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Abstract We give a complete classification and present new exotic phenomena of
the meromorphic structure of ¢-functions associated to general self-adjoint exten-
sions of Laplace-type operators over conic manifolds. We show that the meromor-
phic extensions of these ¢-functions have, in general, countably many logarithmic
branch cuts on the nonpositive real axis and unusual locations of poles with arbitrar-
ily large multiplicity. The corresponding heat kernel and resolvent trace expansions
also exhibit exotic behaviors with logarithmic terms of arbitrary positive and negative
multiplicity. We also give a precise algebraic-combinatorial formula to compute the
coefficients of the leading order terms of the singularities.
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1 Introduction

In this article, we give a complete classification of the meromorphic structure of ¢-
functions associated to conic manifolds; that is, general self-adjoint extensions of
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Laplace-type operators on conic manifolds introduced by Cheeger [9, 11]. In par-
ticular, we prove that such ¢-functions exhibit pathological meromorphic properties.
Before giving a synopsis of these pathological properties, recall that the ¢-function
¢(s, A) of a Laplacian A over a smooth closed manifold has a meromorphic exten-
sion to all of C with only simple poles at s = % ¢ —Ng with n the dimension of the
manifold and k € No :={0, 1,2, ...} [28, 52, 53, 61, 68]. The situation is completely
different for conic manifolds. We show that the ¢-function associated to a general
self-adjoint extension of a Laplace-type operator on a conic manifold has, as a gen-
eral rule (except for very special cases, e.g. the Friedrichs extension), in addition to

the singularities at s = % ¢ —Np for k € Ny, the following properties:

(1) It can have countably many poles of arbitrarily high multiplicity at “unusual”
locations on the negative real axis; that is, at points not of the form s = %

(2) It can have countably many logarithmic singularities at “unusual” locations.

(3) The singularities in (1) and (2) can occur for the same ¢-function and at the
same “‘unusual” locations. Moreover, we also give an elementary and explicit
algebraic-combinatorial recipe to compute the exact locations and leading coef-

ficients of the “unusual” poles and logarithmic singularities.

In fact, the explicit computation of these exotic singularities is so straightforward
(see Sect. 2.2) that for low dimensions we can find the structure of zeta functions
quickly. We also remark that one can always conjure up artificial zeta functions hav-
ing (1) and (2), but for natural (geometric) zeta functions, properties (1) and (2) seem
to have no parallels in the differential geometry literature.

1.1 A Simple Example

Here is a surprising, and completely natural, example of a ¢-function which has no
meromorphic extension to all of C. We first review conic manifolds. Let M be an n-
dimensional compact manifold with boundary I" and let g be a smooth Riemannian
metric on M \ I". We assume that near I” there is a collared neighborhood

U=10,8), x T,

where & > 0 and the metric g is of product type dr? + r>h with h a metric over I".
Such a metric is called a conic metric and M is called a conic manifold, ideas intro-
duced by Cheeger [9, 11] (cf. [50]). Using a Liouville transformation over the collar
U as in [4], we can identify L*(M,dg) with L*(M, drdh) and the scalar Laplacian
Ag can be identified with

A= 0>+ 24 ith A=A+ (=) (14127 (1.1)
8 u= r r2 I w1 r = r 2 2 ’ .
where A is the Laplacian over I". Notice that A > _41_1 because the function x (1 +
x) has the minimum Value—%(whenx=—%). Let us now assume that n = 2 so that:
Ay =02+ 2 A ith Ap = Ap — &
g|lxl—_8r+r_2 r. withAp=Ar—-.



Exotic Expansions and Pathological Properties of ¢-Functions 837

We remark that the term —# can be considered a “singular potential,” and such
Laplacians and their self-adjoint extensions have been studied by physicists since
the 70’s [6, 14, 20, 57]. Note that A always has the eigenvalue 0. Let us assume
that O is the only eigenvalue (counting multiplicity) of Ar in the interval [0, 1);
this is the case for the Euclidean Laplacian on a punctured region in R?, for in this
case, Ar is just the Laplacian on the unit circle which has eigenvalues {k” | k € Z}.
Then Ap has exactly one eigenvalue in the interval [—A—l‘, %), the eigenvalue —l,
and (see Sect. 3) A, has many different self-adjoint extensions, each of which is
parameterized by an angle 6 € [0, ) (cf. [24, 26, 34, 38]). It turns out that 6 = %
corresponds to the so-called Friedrichs extension [4, 24], and any extension has a
discrete spectrum [44]. Consider any one of the extensions, say Ay with 6 € [0, ),
and form the corresponding ¢ -function:

(s, A0 = Y

w0 o

where the p ;’s are the eigenvalues of Ag. The surprising fact is that the meromorphic
extension of every such ¢ -function corresponding to an angle 6 € [0, ) except 6 = 7
(the Friedrich’s extension) has a logarithmic singularity at s = 0. More precisely, as
a consequence of Theorem 2.4, for 6 # %, we can write:

Sin(ws) _og
(s, Ap) = Lreg(s, Ap) — — ¢ logs, (1.2)

where k =log2—y —tan6 with y the Euler-Mascheroni constant and {yeg (s, Ag) has
a meromorphic extension over C with the “regular” simple poles at the well-known
values s = % — k for k € Ny.

1.2 Operators on Conic Manifolds

Briining and Seeley’s regular singular operators [4] generalize the example (1.1) of
the Laplacian on a conic manifold as follows. Let M be an n-dimensional compact
manifold with boundary I" and we assume that near I” there is a collared neighbor-
hood U/ such that:

UZET0,8), x T,

where ¢ > 0 and the metric of M is of product type dr> 4+ h with h a metric over I".
Let E be a Hermitian vector bundle over M and let A be a second order regular
singular operator acting on C2°(M \ I', E); this means that A is an elliptic symmetric
nonnegative second order differential operator such that the restriction of A to U/ has
the form:

2y Lan (1.3)
r r2

where A is a Laplace-type operator over I with Ap > —%. (The condition A >

—% is necessary otherwise A is not bounded below [4, 7].) Laplacians on forms and

squares of Dirac operators on conic manifolds [4, 9, 11, 12, 35, 43, 49] are examples
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of second order regular singular operators. We can also deal with the case when M
has boundary components up to which A is smooth; at such components, put local
boundary conditions.

From Von Neumann'’s theory of self-adjoint extensions (cf. Cheeger [9-11], Gil
and Mendoza [24], Lesch [44], Mooers [54]), the self-adjoint extensions of A are
parameterized by Lagrangian subspaces in the eigenspaces of A with eigenvalues
in the interval [— %, %). To describe these extensions, denote by

1
_ZZ)\]:M:“'Z)‘QO<)‘LIO+1 SAgot2 =0 = Agotay

__1 1 3
=3 —3<he<j

1

the spectrum of Ap in [—y, %) and by {¢,} the associated eigenvectors, and define

V= @ E, ®E, =CH with E, := span{¢,} and g = qo + q1;

1
—75he<

EN[N)

see Sect. 3 for a more precise description of V. We can endow V with a symplectic
structure as described in Sect 3. Then the self-adjoint extensions of A are in a one-to-
one correspondence to the Lagrangian subspaces in V. Given a Lagrangian subspace
L in V, we denote by Ay the self-adjoint extension corresponding to L.

One of the natural questions for a given self-adjoint extension Ay, is whether the
¢-function of Ay, ¢(s, Ar), would have a meromorphic extension over C and if so,
what the pole structure is. Here the ¢-function of Ay is defined by:

(s, A=) L (1.4)
20 1

for Ms > 0 where p;’s are the eigenvalues of Ay . The ¢-function has been studied
in many articles for the Friedrich’s extension or with the condition Ay > 3, which
implies that A is essentially self-adjoint [2-4, 7, 8, 10, 11, 13, 21, 22, 45, 46, 48,
49, 64]. For scalable extensions (extensions for which the domain is invariant under
r > cr), the ¢-function has been studied in [44]. There are no “unusual” phenomena
with these cases. Finally, for arbitrary self-adjoint extensions with A > —%, the
¢-function has been studied by Falomir, Muschietti and Pisani [18], see also joint
work with Seeley [17] (cf. [19]), for one-dimensional Laplace-type operators over
[0, 1] and by Mooers [54] who was the first to study the general case over manifolds
and who noticed the presence of “unusual” poles. However, the works [18, 54] only
imply the existence of simple “unusual” poles and do not imply the existence of poles
of arbitrary order nor of logarithmic singularities of the ¢-function.

We now outline this article. We begin in Sect. 2 by giving the statement of our
main result, Theorem 2.1, and we also illustrate the ease of applying the main result
by giving examples; in particular, we re-derive the main result of [18] and we show
that poles of arbitrary order and countably many logarithmic singularities show up
even for simple situations. We also show how our theorem simplifies when we make
assumptions on the self-adjoint extensions and we present corresponding resolvent
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and heat kernel expansions. The description of self-adjoint extensions as Lagrangian
subspaces plays a key role in the proof of our main result and because of this reason,
in Section 3 we briefly review this important topic. The main technical task of the
proof of our main theorem is the explicit form of the parametrix of the resolvent of
Ap near the boundary. This is handled by solving model problems explicitly over a
finite interval employing Theorem 6.1, which is a new representation of the resolvent
in terms of an implicit eigenvalue equation, and the contour integration method [35-
37]. The presentation and details of the solutions of the model problems are given in
Sects. 4, 5 and 6. The results for the model problems and a parametrix construction
then enable us to prove all the theorems listed in Sect. 2 below. This is described
in Sect. 7. The appendix by Boris Vertman gives a careful analysis of the implicit
eigenvalue equation and proves that the zeta function can be written as a contour
integral in terms of the implicit eigenvalue equation.

Finally, it is a pleasure to thank Mattias Lesch for remarks that greatly improved
the exposition of this article.

2 Statement and Examples of Results
2.1 Statement of Main Result

Fix a Lagrangian L C V and hence a self-adjoint extension A;, of A (we use the
notation from Sect. 1.2). In Sect. 3 we show that L can be described by g x ¢ matrices
A and B having the property that the rank of the ¢ x 2¢ matrix (A B) is ¢ and A’ B*
is self adjoint where A’ is the matrix A with the first go columns multiplied by —1
(conversely, any such .4 and B define a Lagrangian). Before stating the main result
which describes the exact structure of ¢ (s, Ay), we apply a straightforward three-step
algorithm to A and B that we need for the statement.
Step I: First, we define the function:

A B

xldg, O O 0

2
p(x,y) :=det 0 my™ 0 0 d , (2.1)
0 0 . 0 !
0 0 0 gyy™a
where Id; denotes the k x k identity matrix and where
Uj:z )\,q0+j+z, szzvjm]—_w, 21,...,q1.

For specific A and B, p(x, y) is explicitly computable “by hand”; we shall give some
examples in Sect. 2.2. Expanding the determinant using one’s favorite method, we
can write p(x, y) as a “polynomial”:

P y) =Y ajux!y*,

where the o’s are linear combinations of vy, ..., v, and the aj,’s are constants.
Let ag be the smallest of all a’s with aj, # 0 and let jo be the smallest of all j’s
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amongst the aq, # 0. Then factoring out the term a g, xJ0 y2%0 in p(x,y) we can
write p(x,y) in the form:

PO D) = a0y (143 by y?) 22)

for some constants byg (equal t0 are /a joaq)-
k—1
Step 2: Second, using the power series log(1 +2) = Y ;o %zk with z =

3 bkﬂxk y2# for a sufficiently small |z|, we can write:

log<1 + gt y2ﬂ> = cppxy® 2.3)

for some constants c¢:. We emphasize that for specific A and B, all the coeffi-
cients cge are explicitly computable “by hand” when g is small (see the examples
in Sect. 2.2) and easily with a computer for g large. With a little thought, one can see
that the &’s appearing in (2.3) are nonnegative, countable and approach +oco unless
B =0 is the only g occurring in (2.3), in which case & = 0 occurs in (2.3). Also, the
£’s with cgg # 0 for a fixed & are bounded below.

Step 3: Third, for each £ appearing in (2.3), define:

pe :=min{f <0 cee #0} and £g :=min{l > 0| ¢z # 0}, 24

when these numbers are actually defined, that is, whenever the sets {£ < 0 | cg¢ # 0}
and {€ > 0| cg¢ # 0}, respectively, are nonempty. We now define:

P :={& | pe isdefined} and oL :={& | L¢ is defined}. 2.5)
The following theorem is our main result.

