THE ZETA FUNCTIONS OF RUELLE AND SELBERG FOR
HYPERBOLIC MANIFOLDS WITH CUSPS

YASURO GON AND JINSUNG PARK

ABSTRACT. In this paper we study the Ruelle zeta function and the Selberg zeta functions
attached to the fundamental representations for real hyperbolic manifolds with cusps. In
particular, we show that they have meromorphic extensions to C and satisfy functional
equations. We also derive the order of the singularity of the Ruelle zeta function at the
origin. To prove these results, we completely analyze the weighted unipotent orbital integrals
on the geometric side of the Selberg trace formula when test functions are defined for the
fundamental representations.

1. INTRODUCTION

In his seminal paper [8], Fried extensively studied the zeta functions of Ruelle and Selberg
for certain compact manifolds. In particular, he showed that these zeta functions have mero-
morphic extensions to the whole complex plane C although these are a priori defined over
a right half plane. The method Fried employed is the symbolic dynamics of Axiom A flows
developed in [2], [36], which can be applied to the case of the convex cocompact hyperbolic
manifolds (see the paper of Patterson-Perry [33]). Combining these results and the Selberg
trace formula, he also derived the order of the singularity of the Ruelle zeta function at the
origin and the relation of the coefficient of its leading term with the Reidemeister torsion for
compact hyperbolic manifolds in [9].

The main purpose of this paper is to extend some results of Fried [8], [9] to noncompact
hyperbolic manifolds with cusps. We show that the Ruelle zeta function and the Selberg zeta
functions attached to the fundamental representations have meromorphic extensions to the
whole complex plane C and satisfy the functional equations. We also derive the exact value
of the order of the singularity of the Ruelle zeta function at the origin. The relationship of
the coeflicient of the leading term of the Ruelle zeta function at the origin with the analytic
torsion is given in the companion papers [31], [32].

One of motivations of these works is to resolve the geometric analogues of some conjectures
raised in [25], [6] for the Hasse-Weil zeta function. A study of this direction about the geo-
metric analogues of these conjectures was also given in [40] for compact hyperbolic manifolds
of dimension 3. This paper and [31], [32] resolve these problems for noncompact hyperbolic
manifolds with cusps.

Let us explain our results in more detail. The real hyperbolic space of dimension d can be
realized as the symmetric space G/K, where G = SOq(d, 1), K = SO(d). Let us denote by
I' C G a discrete subgroup of G which is torsion free and Vol(I'\G) < oo, where the notation
Vol denotes the volume with respect to the measure in (2.3). Throughout this paper, the
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measure in (2.3) and the induced metric from it are normalized so that the symmetric space
G/ K has the constant curvature (—1). Now let us denote by Pr the set of I-conjugacy classes
of I'-cuspidal parabolic subgroups in G. We also assume that the discrete subgroup I" satisfies
the condition

(1.1) Ip:=TNP=TNN(P) for PePr,

where N (P) denotes the unipotent radical of P. Note that this condition is satisfied when T" is
neat, that is, the group generated by the eigenvalues of I' contains no root of unity. Although
this condition is rather restrictive, we assume it to avoid complicatedness for general case as
n [4], [11], [29], [38], [43].

Now the resulting manifold Xt = I'\G/K is a noncompact hyperbolic manifold with cusps.
The Ruelle zeta function for Xr is defined by

—1
Ry (s) := H det (Id - x(y)e_Sl(CV))
{’Y}FEPthp

for Re(s) > (d — 1). Here PI'yy,, denotes the set of I'-conjugacy classes {y}r of the primitive
hyperbolic elements v in I', (x, V) denotes a unitary representation of I' so that det is taken
over Vy, and [(Cy) denotes the length of the closed geodesic C., determined by a hyperbolic
element 7, where the length [(C,) is measured by the normalized metric. The following
theorem is the main result for the Ruelle zeta function R, (s).

Theorem 1.1. For the co-finite hyperbolic manifold Xr with cusps, the Ruelle zeta function
R, (s) a priori defined for Re(s) > (d —1) has a meromorphic extension to the complex plane
C. In addition, the Ruelle zeta function R,(s) satisfies the following functional equation

Ry(—s) Ry(s)™! = exp((*l)n_l 4(n + 1)(2:)_15> dim Vy Vol(I\G)

- Cy(d, s) Y(d, s)=0) exp(—Qy(d, 5)) if d=2n+1,

: d dim Vi, E(Xr)
Ry (—s)Ry(s) = (—1)”dlmVXE(XF)<2sin(7rs)) e

- Cy(d, s) Y(d,5)=X) exp (—Qy(d, 5)) if d=2n.

Here Cy(d, s) is a meromorphic function defined by scattering operators Cl;(ak, s)’s, Y(d,s) is
a rational function, d.(x) is a non-negative integer given in (2.16), Q(d,s) is a polynomial,
and E(Xr) denotes the Euler characteristic of Xp.

The precise definitions of Cy(d, s), Y (d,s), Qy(d, s) are given in Theorems 5.2 and 5.3. If
d = 2n, the Euler characteristic E(Xr) is a rational multiple of (—1)"Vol(I'\G) by Proposition
4.9 under our normalization.

The results in Theorem 1.1 for the odd dimensional case were announced in [13]. We also
remark that Theorem 1.1 have been proved in [3], [12], [21] assuming that X is compact.

To prove Theorem 1.1, we use the usual relation of the Ruelle zeta function R, (s) with the
Selberg zeta functions Z, (o, s)’s attached to the representation of, of M = SO(d —1) C K
acting on A*(CY~1). Then the results in Theorem 1.1 will follow from the corresponding
results for the Z, (oy,s)’s (see Theorem 4.6 and Theorem 4.15). To prove these we follow the
traditional way to use the Selberg trace formula as in Gangolli-Warner [11]. However, along
this approach we have to compute the weighted unipotent orbital integrals on the geometric
side which have not been fully analyzed for nontrivial K-types. Applying the result in [17],
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we completely analyze these terms for our cases. These terms for the spinor bundle case
were explicitly computed in [30] and we continue this study for the bundle of k-forms in this
paper. We also use the multiple sine function introduced by Kurokawa [24] to deal with the
Plancherel measures appearing in the identity orbital integral for the even dimensional case,
which is useful in the derivation of the functional equations of Ry (s), Zy (o, s).

Our approach following Gangolli-Warner [11] seems to be traditional comparing the ap-
proach in [3] employing analysis of differential operators. But a generalization of the method
in [3] to hyperbolic manifolds with cusps involves several nontrivial analytic problems since
we have to deal with continuous spectrum of the differential operators. For instance, we need
some regularization to consider the distributional trace of the wave operator of the Laplacian
for hyperbolic manifolds with cusps as in [16]. An extension of the method in [3], [16] to
hyperbolic manifolds with cusps seems to be highly interesting and worthy of extensive study,
but it is beyond the scope of this paper.

As a byproduct of the proof of Theorem 1.1, we can describe the locations of the zeros and
poles of Z, (o, s) explicitly in terms of the spectral data of the Laplacian Ay, acting on spaces
of k-forms twisted by x (see Theorem 4.6). Using this we can obtain an explicit formula of
the order Ny of the singularity of R,(s) at s = 0. Here Ny denotes an integer such that
lims_o sV R, (s) is a nonzero finite value.

Theorem 1.2. The following equalities hold,

No =2 (-1)F(n+1-k)Bs
k=0

+§<—1>’f+lbk(2:) +dc<x><—1>”(2”‘2> if d=2m+1,

n—1
No = —ndimVXE(Xr)
n—1
2n —1 2n — 3
1)kl —1)n1 ] =2
31 0 () ravocr (U5)) w a-m

where B, := dimker(Ay) and by, is the order of the singularity of det C];(ak, s) ats = % — k.

This result for the odd dimensional case was announced in [13]. Theorem 1.2 is a general-
ization of Corollary 1 and Theorem 3 in [20] and Theorem 3 in [9] to the case of a noncompact
hyperbolic manifold with cusps, where the second term (the scattering contribution) and the
third term (the cuspidal contribution from the unipotent term) appear. Theorem 1.2 is an
important ingredient in the study of the analytic torsion for hyperbolic manifolds with cusps
[31], [32].

The structure of this paper is as follows: In Section 2, we review the basics of the Selberg
trace formula which we use as a main tool. In Section 3, we completely analyze the weighted
unipotent orbital integral appearing on the geometric side of the Selberg trace formula for our
case. In Section 4, we prove meromorphic extensions and functional equations of the Selberg
zeta functions Z, (o, s)’s. In Section 5, we prove Theorem 1.1 and Theorem 1.2 using the
results proved in Section 4.

The authors wish to thank W. Hoffmann for kind explanations to questions concerning
Corollary 7.2 in [18] and P. Loya for helpful comments which improved the exposition of this



4 YASURO GON AND JINSUNG PARK

paper. The authors also wish to thank the referee for careful reading of the first version and
many helpful suggestions for the revision of this paper.

2. SELBERG TRACE FORMULA

2.1. Notation and normalization. We denote the Lie algebras of G, K by g = so0(d, 1), £ =
s0(d) respectively. The Cartan involution 6 on g gives us the decomposition g = ¢ @ p, where
£, p are the 1, —1 eigenspaces of 6 respectively. The invariant metric of constant curvature
(—1) on G/K corresponds to the normalized Cartan-Killing form

(2.1) (X,Y) = —M%QC(X, oY),

where the Killing form is defined by C(X,Y) = Tr(ad X cadY) for X,Y € g.

