOg Z%(S + n) dS.
TS )/0 ds

If we evaluate the above equality at z = 0, we get the following theorem.

Theorem 7.1. For the Dirac operator D over a (2n + 1)-dimensional hyperbolic manifold

with cusps, the eta invariant n(D) and the Selberg zeta function of odd type Z%,(s) satisfy

(16) WD) = —log Zy(n).

Now let us show that Z¢(s) has the meromorphic extension over C. We select a smooth
odd function g(u) such that |g(u)| = 1if |u| > ¢, g(u) = 0 near 0 and [;° ¢’(u)du = 1 where
¢ = minghyperbolic}! (C). We define

Ho(oeX) = | glwye e,
Hy(o_,\) := —Hs(o4+, )

for a complex parameter s. By the Paley-Wiener theorem, ( see theorem 2.2 in [12] ), there
exists fs over G with fs(oi, i\) = Hs(ox, N), fs(a, iA) = 01if o # o4. Applying the Selberg
trace formula to the one parameter family of functions fs on G for Re(s) > 0, we get

(47) > Hiop, M)+ Y Hooo,\)

)\jEU; A€oy

) trs(Cr(og, —iN)Ch(04, i) dA

= Z Z(Cv)j(’Y)ilD(’Y)il (Xa+ (My) = Xo_ (mv)) e~ HG)

~:hyperbolic

d o
= £logZH(s +n).

Here we used the fact that the identity, unipotent orbital integrals vanish by the definition
of Hs(ox,A) and results in the previous sections. We shall use this equality to get the
meromorphic extension of

d
Z(s) := s log Z¢ (s +n)

over C and to investigate its poles.
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Discrete eigenvalue term: Integration by part gives

/ g/(u)ef(sfi)\)udu T 1 / g/(u)ef(eri)\)udu‘
0 0

H, JA) ==+ .
(0, A) s+ i\

This equality provides the meromorphic extension of Hs(o+, ;) over C and we see that

S — 1A

Hy(o4, ;) has simple poles at i)\j, —i\; with residues £m;, Tm; for \; € 0;: where m; is
the multiplicity of A;.
Scattering term: We consider the scattering term

_doy) / " Hulo N in(Cr(oy, —iNCh(o, ) dA

(48) i

First we observe

®(2) == trs(Cr(oy, _Z)%CF(U+,Z)) = jz( logdet Cy(z) —logdet C_(z) )

Using the equalities Cr(o4,2)Cr(o4,—2) = Id, Cr(o4,2)* = Cr(o4, 2z) and the first dis-
played formula on p. 518 and (6.8) of [16], we have

det Cy(z) =detC1(0) p7 ] zti(”
Re(gr)<o = IF
det C_(z) =detC-(0) p= [] j . Z_

Re(g—)<0
for some constants py,p_. Here the infinite products are taken over the poles {g+} of
det C1 (z) respectively. Note that det C'£(z) is holomorphic over the half plane with Re(z) >
0. Hence ®(z) has the following form over C:

)= 2Re(q+) 2Re(g-) o o
(49) 2(=) Reg;m Ca)+a) *Re(qz_m (e —a )z +ao) T8 e~ log b

Now we consider the contour integral

1
Lp:=-— Hy(oy,2) trg(Cr(oy, —iz)Cl(04,i2)) dz
47 Lgr
where Lr = [ —R, R] U{ Re?® | 0 <0 <7 }. As in proposition 3.10 of [8], we can apply

the Cauchy integral formula and obtain

.
(50) - fim_ L

=i X o e 30 [T et )

s—q_
Re(g+)<0 Re(g—)<0

for Re(s) > 0. Now the right side of (50) gives us the meromorphic extension over C. On
the other hand, we can also show that

lim L = 4i Hiy(04, A) trs(Cr(os, —iA)Ch(0 s, iN) dA.

R—o0 T — 00
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Here the integral over the semicircle of radius R vanishes as R — oo by the definition of
Hy(o4,2) and (49). Therefore the meromorphic extension of the scattering term has simple
poles at g+ for Re(g+) < 0 with residues £d(o4 )b+ where by denotes the order of the pole
of det Cr (o4, 2) at q+.