Theorem 2.1 Let L C V be an arbitrary Lagrangian subspace of V and define P
and L as in (2.5) from the matrices A and B defining L. Then the ¢ -function ¢ (s, Ar)
extends from Rs > 5 to a holomorphic function on C\ (—o0, 0]. Moreover, ¢ (s, AL)
can be written in the form

§(s, AL) = breg(s, AL) + Esing (s, AL),

where Lreg(s, AL) has possible “regular” poles at the “usual” locations s = % ¢
—No for k € Ng and at s =0 if dim I" > 0, and where Esing(s, AL) has the following
expansion:

sin(7rs)

{(jo — qo)e #102) Jog g

Je(s) }
+ E —_— 4 1 + , 2.6
S gt geacgs (s)log(s +§) (2.6)

Csing(s, Ap) =

where jo appears in (2.2) and f¢(s) and gz (s) are entire functions of s such that:

|pel!
fe(=8) = (Do, 6
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and near s = —&,

o | caomms FOE0h ifE =0,
8e\S) = ¢
—Crs i O H O +9%) ifE >0,

Remark 2.2 The zeta function {reg (s, Ar) will only have possible poles at s = % ¢
—Np in the case that I" is the only boundary component of M and the residue of
Creg(s, Ar) at s = 0is given by Res;—oZreg (5, AL) = —%Ressz_%g(s, Ar);in partic-

ular, this vanishes if ¢ (s, Ar) is in fact analytic at s = — % Later in Theorems 2.5 and
2.7, we shall present corresponding resolvent and heat kernel expansions. In general,
£ may contain the origin, so that the logarithm part in (2.6), which has the branch
cut at s =0, is given by:

sin(wrs) | _ _
(o — qoye >0

~+go(s)) logs

where go(s) depends on A, B. Also, it is easy to check that when there are no —}T
eigenvalues, then there are no logarithmic singularities and the “unusual” poles occur

with multiplicity at most one. Finally, the expansion (2.6) means that for any N € N:

fe(s)
(s + &)lpel+l

sin(rrs) {(]O _ qo)e—Zs(logZ—y) logs + Z

§eP ESN

Csing(S, Ap) =

+ Y. ge(s)log(s +s)} + Fy(s),

teL,E<N

where Fy (s) is holomorphic for fs > —N.
2.2 Examples

Via examples we show the ease and efficiency at which Theorem 2.1 computes the
exact meromorphic structure of Zsing (s, Ay ) (note that greg (s, Ay ) is “uninteresting,”
which is why we focus on Zging (s, AL)).

Example 1 (Taken from [18]) The article by Falomir et al. [18] (along with Seeley et
al. [17] and Mooers’ [54]) is in many ways the inspiration for our article and is the
very first article to find explicit formulas for the “unusual” poles of Laplacians; cf.
[19] for the infinite interval. [18] studies the operator

d2

pA=-2
dr?

1
+ —2A over [0, 1]
r

with —‘]—t <A< %. In this case, V = C2, therefore Lagrangians L C C? are deter-

mined by 1 x 1 matrices (numbers) A = o and B = 8. Fix such an («, 8); we shall de-
termine the strange singularity structure of { (s, Ay ). Let us assume that —% <A< %
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so there are no —l eigenvalues (we will come back to the A = —}T in a moment).
. . 2v L (1+v)
Then with v ._,/A+ gandt:=2 ”F(] 5

B

o 8
ierimaa( 5 #)=a-gor=af1-Zy),
y o

where we assume that o, 8 # 0 (the @ = 0 or 8 = 0 cases can be handled easily), and
we write p(x, y) as in (2.2). Forming the power series (2.3), we see that

0 —1)k-1
]0g<] _%yﬁ)) :;%< 7,3 2v> ZCO kx() 2yk

where co vk = ——(Tﬁ )k Using the definitions (2.4) and (2.5) for pg, £g, &, and L,
we immediately see that £,k never exists so £ = &, while

pok =min{€ <0 | cg vk # 0} =0, P = {vk | k € N}.

Therefore, by Theorem 2.1:

' _sin(ms) o fi(s)
§s1ng(5, AL) = = ;s+vk

with fi(s) an entire function of s such that fy(—vk) = v(%)k. In particular,

Csing (s, Ar) has possible poles at each s = —vk with the residue equal to:
sin(w(—vk)) [t k vsin(zvk) (T k
Ress=— vk &sing (s, AL) = 7”(_18) = _’B )

b o b o

which is the main result of [18] (see (7.11) of loc. cit.).
__1 . .
Assume now that A = —z. In this case:

px,y) :Zdet<a ﬁ) =Ol—,3x=()(<1 — ﬁx),
x 1 a

where we assume that o, 8 # 0 (the @ = 0 or 8 = 0 cases can be handled easily), and
we write p(x, y) as in (2.2). Forming the power series (2.3), we see that

1/8\"
log l——x Zczoxy cLo:—z %)

Using the definitions (2.4) and (2.5) for pg, £¢ (there is only one “£€” in the present
situation, £ = 0), &, and /£, we immediately see that py never exists so P = &, while

Lo=min{{ > 0| ce 0 #0} =1, L ={0}.
Therefore, by Theorem 2.1,

sin(7s) _ _
Cing (5, AL) = ——1{—e 2508277 1og 5 + go(s) log s},
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go(s) is an entire function of s such that go(s) = O(s). Hence ¢ (s, Ar) has a genuine
logarithmic singularity at s = 0. This corrects unfortunate errors from the beauti-
ful article [18] (and [54]), which states that {(s, Ar) has the “usual” meromorphic
structure.! When 8 = 0, one can easily see that we still have a logarithmic singular-
ity at s = 0, and when « = 0, one can easily check that there is only the “regular”
part {reg(s, Ar) and no “singular” part; in fact, the case o = 0 corresponds to the
Friedrichs extension (see [4]); thus we can see that ¢ (s, Az ) has a logarithmic singu-
larity for all extensions except the Friedrichs.

Example 2 (The Laplacian on R?) If A is the Laplacian on a compact region in R?,
then as we saw before in Sect. 1.1, Ar hasa —% eigenvalue of multiplicity one and no
eigenvalues in (—%, %). Therefore, the exact same argument we used in the A = —%
case of the previous example shows that ¢(s, Ay ) has a logarithmic singularity for

all extensions except the Friedrichs.

Example 3 Consider now the case of a regular singular operator A over a compact
manifold and suppose that Ar has two eigenvalues in [—i, %), the eigenvalue —%

and another eigenvalue —% <A< %, both of multiplicity one. In this case, V = C4,
therefore Lagrangians L C C* are determined by 2 x 2 matrices A and . Consider

the specific examples:
0 1
a=(1). beu

Then with v :=,/A + }T and 7 := 22 LUHY) e have:

T(I-v)’
0 1 1 0
o 0 0 1 _ 2v
p(x,y):=det 0 1 0 =1+7Txy
0 7y 0 1

Forming the power series (2.3), we see that:

log(1+rxy2”)—z(_ * (fxyz”)" ch oxky?k,
k=1 k=1

where ¢k vk = (—=1)k-1 % Using the definitions (2.4) and (2.5) for pg, £g, P, and £,
we immediately see that p, never exists so # = &, while

Lox =min{l > 0| cp, vk # 0} =k, L ={vk |k eN}.
Therefore, by Theorem 2.1:

sin(7s)

oo
Lsing (5, AL) = —e 2082V log s 43 " gi(s) log(s + vk)

k=1

IThe error in [18] occurs in (A13) where certain antiderivatives (specifically, x N1 (x) and x2N1 (x)z) were
accidentally set equal to zero at x = 0.
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with gx(s) an entire function of s such that near s = —vk,

knk

(o) = (1 22

T (s +vi)F= 1+ O((s + vi)").

In particular, {sing(s, Ar) has countably many logarithmic singularities!

Example 4 With the same situation as considered in Example 3, consider

-1 1 0 O
A_<O 0)’ B_<1 —l)'
Then with v := /A + i and T ;= 22“%,%3 have

1 0

1
p(x,y) :==det 8 =y =x(1 -y,

.L.y2v

S = = O

0
X
0 1

Forming the power series (2.3), we see that:

o0

B (_l)kfl B 0 ~
log(l —tx~1y?) = Z T(—rx Ly2nk = Zc—k,vkx ky20k
k=1 k=1

where c_g vk = —%. Using the definitions (2.4) and (2.5) for pg, ¢, &, and £, we
immediately see that ¢, never exists so £ = &, while

puk=min{l <0]cu #0}=—k, P ={vk|keN]}.

Therefore, by Theorem 2.1:

, _sin(ms) o~ fi(s)
CSmg(Sa Ap) = = kX:; (s—i—vk)k‘H

with fi(s) an entire function of s such that fi(—vk) = (—1)’”2#. In particular,
Csing (s, Ar) has poles of arbitrarily large order!

Example 5 Consider one last example, the case of a regular singular operator A over
a compact manifold such that A has three eigenvalues in [—%, %), the eigenvalue
—% with multiplicity two and another eigenvalue —% <A< % of multiplicity one.
In this case, V = C® and Lagrangians L C C® are determined by 3 x 3 matrices A
and 5. Consider the specific examples:

01 -1
.A:(l 0 O), B =1d.
1 0 O
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Then with v:=,/A + % and 7 := 22”%, we have

01 -1 100
10 0 010
1 0 0 001
pr.yyi=detf o 1 0 0
0O0x 0 010
0 0 y? 0 0 1

= —x+1y? —1x2y? = —x(1 + (x —x " HTy?).

Forming the power series (2.3), we see that:

log(1 + (x —x~HTy?”)
00 k—1
-1
_ Z (=D ok — xlyky 2ok
k
k=1
e (=1 (K
— ZZ k Tk< .)xZJ—kyzvk — Zce,vk-xgyZVka (27)
k=1 j=0 J 0k

where for each k, £ runs from —k to k. Using the definitions (2.4) and (2.5) for pe,
Le, P, and L, we immediately see that:

Pk =min{l <0 ce, v # 0} = —k,
1 if kisodd,

£y = min{f > 0 0} =
vk =min{f > 0 | c¢,vx # 0} {2 if k is even,

and & = L = {vk | k € N}. Therefore, by Theorem 2.1:

sin(rrs) > fe(s)
;‘Sing(stL) = {_e2s(log2y) logs+27k+l
T P (s + vk)

+ ) gi(s)log(s + vk)}, 2.8)
k=1

where fi(s) and g (s) are entire functions of s such that f(—vk) = (—1)¥ ki and

2k
k
gk(s) = 2v(— )"k (m N 1)

1+ O((s + vk)) if k =2m + 1 is odd,
2(s + vk) + O((s + vk)?) if k =2m is even.
In particular, Csing(s, Ar) has poles of arbitrarily high orders and in addition to a

logarithmic singularity at the origin, countably many logarithmic singularities at the
same locations of the poles!
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2.3 Special Lagrangian Subspaces

Theorem 2.1 simplifies considerably when the conditions given by the Lagrangian L
1

over —y eigenspaces are separated from the conditions over A eigenspaces with A in
(—%, %). We shall call a Lagrangian subspace L C V decomposable if L = Lo @ L
where L is an arbitrary Lagrangian subspace of @M:— 1 E¢ ® E¢ and L is an

arbitrary Lagrangian subspace of @5_ 1 3 E¢ @ Ey. As described in Proposit-

<he<3z
ion 3.3, the Lagrangian subspace L is determined by two gg x g matrices Ay, By
where go = dim Lo, that is, the multiplicity of the eigenvalues Ay = —i. Similarly,

the Lagrangian subspace L is determined by two g1 X ¢ matrices A;, 3] where
q1 = dim L1, that is, the multiplicity of the eigenvalues A, with —i <A < %.

Two polynomials which are explicitly determined by the matrices Ay, By and
A1, By play peculiar roles in the statement of our result. First, consider the poly-
nomial po(z) in the single variable z defined by:

o Ao By
po(z) :=det (quo (log2 — y — 2)dy, ) . (2.9)

Using the definition of determinant, it is easy to see that py(z) is a polynomial of
degree at most ¢ in z. Since the degree of p6 (z) is one less than the degree of po(z),
we can write:

6D = B
— = —, C, 2.10
po(2) ,; z Pr < ( )

where the series on the right is absolutely convergent for |z| sufficiently large. Second,
consider the polynomial in (2.1) (and (2.2)) using A; and B in place of A and B:

) Aj B
71y 0 0
. _ 20 28
poy=det| o =14 ), @1
0 0 74y

where the B’s are positive. Then as in (2.3), write

log<1+2bﬁy2ﬂ>:Zc5y2§, (2.12)

and let & := {§ | cg # 0}. Then Theorem 2.1 simplifies to the following.