Let a be a fixed maximal abelian subspace of p. Then the dimension of a is one. Let
M = SO(d — 1) be the centralizer of A = exp(a) in K with Lie algebra m. We put g to be
the positive restricted root of (g, a) with ||3|| = 1, where the norm ||| is induced from (2.1).

Let p denote the half sum of the positive roots of (g,a), that is, p = @ﬁ. Later on, we
shall use the identification

(2.2) . 2C by A3— A

Let n be the positive root space of # and N = exp(n) C G. The Iwasawa decomposition is
given by G = NAK. From now on we fix the following Haar measure on G,

(2.3) dg = a=* dn da dk,

where g = nak is the Iwasawa decomposition and a=2" = exp(—2p(loga)). Here dk is the
Haar measure on K with | i dk =1, da is the Euclidean Lebesgue measure on A given by
the identification A = R via a = exp(tH) with H € a, §(H) = 1, and dn is the Euclidean
Lebesgue measure on N induced by the normalized Cartan-Killing form (-,-) given in (2.1).

Let us denote the irreducible fundamental representation of M = SO(d — 1) acting on
N(CHN by oy if d = 2n or if d = 2n + 1 with £ # n. When d = 2n + 1 and ¢ = n, there
are two irreducible half spin representations acting on A™(C?") denoted by aﬁ. We denote
by d(oy) the dimension of representation space of o, unless d = 2n + 1 and ¢ = n, and by
d(c,,) the corresponding one of o;F if d = 2n 4 1. We also denote the irreducible fundamental
representation of K = SO(d) acting on A¥(C?%) by 73, if d = 2n + 1 or d = 2n with k # n, by
7+ if d = 2n. These representations of K satisfy the following branching laws:

n
(1) For k # n with d =2n or d = 2n + 1,
[Tk|pr co0] =1 if and only if Oy =0} O Oy=0k_1,
(2) For k =n and d = 2n,
(75 o) =1 if and only if oy = oy,
(3) For k =n and d = 2n + 1,
[Tnlar i o =1 if and only if Oy =0p_1 Or 0yp= o,jf.

For other cases than listed above, [mg|as : 0¢] = 0.
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2.2. Selberg trace formula. Let us choose a unitary representation y of I' on a finite di-
mensional hermitian vector space V). We now consider the right quasi-regular representation
R, on

Gy = {0: G — Vy|o(yz) = x(7)d(zx) foryeT,ze @, [|¢]| € LXT\G)}

given by (R, (z)¢) (y) = ¢(yx). It is known that this representation R, of G on $), decomposes
into a discrete part and a continuous part. That is,

R, = R;l( ® Ry, actson  §), = ﬁi ® 9%

The action Rgl< on ﬁ;l( is a direct sum of irreducible representations, each of them occurring
with finite multiplicity and the action of Rf on 9 is a direct integral, with no irreducible
subrepresentations, of principal series.

Let us denote by CP(G) the Harish-Chandra LP-Schwartz space over G. Here CP(G) is the
space of all functions f € C°°(G) such that

2
sup (1 +0(g))"¥(g) »|D1D2f(g9)| <oo  forany m >0, Dy, Do,
geG

where o(g) is the geodesic distance between the cosets eK and gK in G/K,

q,(g):/ e PH(K) g1
K

for the Iwasawa decomposition gk = K (gk) exp(H (gk))N(gk), and D1, Dy denote the right,
left invariant differential operators, respectively. For a test function h € CP(G) with 0 < p < 1,
which is right K-finite, the induced operator Rglc(h) is of trace class and

(2.4) TrR;i((h) =Tr /Gh( g)dg = Z my (7)) Trw(h),
el

where m, () denotes the multiplicity of m € G in ﬁgl(. Now the Selberg trace formula applied
to h € CP(G) with 0 < p < 1 has the following form,

(2.5) Tr RE(h) = Iy(h) + Hy(h) + Uy(h) + Wy (h) + Sy (h) + Jy(h).

We refer to Theorem 6.3 in [43] for the equality (2.5) when y is trivial. When x is nontrivial,
it also can be derived in a similar way as in [43] combining the result in Section 3 of [32].
Here I, H,, U, are given by the identity, hyperbolic, unipotent orbital integrals respectively.
These orbital integrals are invariant tempered distributions on G which were fully analyzed
in [37]. These terms will be discussed in this section. The next term W, is given by weighted
unipotent orbital integrals, which are not invariant and have been the main difficulty in the
application of the Selberg trace formula for hyperbolic manifolds with cusps. This term will
be analyzed in the next section by applying the result in [17]. The other two spectral terms
Sy, Jy are called scattering and residual terms respectively.

2.3. Identity orbital integral. Let us recall
I (h) = dim V, - Vol(I'\G) - h(e).
By the Plancherel theorem,

(2.6) hey= Y diwoun + Y / O (h) 1, N) d,

we@’d (J’GM
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where d(w) denotes the formal degree of w € G4 and (o, A) denotes the Plancherel measure
corresponding to the unitary principal series 7, y. Here 7,y = Ind]C\;/[ an(c®@a?MP@1y) is the
(non-unitary) principal series representation of G for (o, \) € M x ag and O, (h) = Tr my \(h).
By Theorem 3.1 in [26] (we use a different normalization of Haar measure on G from [26]),
the Plancherel measure corresponding to 7, x, under our normalization, is given by

™

k n
with p(k,A)=[[ (VP +(n—-3+1)°) [ W+ ®-4)?) if d=2n+1,
j=1 j=k+1
T
k 1 n—1 1
with p(k,A) = AJ] (X +(n—j+ 5)2) IT +m—i- 5)2) if d=2n,
Jj=1 Jj=k+1

where 0, means o when d = 2n + 1.

Let us recall that for G = SOg(2n + 1,1) there is no discrete series so that there are no
terms from Gy on the right hand side of (2.6). For G = SOg(2n, 1), there is a discrete series,
hence the contribution from @d is nontrivial in general. But, it is trivial for a test function
h = tr(f¥), where f* : G — End(V;,) is a 7g-radial function constructed in Subsection 4.1 by
Theorems 3.2, 6.5, 6.12, and 6.14 in [35].

2.4. Hyperbolic orbital integral. The term H,(h) is given by hyperbolic orbital integrals
as follows,

(2.8) Hy(h)y= > trx(v)-Vol(Tv\G»y)'/ h(g~'vg) d(G,g),

{’Y}FEthp G’Y\G

where 'y, denotes the set of the I'-conjugacy classes {y}r of the hyperbolic elements v in
I'. Here the measure d(G~g) on G4\G is induced from dg in (2.3) and normalized such that

/ (g) dg = / (xg) dz d(Grg)
G a\¢Ja,

for ¢» € C§°(G). For the hyperbolic orbital integral, we may assume that a hyperbolic element
v € T has the form mya, € MAT, where At = {a € A|a = exp(tH), t > 0}. By Section 6
in [42], we also have

Vol(I')\G5) / h(g_lfyg) d(G9)
ol
— 1 & )
(2.9) = UCIN T D) ro(my) o / O ()™M d,
Q0 —0o
UEM\
where [(Cy) denotes the length of the closed geodesic determined by =, j(7y) denotes the

positive integer such that v = 73(7) with a primitive v9 and D(y) is given by

D(v) = D(myay) = e’z O ‘det (Ad(mvav)_l - Id|")’ .
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2.5. Unipotent terms. By the computation in [29], under our normalization the terms
Uy (h) and W, (h) are given by the sum of the following terms

.od
(2.10) Vol(T'p\N(P)) lim - (s Cp(s,X)Tp(h, s))
s—0 ds
for P € Pr. Here the Epstein type zeta function (p(s, x) is defined by

Cp(s, )= Y, tex(m)|X,["@ D for Re(s) > 0
n€l' p,n#te

where n = exp(X,) and |X,|? = <X77, X,;). The other term Tp(h, s) is given by

h(knk~1)|logn| V% dk dn,

where A(n) is the volume of the unit sphere in n. By Section 1 of [29] (and Section 7 of [43]),
we know that s — Tp(h, s) is holomorphic on a certain strip containing the imaginary axis.

Now let us observe that x|r, decomposes into one-dimensional representations yp’s of I'p
(since I'p is abelian by (1.1)) such that

Xo(n) = exp (27m'(n191 +...+ nd,led,l)) for n= H 77;”,

where {n;} denotes a fixed basis of I'p. For P € Pr, we decompose
V=Vpa Vpt,

where Vp C V is the maximal subspace on which x|r, acts trivially, so that x decomposes
into a direct sum of Idy, and xg’s with nontrivial § = (61,...,64_1), that is, one of 6; is not
an integer. Putting dp(x) = dim Vp, we have

(211)  Cp(s,x) =dp(0) - Y 1X[T@IEED LN N g ()| X[ @D,
nel p,n#e 0 nelp,n#te

where the second sum runs over the non-trivial §. The first sum on the right side of (2.11) is
given by the ordinary Epstein zeta function which has a simple pole at s = 0. The second sum
on the right side of (2.11) is given by entire functions by Proposition 4.2 in [32]. Therefore
we conclude

(2.12) lim % (s¢r(s: Tp(h)) = dp(x) (CPTp(h) + RpTh(R)) + CpTp(h)

where Cp, RPNdenote the constant term and the residue of the Epstein zeta function at s =0
respectively, Cp denotes the sum of the constant terms of (p(s, xg) with non-trivial 6 at s = 0,
and

h(lm/fl) dk dn,

Tp(h h(knk~1)log |logn|dk dn.