Combining the contributions of the Hg(oy,\;)’s and the scattering term, we see that
Z(s) has a meromorphic extension over C and its simple poles are located at +i)\;, Fi); for
Aj € a;t, and at ¢4 for Re(g+) < 0 with residues mj, —m; and +d(o )b respectively. In
particular, we can see that Z(s) is regular at s = 0. This implies the following proposition.

Proposition 7.2. The Selberg zeta function of odd type Z% (s + n) has a meromorphic

extension over C, and is regular at s = 0.

Remark 7.3. The zeros of Z¢,(s+n) are located at £i); for \; € api, at g4 for Re(q4) <0
and their orders are mj, d(o4)bs. The poles of Z% (s + n) are located at Fi\; for \; € a;t,
at ¢ for Re(¢q—) < 0 and their orders are m;, d(o4)b_.

Let us study the functional equation of (D) and Z%(s). We set
R(s) == Z(s) — Z(—s) + d(o4+)P(s).

Then R(s) is an odd entire function of s. Let h(s) be an odd function which decreases
sufficiently rapidly as Im(s) — oo in the strip { s € C | |Re(s)] < n+¢€ € >0 } and
consider the contour integral

1
Lp:=— h(s)Z(s)d
1= g ), M2 () ds
where Lt is the rectangle with the corners a+¢7T, a—iT, —a+1iT, —a—iT withn < a < n+e.
Then we have
1 a+i0o —a—100

lim L7 = — h(s)(Z(s) — Z(—s))ds +2-— h(s)Z(s) ds.

T—o0 271 a—ioco 27 —a+ico

We apply the Cauchy integral theorem to get the equality

(51) Jim L7 = 2> muh(iN)+ Y d(o)brh(a)
Aj —a<Re(qy)<0

where we use the notations g, by instead of g+, +b1. Because the simple poles of Z(s) are

located at the gx’s with residues d(o4 )bk, between Re(s) = —a and Re(s) = 0, we have
52 [ Tz = = [T hyz0) dag S )bl
2mi —a-+ioco ° = 2m 100 7 ORIk

—a<Re(qx)<0
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The simple poles at —gi of Z(—s) between Re(s) = a and Re(s) = 0 give rise to the equality

1 a+100
(53) 3mi | ME)(E(s) — Z(=s)) ds
1 100

— [ hNEN -2+ S den)bih(—ay):

:27['2 —ico
By (51), (52) and (53), we have

(54) 23" mih(iA;) = L dlo+)
Aj

21 Jio

1 100
9 | h(A)(Z(X) = Z(=A) + d(o4)P(N)) dA.
If we change variables A — i), we see that the first term of the right side in (54) is equal

to two times of

5) - [

h(id) Y UC)F) T D) (Xow (M) = Xo (my)) e M) d)
~:hyperbolic

4 dlow) / T REN®(N) d

27 J oo

47

—00
[e.o]

= > l(Cv)j(v)‘lD(v)_l(xo+(m»y)—xa_(mw));ﬂ/ h(ix)e M) ax

—00

~:hyperbolic

+ d(‘”)/w h(iN)D(iX) dA .

dr J_»
By (54), (55) and the Selberg trace formula applied to h(i)), we have

L™ 0RO dr =0

Tm —100
for any odd holomorphic h(s) satisfying suitable growth conditions. Since R(s) is an entire
function, this implies that R(s) = 0 over C. Hence we have the equality

Llos(Z5(n+9)Z(n ) = ~d(o,)(s)

for any s € C. Finally, recalling the equalities

D(s) = di’( logdet C'y (s) — log det C_(s) ),

0(D) =~ log 23 (n),

e
we get the following theorem.