Theorem 2.3 For an arbitrary decomposable Lagrangian L C V, the {-function
¢ (s, Ap) has the following form:

(s, AL)ZCreg(Sv AL)+§sing(S7 AL), (2.13)

where (g (s, AL) has the “regular” poles at the “usual” locations s = % ¢ —Np
for k € Ng and at s =0 if dim I" > 0, and where {sng(s, AL) has the following ex-
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pansion:

(2.14)

Coing (5, AL) = _Sln(ﬂs) smj(;rs) Z fe(s)

f(s)log SiE

Eep

k—1
where f(s) is the entire function defined explicitly by f(s) =Yt Br ( (,33)1), , and
the fg(s)’s are entire functions of s such that

fe(=8) = —cgk.

For certain types of Lagrangians, the formula for f(s) becomes very simple. We
shall call the Lagrangian Lq split-type if it can be written as @M—f 1Ly with Ly a
=3

Lagrangian subspace of E; @ E;. As explained in Proposition 3.6, each component
L of L is determined by an angle 8, € [0, 7). Moreover, in this case, the coefficients
B in (2.10) are given by (as follows from Corollary 5.4)

Bi=Y k' k=1,2,3.4,... (forsplit-type Lo) (2.15)
Oe#%

where ky =log2 — y —tan6, with 9, the angle defining L, in Lo and y is the Euler-
Mascheroni constant. Then when Ly is of split-type, we have the following.

Theorem 2.4 For a decomposable Lagrangian L C V such that Ly is of split-type,
¢ (s, Ap) has the form as in (2.13) with f(s) = Zeﬁé% e~ ¢ jn (2.14).

Example 6 Consider the case when A has exactly one eigenvalue in [—%, %), the
eigenvalue —%. Then Theorem 2.4 shows the result stated in (1.2).

2.4 Unusual Resolvent and Heat Kernel Expansions

Besides establishing exotic {-expansions, we also derive equally exotic resolvent and
heat kernel expansions.

Theorem 2.5 Let A C C be any sector (solid angle) not intersecting the positive

real axis and choose N € N with N > 5. Then for an arbitrary Lagrangian L, as
M| = oo with A € A we have:

oo
(AL =)V~ 3 a1 Vb=V og(—h)

k=0
+ L a” q0 — jo

N'dAN | (=1)(log(—A) —27)

1 4N+l1 ' e L
TNl [22 ceg (1) 2y —log(=2) ] (2.16)

where the ai and b coefficients are independent of L, the cyg’s are the coefficients in
(2.3),and y =log2 — y.
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From the explicit formula (2.16) and from the binomial theorem for £ > 0:

~ -
(27—log(—x>)—‘=(—log(—x»—‘(l 2y )

~ log(—A)
e () (=29
= (—log(—1)) sz(:)(j)—(log(—A))j’ 2.17)

it is obvious that when A has —}T eigenvalues, the resolvent trace expansion
has, in general, log(—A) terms of arbitrarily high multiplicity and inverse pow-
ers (log(—1))~! with infinite multiplicity! This phenomenon is new and even for
pseudodifferential operators on compact manifolds, with or without boundary, and
even conic, “regular” (not inverse powers of) log(—A) terms occur with at most mul-
tiplicity two [21-23, 29, 30, 47, 48]. See [25, 42, 58] for studies of resolvents for
closed extensions of general cone operators in the sense of B.W. Schulze [59, 60].
Here is a concrete example illustrating this discussion.

Example 7 For the self-adjoint extension A; considered in Example 5, from the
explicit formula (2.7), we immediately get:

o0
Tr(aL =)V~ Y a1 VbV og(—h)
k=0

1 daN 1
NN { (=2)(log(—2) —27) }

k i i—
1 dN+1 {OO 22] k(_l)] I_L_k(k>

T N1 dAN+T ;
N!ldx =1 =0 k Jj

x (=1) "2k (25 = log(—1))* Y }

In this very simple example, we see unusual powers (—1)~2’=N=1 (after taking N +
1 derivatives) and log terms log(—A) of arbitrarily high multiplicity (each unusual
power (—A)"2k=N=1 with a log term of highest power (log(—k))k), and inverse
powers (log(—)n))_1 with infinite multiplicity because of the formula (2.17).

When L is decomposable, the last two terms in (2.16) can be made very explicit.
Theorem 2.6 Let A C C be any sector (solid angle) not intersecting the positive real

axis and choose N € N with N > 5. Then for an arbitrary decomposable Lagrangian
L, as |A| — oo with .. € A we have:

oo
Tr(AL = )™~ Y a7 N b=V log(—h)
k=0
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1 dN+l .
N!d)LN—H{ZCf( 2 }
Eep
x 2k71,3k
el 1
N‘ d)»N {( o Z (log(—)\))k }7 (2.18)

where the ay and b coefficients are independent of L, the Bi’s are the coefficients in
(2.10), and the c¢’s are the coefficients in (2.12).

In the case when Ly is of split-type, the second-to-last term in (2.18) can be made
even more explicit because of the formula (2.15) for 8. We also prove a correspond-

ing heat kernel expansion.

Theorem 2.7 For an arbitrary Lagrangian L, the heat kernel e 'L has the follow-
ing trace expansion as t — 0:

Tr(e—fAL)~Zakt = +blogt+Zbk(logt) 1=k

k=0 k=0
[pg|+1
+ Z Z cskté(logt) +sz5kté (logt)™ te—k
EeP k=0 EedL k=0

with 51() =0and g§(|p5|+1) = Oforé ¢ Np.

Thus, the heat trace expansion, in general, has powers of log 7 with finite multiplic-
ity and inverse powers (log#)~! with infinite multiplicity. The Cex and dgy, coefficients
can be expressed in terms of the coefficients in the resolvent expansion (2.16) but not
so explicitly. For decomposable Lagrangians we have the following.

Theorem 2.8 For an arbitrary decomposable Lagrangian L, the heat kernel e 'L
has the following trace expansion as t — 0:

o0 oo
Tr(e ' 2t) ~ Y Gt ™5 +hlogr+ Y & rf + Y dilogn .
k=0 Eep k=1

3 Hermitian Symplectic Formalism of Self-Adjoint Extensions

To orient the reader to the various terminologies used throughout this article, in this
section we briefly review well known results from the classical theory of self-adjoint
extensions. For more on this classical theory, see for example [32, 33, 41, 55, 66, 67]
and for its use to analyze second order regular singular operators, see [10, 11, 38—40,
49, 54, 56], and see Gil and Mendoza [24] and Lesch [44] for the analysis of more
general Fuchs type or cone operators in the sense of Schulze [59, 60]; finally, see [16]
for applications of self-adjoint extensions to quantum physics.
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3.1 The maximal Domain and Self-Adjoint Extensions

To analyze self-adjoint extensions of A, the idea is to find the “largest” domains
D C dompax (A) that make the Hermitian quadratic form:

<A¢7 W)—W’,Al/f)v ¢7¢€©,

vanish. To determine the extensions of A, we first describe domp,ax (A). Recall that
Aly = —83 + %Ar (see (1.3)), where U = [0, ¢), x I" denotes a tubular neighbor-
hood of I" and A is a Laplace-type operator over I" such that Ay > —JT. Recall
that:

1
_Z:M:M:'”:kqo<kqo+lf)‘qo+25"'5)‘qo+ql

1 3
—z<M<3

ENE

denotes the eigenvalues of Ap in [— 3—1, %) with corresponding orthonormal eigenvec-
tors {¢¢}. Then, as shown by Cheeger [10, 11], we have the following.

Proposition 3.1 A section ¢ € L>(M, E) is in
domax (A) := {p € LA (M, E) | Ap € L*(M, E)},

where “A¢ € L>(M, E)” is in the distributional sense, if and only if ¢ is in H*> away
from the boundary I', and near I" we can write:

q0

¢ = lcf @)rige+c; (@) logrey)

=1

D et () @ )
90+ v+ Cao+e'?) _pptd 1
+ ;{ —2])13 r ¢q0+l + \/m r ¢q0+£} + ¢7 (3 )

where the czc(q&) s are constants, vy := \/ hgog+e + % >0, 5 € H? and 5 = O(r%).

To state the well-known correspondence between self-adjoint extensions and La-
. 1
grangian subspaces we define wZ' i=r2tVg, for 0 < vy < 1, and

_ r%_”‘qﬁg forO<v, <1,
WK =

r% logr ¢y forv, =0,

and furthermore we define

vi= P EfeE;
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where Ezi = (lﬂf) with (wli) = spanc{w@i}. We endow V with the symplectic
structure w : V x V — C defined by:
F1 whenv, =0

T .
+1 when vy #0; w(l/fg > Wj ) =0 otherwise, (3.2)

wWE ¥ = {

and extending to V x V linearly in the first factor and conjugate linearly in the second
factor. Then we have:

(A, V) — (§. AY) = (. V)
where ¢ := " {c; @)V, +c; (9)¥; } € V, ¥ is defined similarly, and the following

theorem is an easy consequence.

Theorem 3.2 Self-adjoint extensions of A are in one-to-one correspondence with
Lagrangian subspaces of V in the sense that given any Lagrangian subspace L C 'V,
defining:

domy (A) := (¢ € dommax(4) | ¢ € L},
the operator
Ar = A:domy(A) > L*(M, E)
is self-adjoint and any self-adjoint extension of A is of the form Ay for some La-
grangian L C V.

3.2 Characterizations of Lagrangian Subspaces

Recall now the following classical characterization of all Lagrangian subspaces in
complex Euclidean space.

Proposition 3.3 A subset L C C* is Lagrangian (with respect to the standard
Euclidean symplectic form) if and only if it can be described by a system of equa-
tions:

L={¢eC¥|(ABZ=0}cC,
where A and B are k x k matrices such that the rank of (A B) is k and AB* = BA*.
As seen in (3.2), V can be identified with C2¢ = C2% x C?4!, where g = qo +

g1, with minus the standard symplectic form on the C?%° factor and the standard
symplectic form on the C?9! factor. Using this fact, we have the following.

Corollary 3.4 A Lagrangian subspace L C V can be characterized by q x q matri-
ces A and B via

L={¢eC™|(ABZ=0}cCCX,

where (A B) has rank q and A'B* is self-adjoint where A’ is the matrix A with the
first qo columns of A multiplied by —1.
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As seen in the formula (3.1) of Proposition 3.1, the Ay = —% eigenvalues of A
and the —}T <A < % eigenvalues of A give rise to rather distinct components of
domp,x (A). For this reason, it is natural to separate Lagrangian subspaces of V into
WS —% components and _41_1 <Ml < % components. With this discussion in mind,
we call a Lagrangian subspace L C V decomposable if L = Ly @ L1 where Ly is
an arbitrary Lagrangian subspace of @M:_ 1 EZ’ ® E, and L is an arbitrary La-

grangian subspace of @ _ 3 EZ’ DE,.

T<Ap<3
The characterization of all such L, L follows from Proposition 3.3.

Corollary 3.5 The components Ly and L of a decomposable Lagrangian L = Lo ®
Ly C V can be characterized by matrices (Ay By) (with Ay and By qo X qo matrices)
and (A By) (with Ay and B q1 X q| matrices) via

Lo = (¢ e C*0 | (A By)¢ =0} € C*0,

and
L1 ={CeCX | (A B)é=0}cCH

where the matrix (Ao Bo) has rank qo and AoB; = Bo. Ay, and (A1 By) has rank qy
and A B} = B Aj.

In the Introduction we discussed split-type Lagrangians. Here, we say that the La-
grangian Lo C B,;,__1 E/ @ E; is of split-type if it can be written as @M*—i Ly

with L, a Lagrangian subspace of EZ ® E, . Such Lagrangians Ly, restricting Propo-
sition 3.3 to k = 1, are characterized as follows.

Proposition 3.6 L C C? is Lagrangian if and only if L = Lg for some 6 € [0, 1)
where

Lyo={(x,y)e C? | cosfx + sinfy = 0}.

4 The Model Problems

For the rest of this article, unless stated otherwise, we fix an arbitrary Lagrangian L
in V. In this section we analyze the eigenvalue equation for the model problem.