The term U, (h) is given by the sum over P € Pr of
(2.13) Vol(lp\N (P)) (dp(x)Cp + Cp) Tr(h),
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which is the invariant part of the right side of (2.12). Moreover, we have

(2.14) To(h) = Aén) 3 % / " @pa(h)dn
GEM\ e

The term W, (h) is given by the sum over P € Pr of the remaining part dp(x)RpTp(h) on
the right side of (2.12). By the computation in [5],

Vol(Tp\N(P)) Rp (?4(_11)1) =1
under our normalization. Hence
(2.15) Wy (h) = de(x) /N /K h(knk~1)log|logn| dk dn,
where
(2.16) de(x) = > dp,(x).

Pje‘br
2.6. Scattering and residual terms. Let

L*(M) =" @&d(o)H,, Ry =) @d(o)o

UGJ\A/I 061\7

be the decomposition of the right regular representation Ry of M on L?(M), where d(o) =
dim H,. A similar induction procedure to the principal series representation starting with
Ry instead of o € M gives rise to a unitary representation of G,

Z S (o, A) acts on Z S H(m(o,N)),
O’EM O'EJ/W\

where

d if =
(2.17) (o, \) = (0)7n =g
d(o)Te\ ® d(Wo)Tye 2 if wo#o

and H(m (o, \)) denotes the representation space of m(o, \). Here w is the nontrivial element
in W(G, A). Now for P; € Br with the corresponding decomposition P; = M;A;N;, where
P, = ijng_l, N; = :chxj_l, Aj = mjAa:j_l, M; = ij;Uj_l for certain z; € K and
Py = M AN, the above definitions carry over to each M; with obvious changes of notation
such as m(o(jy, A¢j)) for 1 < j < k with s := [Pr|. When [7|p; : 0;)] # 0, we put H(o(;),7)
to be the 7-isotypic component of H(m(o(;), Ajy)). Let us remark that o(; should not be
confused with the fundamental representation oy acting on A‘(C41).

Now for P = P; € Pr and ¢ € Vp ® H(o,7), where Vp denotes the maximal invariant
subspace of V,, under x|r,, the Eisenstein series attached to ® is defined as
(2.18) E(P,®,s,z):= Z Y(7)eEtIHEOT D) p (4~ 17) for Re(s) > %,

yel'/T'p

where H(xz) = Hj(x) is given by the decomposition z = Nj(x)exp(H;(z))K (x). The infinite
sum on the right hand side of (2.18) is absolutely and uniformly convergent on compact sets

in G over the half plane Re(s) > %, and E(P,®, s, z) extends meromorphically to C. These
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facts can be proved as in [15], [28]. For P;, P; € Pr, the constant term of E(F;, ®, s, z) along
P;j is defined by

Eaval

E(P;, ®,s,nx)dn
VO](F N N]\Nj) PNN;\N; !
and has the following expression along FP;,

Ep, (P, ®,s,x) = Z e(ws+p)(Hj(z)) (Cﬁ(w 8)@) (z),
weW (A;,A5)

EP]' (Pu (I)7 8,37) =

where W (A;, A;) denotes the set of all bijections w : A; — A; defined by wa; = za;x~ 1 for
x € K and

C]-Ti(w, s): Vp, @ H(o), 7) — Ve, @ H(o;), T), w e W(A;, Aj).

Now combining the operators C']Ti(xiwxj_l xj - s) with the nontrivial element w € W (A, A)
defines the scattering operator

C;((L 3) on HX(U7T) = Z S VPj ® H<U(j)’T)'
j=1

When 7 = 7, we denote C7*(0, s) by C]; (0, s) for simplicity. The scattering operator has a
meromorphic extension to C and it satisfies the well-known functional equations

(2.19) CY(0,5)CY (0, —s) = 1d, C(o,8)" = CY(0,3).
Now the scattering term S, (h) and the residual term J, (h) are given by
1 ° . —_
Sy(h) =— Z [T]ar : O] yy / tr(C7 (0, —iA)9inCF (0, iN)my (o, A)(h)) dA
oceM -
d(o) [*° - . .
- Z [7]ar 2 0] o Oo(h) tr(CT (0, —iX)DinCT(0,i)) dA,
oeM o
(o) .
Ty(h) = [rln : 0] —~ Oo0(h) tr(Cy(0,0)),
oeM

where 7y (0, A) is the representation of G' on Hy (o, 7) := > %, © Vi, ® H(o(;),T) defined by
the 7(0(j), A\(j))’s. We refer to [43], [1], [38], [32] for more details about these terms.
3. WEIGHTED UNIPOTENT ORBITAL INTEGRAL
3.1. Weighted orbital integral. Let us recall the intertwining operator
Ipp(0, ) Hoa(P) — Hon(P)
is defined by
(Trp(e. 00 (@) = [ olom) d

and satisfies
Ipp (0, A) To A (P)(2) = T n (P) () Jpp(0, A),
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where the notation (7, x(P),Hs(P)) denotes the principal series representation with its
dependence on P = M AN. Now let

Jp(a, A+ h) = =Tr(mg(h) Jp p(0, A) " OnJp p(a, ),

where 0;) denotes the derivative under the identification (2.2) for a family of operators
Jpip(0, A) acting on

L*(K,Hy) :={ f : K — H, | f(km) = o(m)"' f(k), |If]| € L*(K) },

and the space H, \(P) is identified with L?*(K, H,) by restriction to K. Now we can get the
invariant part of W, (h) by subtracting the non-invariant part as follows,

(3.1) Ip(h / / (knk~1)log |log n| dk dn

_<27T Z d(o)p.v. / Jp(o X :h) dA+ > d(o (2")90,0(}1)),
oceM ceM
where the notation p.v. means the Cauchy principal value of the integral and 2n(o) is the
order of the zero of (o, \) at A = 0.

To explain Ip(h), we need to introduce some more notations. Let Tjs be a Cartan subgroup
in M so that T = Ty - A is a Cartan subgroup of G. Let X;; be the system of the positive
roots for (mg, tme). We choose the system X 4 of positive roots of (gc, tc) which do not vanish
on ac so that X4 is compatible with ¥3;. Then the union of ¥j; with ¥ 4 gives the system of
positive roots for (gc, tc), which is denoted by ¥¢. Let H,, € tc be the co-root corresponding
to a € £X¢, that is, a(Hy) = 2,0/ (Hy) € Z for all a, o’ € £3, and let

(3.2) T= ] Ha
aEX
which is an element of the symmetric algebra S(tmc). We denote the simple reflection corre-

sponding to a by s, for o € ¥g. By Corollary on p.96 of [17] (taking Ap = 5 with 3(Hp) = 2),
under our normalization we have

Proposition 3.1. For h € C*(G

) -
(33) o) =5 5= 3 [ 00 -200a(h) ax

UEM

C2(G), where C3(G) is the space of the cusp form on G,

where

(3.4)  Q(o,\) =2d(c - Z B(H,

OLEZA

e (504 AuHa)) + 601 = A(Ha ).

Here 9 is the digamma function and Ay — pas is the highest weight of (o,i\) € M x ta, where
pm denotes the half sum of the positive roots of Xay.

3.2. Computation for ;. To express W, (h) in terms of the elements in G, we use (3.1)
and (3.4).
First, let us investigate the last term on the right side of (3.1). From (2.7), we have
n(og) =1 (0<k<n-1), n(eX) =0 if d=2n+1,
n(oy) =1 0<k<n-1) it d=2n.
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Next we consider the term given by Jp(o, A : h) in (3.1). For a fixed irreducible represen-
tation 7, it is known that the Harish-Chandra C-function C;(o,i\) satisfies

(3.5) TrJpp(0, )T 0 pp(0, ) = Cr(0,iX) " 0inCr (0, iN) T,

where T is the projection to 7-isotypic component of H, \(P). Hence, if h is 7-type and
[T|ar 2 o] # 0, we have

(3.6) Jp(a, A h) = —O,\(h) Cr(0,iN)10inCr(0,iN).

By Theorem 8.2 in [7], we can derive the following equalities:

(1) When d =2n+1,

1 1 1
. a10g Cr (04,i0) = = | w4 ’
(37) a7,/\ Ogok(ak Z)\) iN+n—k <1)\+ +2)\+n>
. ]' 1 1
Oinlog Cr (0k—1,1)) = MW‘(M+"'+M+n >

where ¢, means o;-.

(2) When d = 2n,

. 1 . . 1
Oixlog Cy (7_1,iN) ! + (N w(i)\—l—n—l—l))—i—Qlo 2
() T \Ok—15 = N 1 - a5 )
A8 Em ATk IN—nth-1 2 &

where 7, means 7.t

Now the remaining main task to compute W, (h) is to obtain an explicit form of Q(oy, \)
which express Ip(h) in terms of the principal series.

Theorem 3.2. For the representations oy, of SO(d — 1) for 0 < k < [452], we have

Q(ak,/\):—d(;k)< DA — (d —1)/2) + (—ix — (d — 1)/2) + (X + 1) + (- i)\+1))
(_1)k(% k—1 J U d—1 j+1 U -
T A2+ (% < ]ZO d J +]§_1 d J ) Pk()‘)7

where o, denotes 0‘ if d = 2n+ 1 and Py(\) is an even polynomial of degree 2n — 4 for
d=2n+12>5 0rd—2n24 and a constant for d = 3, 2.

The proof of this theorem will be given in the next subsection.
For 74, 0y with [Tk’M : o'g] % 0, we put

1 . .
D(1, 00, A) := —d(og)§(8M log C7, (0¢,i\) — Oixlog C-, (0, —M)).