Theorem 7.4. We have

det C.(s)C_(0) ) —dlo+) for

ZE(n+ 8)Zf(n — s) = exp(2min(D)) <det C_(s)C4(0)
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Remark 7.5. In the above equality, Z%(n + s)Z¢ (n — s) has zeros at g4, —q4 of orders

d(o4)by for Re(¢+) < 0 and poles at g—, —g— of orders d(o4)b— for Re(q—) < 0. These

det C+(S)Cf (0) )—d(o-+) .

zeros and poles coincide with the zeros and poles of (m

8. CUSP CONTRIBUTIONS FOR REGULARIZED DETERMINANTS AND FUNCTIONAL
EQUATIONS

In this section, we compute the unipotent factor in the relation between the regularized
determinant and the Selberg zeta function of even type. We also derive the functional
equation for the regularized determinant and the Selberg zeta function of even type where
the unipotent factor plays a nontrivial role. This equation is the even type counterpart
of the functional equation for the eta invariant and the Selberg zeta function of odd type
proved in Section 7.

We define the zeta function with the factor e " for a positive real number s by

K

1 o 2 9. 5
(p2(2,8) == / t#71 Tr(e P — Ze—tDo(Z)) o5 gt
L'(2) Jo P

Note that (p2(z,0) = (p2(2) if the kernel of D? is trivial. We proved that (p2(z) is regular
at z = 0 in Section 6. Due to the factor s?, the continuous spectrum of D? + s? has
minimum s? and the large time part of the zeta function (p2(z,s) does not produce any

poles. Therefore (p2(z,s) is regular at z = 0. We define the regularized determinant of
D? + 52 by

Det(D?, ) := exp(—(p2(0, 5))

for a positive real number s. Now we observe that (p2(0,s) = 0 by the results of Section 6.
Then we have

d
dz

o K
(p2(2,5) = / =1 Tr(e=tP” — Ze—mg(z)) o1 gt
z=0 0 P

2=0

Recall that

(56) Tlr(e_tD2 - Z e—th(i))
i=1
. d(;;) / e (r(Cp (04, =N Ch(o1,i0)) dA
Ak —o°

=Ip(K}) + Hr(K{) + Ur(Ky),
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and put
o0 2
I(z,s) ::/ t* R (KE) e dt,
0

o0
H(z,s) :—/ tz_lHr(Kte)e—ts?dt,
0

U(z,s) ;:/ = 1Up(KE) et dt.
0

Then we have

1d
(57) %glogDet(D s)=1(1,s)+ H(1,s)+ U(1,s).
Now we want to find Z;(s), Z§(s), Zu(s) such that
1d 1d 1d
I(l,s) = ——logZ H(l,s) = ——log Z% 1 ——logZ
( 75) 25 ds og I(S)v ( 78) 25 ds 0g H(8)> U( )S) 25 ds og U()

First,we recall that the Selberg zeta function of even type,

(58)  Zg(s)=exp(=) > iy det(Ad(aymy) "t = I]n)| " xo (my) e )
o4+ ~:hyperbolic
is defined for Re(s) > 0 and we will show that this has a meromorphic extension over C.
We use (9) and elementary equality [j° \/T exp(— (4i +ts?))dt = €77 to see
1d .

(59) H(l,s) = %%logZH(s%—n).

It follows from Corollary 4.3 that U(z, s) is the Mellin transform with factor e~ of the

following terms

2
2

d(ox)

(60) .

etV (PU()\) —k (Vi + %) + h(—iX + %))) d\

where Py(\) is an even polynomial of degree (2n — 4). We deal with the term (i) + 3)

using the Cauchy integral formula

/ / —t(\*+57) iz)\+2)d)\dt

1

. 1

For the part Py (\) in (60), we have

1 d S 1 o0 o0

52 7. 108 exp( /0 Py(id) dA) = o /0 e s /_ ~ e N Py(N) dA dt
by lemma 3 in [7]. We define

1 S
Zu(s) :=T(s+ 5)—2ml<ff+>exp(2 / Py (i)) d).
0
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Then this satisfies

1 d
(61) U(l,s) = gglogZU(s).