4.1 The Model Operator

In the last section we saw that only the eigenvalues of A in the interval [— %, %) are
involved in the various self-adjoint extensions of A. For this reason, in this section as
a first step to prove our main results we shall analyze the projection of:

d2

1
Ay=—221 A
u=--73+34r
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onto the eigenspaces of A with eigenvalues in [—%, %). Recall from Corollary 3.4,
with ¢ = qo + q1, that the Lagrangian L can be identified with the null space of a
g x 2q matrix (A B) of full rank with A and B g x ¢ matrices such that A'B* is
self-adjoint. Then writing A ;- as a diagonal matrix with respect to its eigenfunctions
with eigenvalues in [— }—P %), we shall consider the operator:

d2

Li=———
dr?

1
+ —2A over [0, R],
’

where R > 0 is arbitrary, but fixed, and A is the ¢ x ¢ matrix

1
_ZIdlIo 0
hgr1 00 0
0 Agsz O 0
A= 0 0 0 Agiz-— O
0O 0 0 . 0

0 0 0 - Agtq

We put Dirichlet conditions at the right end » = R of the interval [0, R]. Then ac-
cording to Proposition 3.1, we have the following.

Proposition 4.1 ¢ € D ax, the maximal domain of L, if and only if ¢(R) =0 and ¢
has the following form:

40
6= lce@)riec+core(@)rtlogree)

=1

q1

L _ 1 ~
+ Z{quJre (Dr 2 egyre + Carqore(@r ™" Tegy 1o} + @, 4.1
=1

where vj 1= \[Ago+j —l—% > 0, eg is the column vector with 1 in the £-th slot
and 0’s elsewhere, the cj(¢p)’s are constants, and the 5 is continuously differ-

eniiable on [0, R] such that 5(r) = O(r%) and (Z/(r) = O(r%) near r = 0, and
L¢ € L2([0, R], CY).

We dropped the factors «/%Tz’ which appear in the statement of Proposition 3.1,
from the terms in (4.1) for ¢. Then as a consequence of Theorem 3.2, we know that:

L1 :D1 — L*([0, R],C?) is self-adjoint, D; = {¢ € Dmax | ¢ € L},

where ¢ has the form in (4.1) with (Z; = (c1(P), c2(@), ..., c2q (¢))!. In terms of the
matrices A and B3, we can also write

D = {¢ € Dmax | (A B)p =0}. (4.2)
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4.2 Eigenvalue Equation

To analyze the ¢-function of £, we derive an equation for the eigenvalues of Ly .
For this, we first find solutions to the equation:

(L — puHep=0.

As the reader can easily check, this is just a system of Bessel equations as described
in [1, p. 362], whose solution (after judiciously choosing the constants for later con-
venience) can be taken to be of the form:

490

¢ = (ce@)r? Jo(uriee + cqre@)r? Jo(ur)ee)

=1

q1
_ 1
+ Y 2T+ v gy e @2 Ju (ur)egy e
=1

1
+ 27 (1 = ve)Cqgore(P) w2 Iy, (Ur)egyrel, (4.3)

where J, (z) denotes the Bessel function of the first kind and
~ T
Jo(ur) == EYO(IU’) — (log . —log2 + y) Jo(ur), (4.4)

with ¥o(z) the Bessel function of the second kind. For notational convenience let us
introduce J4o(UR) = Jo(uR) and J_o(uR) = Jo(uR).
Define g x ¢ matrices J4(u), J—(u) by

Jo(R)ldg 0 o 0

0 2BV P v Iy, uR) 0
0 0
J4 () =
0 0 C 0
0 0 .2V P iuql),ﬁ”‘il T, (HR)

In the following proposition, we determine an eigenvalue equation for the u’s.

Proposition 4.2 1% is an eigenvalue of Ly if and only if

._ A B\ _
Fw):= det(h(u) J(u)) =0

Proof Imposing the Dirichlet condition at r = R on ¢ of the form (4.3), we obtain
ct(@) Jo(UR) + cqe(@) Jo(uR) =0, £=1,....q0,
and

2" (1+ ve)eqore @)™ Iy, (LR)
F27 (= V) Cqrgore @R Ty (R) =0, €=1,....q1.
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We can summarize these two equations as:

(J4() J— (1)) =0, (4.5)

where ¢7 = (c1(9), c2(), ..., c24(¢))". Now recall that [1, p. 360]

@)= i (=¥ 1 R “6
L= LM Wt k+1) 2T (1+v) 41+ v) o
and
00 1 _2\k
T Hk —z% )
2 Yo(2) = (logz — log2 + y)Jo(z) = 3 22 47
2 O(Z) (ng Og + V) O(Z) — (k‘)Z ( )

where Hi :=1+ % + -+ + 1. Combining (4.4), (4.6) with v =0, and (4.7), we get:

B ® (-1 2\k
Jo(ur) = (logr)Jo(ur) — Z %
k=1 ’

From (4.3), (4.6) and (4.8), it follows that:

=logr + O(r). (4.8)

40
6~ Y lee@Iries +core(@)r? logree)

(=1
q1

1 _ 1
+ D (cqore @ 2egyre + cqrgore(@)r T Tegy e} mear r =0,
=1

In particular, by (4.2), ¢ in D, satisfies (A B)qz; =0, and therefore, in view of (4.5),

we conclude that:
A B >
=0.
( Ty -G ) ¢

For nontrivial (Z), this equation can hold if and only if the matrix in front of q§ is
singular. This completes our proof. (]

4.3 Asymptotics of F(u)

In order to find relevant properties of the resolvent, the heat-trace and the ¢-function,
we shall need the asymptotics of F(u) as || — co.

Proposition 4.3 Let T C C be a sector (closed angle) in the right-half plane. Then
as |x| — oo with x € T, we have:

q1
Fix)~ QuR)~3 []27 1 (1 —vp)xl"=3et*R (5 — logx)®0
j=1

x p((7 —logx)~" L, x"Ha + 0™, (4.9)
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where ¥ =log2 —y, p(x, y) is given in (2.1), O(x ™) is a power series in x~, and
d : q0 — Jo
—log F ~gR+ ——
dx og Fix)~qR+ x(logx —9)
+ Y cex T ETHUE —logx) T = 26(F —logx) ™)
+0(™h, (4.10)

with the same meaning for O~ Y and where the cge’s are the constants in (2.3).

Proof Using the identity (iz)~'J,(iz) = z7"1,(z), where I,(z) is the modified
Bessel function of the first kind, we can write

. A B
Flix)= det(J+(ix) J_(ix))

where (we use the notation I1o(xR) = J1o(ixR))

Iuo(R)ldg 0 - 0
0 2BV (1 £ 0p )P Ity GR) - 0
. 0 0 o
J4(ix) =
0 0 S 0
v, Fv,
0 0 ..o 2T gy )x q1 livql (xR)

Factoring out 27" I" (1 —v;)x" I, (x R) from the (¢ + qo + j)-th row of the matrix

A B
Jo(ix) J_(ix)

we obtain
q1
F@ix)=p l_[ X"y, (xR)

j=1

A ~ B
xdet(lo(xR)quO 0  Jo(ixR)d, O ) .11
0 A®) 0 1d,,

where p = 1_[(/“:1 27Vir( — \)j) and

Tix 2 I[:’:l(?le;) 0 0
A 0 Tx 22 1?32(&1313) 0
X) =
0 0 0
0 0 TqIX*ZVfH 11_‘);];1(?)5;)
with 7; = 22vj F(Hv’: ) In order to find the asymptotics of F(ix) in (4.11), we shall

Ta—v)) *
determine the asymptotics of A(x) and then of Jy(x). To determine the asymptotics
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of A(x), we recall (see [1, p. 377]) that as z — oo with z € T, we have:

L)~ & (1—4"2_1+0( ‘2))~ < <1+(9(1)) (4.12)
vie 27z 8z ¢ 2z z)) '

where O(%) is a power series in % and where only v2’s occur in (9(%). In particular,

I,. (xR
as x — oo with x € T, we have % ~ 1. Therefore,
=
Tix "2V 0 e 0
0 -sz—Zn 0
A(x) ~ ) . (4.13)
0 0 - 0
0 0 gy x TP

To determine the asymptotics of .Z)(ix), note that Jy(iz) = Ip(z) and

© g 1 2vk
%Yo(iz) = (log(iz) —log2 + y)Jo(iz) — Z %
k=1 ’
Hi (22

o0
B
= <logz+1§ —10g2+y)10(z) — Z )2

k=1
T
= 1510(2) — Ko(2),
where

0 1_2\k
Hi(327)
K = —(logz —log?2 I _—
0(z) == —(logz — log2 + y) Io(z) + ; e
is the modified Bessel function of the second kind. Thus, we can write:

JoixR) = %Yo(ixR) — (log(ix) —1og2 + y)Jo(ixR)

= i%lo(xR) — Ko(xR) — (z% +logx —log2 + y)Io(xR)
= —(logx — P)Io(xR) — Ko(xR).
By [1, p. 378], Ko(x) is exponentially decaying as x — oo in 1, so
Jo(ixR) = —(logx — 7)o (xR) — Ko(xR) ~ (¥ — log x)Ip(x R).
Summarizing our work so far, we see from (4.11) that:

q1
F(ix) ~ pxM [ [ 1=, (xR)
j=1

A B
x det ( Io(xR)quO 0 ¥ - logx)Io(xR)quO 0 ) ,
0 A(x) 0 Idg,
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where p = ]_[(j“:1 27V I (1—vj), [v|=v; +--+ v, and A(x) satisfies (4.13). Now
factoring out (¥ — logx)Ip(xR) from F(ix) and using the definition of p(x, y) in

(2.1) (with “x” replaced with (¥ — log x)~!and “y” replaced with x~1), we obtain:

F(ix) ~ px"" f‘[ Ly, (AR I R)™ (7 — log )% p((7 —logx) ', x 7).
j=1
In view of the asymptotics (4.12) for I,,(z), we get:
F(ix) ~ px (@) "3 (xR) 2" R)#0491 (§ — log x)0
x p((F —logn) ™', x7H(1 +0G™h),
which is equivalent to:

q1
Fix)~ QuR)~3 []27r (1 —vp)xl"=3et*R (5 — logx)®0
j=1

x p((7 —logx)~" L, x™Ha+ 0™,

and the proof of our first asymptotic formula is complete. To prove our second for-
mula, recall from (2.2) that:

P(X, Y) = @jgg 170 y20 (1 + Zbkﬂxkyzﬂ),
so that (with “x” replaced with (¥ —logx)~! and “y” replaced with x 1)
F(ix) ~ const X x‘”'f%*zo‘oeqx’e(? — logx)90=/0
x (1 +> b7 - 1ogx)*’<x*25)(1 + O,

Asin (2.3), log(1+ " bkﬂxkyzﬁ) =" cuexty? so taking the logarithm of F (ix) we
see that

log F(ix) ~ const+ gxR + (|v| - % — 2a0) logx + (qo - jo) log(y —logx)
+ Y e (7 —logn) T +OGT,
and taking the derivative of both sides completes our proof. U

4.4 The Log Terms Only Case

Suppose that g1 = 0 so that the only eigenvalues of A in the critical interval [— %, %)
are the —% eigenvalues. In this case, we shall denote A by Ag and B by By so that:

Ao By )

F(u) =det ~
= (JO(MR)quO To(uR)dy,
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Recall from Sect. 2.3 (see (2.9)) the polynomial:

Ao Bo ~
(z) :=det < ~ ) ., where y =log2 — vy,
bo Idy, (V - Z)quo 4 £ Y

which is a polynomial in the complex variable z € C of degree at most go. Then we
can write:

where the series is absolutely convergent for |z| sufficiently large and where g1 =
deg po. In the case that g1 = 0, Proposition 4.3 can be written as follows.

Proposition 4.4 Suppose that g1 = 0 and let T C C be a sector (closed angle) in the
right-half plane. Then as |x| — oo with x € T, we have:

F(ix) ~ (anR)quOeQOXRpo(logx)(l + (’)(xil)), 4.14)
where O(x ™) isa power series in x~1, and
d = Bk q0 2
—log F(ix) ~ _ R——+0x™), 4.15
- log F(ix) ];x(logx)k +q0R — - +0(?) (4.15)

where O(x2) is a power series in x~\ starting from x 2.