Then by the equalities (3.7), (3.8) and Theorem 3.2, we have
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Corollary 3.3. The following equalities hold,
Qok, A) + @(7h, 01,A) = —d(0%) (VX + 1) + P(—iX + 1))

_\krd=1 _ k—1 d—1 _
+;21)((d21_k];i<z id(oj) + ) (1) "d(o )—Pk()\),

Qok, A) + @(Tht1, 0x,N) = —d(og) (VEX + 1) + (=i + 1))

n (‘UW% — k) (i(_l)jd(g.) + dil (—1)td(o)) > — Pu(\)
g s i+ j (A,

Jj= Jj=k

where Py(\) = Py(\) if d = 2n+ 1, Py(X) = Py()) + 2log 2 if d = 2n.
Remark 3.4. For the case of 1y, the first equality in Corollary 3.3 coincides with the formula

k(d=1_ :
H vanishes in this case since E?;é(—l)ﬁld(aj) =0.

Recalling that ©,, 1 (h) is even function of A and the factor ;= in front of integral in (3.3),
we can see that the formula for Q(og, \) + ®(79, 09, A) coincides with (1.32) or (1.47) of [11],
where the polynomial part also reduces to a constant.

in [11]. First, the rational part

3.3. Proof of Theorem 3.2. Here we present the detail of the proof only for the even
dimensional case. The odd dimensional case can be dealt with in a similar way and its detail
is given in [32]. For convenience of the computation, we let n = % — 1 so that

d=2(n+1)

throughout this subsection. The case of n = 0 can be computed as in the cases n > 1. Hence
we assume that n > 1 in the following proof.

With respect to the inner product on { induced from (-, -) in (2.1), we choose an orthonor-
mal basis {e;} of . such that e; € ai.. Then we have

Yo={e(1<i<n+1), e—e (1<i<j<n+1), e+e (1<i<j<n+1)},
Ya={e, e1—e;(1<j<n+1), er+e (1<ji<n+1)}

Let us write A\, in terms of {e;}. The highest weights pyj of the representations oy of
M =80(2n+1) C K =S0(2(n+ 1)) are given by

pr=eax+tes+--+epr1 (0<k<n).

Recalling
1 3 1
pym = (n— §)eg+ (n— 5)63 +...+ FCn+1,
we have
)\Uk, :i)\el + 273 + PM
) 1 1 3 1 1
=ile; + (n + 5)62 +(n— 5)63 +--+n—k+ §)€k+1 +(n—Fk— §)ek+2 e Sen+1-

First we consider I1(s,\,) for @ € ¥4, which are given by e, e1 —ey, e1+ep for 2 < ¢ < n+1.
Then we have

Se, (iXe1 + pk + par)

) 1 1 3 1 1
:—z)\el—l—(n—i—i)eg—f-(n—g)eg—l—--'—}—(n—k+§)ek+1+(n—k—5)6k+2--'+§en+1.
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8(e1—ep)(IAE1 4 pix + par)
ideg+(n+3)ea+ -+ (n—L+3er+-+(n—k+3)ep
+(n—k—§epro+ -+ g6t if 2<E<k+1,
ideg+(n+3ea+ -+ (n—k+2epy
+(n—k—3epro+-+(n—L+3)er 4+ +ien if k+2<0<n+1,

8(er+ep) (IAC1 4 g + par)
—ideg+ (n+3)ea+ - —(n—C+er++ (n—k+ 2ers
+(n—k—%)€k+2+'”+%€n+1 if 2<i<k+1,
—ideg+ (n+3ea+ -+ (n—k+ 2ep
t(n—k—Yeprot+-—(n—C+3)er + -+ lepyr if k+2<0<n+1.

Recall that ps consists of e; for 2 <i <n+1, e; £e; for 2 <7 < j <n+ 1 and the co-root
H, of « satisfies a(H,) = 2. By the Weyl’s dimension formula, for oo = eq,

I (e, (iAe1 + i + par)) = d(ok)(par).
For the other cases, it is a polynomial of A as follows:
TI(S (e dep) (PXE1 + pig + por))
= CEAFNN + (14 )7 (R (0= 4 D) (N = (= 04 2)%)
(—>\2—(n—k:+g)2)-(—)\2—(n—k—§)2)---(—)\2—(%)2) o< l<h4l,

H(s(ed:eg)(i)\el + p + PM))

1 3 1
= C’f(qti)\)()\2+(n+5)2)--~()\2+(n—k+§)2)-()\2+(n—k:—§)2)---
()\2+(n—€+g)2)-(—)\2— (n—€+%)2)-~-(—>\2—(%)2) it k+2<l<ntl,
where . . .
k _ on 2 2
ct=20 I  (0+’—@+?)- I €+
0<a<b<n 0<c<n
a,bg{n—kn—L} c¢{n—kn—L}

for 0 <k <n,2</¢<n+1. By the above computation, we can put
PI?,Z()‘) = H(Sed:eg (i)\el + px + pM))

which is a degree 2n — 3 odd polynomial of .
Second we compute the part (¢(1 4+ A\o(Hy)) + (1 — Ay (Hy)) for a € 3 4. For this,

24 if a=2¢
( ) if a=e —e, 2<l<k+1
(tXe1 + px + par) (Ha) = N—(m—l+3) if a=e1—e, k+2<l<n+1
( ) if a=e+e, 2<l<k+1
( ) if a=ete, kE+2<l<n+1.
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From this, we can see that (¢¥(1 + (iXe1 + pr + par)(Ha)), ¥ (1 — (ide1 + pp + par)(Ha)) is
given by

(2N + 1), P(—2iA+ 1) for = 2ey,
w(i)\—n+£—g),w(—i)\+n—€+g) for a=e —¢e, 2<l<k+1
w(i)\—n—l—ﬁ—%),w(—i)d-n—ﬁ—l—g) for a=e —¢e, k+2<l<n-+1
w(i)\—{—n—f—kg)ﬂb(—i)\—n—!—f—g) for a=e+e, 2<l<k+1
w(i)\+n—£+g),¢(—i)\—n+€—%) for a=e+e, k+2<l<n+1

For the sum over a € ¥4 in (3.4), we first consider the term with a = e;. By the results
obtained above,

(se,As)
W <1/}(1 + AU(Hel)) + w(l - )\O'(H(El)))

( B(2iN+ 1) + (- 2i>\+1)>

35(Hel>

- 2 (sz =i\ + ) ¢(M+1)+w(—u+1)+410g2)
39) = dow (wz/\—n—f )+ (- M—n—%)+w(m+1)+¢(—m+1)
3 —2(n+3)
m+... )\2(n+)+410g2>

by the properties of the digamma function ¥ (z). Now we take a sum over e + ey, e1 — ey in
(34). For2</¢<k+1,

320 BT (004 An(H) + 001~ Ar(H0))
a=e1*tey
Z;W(zﬁ(i/\—nw—;’)+w(—m+n—£+;)
. 7 , 3
—1/1(2)\+n—€+§)*w(sz—nan—i))
(50 he) / 4iA 4i\ 2iA
(3:10) T2 T(pun) <>\2 +(3)? TR +(n—LC+3)? ST + (n— £+ 3)2)

and Similarly fork+2</{<n+1,

Zﬂ

BOa2o) (1 1 6 (Ho) + (01— A (Ha)))

a e1tep M)
1TI(Se;—e,Ao) 41\ 4i\ 20
3.11 =— 1% +...+ + _
(310 2 T(pm) (AQ +(3)? A2 4 (n— L4 1)2 A2+(n—e+g)2)

1
2
From the expression of II(s¢,—¢,As), We can see that the term in (3.10), (3.11) consists of a
polynomial of degree 2n—2 if d = 2(n+1) > 4 and some rational functions whose denominators
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are 2+ (n—k+3)2, A2+ (n—0+3)?> when 2 < ¢ < k+1 and A2 + (n — £ + 3)? when
k42 < /¢ <n+ 1. The numerators of these rational functions are given by
Py )’
( M) =i(n—k+31
. PM()\)
(

1
2\ = (_1)k’—f—12<n —k+ §)d(0g) for 2</0<k+1,

5!
= — {4+ =)d fi 2<i<k+1
‘)\ i(n— E—i— (n +2) (Uk) ot stsetl

M)
PN ‘
H(pM) A=i(n—t+3)

so that the sum of these rational functions over 2 < ¢ <n + 1 is

3
—)d(og) for k+2</<n+1,

—(n—ﬁ—i-z

(n—k+3) (n—10+3)
312 12 Y (1) ey S -
1<(<k N (n—k+35)? pimp i A (n— 0+ 3)?
LF£k+1
Finally taking the terms in (3.9) and (3.12) with a polynomial denoted by Pj(\), we obtain
d 1 1
Qop, N) = — (gk)( A== 3) +Y(=iA —n = 3) + (A + 1) + Y(=ir+ 1))
(fn—ir ) = o
ke e \ STV 3 0l ) = R

4. SELBERG ZETA FUNCTIONS

4.1. Paley-Wiener Theorem. We put PWg(C) to be the set whose elements are entire
functions h on C such that for any n € N, there exists C,, > 0 with