For I(z,s), we can treat this as for Pry(\) since p(o4, ) = p(o_, A) is an even polynomial

of A. Hence, we can see

(62) Z1(s) = exp(2 /0 " PN d)

where Pr(\) = 27Vol(I'\G) p(o4, A). By (57), (59), (61) and (62), we have the following
theorem

Theorem 8.1. The following equality holds for any s € C,

1 S
(63)  Det(D?,5) = O Zjy(s +m)T(s + )24 expl(2 / Py(i) + Pu(i)) d))

0

where C' is a constant and Pr(\) = 2rVol(I'\G)p(o4, A).
Proof. A priori, the equality (63) holds for a real number s > 0 since Z§,(s + n) is defined
only for Re(s) > 0. But the right side of (63) gives the meromorphic extension over C by
Proposition 8.3, and this also gives the meromorphic extension of the left side of (63) over
C. O
Remark 8.2. Let us remark that Det(D?,s) # Det(D?, —s) as a meromorphic function
over C. This is because the equality (63) holds for a real number s > 0 a priori and the

meromorphic extension of Det(D?,s) is given by the right side of (63), which does not
satisfy this property.

Now let us show that Z¢;(s) has the meromorphic extension over C. We consider an even
smooth function g(Ju|) where g(u) is the given function in Section 7. We set

Hy(ow, \) = / g(ful)e N g

for a complex parameter s. Then integration by parts gives

S — 1A

1 o0 .
4 HS — / —(S—Z)\)Ud
(64) (02, ) /0 J (u)e wr L

/ g/(u)e—(s—l—i)\)udu.
0
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Let us apply the Selberg trace formula to the one parameter family of functions fs; on G
with Re(s) > 0, such that fs(ox,i\) = Hy(ox, ), fs(0,i)) = 0 if 0 # o+. Then we get

(65) > Huop, M)+ Y Hooo, )

)\jEU; Aj€0p

_ d(407:r) /Oo Hy(o4,) tr(Cr(o4, —iA)Cp(o4,i7)) dA
=S HC)I) D) (e (1) + X () €~

~:hyperbolic

N % _OO Hy(op, N (Pr(A) + Pu())) dA.

Let us recall the equality

d e . — — —s
TlogZg(s+n) = D> UCI) DO (xor (my) + Xo(my)) ™),
~:hyperbolic

and now we investigate the other terms in (65) to get the meromorphic extension of
d% log Z§,(s + n) over C and to determine its poles.

Discrete eigenvalue term: Using (64) as before, we can see that Hs(o+,\;) has a
meromorphic extension over C and has the simple poles at iA; and —i)\; for \; € a;)t with
the residue m; where m; is the multiplicity of A;.

Scattering term: Now we consider the scattering term

_d(oy)
47

o0

/ Hy(00, ) tr(Cr(o4, —iNCh(os,iN) dA.
—o0

As in the previous case, we can show that the function

U(z) :=tr(Cr(o4, —z)disz(aJr, z))

has the following form over C:

2Re(qx)
U(z) = Y - — +log p
Relg)<0 (2 —ar)(z + q)

for some constant p. Here the sum is taken over the set of poles of det Cr(o 4, z). We repeat
the method in Section 7 to prove that the scattering term has a meromorphic extension
over C and has poles at g for Re(gr) < 0 with residues d(o4 )by . As before by, denotes the
order of the pole of det Cr (o4, z) at gx.

Identity and Unipotent term: It follows from proposition 3.9 in [8] that

3 | HAe NP + Pu() dx =0
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We now turn our attention to the other unipotent terms. As in proposition 3.7 of [8], we
use the Cauchy integral formula to get

Kd(oy)

27

| Hior @r+ 5) +o(-ir+ 5) dh = 2wl )uls + )

for Re(s) > 0 and the right side gives us the meromorphic extension over C of the left side.
Considering the equality (65) and the above analysis of other terms, we conclude

Proposition 8.3. The Selberg zeta function of even type Z§(s) has a meromorphic exten-
sion over C.

Remark 8.4. The zeros of Z§(s+n)I'(s+ %)_%d(‘”) are located at i)\j, —i); for \; € a;t,
and at g for Re(qx) < 0 and their orders are m;, d(o4)by.