Proof A direct application of (4.9) in Proposition 4.3 with g; = 0 gives

F(ix) ~ QaxR)™ 2 R (§ —log ) p((7 —logx)™)(1 + O,

land

Ao Bo
p(x) :=det ( ) .
xIdg, Idg,

where O(x 1) is a power series in x

By definition of pg, we have (3 —log x)% p((y —logx)~ 1) = po(log x). This proves
(4.14) and then taking the logarithmic derivative of (4.14) gives (4.15). O

5 The Zeta Function for the Model Problems

Working with the fixed Lagrangian L, we now analyze the zeta-function of £ . The
Appendix by Boris Vertman proves by a careful asymptotic analysis the integral rep-
resentation of the zeta-function

’

1 d 1 F' ()
L)=— | u ¥ —logF(udu=— | n=% d
¢(s, Lr) Zm./cu d og F(n)dp i Cu F)
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Fig. 1 The contour C for the

zeta function. The x’s represent c
the zeros of F(u). The squares
of the x’s on the imaginary axis t

represent the negative
eigenvalues of L . Here, ¢ is on
the imaginary axis and 112 is
larger than the absolute value of
the negative eigenvalue of L,
(if one exists). The contour C;
goes from ¢ to —¢

where C is a contour in the plane shown in Fig. 1. It is only formally an application
of the Argument Principle, since the contour C is not closed. Here we used that 2 is
an eigenvalue of £ if and only if u is a zero of F(u). By Proposition 4.3, the zeta
function ¢ (s, L) is well-defined for Ns > %

5.1 A Basic Lemma

In order to determine the exact structure of the analytic continuation of (s, L), we
need the following fundamental result.

Lemma 5.1 Let ¢ be a constant and let |t| be sufficiently large so that logx > c for
x > |t|. Then for any k > 0 we can write:

k

fOO —2S—2&'—l( 1 )kd Z Okj (5 1)
X c—logx)‘dx=) ————, .
It] s (s+&)i+!

, . k(ky_j! k—j
modulo an entire function, where oy = (—1) (/) # (=0)*7/, and for any k > 0 we
can write:

00 2k—1
/ x_z‘“_zs_l(c—logx)_kdxsm(s-i—é)k_]e_z(ﬁg)clog(s+§) (5.2)
I e

modulo an entire function.

Proof Replacing s by s — &, we can assume that £ = 0 from the start. To analyze the
first integral we first expand (¢ — logx)* using the binomial theorem:

7|

o0 k o0
/ x5 e —logx)fdx = Z(—l)k (k,)(—c)kj / x> (logx)dx.
|| j=0 J |
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Thus, we are left to prove that:

jboor

P 63

o0
f 2=l (jogx)/dx =
Il

modulo an entire function. However, since the integral || l‘tl x>~ 1(logx)/dx is en-
tire, we can assume that the lower limit of the integral in (5.3) is 1. Now taking j
derivatives of both sides of the equality [ loox’zs’ldx = % with respect to s, we
obtain:

(=D/j!

25+l 7

(—2)1/ x> logx)/dx =
1

which proves (5.3).
To prove the second claim in this proposition, we make the change of variables
y=2s(logx —c)orx = e“e”/? | and obtain:

X e k k —2sc k=1 [T —ydy
/"7“ (¢ ~logx)*dx = (=1) e*“(zsff I
2]

2sC y

where C :=log|t| — c. Recall that the exponential integral is defined by (see [,
p- 228] or [27, Sec. 8.2])

o d *° d
Eix(z) :2/ e‘Z”—IZ = zk_l/ e‘y—{.
1 u z y

Therefore,
[e%9) ( l)k —2sc
/ x 27 —logx)*dx = CiElk(ZsC) (5.4)
Il
Also from [1, p. 229] or [27, p. 877], we have:
k—1 o0 i—1
. - (—2)’
Eit(2) = (—logz+y (- > = ——,
— 1 _ !
(k—1)! P (J—k+Dj!
— o k=11
where ¥ (1) := —y and Y (k) := —y + Zj 1 7 fork > 1. Hence,
(=29)*"! - (=250)!
Eir(2sC) = CH 1 2 (log2sO) + YR} - Y
(k—1)! =05 (J—k+1j!
Replacing this into (5.4) and simplifying, we obtain:
00 k—1
—2s—1 —k (ZS) —2sc
X (c—logx)"dx = ———e log s
/v (k—1)!

modulo an entire function. This completes our proof. ]
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5.2 The ¢-Function

We now prove the “model problem version” of Theorem 2.1 via the contour integra-
tion method [35-37].

Proposition 5.2 Let L C V be an arbitrary Lagrangian subspace of C*4 and define
P and L as in (2.5) from the matrices A and B defining L. Then the {-function
¢ (s, L) extends from Ns > % to a holomorphic function on C\ (—o0, 0]. Moreover,
¢(s, L) can be written in the form:

¢(s, L) = Sreg (s, Lr)+ Lsing (5, Lr),

where Lieg(s, L) has the “regular” poles at the “usual” locations s = Lk for
k € No, and where sing (s, L1) has the following expansion:

sin(zs) | . —2s(log2—y) Je(s)
Csing (s, L) = {(JO —qo)e "8 logs + — T
g T g} (s _|_§)Ips|+1

+ ng(S)log(SwLS)},
Eel

where jo appears in (2.2) and f¢(s) and gz (s) are entire functions of s such that

|pel!
fe(=&)= (=D ep s

and

14 .
(s) et 0 mys’? + OGO if&=0,
8648 = % .
—cte g O HO+H) ifE >0,

where the cgg’s are the coefficients in (2.3).

Proof With Fig. | in mind, we write:

0-+ioco 0—ioco
=1 =L +L
C t —t t

where C; is the curvy part of C from ¢ to —z, and second, using that:

l-—2s — (ein/Z)—Qs — e—iﬂs and (_i)—2s — (e—irr/2)—2s — eiﬂs

we obtain the integral:

1 . d
¢(s,Lp) = —/ll« 3 Jog F(w)dp
27i Je du

LI [0 Liog riixya
= —3 — X — 10 X X
2mi It] dx g
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& o d 1 o F'(w)
+ [ (=ix)y*—1o F(—ix)dx}+—,/ w
It] dx & 2wi Je, F(w)
1 —ins inms OO —2s d ;
=—(—e + ') x =~ —log F(ix)dx
2mi || dx
1 Mizs F/(M)du
27i Je, F(u) '
or,
i o o d 1 F’
c(s, L) = 0T [ a4y pindar + —— [ 2P0, 5s)
It] dx 2wi Je, F(w)

a formula that will be analyzed in a moment. The second integral here is over a
bounded contour so is an entire function of s € C, so we are left to analyze the ana-
lytic properties of the first integral in (5.5). To do so, recall the asymptotics (4.10) in
Proposition 4.3, which states that for x — oo we have:
4 og Flixy~ —L 70 4 G(x0)+ Gatr) + Ga(x), (5.6)
dx x(logx —y)

where ¥ =log2 — y, G3(x) is a power series in x ! starting with the constant term
qR,

Gi(x) =) Y ceex ¥ LT —logx) 7! — 2867 —logx) ™,

£ £<0
and
Go(x) =) > epex X THEF —logx) T — 26 — logx) ).
£ (>0
Since
sin(wrs) [ 5 4 sin(rs) x2Skl |o© sin(rrs) |¢] 725~k
X - X = =
T Il T “2s—k+1]_ T 2s+k—1
which has poles at s = % for s ¢ Z, it follows that
. o d
SINGTS) [ =25 400 G (ix)dx (5.7)
T It] dx

will contribute to the function &g (s, £1) in the statement of this proposition. Setting
E=0and k=11in(5.2) in Lemma 5.1 we see that:

o0 — 1 ~
/ x‘zsLjDNdx =—(qo — jo)e *7 logs
It x(logx —y)

modulo an entire function, which gives us the first term in Zging (s, £1.).
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We now analyze flflo x~ %G, (x) dx. To do so, we apply (5.2) term-by-term to
o
/ x B Gy(x)dx
Il

o0
= / XTI e xTETHEF —logx) T = 26(F — logx) " Ydx,
It

& £>0

and we see that, modulo an entire function,

o0
/ x 3 Gy(x)dx
|

1|

2t 5
=2 c { %e_z(‘%)y (s +£)"log(s + &)

& >0

BTG 1 ) log(s +8)
()]
= Z( ey Zces{—(s +O - Ly G 1}) log(s +£).
>0

which can be written in the form Zg ge(s)log(s + &) where

gé(s) 2672(5‘1’5)726.[5 2 ( _i_%-)f E ( +$)£ 1

£—-Dn! -
>0
From this explicit formula for g¢ (s), we see that:
4 .
cto.0 s + OGO if =0,

gé(s): ¢
—Cr i s+ HET H O +H%) ifE >0,

where we recall that £z :=min{¢ > 0| c¢¢ # 0}.
We now analyze f\fl x72Gy(x)dx. With oyj = (— 1)"( )2J+1 (—=9)*=7, from
(5.1) in Lemma 5.1 we can write, modulo an entire function,

[ (Zczgxzf‘w—logx)“ —%(F ”"g”e})dx
I7]

£=0

= e
— Loje-1,j 26070 B fe(s)
= Zcﬁ{ ,Z_(:) (s +&ITT JZ_;) (s + &)J+! ] DR (5.8

£=0

where

pe :=min{f <0|cge #0} = |pe| =max{[£||£ <0 and c¢z # 0}
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and

[€—-1 ]
Je(s) = ZC@&{ D o1 (s + P =N " 2k0y (s + £)IPE1

£<0 j=0 j=0

is entire. It follows that:

o
/ x 3G (x)dx
\

1|

o0
=/|| XTI e xTE T —logn) T = 26(F — logx)~“Ydx
t

& 1<0
Z S(S)
(s + &)lpel+1”

Moreover, from the above explicit formula for fg(s) we see that:

|pel!

| pg !
fe(=6) = =2¢p801peype = =20 (D = (= DI, 6200

Dlpel+

This completes our proof. O
5.3 The Decomposable Case

Suppose now that L = Lo @ L; is decomposable where as in Corollary 3.5 Lo is
given by go x go matrices Ay and By and L is given by ¢; x ¢ matrices A; and
Bi. Let us recall the polynomial pg(z) introduced in (2.9) in Sect. 2.3 and consider
the following result.

Lemma 5.3 For |t| sufficiently large so that po(logx) has no zeros for x > |t|, we
can write:

[e’e} / 1
/ w2 Polo8Y) o logs
i

xpo(logx)

modulo an entire function, where f (s) is the entire function given explicitly by:

2 k—1
(s)—Zﬂ( S)

with the By ’s the coefficients of the expansion of ﬁ 88 =)o 15 ’3 L in (2.10).
Proof Using the expansion i gg =) f—,’j, we can write:

R pé(logx) / —2s 1
— = " dx= — dx. 5.9
/m T potog ™ 2’3 T Raogaf 69
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To analyze this integral we put £ = ¢ = 0 in formula (5.2) from Lemma 5.1 to see

/oo oy 1 (- 2)k 1 110 B (—2S)k7]
\

X P ————dx=— gs = ——
" x(log x) k—1" k—1)!

modulo an entire function. Replacing this formula into (5.9) and simplifying, we
obtain our result. ]

Let us apply this theorem to the case when gog = 1. In this case, by Proposition 3.6
we have Ag = cos6 and By = sin 6 for an angle 6 € [0, ), therefore:

cosb sin @

7) :=det ~ =—cosf-z+ ¥y -cosf —sinb.
Po(2) (1 (y_z)> Y

Hence, with k := ) —tanf =log2 — y — tan@, we have:

pé(z) . —cosf 1 O k=1

K
- = = —_ 5.10
po(z) —cosf-z+y-cosf —sinf z—y +tand Z z* (5.10)

Thus, By = Kk_l, SO:

B (— 2s)k D (st
f(s)= Z,Bk ;W_e .

Therefore, Lemma 5.3 reduces to the following.

Corollary 54 Suppose that qo =1, q1 =0 and 6 # 5. Then the coefficients Py in

are given by By = k*=1. In particular, for |t| sufficiently large so

Pp(@)
the expansion e

that po(log x) has no zeros for x > |t|, we can write

o0 " (log x
/ x—2s pO( g )d
2]

x=—e >Flogs
xpo(log x)

modulo an entire function, where k =log2 — y — tan6.

From (2.11) and (2.12) in Sect. 2.3, let us recall that the polynomial p;(y) has the
expression:

P1(y) = agy y*° (1 + Zbﬁyzﬂ),

where the B’s are positive and

1og(1+2bﬂy2ﬂ)=2c§y25, (5.11)

and let P := {& | c¢ # 0}. We now prove the model problem versions of Theorems 2.3
and 2.4.