IhN)| < Cp (1 + | AR gyer X e C,

and PWE(C) to be a subset which consists of even functions in PWg(C). For 7 = 7, we also
put CF (G, K, 7) to be the set of 7-radial function f : G — End(V;) such that

fkigke) = (ko) ™" f(g)7 (K1)~

for ki,ky € K, g € G and its support is in the closed ball B(eK, R) in G/K of hyperbolic
radius R. If f € CF (G, K, 1), tr(f) is a scalar function on G, where tr denotes the trace over
V;. By the Paley-Wiener theorem stated in Theorem 3 of [34], whose full proof can be found
in Theorem 6.5, 6.12, 6.14 of [35], there exists a Tg-radial function f* € C%(G, K, ;) such
that

Oup (tr(f7)) = H'(N), 0=k k—1
for k # n with d = 2n or d = 2n + 1 if H*(\), H*"*(\) € PW§(C) with
(4.1) H¥(L£idy) = H ' (£idy_1),  where dy=(d—1)/2—¢,
for k=n and d = 2n + 1 if H»*(\) € PWg(C), H" () € PW§(C) with
(4.2) H"E(\) = H"F(-)),  H™(0) = H" (1),

for the case of kK = n and d = 2n if H"(\) € PW{(C). Note that there is no matching
condition for this case since only o, satisfies [7.5|ns : 0] # 0.
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To apply the Paley-Wiener theorem explained above, for an even function gy(z) € C°(R)
whose support lies in [—R, R] C R, we define

o0

H(ge, A) :=ge(N\) = / gg(a;)ei)‘x dzx,

—0o0

which lies in PW§(C). When k # n with d = 2n or d = 2n + 1, we put H*(\) = H(gx, \)
and H*1(\) = hiH(gr_1, ), where hy, = H(gy, £idy)H (gr_1,+id,_1)~" for the matching
condition in (4.1). When k = n and d = 2n + 1, we put H™*()\) = H(gn, A) and H" 1 (\) =
hnH (gn-1, ), where h,, = H™*(0)H"~*(£i)~! for the matching condition (4.2). When k = n
and d = 2n, we put H"(\) = H(gn,A). Now by the Paley-Wiener theorem, for k # n with
d=2n or d =2n + 1, we have 7;-radial function f* e C¥ (G, K, 1) such that

(4.3) O (tr(ff) = HEN) = H(gi N), Oy a (tr(fF)) = H*1(\) = hy.H (g1, M)

For other cases, we also have the similar results.
Combining the results proved in the previous sections, the Selberg trace formula applied to
the test function tr(f*) € CP(G) (0 < p < 1) with the property (4.3) has the following form:

> ( ij(z) HYO\(0) + d(Z")Hﬁ(O) tr(C%(a¢,0) — n(o,)Id)

[Tk|ar:0]#0

d
47rF/ HYON) tr(CF (00, i) 5 Ch(o, i) X )

(4.4)
= Y (dlmv Vol(T\G) - / HY(\) pu(og, A) dA

[Tk |pr:0e]#£0

L 1 ™ y
+ ) (UG D) ltI"O'g(m,y)%/ HA(\)e HEN g
{’Y}Fthyp —00

+cx/ HY(\ d)\+ / HY\) Q(0p, —N) dA

L d ‘
_ 47rf / HY(N) Cr, (00, i0) ' O (01,0) d/\>.

Here {\;(0)% + (%2 — 0)2 | [rk|m : 0¢] # 0} is the set of the discrete eigenvalues with multi-
plicities m;(¢)’s of the Hodge Laplacian A, acting on the L?-space of k-forms twisted by X,
¢y is a certain constant depending on Y.

Remark 4.1. Concerning (4.4), some remarks are in need for the case when d = 2n + 1 and
k = n. In this case the hyperbolic terms consist of a sum of the above expression for o = aﬁ.
Since o,y , 0, are un-ramified, the scattering matrix C7 (o, s) has the size of 2d.(x) x 2dc(x).
The last three terms on the right hand side have to be doubled since we have the same values
for o = o;-. The forthcoming equalities for this case should be understood as we remarked

now.



ZETA FUNCTIONS OF RUELLE AND SELBERG 17

Proposition 4.2. For H*(\) € PW§(C), the following equality holds:

N g 1 [ i
> ) UCI0) D) ey o [ HE e O ay
{V}Ferhyp -

(4.5) = ij(k) H*(\j(k)) + d(zk)H (0) tr(C (ok,0) — n(op)1d)

- W / H*(\) tr(CE (o, —i)) dcicx(ak,m) d\

— dimV, Vol(T'\G) - / HYO\) p(oge, A) dA

— ey /oo Hk()\) d\ — / H*N) Q(og, =) dA

de  d ,
+ S 47rf / H*(\) Cy, (0%, i0) ™ d)\CTk(ak,z)\) d.

When d = 2n + 1 and k = n, this equality should be understood as in Remark 4.1.
Proof. For £ =k, k — 1, we put

S ms0) HOy(0) - CWH%O) (o)

— dimV;, Vol(T\G) - / H'\) u(og, X) dX

N a— 1 [ i
S G D) ) 5 [ E N
{'Y}Ferhyp -

o Z ) =8 [ -

(4.6) JE(ge) == tr(C’k(ag,—z)\) d c* (0¢,iN)) dA

d)\ X
d 1 d
- /7 Hé T T ) )
47T / (00,07 (00,0) A
d(ov)
- T15#(0) tr(C¥(0y,0)).
From (4.4), we have the equality If (g) + I, (gk—1) = JF(gk) + Jf_1(gk—1). Let us consider
(4.7) (I/l]ef - Jllj)(gk) = (Jlffl - Illctl)(gkfl)v

where we regard both sides as the distributions valuated at the test functions gg, gr_1 €
C>*(R). Now we vary gr—; along a family of even functions gx_1: := g + tas € C(R),
t € (—6,0) with keeping gi fixed, where agp,a; are even functions in CZ°(R). Taking the
derivative with respect to ¢ of both sides of (4.7) valuated to g, gx—1+ and putting ¢t = 0, we
obtain

(48) (Jl]:—l - Illj_l) (a1 - H(Ozl, :tidk_l)H(Ozo, :tidk_l)_lag) =0.
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Note that the even function oy — H (a1, Fidy_1) H (g, idg_1) Lo can be arbitrary in C2°(R),
hence we have I,lj_l = J,’:_l, which also implies I,’j = J,’j in the distributional sense by
(4.7). Since the Fourier transform of an even function gy(z) € C°(R) whose support lies
in [-R,R] C R gives any element in PW}(C) by the classical Paley-Wiener theorem, the
equality (4.5) holds for H(\) € PW(C). O

We multiply the inverse of the Harish-Chandra C-function Cy, (¢, s)~! with C’i"(ag, s) to
define

(4.9) S’;z(o'g, s) = Cr, (0o, s)_lcfé(ag, s),

which acts on the same space as sz(ag, s). Let us recall that C;, (oy, s) is a scalar function
satisfying (3.5).

Corollary 4.3. For H*(\) € PW§(A), we have

(4.10)  p.v. / HR(\) tr(@i)\ S (o, M)) d\ = p.v. / HR(\) tr(@i)\ Sk (o, M)) X

and tr(C¥(0y,0)) = tr(CE (0%, 0)).

Proof. Recalling I,f“ = I,ﬁf (by the definition) and the equalities I,f“ = J,f“, I,’j = J,’j
derived in Proposition 4.2,

p.v. / H*(\) tr (8i,\S)'2+1(0k, M)) d\ — mH"(0) tr(C§+1(0k, 0))

o, /_ T HRO) b (95500, i0)) dA — = HH(0) tr(C(03,0).

As in the proof of Proposition 4.2, we vary g along a linear combination of even functions
ap, o in C°(R) with keeping H*(0) = [ gi(z) dz fixed. Then we can conclude that the
claimed equalities hold separately.

O

Remark 4.4. The equality (4.10) also follows from the fact the operator S(h,w,op) in
Corollary 7.2 of [18] does not depend on K-type. Although this operator S(h,w,op) does not
reduce to the operator Sfé(ag, s) in our specific case, these are designed for the same purpose
to cancel out the dependence on K-type.

Let €¢ be the minimum of I(C,) for v € I'nyp. Let g(x) be a smooth even function on R
such that g(x) = 1 for || > gp and g(x) vanishes in some neighborhood of zero. For A € C,
let

H()\) = /000 q (2)e da.

Because of the properties of g(x), we see that ¢'(z) € C2°(R) and ¢'(z) = 0 if || > €o. Hence
H(0) = g(g9) = 1. The following lemma easily follows from the definition of H(\).

Lemma 4.5. H()) is an entire function on C. For any integer n > 1, we can find the positive
constants Cy, such that

(1 + A" mA20
[HN| < { Cu(1+[A) " exp(eo/ Im(V))  TmA <0 °
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Now we choose a sequence of even functions 7, € CS°(R) which is 1 over [—m, m] and has
the support in (—m — 1,m + 1). For a fixed s € C with Re(s) > (d — 1), let us consider the
following even function

oo
Hp, (s, ) := / N () g () e~ 5= d0)12] AT o where dy = (d—1)/2.
—0o0

Since Hy,(s,A) lies in PWE(C) for R > (m + 1), the equality (4.5) holds with the test
function H¥(\) = H,,(s,\). Now, we want to let m — oo to these equalities. By the
dominated convergence theorem, the limiting equality holds and both sides take a finite value
if limy,— 00 Hin (s, ) exits and the limit function also rapidly decays as | Re(A)| — oo in the
strip {\ € C| — dp < Im(\) < dp}. Again using the dominated convergence theorem, it is
easy to see that as m — oo, Hy,(s, A) converges to the following function,

(411)  H(s,\) ;:/ o)== dolel xe gy

=(s —do —i\) " H(i(s — do) + ) + (s — do +iX\) " H (i(s — do) — A).