We now prove the functional equation for Det(D?, s) and Z%(s). First let us define

d
Z(s):= o log Z§; (s +n) — 2kd(04+ )Y (s + %)

and we can see that
R(s):=Z(s)+ Z(—s) + d(o4)¥(s)

is an even entire function of s. Now let h(s) be an even function which decreases sufficiently
rapidly as Im(s) — oo in the strip { s € C | [Re(s)| <n+¢, e >0 }. We follow Section 7
and consider the contour integral

1
Lp:i=— h(s)Z(s)d
1= g |, 26 ds
where L7 is the rectangle with the corners a+¢7T, a—iT, —a+1iT, —a—iT withn < a < n+e.
Then we have
1 a+100 —a—100

lim Lp=— h(s)(Z(s) + Z(—s))ds + — h(s)Z(s) ds.

T—o0 271 a—ioo 2mi —a+100
The Cauchy integral theorem gives

(66) lim Lp=2) mih(i)+ Y d(oy)beh(gr).
Aj

T—o00
—a<Re(qx)<0
The simple poles at gx of Z(s) in the strip between Re(s) = —a and Re(s) = 0 have residues
d(o4 )by, and give the equality
1 —a—i0o 1 —100

67) — h(s)Z(s)ds = — hNZN)dA+ > do)brh(qe).

2wt ), 27 /.
ateo oo —a<Re(gr)<0
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Similarly, the simple poles at —g; of Z(—s) in a strip between Re(s) = a and Re(s) = 0
have residues —d(o4 )by, and provide us with

1 a-+100
(68) 3w | h(s)(Z(s) + Z(—s))ds
1 100

hA)EN) +Z(A)dA+ Y —d(o)brh(—ar)-

 2mi
0<Re(—qk)<a

—100

We use (66), (67) and (68) to obtain

(69) 2 “mjh(i\;) = 2% | o A (Z(N) + d(?) T(N)) dA
)\J 700
% T RONEO) 4 Z(=N) + d(o)T(N) dA.

Replacing A by i in the first term of the right side of the equality (69), we see that this

term is equal to

(70) 2 > UCHIW DO (Xoy (M) + X (7)) ;ﬂ/_oo h(i)eMED g

~:hyperbolic

1 [ 1 d
2= | RN (2kd(o4 )N+ =) A+ 2(‘”)/ RN (iN) dA.
27 J_ o 2 dm J_o
By (69), (70) and the Selberg trace formula applied to h(i)), we have
1 100

5= [ ROVRQ) + 4P (=id) + 4Py (=iN) dA = 0

—ico
for any even holomorphic h(s) satisfying suitable growth conditions. Since
R(s) + 4Pr(—is) + 4Py (—is) = R(s) + 4P (is) + 4Py (is)
is an entire function, we have
Z(s)+ Z(—s) +4P;(is) + 4Py(is) = —d(o4)¥(s)
over C. Now we get the equality

4 10g<Zf{I(n +s)'(s+ %)72“(”*)) + 4Py (is) + 4Py (is)

ds
_9 c 1\ —2nd(oy) a4
== log<ZH(n ST(=s+3) ) (o) <= log(det Cr(o, 5)),
which leads to the formula
1 S
(71) Z5(n+ s)T(s + 5)*2“’(‘”) exp(4 / Pi(i)) 4+ Py(iX) d))
0

~ (et Cr(,5)) 47 Zgy(n— (s + 1) 204002,
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This equality holds a priori up to constant c. As in the proof of lemma 4.3 in [8], we multiply

572mo to both sides of (71) where mg is the multiplicity of the zero eigenvalue of D. Doing

this removes the spectral zero of Z§;(n+s) at s = 0. If we compare the remaining parts at

s = 0, we can see that the constant ¢ equals 1. From (63), we have

Det(D?,5)2 = C? Z§(s + n)*T(s + %)—4*““‘”) exp(4 / Pr(i)\) + Py(i)) d)).
0

Finally, we combine (71) and this equality to get

Theorem 8.5. For any s € C, we have

(72) Det(D?, 5)*

1 1.\ —2kd(o4+)
= C2 (det Cr (o4, 5)) "4 Z¢ (n + 8) 2% (n — 5)<F(s + (s + 5)) o

Remark 8.6. The right side of (72) has the zeros at i\;, —i); of order 2m; for A\; € a;t,
and at g of order 2d(c, )by for Re(qx) < 0 . These are the zeros of Det(D?,s)? as we

expected.
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