Exotic Expansions and Pathological Properties of ¢-Functions 867

Proposition 5.5 For an arbitrary decomposable Lagrangian L C V, the ¢ -function
¢ (s, L) has the following form:

$(s, L) = Lreg(s, LL) + Esing (s, L)

where Creg (s, L) has the “regular” poles at the “usual” locations s = 5 — k for k €
No, and where Esing (s, L) has the following expansion:

sin (ns) sm(ns) fe(s)
é‘sing(S, Lp)=~— = Z :

f(s)log :

Eep § +€
where f(s) is the entire function defined explicitly by f(s) =Y o, ﬁk( kzs lk),l , and
the fe(s)’s are entire functions such that fe(—§) = —cg& withthe cg’s the coeﬁiczem‘s
in (5.11).

Proof Since L = Lo @ L is decomposable, it follows that
C(S, ‘CL) = ;(Sv LtL()) + é‘(sv [’Ll)a

where L1, is the operator £ restricted to the —i eigenspaces of A and Lr, is

the operator £ restricted to the eigenspaces of A in (—%, %). From (5.11), we can
observe that pg =0 for any £ and £ = for the operator Ly ,. Hence, there are only
terms G (x) with £ =0 and G3(x) in (5.6), that is,

d o0
——log F(ix) ~;bkx*k+2—2scsx*2¥*‘ (5.12)

where c¢’s are the coefficients in (5.11). It follows from the proof of Proposition 5.2,
in particular, (5.8) with £ = 0 that:

¢(s, EL]) = {reg(ss £L1) + gsing(sy EL])
where Creg(s, £1,) has poles at s = L _fkforke Np and

sin(ns)z Sfe(s)
s+E’

;Sil’lg(ss £L1) =

Eep

where the f:(s)’s are entire functions of s such that fg(—§) = —c¢§.
Thus, it remains to analyze ¢ (s, Lr,). To do so, we follow the proof of Proposit-
ion 5.2 up to (5.5), for [t| > 0 we can write:

sin(7rs)

d
g(s, Lry) = ‘ZY—X log Fo(ix)dx

7]

modulo an entire function, where Fy(u) is the function F () defined in Proposit-
ion 4.2 in the case that ¢; =0, A = Ag, and B = By. By (4.15) in Proposition 4.4,
we have:

po(logx)

* pollogx) T O

dlo Fo(ix)
el ix) ~
dx g o
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where G (x) is a power series in x ! starting with a constant term. Just as we no-
ticed in (5.7) for G3(x) (which has the same asymptotics as G (x)) in the proof of
Proposition 4.4, the integral Sm;—’”) f‘lolo x~2G(ix)dx will contribute to the function
Creg (s, L1,) in the statement of this proposition. Finally, invoking Lemma 5.3:

[e’e} / 1
/ w2 Polo8Y) o logs
It] xpo(logx)

modulo an entire function, where f(s) =Y ;2 ,Bk (k 1), , completes the proof. [
Corollary 5.4 implies

Corollary 5.6 Suppose that qo =1, q1 =0 and 6 # 5. Then the zeta function
¢ (s, Ap) can be written in the form

(s, Ap) = —Sinj(rﬂfzs" logs + &y (s),

where k =log2 —y —tan6 and {y(s) extends from Ns > % to a holomorphic function

on C with poles at s = % — k for k € No. In particular, (s, Ag) has s =0 as a
logarithmic branch point. In the case that 6 = %, the ¢-function ¢ (s, Ag) has the
properties of $p(s).

The last statement for # = Z in Corollary 5.6 follows from the results in [18].

6 The Resolvent and Heat Kernel for the Model Problems

In this section we analyze the resolvent and heat kernel expansions for the model
problems, which will be of great use for the general case.

6.1 The Resolvent

Using the new contour C shown in Fig. 2, we see that if { u?} denote the eigenvalues
of L, then by an application of the Argument Principle, we have

1
2Tr(L, +x2) =2
(L ) ;M1+X2 27

/ 42+ 37 lilog Fudu,

where |x|? is larger than the absolute value of the negative eigenvalues of £; (if
one exists). The factor of 2 on the left hand side is a result of all eigenvalues being
enclosed twice. Using this formula we can express the trace of the resolvent in terms
of F(ix) in the following theorem.

Theorem 6.1 We have:
d
2xTr(Lp +x3)7 1= - log F(ix)
X

for all complex x € C for which either (and hence both) sides make sense.
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Fig. 2 The new contour C C

LT

Fig. 3 Deforming the contour C

Proof Deforming the contour as in Fig. 3 and using Cauchy’s formula, we obtain:

- 1 1 F'(w)
2T Hl= —/ ‘
(L + x°) i y (mw—ix)(u+ix) F(u) o

1 F'(ix) 1 F'(—ix) iF@Gx) 1d .
= —— SAEa . = — = ——log F(ix),
2ix F(ix) —2ix F(—ix) x F(ix) xdx

where we used the fact that F(w) is an even function of . Indeed, to see this observe
that, by definition, F'(u) is expressed in terms of pu'J_, (@ R) with appropriate v’s
and the function JNO(/LR), which are even functions by (4.4), (4.6) and (4.7). This
proves that 2x Tr(Ly, + x?)~! = £ log F(ix) at least when x is real and x > 0.
However, by analytic continuation, both sides must still be equal for all complex x
for which both sides are defined. U

Using this theorem, we can now prove the following.
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Proposition 6.2 Let L C V be an arbitrary Lagrangian subspace of C* and let
A C C be any sector (solid angle) not intersecting the positive real axis. Then as
M| = oo with A € A, we have:

Tc—)\—1~oo —a)"? do=Jo
e D e Ty

d ¢ —£n7y —t
— {22 e F@F —log-1) 7).
where the ay coefficients are independent of L and the cyg’s are given in (2.3).

Proof By Proposition 4.3 (see (4.10)), we have:

d - q0 — Jo
dx og Fix) Z kX x(logx —y)

+ Y e x T ETHUE —logx) T — 26(F —logx) ™)

for some coefficients by that, by the proof of Proposition 4.3, are independent of L.
Therefore, by Theorem 6.1, we have:

o0 .

_ — q0 — Jo
2xTr(Ly + Hl~ b k+—~
xTr(Lp +x7) Z kX T

+ Y e x T THUE —logx) T = 25(F —logx) ™).

Dividing by 2x and then setting x = (—)Z, with ax = (1/2)bx_; we obtain:

Ty — 2~ S gy Db
ML =27~ ) W)

d 1 -
_ 2 Sy -2 _
Iy { E cee (=) ()/ 5 log( K)) }
which is equivalent to our desired result. O

For decomposable L, we have the following.

Proposition 6.3 Let A C C be any sector (solid angle) not intersecting the positive
real axis. Then for an arbitrary decomposable Lagrangian L, as |.| — cowith L € A
we have:

(e ¢]

d
Ly =27~ Y a1 - d—X{Z ce (—xrf}

k=1 Eep

0 k 1
-1 ,Bk
{( g Z<1og( A))k}
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where the ay coefficients are independent of L, the cg’s are the coefficients in (2.12)
and the By ’s are the coefficients in (2.10).

Proof Since L = Lo @ L is decomposable, it follows that
(Lr =D =Ly =27+ Ly, =07

where Ly is the operator £, restricted to the —; elgenspaces of A and £y, is the

operator L, restricted to the eigenspaces of A in (— 77 3. For the operator Ly, , recall
(5.12),

d - k 2
SN _ _ —2¢—1
T log F(ix) E brx™ " + E 28ce x .

k=0

Combining this with Theorem 6.1, we have:

Te(Ly, —2) ' ~ kgdk(—x)'i - % {Z cs (—,\)*S}

where the dj coefficients are independent of L and the c¢’s are the coefficients in
(2.12) or (5.11). Let Fy(w) denote the function F(u) in Proposition 4.2 in the case
that g; =0, A = Ay, and B = By where (Ag By) defines L. Then just as in the proof
of Proposition 6.2, in conjunction with Proposition 4.4 (see (4.15)):

e¢]

ilogF (ix) NZL —i—ie xk
dx 0 x(log x)¥ K
k=1 k=0
where the B;’s are the coefficients in (2.10), using again Theorem 6.1, we obtain
Tr(L, — 1) iﬂ( S 1% 2
Lo — ~ _
’ P « (log(—)k |

Combining this with Tr(Ly, — 1)~ ! analyzed just before completes our proof.  []

6.2 The Heat Kernel

Now we consider the asymptotics of the trace of e~ L1 a5 t — 0. For this, we use
Tr(e £ty = / e Tr(Lp — 2~ da (6.1)
27 G

where Cj, is a counter-clockwise contour in the plane surrounding eigenvalues of Ly ;
see Fig. 4. Then the small-time asymptotics of the heat trace is determined by the
large-spectral parameter asymptotics of Tr(£; — A)~! as we will see in the following
proposition.
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o
\\

Proposition 6.4 For an arbitrary Lagrangian subspace L C C*, as t — 0 we have:

Fig. 4 The contour Cp,

00 o0
Tr(e_tLL) ~ Za‘kt# + ng(logt)_l_k

k=0 k=0
[pg|+1 00
+ 20 D Tt logn) + Y dewr® logn) T,
EeP k=0 EeLl k=0

with 810 =0and g&(lpgl-}-l) = Ofor.‘;‘ ¢ Np.
Proof By Proposition 6.2, we have:

qo0 — Jjo
(=2 (log(—=A) —2¥)

o0
Te(LL -0~ Y a7 +
k=1

d ~ —
- E{ZZZ% (=052 —log(—1)) ‘Z} 6.2)

as |A| — oo with A in a sector not intersecting the positive real axis. We use (6.1) for
each term on the right hand side. For the first term, making the change of variables
At

/ M1 dr =15 f e (=) 2d.

Ch tCh

The integral part depends on ¢ via Cy,, but is smooth at + = 0. Hence, the first part
iy ak (=1~ ? contributes

o]

Y auT (6.3)

k=0

For the third term on the right-hand side of (6.2), using integration by parts, we have:

T Sy Reg)
/Che 75 (=) 2y — log(=2)) " )dA

- / e M{(=2)7F2¥ — log(—1)) "}
Ch
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Deforming Cj, to the real line, we find

r / (1) ¢ 27 — log(—3))")dA
Ch

1
= t(/ e (= (x +i0)) "5 2Y — log(—(x +i0))) ‘dx

e¢]

+ / e (= (x —i0) 752y — log(—(x —i0)))"dx + h(t))
1

o
=z(e—'”f / e x5y —logx —im) " dx
1

. o
—e7E / e x5y —logx +im) tdx + h(t)),
1

where A(¢) is a smooth function at t = 0. Since for any complex number z we have
i(z — 7) = =23z, we see that modulo a term that is a smooth function of ¢ at t =0,

s e—“iu—m—g 25 —log(—A)~“Jdr = — L3e(r)
27 Je, dx T

where
X o0
0ty =e 78 f e x5y —logx —im) " dx; (6.4)
1

we shall compute the asymptotics of £(z) as t — 0. Todo so, let j > & > j — 1,
j € Np; observe that the j-th derivative £ (¢) of £(¢) is given by

e (1) = eI (= 1) / e x5y —logx —im)tdx.
1

Note that x/=¢ - (2% — logx — i)~ is integrable near x = 0, so we can write
D) = e TE DI (f () + g(1))
with
oo .
@) :=/ e xIT52Y —logx —im) tdx
0
and
1 .
gt) = —/ e ¥ xITE QY —logx —in) tdx.
0

Note that g(¢) is smooth at r = 0. We will now determine the asymptotics of f ()
near ¢t = 0. To this end, we make the change of variables x t~lx:

o
f(z)=t5—f—‘/ e x5 2y —logx + logt — i) tdx.
0
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We need to consider two cases; £ <0 and £ > 0. For £ < 0 we use the binomial
expansion to find

€]

f@)y=t""7~ 12(' |>(logt)z| "/ FxITE QY —logx —im)kdx
0
L
=t5_/_12c5,k,g(logt)k,
k=0

with suitable coefficients c¢ ¢ ¢. For £ > 0 we first write

A 00 ) 1 T — 0% —¢
£ = 577 (log )~ / exx,s(l_w> dx.
0 logt

Since (1 —r)" ' =N ¥ + V11 — )" for any N € N, we see that for any
N eN,

N—(+1

1-r‘= Z ager* +rV" ‘+22bu )k+l

For f(¢) this implies

N—{+1

f@) =577 logr) " Z ak,e(logt)—"/ooe—xx/—g(logx + i —29) dx
k=0 0
—1
+1577 7 (log )" log )~V DN "y y(log 1)
k=0

dx.