Note that H (s, \) has no poles in the strip {\ € C| —dyp < Im(X) < do} since Re(s) > (d—1),
and rapidly decays as |Re(A\)| — oo by Lemma 4.5. Hence, we finally obtain the following
equality: for Re(s) > (d — 1),

> () UG D) () exp (= (s — do)I(Cy))

{V}F €lnyp

(4.12) = ij(k) H(s,\j(k)) +

d(zk)H(s, 0) tr(C¥ (04,0 — n(o)1d)

/ H{(s,A) tr (S, (0%, A) Sy (on, A) 1) dA
— dimV, Vol(T'\G) - / H(s, \) oy, \) dA
_Cx/ H(s

Adlb ) + Ares( ) + Asct( ) + Aid(s) + Aup(s) + Awup(s)-
Here S, (o, s) is Sﬁ“(ak, s) or SQ(U;@, s), which does not depend on K-type by Corollary 4.3.

Qo, —A) dA

4.2. Meromorphic extension of Selberg zeta function. For 0 < £ < [%], the Selberg
zeta function is defined by

Zy (oK, 8) = H Hdet (Id—ak(m,y)(gx( ) @ S¥(Ad(m-a)|n)e _Sl(c'v))
{¥}r€PI'yy,, k=0
(4.13) —exp (= Y rx(7)i() 7 D) Mra(my e FNE )
YE hyp

for Re(s) > (d — 1). Here PT'y, denotes the set of I'-conjugacy classes {y}r of the primitive
hyperbolic elements v in I", S* denotes the k-th symmetric power of Ad(mya,)|s, and n = fn.
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The equality (4.13) can be proved as in Lemma 3.3 of [3]. When d = 2n + 1, we put
Zy(on, s) = Zy (o}, 8) - Zy(0;,, ). Then we have

d
(4.14) P log Z, (o, s)
o T _(s_d=1
= Y trx(MUC)I() D) og(my e (D)
{’Y}Ferhyp
=H,(s) for Re(s) > (d—1),

where H,(s) denotes the sum of hyperbolic terms, that is, the left hand side in (4.12). By
(4.12) and (4.14), now we show that Z, (o}, s) has a meromorphic extension to C.

Theorem 4.6. For 0 < k < [%F], the Selberg zeta function Zy(oy,s) defined for Re(s) >
(d —1) has a meromorphic extension to C with
(1) zeros at
s = 5L £ iX;(k) of order mj(k), where \j(k)* + (452 — k)? is an eigenvalue of Ay
with multiplicity m;(k),
s = % + q of order d(ok)b, where det Cﬁ(ak, s) has a pole at s = q of order b with
Re(q) <0,
(2) poles at

s =k of order d.(x)e(d, k), where e(d, k) := (—1)’“(2?20(—1)]'(1(0]-)) >0ifd=

2n +1,
_Ck
s = % of order al(ak)tr("(g’“)ld2 CX("’“O)) ’
s = % — q; of order d(oy)bj, where det sz(ak,s) has a pole at s = q; of order b;
with 0 < qj < &L,

s = % — L of order d.(x) d(ox) for ¢ € N— {% —k} (of order 2d.(x) d(oy) for ¢ € N
ifd=2n+1 and k =n).
(3) If d = 2n, Z,(ok,s) has the following additional zeros or poles (according to their
orders are positive or negative) at
s =k of order d.(x) d(d, k)+(—1)k*1 dim V,, E(Xt), where d(d, k) := d(o})—e(d, k) >
0,
s = —{ of order —dim V}, E(Xp){(%éiek_l) (HIZ_I) + (Qntf_l) (2n+f__1k_2)} for £ € N.
Here E(Xt) denotes the Euler characteristic of Xp. When the locations of two zeros or poles
coincide, the orders of them are added.

Remark 4.7. Let 5*" ~ SO(2n + 1)/SO(2n) be the 2n-dimensional sphere, A%, be the
Laplacian acting on smooth k-forms A*(52") and § be the codifferential on S2". Put A¥(S?")
be the subspace of J-closed forms of A’g% (Ak(Szn)). It is known that the set of all the
positive eigenvalues of A];Qn acting on A¥(S?") is {u, = (¢ +k)({+2n—k —1)|£ € N} and
the multiplicity of py = (£ + k)(¢ +2n — k — 1) is given by (See (17) of [19].)

e = (U (T ),

Let us denote the p-eigenspace by W,,. Then we see, in the last part of Theorem 4.6, the
order of Z, (o, s) at s = —¢ can be written as

—dim VX E(XF) dim W(£+k)(€+2n—k—1) .
See also Theorem 4 in [23] and Chapter 3 of [21].
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Remark 4.8. The proof of Theorem 4.6 is an application of the equality (4.12). One can also
use the equality corresponding to I SH = J,]jH instead of (4.12), then the zeros and poles of
Zy (o, s) are described in terms of C’;z“ (0%, s) instead of C’;z(ak, s). But the description about
zeros and poles of Z, (o}, s) is not changed since the change from C’I;H (o, s) is canceled out
by the one from C, (0%, s) by Corollary 4.3.

Proof. To get a meromorphic extension of the Selberg zeta function Z,(oy,s), we consider
meromorphic extensions of Agis(s), Ares(5), ..., and Ayyp(s) for Re(s) > d — 1.
Discrete spectrum: This part becomes

H(i(s — 2=+ X:(k))  H(i(s — =) — A (k
(4.15) Agis(s) = ij(k){ i E (‘1212_’_)7/—;7(]]{;()))) + i (— (51212—)1')\]‘(23()))) }’

where m;(k) is the multiplicity of A\j(k). By using Lemma 4.5, this is a meromorphic function
of s and its simple poles are located at 452 +i);(k) with the residues m; (k).
Residual term: This part is given by

tr(C’;z(ak, 0) — n(ox)Id) H(i(s — d—gl))

2 s—(%1)
Recalling that C’;(ok, 0)2 = Id and n(o},) = 1 unless d = 2n+1,k = n, and that tr(C’Q(Jn, 0)) =
0 (by the fact that o is un-ramified) and n(o;") = 0. Hence we can see that the residue of

this function at s = % is always an integer.

(4.16) d(oy)

We split Sy (0%, s) into C’I;(ak, s) and C7, (o, s) and consider them separately.
Scattering term: We first recall that C’;(ak, s) has the following form,

k _ k s S+ s5+q
(4.17) det Cy (o, s) = det Cy(ox,0) p H S_%'R}_LO —
e(q

0<gi<3t

for some constant p. This equality can proved following the proof on p. 656 of [39] or in
Section 6 of [27]. Hence we have

d 1 1 1 1

4.18 — log det CF (o, s) = logp + — + — .

(119 grlesdetOhlows) =logpt 30 ook D e
0<gi<47t Re(q)<0

The resulting term is given by

(o) [ (H(i(s— %)—i—)\) H(i(s — %) - )

Ay =1 J o s — (%451 +4)) s — (%451 —iN)
Since the integrand is an even function by (2.19), this can be reduced to
d(oy) [ H(i(s— %51 +))

2mv=1 Jooo 5 — (5L +1iN)
We are now going to shift the contour of integration into the complex half plane with Im(X\) >
0. Let us consider the semicircle of radius R in the upper half plane centered at 0. From
(4.18) we can see that tl“(CI;(Uk, —iA)%sz(ak,M)) has a simple pole at A = —ig within the

upper half plane if % log det C’;(Uk, s) has a simple at s = ¢ with Re(q) < 0. Such a set of

¢’s consists of ¢’s with Re(q) < 0 and —g;’s with 0 < ¢; < %. Since the integration over

)tr (C;Z(O‘k, —i\) d

aC’;(ak, iA)) dA.

tr(C* (o, —M)d%cfg(ak, ix)) dx.
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the semicircle part vanishes as R — oo by Lemma 4.5 and (4.18), using the Cauchy integral
formula we can see that

i(s — &1 —
(419) Agi(s) = d(oy) S H(i(s — 5+ —q))

H(i(s — S + q]))

+dog) > (=by)

d—1 d—1
rig<o  ° 7 (5 H9) 0<q;< 45t = (5~ )
Note that b, b; are positive integers.
Term with the digamma function: We recall
(4.20) W1+ 2) ~ log 2+ - i Ban E
. z) ~ logz+ — — as |z| — o0
& 2z = 2n z2n ’

where Bs, denotes the Bernoulli numbers. Using this and Fubini theorem, we see that the
concerned term becomes

00 i(s — d— —L _
dC(X‘);TZ(Uk) /—oo < Hs(s (— (d 12—1— iN) ) éE (dTQ— M)A) > (YA +1) + 9 (=ir+ 1)) .

We just repeat the argument for the scattering term and obtain the following contribution

2 H(i(s — G2+ 0))

(4.21) —de(x) d(ow) ) )
—1 S 4
since v(z) has simple poles at z =0, —1,—2,... with the residue —1.
Term with rational function: The term with the rational function % has the
form
k—1 d—1
0 (o) + (-1 dle))
§j=0 j=k
.dC(X)/OO (H(i(s—dQl)+)\) +H(¢(S—C’21)—A)> =Lk "
Ar Jooo N s — (G 40N s— (G —iN) IA24 (k)2
We again repeat the same argument as above to obtain
" do(x) H(i(s — k
22) (_1)k+1<j20 Yo, +Z Patey)) 0 B )
k-1
(-1t ( Z(—w‘d(a])) M = 1)
§=0

Term with even polynomial: For any even polynomial P()), one can show that

o0 i(s — 4L
(4.23) /_ N Hi E ( d512+) ;)A) P(\)d\=0

just repeating the previous argument since the even polynomial P()\) has no poles over C. In
particular,

(4.24) Aup(s) = 0.
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Asct(8) + Awup(s): From (4.19), (4.21), (4.22) and (4.23), we have
Aset(s) + Awup( )

. d—1 . d—1
| i(o , 28*77(1)) ilo s = 5+ 45))
e 3 g I 2 T i)
B > H(i(s — G2 +0))
de(x) d(ok) ZT 5 _ % ny
k—1
=0

Term with Plancherel measure:

If d =2n+1, pu(ok, A) is an even polynomial and the contribution from this is trivial by
(4.23). Assume that d = 2n, then we have the following contribution by repeating the similar
argument as before (or by the same proof on p.21 of [11] or on p.263 of [41]):

H(i— %54 + 1)
s — (4 +iry)

Aia(s) = —i dim V3 VI(T\G) )
J
Here, {r; =i(j — 3)|j =n—k, n+ £ (¢ € N)} is the set of poles of si(og, A) in the upper half
plane and d; is the residue of p(oy, A) at A = r;, given by

j .

_ d(og) |
dj = 24n—1T ()2 'p<k:,z(] - 2)>
We can easily calculate that
d(o,) ()Rl @2n—k— 1)1k (-1 R In <2n - 1)

24n—4(n — 1)! (n — 1)! 2 T g n

(=) tn2n—1
dnte = ZW n

2n+£0—1\ (L +k—1 2n+f6—1\ 2n+£€—k —2
) ¢ e N).
{< t+k >< k >+( k )( -1 >} (E<h)
To deal with the residue of A;q(s), we use

Proposition 4.9. For d = 2n, the following equality holds
n (2n—1 n
(4.26) Vol(T'\G) = 3( " ) = (-1)" E(Xr).

Proof. The proof is a refinement of the computation given in the Appendix of [10], where
the equality (4.26) was derived up to a non-explicit rational number. Here we follow the
computation in the Appendix of [10] taking care of this rational factor.

Let b denote any subspace of g with orthogonal complement b-. Let By, ..., B, be a basis
of b and BY,..., B; be elements in g* such that B}(B;) = &;;, Bf =0 on b*. Then we can
define the form wy by

N

= (det(B;, B;))2Bf AB3 A ... A By,
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where (-,-) is an inner product on b* induced from (2.1). The form wp depends only on b
and not on the choice of the basis By, Bs,..., By. This consideration implies the following
equality for g =t @ p,
wg = we A wy,

where the form wy gives us a G-invariant volume form on G' and wg, wp also induce the
invariant volume forms on K, G/K respectively.

From (3.5) and (3.8) in [10], we can find the following equality of the invariant form v on
G induced from the normalized Haar measure in (2.3),

(4.27) v = CVol(K) ™ we A wg A wy,
where
(4.28) 0 =2"" (/2 - 1)ln 3.

Let us remark that the normalized Haar measure is induced from (2.1), hence we have the
value in (4.28), which is different from the one in (3.8) of [10]. (Note that the constant ¢ on
p.34 of [10] is just 1 under our normalization.) From (3.12) of [10], we also have the following
equality

(4.29) wg = 2= we A wa A wy.
By (4.27), (4.28) and (4.29), we have
(4.30) v =24"2(d/2 — 1)l 2 Vol(K) ' wg

=292(d/2 — 1)1~ Vol(K) ™ we A wy.

Now this implies

(4.31) Vol(T\G) = 2%2(d/2 — 1)l7~ 2 Vol(XT),

where Vol(Xr) is given by wy. By Theorem 3.3 of [22], we also have
1(,.9¢

(432) vol(xp) = (-2 Y0 gy,

where S¢ denotes the unit sphere of dimension d. Recalling

o (d+1)/2 od/2+1_d/2
Vol(s%) = =" - i
I'((d+1)/2) (d—1)!
where (d — 1)l = (2n - 1! = (2n —1)(2n — 3)---5-3 - 1, and combining (4.31) and (4.32),
we obtain

no3n— (n — 1)'
which easily implies the equality (4.26).
O

By Lemma 4.5 and Proposition 4.9, A;q(s) is meromorphic on the whole C with simple
poles with integral residues for d = 2n:

poles of Ajq(s) residues
(4.34) s=k (=11 dim V,, E(XT)

s=—L(eN) —dimVy BXp) {* () + CH )
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From (4.15), (4.16), (4.24), (4.25) and (4.34), we can see that d% log Z, (o), s) has a mero-
morphic extension to C with simple poles with the integer residues. Therefore we can conclude
that Z, (o, s) has a meromorphic extension to C with zeros and poles as stated above. [

4.3. Multiple gamma functions and multiple sine functions. For the functional equa-
tions of Selberg and Ruelle zeta functions, we introduce the multiple gamma function and
the multiple sine function. First of all the multiple Hurwitz zeta function is given by

CT(S,Z) = Z (n1+n2+"‘+n7‘+z)iszern (n'i_z)isv
n=0

n1,n2,...,nr>0

where . H, = ("j’nzl) This series absolutely converges for Re(s) > r. It is analytically

continued to s € (C_by the following integral expression:
I'l-s —t)s~ et
Cr(s,2) = — (2 : )/< ) —~— dt.
i Jo (1—e t)r
The integral contour C starts at infinity on the positive real axis, circles the origin once in

the positive direction excluding the points +2nni for n = 1,2, ... and returns to the starting
point. Therefore (,(s, z) is holomorphic except for simple poles at s = 1,...,7.

Definition 4.10. We define the multiple gamma function I',(2) by
)= e 60| ).
s=0

0s
We noticed that I';(z) is a meromorphic function of order . We recall some fundamental
formulas for the multiple gamma functions. The equality .H,, = ,H,_1 + »_1H, implies that
Gr(s,2) =Cr(s,24+ 1) + G—1(s, 2). So we have the following formula.

Proposition 4.11. The following equalities hold for z € C:
L(z4+1)=T,_1(2) ' (2)

and

k -
Foik(z) = [[Tule + V0.
j=0

Definition 4.12. We define the multiple sine function S,(z) by
Sp(z) == Dp(2) I (r — 2) V",

If » = 1 then T'y(2) = (27)" /2T (2), so we have Sj(z) = I'1(2)"'T'1(1 — 2)~' = 2sin(72),
the usual sine function. The multiple sine function was defined and studied by Kurokawa, we
recall some fundamental properties of the multiple sine functions from [24].

Proposition 4.13. The multiple sine function S,(z) satisfies the following equalities:
k
i(k
ez 1) =S1(2) 7 Su(2), Sumil(z) = [[ Sulz+5) V0,
j=0

d

T log ,(z) = (~1)7! ( ) Dmot(m)-

We refer to Theorem 2.1 and 2.5 in [24] for the proof of these equalities.
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4.4. Functional equation of Selberg zeta function. First we put

Bi(s+ k) == og Zy (0,84 ) — (del) dloui(s — do + b+ 1) L IERY

- d% log (Zx(% s+ k)D(s — do + k + 1) "0 dlon) g=de(0) d(d,k))’
where dy = %. Then it is easy to see

Ri(s) = Zr(s+ k) + Zi(2do — k —s) + P(s+ k — do) + Cr(do — k — s)

is an even entire function of s by the proof of Theorem 4.6, where

®(s) := dim Vj, Vol (I'\G) p(oy, is), Cr(s) == d(o’k)% log det C;z(ak, s).
Proposition 4.14. The following equality holds for s € C,
Zi(s+k)+ Zp(2do — k — 5) + 2P, (i(s — do + k) + ®(s + k — do) = —Cp(do — k — ).
Here Py(s) = —@f’k(s) + 2mce,, where ¢, is the constant in the unipotent term of (4.40).

Proof. We let h(s) be an entire function which decreases sufficiently rapidly as |Im(s)| — oo
with the property h(s) = h(2dy — 2k — s). We consider the contour integral

ck o= ! h(s)Zi(s + k)ds,

a 27 Ll}

where Ll% is the rectangle with the corners a; £ iT, a0 £ iT with —k — € < a1 < —k and
2dg — k < ag < 2dg — k + €. The Cauchy integral theorem gives

Jim 2}
T k g — n\o
(4.35) = Qij(k)h(do — k+iX (k) + i) (G ’“’0)2 (92)1) h(do — k)

+d(ox) Y b-h(do—k+q)+dlox) Y (=bj)-h(do—k—g;)
—do<Re(q)<0 0<g;<do

+ Sd.even (—1)F 1 dim Vy, B(Xr) 2(0).
Here, g even = 1 when d is even and dgeven = 0 otherwise. On the other hand, we have

1 a1 —1i00
(4.36) lim £k =— h(s)(Z(s + k) + Zx(2do — k — s))ds
T—o00 T a1+ioo
2 az2+100
+— h(s)Zi(s + k)ds.

271 as—ioco
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Shifting the integral line to Re(s) = dy — k for the first integral on the right hand side of
(4.36),
1 a1 —1i00
(4.37) — h(s)(Zk(s+ k) + Zx(2do — k — s))ds
270 J gy +ico
1 dog—k—1i00
= — h(s)(Zk(s + k) + Zi(2do — k — 5))ds
270 J dy—k+ioo

+d(og) Y, b-hdo—k+q)+dlox) Y (=bj)-h(do—k—gj)

—do<Re(g)<0 0<g;<do
+ dd.even (=1 dim V, E(XT) h(0).