5 /oo . j : (logx +im— 217)N—l+2+k
logx+im =2y \ k41
0 (- log? Y

The last integral is bounded as + — 0; as N € N was arbitrary, we conclude for £ > 0
o0
F@)~ 577 "G g elognTF L
k=0

In summary: for £ <0 we have shown

€]
g(])(t) ~ o imE <t§ Jj—1 Zc&- k, g(logl‘) + Zy&- kel ) (6.5)

k=0 k=0

while for £ > 0, we found

[e ) o
e (1) ~ 178 (sz‘ > G g ellogy ™+ )75,,{,@;"). (6.6)

k=0
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In order to find the small-# asymptotics of £(¢) we need to integrate j times. Using
[27], (2.722),

(log )"+
(n + DT

n+l M
ft”(logt)mdtz ! 1/;(—1)k(m+1)~m~--(m—k+1)

m+

forn # —1, m # —1, and [27], (2.724), in the form:

1" il m "
dt = dt,
/ (log )™ (n+ 1)(logt)™ + n+1 / (log r)m+1

for n # —1, m # 0, in addition:
/t_l(logt)_ldt=10g|10gt|,

1
/z—l(logr)—"—ldz = —%(logt)_k for k # 0,

we obtain for £ <0, & ¢ Ny, that:

1€ 00
S0 ~ 15 el (og )+ "yl itk 6.7)
k=0 k=0

whereas for & € Ny the first summation extends up to |/| 4 1 and ¢] 0.¢=0.
For [ > 0O the answer reads:

o0 o0
S0 ~ 15T Qg T DT ik, (6.8)
k=0 k=0

Contributions from the second term in (6.2) are found from (6.8) with £ =1 and
=1,

o0 o
> Gllogn ™+ ik, (6.9)
k=0 k=0
Combining (6.3), (6.7), (6.8) and (6.9) completes the proof. O

Using Proposition 6.3 and repeating the proof of Proposition 6.4, we have the
following.

Proposition 6.5 For an arbitrary decomposable Lagrangian L, the heat kernel
e "LL has the following trace expansion as t — 0:

o0 o0
Tr(e )~ Y @™ + Y &t + ) dillogn .
k=0 fcp k=1
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7 Proofs of the Main Theorems
We now prove our main results starting with the resolvent expansion.
7.1 The Resolvent Expansion—Theorems 2.5 and 2.6

We work under the assumptions of Theorem 2.5, so A C C denotes a sector not inter-
secting the positive real axis and L C V denotes a given, but arbitrary, Lagrangian
subspace of V. We cut the manifold M at the hypersurface » = R in the collar
[0,¢e), x I" with 0 < R < ¢, giving a decomposition:

M=XUY,

where X = [0, R], x I" and Y is a manifold with a collared neighborhood [R, ¢), x I"
near its boundary, which we identify with I". Let Ay denote the restriction of Ato Y
with the Dirichlet condition at » = R and let Ay ; denote the restriction of A to X:

1
Ax.L = —8,2+ r—zAr

with domain the restriction of dom(A;) to X and with the Dirichlet condition at
r = R. It is well-known that the Schwartz kernel of the resolvent (Ay — A)~!(y, y/),
where (y,y") € Y x Y, is a smooth function of (y, y’) and vanishes to infinite order
as |A| — oo with A € A as long as y # y’ (see for instance [63]). In the following
lemma we prove a similar statement for the operator Ax ; on the generalized cone.

Lemma 7.1 If ¢, ¥ € C°°(X) have disjoint supports, then for any differential oper-
ator P that vanishes near O M, the operator

oP(AxL — )y

is a trace-class operator that vanishes, with all derivatives, to infinite order (in the
trace-class norm) as || — oo with A € A.

Proof If we prove this theorem for ¥ (Ax ;. — A)~! P*@, then taking adjoints we get
our theorem. Hence, we just have to prove the corresponding statement for ¢(Ax 1 —

1)~ Py, where P is the operator f +— P (i f). We prove this lemma using the heat
kernel e~"4x.L  whose structure is found in [54]. To this end, observe that:

1
(Axp =M Z/ et AL dr 4 M (Ax  — a) e AXL,
0
Then
1
P(AxL =0 Py = f e XL PYdl + et p(Ax,L — N e XL Py (T.1)
0

Assume for the moment that A C C is contained entirely in the left-half plane (so that
MRA — —ooas |A| — oo with A € A). Now, the operator e “4%.L P is of trace-class and
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(Ax,L — 1)~ is a bounded operator which decays like ||~ as [A| = oo with A € A.
Therefore, since the trace-class operators form an ideal within the bounded operators,
the operator

(Ax.L—2)lem?xLp

is of trace-class and it decays like |1|~! as [A| = oo with A € A. Hence,
HMAxp —2)"lemAxLp

decays exponentially, with all derivatives, in the trace-class operators as |A| — 00
with A € A (recall that RA — —o0 as |A| — oo with A € A). Therefore, the second
operator in (7.1) decays exponentially in the trace-class operators as |A| — oo with
A € A. By the main theorem of [54] (see also Theorem 4.1 of loc. cit.), since the
supports of ¢ and P are disjoint, it follows that the operator

(pe_tAX’L PI//

is a trace-class operator that vanishes to infinite order at = 0 (within the trace-class
operators). Therefore, the operator fol e @e ' AXL Py dt in (7.1) decays exponen-
tially, with all derivatives, in the trace-class operators as || — oo with A € A.

Summarizing: We have proved our theorem when A C C is contained entirely in
the left-half plane (so that iA — —oo as |A| — oo with A € A). Our proof is finished
once we finish the cases when A C C is contained entirely in the upper-half plane and
lower-half plane; for concreteness, let us focus on the upper-half plane. Then we can
fix a complex number a € C with positive real part (and positive imaginary part) such
that a - A C C is entirely contained in the left-half plane. Then one can construct the
heat kernel e~ /¢4x.L (cf. [51, p- 282-284]) which has the same trace-class properties
as e TAx.L a5 described in [54, Th. 4.1]. Now we proceed as above: Just as we wrote
(7.1), one can check that:

1
p(AxL —A) Py = a/ et pe AL Pydl 4 et p(Ax  — A) T e TIAXL Py,
0

(71.2)
By the choice of a, note that as |A| — oo with A € A, we have f(al) - —o0 as
L] = oo with A € A. Therefore, analyzing (7.2) by repeating the argument we used
in the previous paragraph to analyze (7.1) proves our lemma in the case when A C C
is contained entirely in the upper-half plane. U

Letusfix0 <a < R and R < b < ¢, and define:
My :=la,b]l x T, Mi:=la,R]x T, M> =[R,b] xT.

For j =0, 1,2,let A; denote the Laplacian on M ; with the Dirichlet boundary condi-
tion at the boundaries of M ; see Fig. 5. The importance of the operators Ag, Ay, Az
is that they are smooth (not singular) Laplace-type operators on compact manifolds
with boundary with local boundary conditions, the properties of which are completely
understood [62, 63]. The idea to prove Theorem 2.5 is to compare the resolvents on
M, X, and Y to those on My, M, and M.
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Fig. 5 The maps Ag, A1, Ay Ao
~_— —
R ) Al A2 \<>/
s
R b
X

Lemma 7.2 The differences of resolvents
SM == =Ax =N = @Ay =0
—((Qo—»"=A =N = (A=

is trace-class and vanishes, with all derivatives, to infinite order (in the trace-class
norm) as |A| — oo with A € A.

Proof Let o(r) € C*°(R) be a non-decreasing function such that o(r) =0 for r <
1/4 and o(r) = 1 for r > 3 /4. For real numbers o < 8, we define g4 g(r) := Q(;:‘; .
The main properties of g, g we will use below are that g, g () = 0 on a neighborhood
of {r <a} and g4 g(r) =1 on aneighborhood of {r > B}. Let us choose real numbers

ai, az, by, by such that:

a<ay<ay<R<by<by)<h.
We define

Y1(r) :=1— 04,4, (1), Y2 (1) :=0py,b, (1),
Yo(r) :==1—y1(r) — ¥a(r),
and

01(r):==1—04, r(r), ©2(r) == 0Rp, (1),
0o(r) :=1—=04,4,(r) — 0by,p(1).

The functions {v;}, {¢;} extend either by O or 1 to define smooth functions on all of
M and {v;} forms a partition of unity of M such that ¢; =1 on supp(y;). Now to
prove this lemma, we first claim that each of the following equalities holds modulo a
trace-class operator vanishing to infinite order as |[A| — oo with A € A:

(AL —n)"1= 01(Ax.L — W7 4 90(A0 — 1) o 4+ a(Ay — 1)y,
(Axr—N""=p1(Ax.L — )71+ o(Ar — 1), (7.3)
(Ay =) =go(A2 — 0o + @2 (Ay — 1) .

For instance, let us verify the first claim in (7.3); the other claims are verified using a
similar argument. Define:

O = ¢1(Ax.L — X)W1 +@o(A0 — 1) o+ ga(Ay — 1) .
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Then observe that (A — A)Q(A) =1d + K (1) where

KO =[(AL =), o11(Ax,L — V)
+ (AL — 1), 90l (Ao — A) W0+ [(AL — 1), ¢21(Ay — 1)1,

where [, ] denotes the “commutator”. Now, because the supports of
(AL — 1), il =~} 0il = —(¢] +2¢' 3))

and ; are disjoint, it follows that each of the three operators making up K (A) is trace-
class and vanishes to infinite order (in the trace-class norm) as |A| — oo with A € A;
indeed, this statement for [(Ar — A), ¢11(Ax. 1 — A)_lwl follows from Lemma 7.1
and the statements for [(Az — 1), ¢o](Ag—A) " g and [(AL — 1), ¢21(Ay —A) "1y
are well known (see, e.g., [63]). Therefore, K (1) is trace-class and vanishes to infinite
order (in the trace-class norm) as || — oo with A € A. Now applying (A, — M lto
both sides of (A — A)Q (1) =1d + K (1), we obtain:

(AL-»""=00) — (AL -VIK G,

which establishes our claim for the first equality in (7.3). A similar argument works
to prove that the other equalities in (7.3) hold modulo trace-class with infinite decay
(with all derivatives as |A| — oo with A € A). From (7.3), it follows that modulo
trace-class with infinite decay,

AL —M""—Ax -0 =@y -2t
=@o(Ao — ) Wo — 0o (A1 — ) o — @A — )T . (74)

On the other hand, very similar arguments used to establish (7.3) show that modulo
trace-class with infinite decay:

(A0 =2 =p1(A1 =07+ 90(A0 — V) o + @2(A2 — V),
(A1 =0" =p1(A1 =07 Y+ oA — 2,
(A2 =07 =go(A2 = ) o+ 92(A2 — V).
Combining these identities we can write, modulo trace-class with infinite decay,
(Ao-n" =A== (A -n7"!
=@0(Ao — M) "o — @o(A1 — 1) o — go(Az — 1) 0.

Comparing this with (7.4) completes the proof of our lemma. (]

Using our standard notation, let {A,} denote the set of all eigenvalues of Ar and
let E, denote the span of the A,-th eigenvector. Let IT and I1 L denote, respectively,
the orthogonal projections of L>(I", Er) onto W := @ 1 3 E¢ and W+, Using

7

<ke<jz
the isometry between

L2([0, R] x T, E) = L*([0, R], L*(I", Er))
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where E := E|r, we obtain the corresponding projections on L2([O, Rl x I, E),
which we denote by the same notations IT and IT+. Let £; denote the model operator
introduced in Sect. 4 (specifically, Sect. 4.1), and define

1 2 W,
Ay i=—32+ — A, where A =1 ¢ over
r Ar over Wi,

Proposition 7.3 We have:
(AL ="' =1Ly =07 T+ Ty =0~ T+ Ay =07
+ Q- =A== A=)+ S0

where S()) is trace-class and vanishes, with all derivatives, to infinite order as
L] = oo with A € A.

Proof Observe that:
(AxL—N"'=H(AxL -0 T+ 0 Ax L — 07T,
since Ay 1, preserves W and W+, and
O(Ax —N"'m=mL,—n~'.
Also, observe that:
oAy, — 0ot = oty — vt
Hence,
(AxL =N "=y — 0T+ T+ Ay — 07Tt
Now solving for (A — A~ in Lemma 7.2, we obtain:
(AL—0""=AxL -+ @y -1
+(o—NT = =0T = (A= S0
=M(LL— 0T+ T Ay =0T+ Ay =07
F M- =A== (A =0T S

where S(A) is trace-class and vanishes, with all derivatives, to infinite order as
|A| = oo with A € A. This completes our proof. O

We can now prove Theorem 2.5. Let N > 5 with n = dim M. Then taking N

derivatives of both sides of the preceding equality we see that
A =N =m0+ oty -0Vt
+(Ay =0V Qg -0V A =TV
— (M =V SN, (7.5)
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where SNV (1) = %S (1). We now analyze each term on the right. First, taking N
derivatives in the asymptotic expression of Proposition 6.2, we know that as |A| — 0o
with A € A we have:

00 N .
N1 o Ckyg 1 od 90 — jo
Tr(Lr — A) ,;obk( A) 2 + N!dAN{(—A)(log(—A)—Z?)}

1 dN—H

T NLaaNAT {Z 2 (=) 7F @Y — log(—x))—@}. (7.6)

It follows from [48] that the operator I7 L(A’X — 2) N1 is trace-class and

Tr(TH (@ = 0™V Y ~ 3 =0 N b=V og(—h); (7.7)
k=0

in principle (see [51, Chap. 7]), one can derive this resolvent expansion with a lot of
work from the corresponding heat kernel expansion [4, 5, 11, 12]. From the work of
Seeley [63], we also know that each of (Az — k)’N’l, where Z =Y,0, 1, 2, is trace
class, and

o
Tr((Az =)V~ Y ezu (=22 N (7.8)
k=0
Finally, we know that S w )(A) is trace-class and vanishes, with all derivatives, to
infinite order as |A| — oo with A € A. In conclusion, in view of the expression (7.5)
and our discussions around (7.6), (7.7) and (7.8), we see that (A7 — A)~ V! is trace-
class, and

Tr(AL =)V~ Y a0 TV b))V og(—h)

k=0
+ i " q0 — Jjo
NN | (—=1)(log(—) —27)
1 gVt » ~
T NVANAT {2220&3 (=) 7527 — log(—1)) ‘3},

This completes the proof of Theorem 2.5. Theorem 2.6 is established by replacing
the trace expansion (7.6) with the trace expansion found in Proposition 6.3.

7.2 Proofs of Theorems 2.1, 2.3, 2.4

We now prove the ¢-function theorem. We start off with Proposition 7.3, which states
that:

(AL ="' =0(Ly -7 T+ T Ay =07 T+ (Ay — 07!
+(Qo-N" = =TT = (A= DTT+SW)
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where S (1) is trace-class and vanishes, with all derivatives, to infinite order as |A| —
oo with A € A. Therefore, by the definition of the {-function:

(s, AL) :=Tr(A,* Py,

Te(A P =D A+ / AT (AL — A,
Ap<0 NA=4$

where Py is the orthogonal projection onto ker Az and § > 0 is any positive num-
ber sufficiently small so that the spectrum of Ay intersected with (0, ] is empty, it
follows that

£(s, AL =¢(s, L)+ (s, Ax) + (s, Ay) +£ (s, Ag) — ¢ (s, A1) — ¢ (s, A2) (7.9)

modulo an entire function. The ¢-function ¢ (s, £1) is studied thoroughly in Propo-
sition 5.2. Also, by the standard relation between the asymptotics of the resolvent
and the poles of the ¢-function (see e.g. [31]) it follows from the resolvent expan-

sions (7.7) and (7.8) that ¢ (s, A/X), L(s, Ay), ¢(s, Ao), (s, Ay), and (s, Ap) have

the “regular" poles at the “usual” locations s = % ¢ —Nj for k € Ny and, only for

(s, Ay),ats =0if dim I” > 0. These facts together with Proposition 5.2 prove The-
orem 2.1. Note that Theorems 2.3 and 2.4 follow from applying Proposition 5.5 and
Corollary 5.6 to ¢(s, L) in (7.9).

7.3 Proof of Theorems 2.7 and 2.8

Finally, it remains to prove the heat expansion. As with the proof for the ¢-function,
we start off with Proposition 7.3:

(Ap—n =1L, —ntT+ oty =07t Ay — 07!
+(Ao-DT =@ =T =M =T S

where S(A) is trace-class and vanishes, with all derivatives, to infinite order as
|A| = oo with A € A. Then by the definition of the heat operator:

e 1AL = l—/ e (AL — )7,
27 Je,

where Cj, is a contour as in Fig. 4, it follows that

e—tAL — He—ll:Ln_l_nJ_e—tA/XHJ_ +e—tAy
+e—tA() _e—tAl _e—tAz +T(I)
where 7 (¢) is trace-class and smooth at = 0. Hence,

Tr(e "4L) = Tr(e "£L) 4+ Tr(e " 4%) + Tr(e "4Y)
+ Tr(e '20) — Tr(e™"41) — Tr(e '4?)
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modulo a function that is smooth at ¢ = 0. The heat trace Tr(e ") is studied thor-
oughly in Proposition 6.4 and for decomposable Lagrangians in Proposition 6.5.
Also, by the standard relation between the asymptotics of the resolvent and the heat
trace expansion (see e.g. [31] or Sect. 6.2) it follows from the resolvent expansions
(7.7) and (7.8) that Tr(e~"4%), Tr(e~"4Y), Tr(e~"40), Tr(e~*41) and Tr(e~'42) have
the “regular” expansion except that Tr(e™’ A/X) may have a logt term if dimI” > 0.

These facts together with Propositions 6.4 and 6.5 prove Theorems 2.7 and 2.8.

Acknowledgements Boris Vertman was supported by the Graduiertenkolleg 1269 “Globale Strukturen
in Geometrie und Analysis”.

Appendix A: The Contour-Integral Method on a Bounded Generalized Cone

The goal of the Appendix is to verify the validity of the contour integration method
in the setup of a bounded generalized cone:

Proposition A.1 Let L be any fixed Lagrangian and L} the associated self-adjoint
realization of the Laplacian L. For C being the contour in Fig. 1 we have

1 d 1
(G5, L1) = —— f 12 L og Fuodu, s > ~.
2wi Je du 2

Remark A.2 The integral representation of the zeta-function above is formally an
application of the Argument Principle. However the contour C is not closed, so the
asymptotic behavior of the implicit eigenvalue function F(z) needs to be analyzed.

Proof Fix an angle 6 € (0,7/2) and put §2 := {z € C|larg(z)| < 6}. Then [,
9.2.1,9.2.2] but also [27, 8.451] provide the standard asymptotic behavior of Bessel
functions as |z] — 00, z € £2. Inserting these asymptotics into the definition of F'(z)
in Proposition 4.2 we obtain the following uniform expansion:

q1
2 T
FQ) = H{sz — w1 = cos(zR + WT - %)}

=1

l_
2 7\ 190
x{,/m—R(y—logz)cos<zR—Z)} -det M (2).

Here the matrix M (z) is given as follows:

A B
M(z) = <b(Z) -1dg, 0 c(z) - 1dy, 0 ) ,
0 diag[a;" (2)] 0 diagla; (z)]
where for/ =1, ..., g1 we have
r cos(zR — & — Z +
al—‘r(z) =2 (+ Vl)z_zv, (Z vzn 7‘;) 1T+ Ji (1)17)1 7y |’
ra—y) cos(zR + 5~ —7) cos(zR — 5~ —7)
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o fi @ __r _ h&)

a, (2) =1+ cos(zR + B — Ty’ b(z)_V—logz (H_COS(ZR—%))’
_ fe(@)

c@=1+ cos(zR—Z

and the functions fli(z) and f(z) with their derivatives are of the asymptotics
ePERIO(1/)z)) as |z| — oo, z € £2. The function f.(z) and its derivative are of the
asymptotics e":‘(ZR)‘O(l/llogzD as |z| = oo,z € £2. Similar calculations are pro-
vided in [65, Sect. 4.2].

Next put for the fixed angle 8 € (0, 7/2) and any a € R™:

8(a) :={z € C|Nz =a, |arg(z)| <0},
p(a) :={z € Cl|lz| =a/cos(0), |arg(z)| € [0, 7 /2]},
v(a):=68(a)Up(a),

where the contour y (a) is oriented counter-clockwise. The logarithmic form of the
asymptotics in Proposition 4.3 together with the symmetry of the implicit eigenvalue
function F(z), imply for fs > 1/2:

d
/ 7% Zlog F(z)dz =570, (A.1)
@) 4z

for any sequence (ay,),eN of positive real numbers with a,, — co as n — oo. Thus it
remains to find a sequence (a;),eny C RT which goes to infinity and further ensures
that

d .
/ > L log F(2)dz "= 0, (A.2)
Sy dz

where for each n € N the integral is well-defined. In order to construct such a se-
quence, fix a > 0 subject to the following conditions

VT T
cos(aR——);éO cos(aRﬂ:T—Z>7éO, I=1,...,q9. (A3)

Such a choice is always possible, due to discreteness of zeros of the meromorphic
functions. Given such an a > 0, we define

Aa) == U a(a + %”k).

keN

Observe for any £ € R that cos(zR+£&) = ePFEBIO(1) as |z] — 00, z € A(a), where
the asymptotic term O (1) is bounded with the bounds depending only on the sign of
Jz,a>0and & e R. Putting a = (a1, ..., 0q,) € {0, 1}9', g1 = g — qo, we obtain for
the asymptotic behavior of det M (z) as |z| — o0,z € A(a):

detM(z) = Z Z Zconst(jaﬂL)[ logz]]

Jj=0aef{0,1}91 =0
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1 ,, COS(zR — ur )™
g E[Z cos(zR + W %)] U+ fiap@) Sias @

(7rse1)
=0 ,
|log z|

where the derivative f “ ﬂ(z) is of the asymptotics O(1/|logz|) as |z| = 00,z €
Ala).

Next we make the following auxiliary observation. Under the condition (A.3) on
the choice of a > 0, there exist constants €; > 0 and €, > 0, depending only on a,

such that for z € A(a) and foralll =1, ..., g; we have:
cos(zR — %4¢
~ |cos(zR + M | =% S

Further details are provided in [65, Sect. 4.2]. In particular the cosine terms in
det M (z) are not relevant for its asymptotic behavior as |z] — 00,z € A(a). Now
let us consider the summands in det M (z) of slowest decrease as |z| — 00,z € A(a):

1 Jo cos(zR — %5 — )™
o) {ZZ°°“““°’“° 8 “H[cos<ue+ - %J }

p=0ael

1 Jo N
== —90 ,
[V—bﬂ}z 8@

at =}

where the coefficients jg, oo correspond to those in (2.2). By similar arguments as
behind (A.4), see also [65, Sect. 4.2], we can choose a > 0 sufficiently large, still
subject to the condition (A.3), such that there exist constants Qi’l > (0 and @2 > 0,
depending only on a > 0 and for z € A(a)

¢ <1g)| =T, (A.5)

Moreover (A.4) implies that |g’(z)| is bounded above for z € A(a). For g = qo we
simply put g(z) = 1 and the bounding statements on g(z), g’(z) are then trivial. Using
(A.5) we finally obtain for det M (z) as |z| — 00,z € A(a)

1 }“g(z)(lgmlmi‘” 0(1/[log(@)]) + - )
z%

detM(z) = |:~

y —logz ]08(2)4_

—logz

1 Jo B
B [Ni} 0@+ f(@).  f(2)=0(1/]log())),
y —logz
where the dots denote terms that decrease faster than the corresponding leading terms,
as |z] — 00, z € A(a). Using the asymptotics of f; « g(z), the observation (A.4) and
boundedness of g(z), g’(z), we find that f'(z) = O(1/|logz]).
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In total we have derived the asymptotic behavior of F(z) as |z| — 0o, z € A(a):

q1
F(z) = H{zwm - w)z”'*/%/an cos(zR TR %)}
90 1 Jo
{,/ & - logz)cos< R— —)} |: i|
y —logz

7 Mg+ f(2)),

where there exist positive constants €}, €/, ¢”, depending only on a > 0, such that for
z € A(a) we have €} < |g(2)| =&, [g'(2)] =€ and f(z) = O(1/]logzl), f'(2) =
O(1/]1ogz]) as |z| — 00, z € A(a).

Note that for N € N sufficiently large, the asymptotics above, together with the
conditions (A.3) and (A.5), imply that F(a + 27k/R) # 0 for all k € N,k > N. Put
ay:=a—+2m (N +n)/R,n € N. Then we infer from the asymptotics of F(z) above,
that for Ns > 1/2

d R
/ 2 L log F(2)dz =0, (A.6)
5(‘111) dZ

where by construction for each n € N we have F'(a,) # 0, and hence the integrals are
well-defined. Together with (A.1) this finally proves the statement of the proposition
by an application of the Argument Principle. (]
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