Shifting the integral line to Re(s) = dp — k for the second integral on the right hand side of
(4.36),

1 a2+100 1 do—k+ioco
h(s)Zk(s + k)ds = h(s)Zi(s + k)ds.

270 Jdy—k—ico

(4.38)

271 as—ioo

We combine (4.35), (4.37) and (4.38) to obtain
tr(C'];(o*k, 0) — n(ox)Id)
2

(4.39) 2> " mj(k)h(do — k +iX;(k)) + d(o%) h(do — k)
2J do—k+ioco 1 1
“owi h(s) (Zk(s + k) + 5Cildo — k= ) + S+ k - do))ds
1 do—k—1i00
e A h(s) (Zk(s k) + Z(2dy — k — 5)
+Ci(do — k — 8) + B(s + k — do))ds.

The first integral on the right side of the equality (4.39) become to

2 [ 1 1
o h(do — k +iX) (Zr(do + iX) + 5ck(u) + 5<1>(M)) d\
(4.40) —2(21 > () UC)i0) " DO) ) [ hda— ke MO ay
T "/erhyp o
_ de(x) d(d, k)

2 /oo h(do — k +i)) (d(ak)w(i/\ +1)+ m) X

1 (o]
+ / h(dy — k + iN)Cr(iX) dA
™ —0o0

1 oo
+ dim V; Vol(1\G) / h(do — k + i\) p(ow, A) dA) .
™ — 00

The equalities (4.39) and (4.40) with the equality (4.5) applied to H¥()\) := h(s) with s =
do — k + i imply
1 do—k—i00

pacl h(s) (Rk(s) + 2P, (i(s — do + k:))> ds =0
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for the even polynomial Py(s) = —%ﬁk(s) +2me,,, where ¢, is the constant in the unipotent
term of (4.40). This holds for arbitrary function h(s) with the properties described before,
we can conclude

Zk(S + k) + Zk(Qdo —k— S) + ka(i(s —dpy + k)) + (19(8 + k— do) = —Ck(do — k- 8)

over the whole complex plane. ]

From the above and Remark 4.1 we introduce the following notations:
Ford=2n+1and 0<k <n-—1, put

(4.41)  Zy(ok,8) = Zy (0%, 8) T(s — do + 1) 7900 d0) (5 _ f)=de0) d(d:k)

S_dOA 3 s—dp
- exp (/0 Py (iz) dz) exp (dlm Vx \;OI(F\G) /0 w(og,iz) dz).

For d =2n+1 and k = n, put

(442)  Z (0w, ) i= Zy (07, 8) Zy (077, 8) T(s — do + 1)~2d() dlon)

n

S—d()A s—do
- exp (2/ P,(iz) dz) exp (dim Vi Vol(T'\G) /0 oy, iz) dz).
0

Ford=2nand 0 <k <n-—1, put

(4.43) Z\(0k,8) := Zy (0, 8) T(s — dg 4 1)~ 900dor) (5 — f)=de00) d(dk)

s—do

-Tgq(ok, s) exp (/0 Py (iz) dz),

where

H(Fd(s —OTg(s+(+1)

(=0

k o d —dim V, E(Xr)
(=Df(,2 x
Fd(O’k,S) = |: ) (k l):|

and I'4(s) is the multiple gamma function of order d. (See Definition 4.10.)
Theorem 4.15. We have the following equality for s € C:
(4.44) /Z\X(ak, 2dy — s) = ZX(Jk, s) - det C’];(ak, s — do)™ %) det C’;:(ak, 0)e).

Proof. We get the following equality by Proposition 4.14:

dis log (ZX(Uk, s+ k) (s — do + k + 1) 40 dlor) g=de(x) d(d’k)> + 2P, (i(s — do + k))

+ dim V;, Vol(T\G) pu(ok, i(s + k — do))

:di log (Zx(ak, 2y — k — s)D(do — k — s +1)~%00 @) (2(dy — k) — 5)~%00 d<dvk>)
S

d
+d(0k) - log det Ciok,do — k — s).



ZETA FUNCTIONS OF RUELLE AND SELBERG 29

From the above and Remark 4.1, the following equality holds for s € C:
Z\ ok, ) T(s — do + 1)7de0 dlow) (5 — f)de(x) d(dk)

s—do

- exp (dim Vi Vol(I'\G) /0 p(og,iz) dz)

= Z, (0%, 2dg — s)T(dg — s + 1)~ €00 dr) (9 — 5 — ) ~de0) d(dk)
s—doA

- det C];(ak, do — s)™ %) det C’;(Uk, 0)~4o) exp ( -2 ; Py (iz) dz)

unless d = 2n 4+ 1 and k = n, and for this case

s—do

Zy (o, 8) Zy (0, 8) T(s — do + 1) 72400 dlon) ey (2 dim V}, Vol(I'\G) / p(op,iz) dz)

no
0

= ZX(U,J{, 2dy — $)Zy (0, ,2dg — s)I'(do — s + 1)—2dc(x) d(on)

s—dop

- det C (o, do — $)™ ) det C7 (0, 0)~) exp ( -1 Py (iz) dz).
When d = 2n the factor from Plancherel measure is
s—do
exp <dim Vi Vol(I'\G) / p(og,iz) dz>
0
s—nty  9; (—1)" dim V3, B(XT)
= exp (/0 2(2n7—21)! d(og) p(k,iz) 7 tan(mz) dz) A

By Proposition 7.5 in [12], the above integral is evaluated as

[ﬁ (SQ”(S — ) Son(s + £ + 1)) (—1)@(33)]

(=0

dim Vy, B(XT)

I ( Lan(s — ) Ton(s +£+1) )(—l)é(,ffg) ~ dim Vx B(Xr)
T AT @n = s+ ) Ton@n—s — (- 1) :

The rest is clear.

5. RUELLE ZETA FUNCTIONS

5.1. Meromorphic extension of Ruelle zeta function. The Ruelle zeta function R, (s)

is defined by
1

Ry (s) := H det (Id - X(y)e_Sl(CV)>_
{7}r€Plyyp
for Re(s) > d—1. Here the determinant denoted by det is taken over the representation space
Vy of x, and [(C,) denotes the length of the prime geodesic C,, determined by .
Let us recall the following equality which holds for Re(s) > d — 1,

d—1
(5.1) R, (s) = H Zy(op, s + k)(—l)kﬂ7

k=0



30 YASURO GON AND JINSUNG PARK
where Z, (0,5 +n) = Zy(0}7,s+n)Zy (0, ,s+n) when d = 2n+ 1. Combining this equality
and Theorem 4.6, we can easily obtain

Theorem 5.1. The Ruelle zeta function R, (s) defined a priori for Re(s) > d — 1 has a
meromorphic extension to C.

Proof of Theorem 1.2: If d = 2n + 1, we have

n—1 (=1)kt1
(5.2) R, (s) = H [ZX(Jk, s+k)Zy(ok,s+2n—k)
k=0
(2o s+ ) Zylog s +m) T

We see that the orders of zeros or poles of Z, (o, s) at s = k and s = 2n — k may contribute
to the order Ny by the above expression of R, (s). Let m(k) be the number of j’s such that
Aj(k)? 4 (n— k)? =0 for 0 < k < n, that is, the number of the zero eigenvalues of 7, 1(Ag)
by Theorem 4.6. Since m(k) + m(k — 1) = B, we have

m(k) = B — Br—1 + -+ + (=1)*Bo.

Hence, noting e(d,n) = 0 we have

-2 Z 1)k+ (ﬁk = Bp—1+ -+ (—1)kﬁ0>

k=0
n—1 n-l
+ 3D d(o)be +de(x) D (1) e(d, k)
Pt k=0
_22 Fn+1— k)G _|_Z D d(og)by + de(x) (— 1)n<2:__12>'

k=0
Here, we used the identity:

Z{z ()}-Eer () - (1)
If d = 2n, we have

(=1)k*t
(5.3) R(s) =[] [Zx(ak,s—i—k) Zy(og,s+2n—1— k)l]
k=0
We see that the orders of zeros or poles of Z, (o, ) at s = k and s = 2n—k—1 may contribute
to the order Ny by the above expression of R, (s). Hence, we have
n—1
No= =Y (-D)F" . (=1)" dim V, E(X)
k=0

?
L

+Z D d(op)be — do(x) Y (—1)*d(d, k)
0

b
Il

n—1

= —ndimVy E(Xr) + Y (=) d(or)br + do(x) (—1)"_1<2:__23>-
k=0
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This completes the proof of Theorem 1.2. O

5.2. Functional equation of Ruelle zeta function. We can derive the functional equation
of Ry (s) from Theorem 4.15.

Theorem 5.2. When d = 2n + 1, the Ruelle zeta function R,(s) satisfies the following
functional equation,

Ry (=) Ry(s)™

1 \dim V3 Vol(T\G)
—exp((-1 g+ () )T

Y (d,s)%XC, (d, s) exp(—Qy(d, s)).

Here
Y(d,s) :=Yi(d,s)Ya(d,s),
where
n—1 . n—1
. s+ (n — k)\ (=" a(dk) - s+2(n — k)\ (=D*d(dk)
Yi(d, ) '_kljo(s—(n—k)) . Ya(ds) '_kl;IO(s—Q(n—k))

with a(d, k) := 2e(d, k) — d(oy) = == d(oy) and

n

Cy(d,s) = ﬁ (det éx(ak,s))(l)kd(gk)
k=0
with
C~’X(0k, s) = C’];(Uk,n —k—2s) C];(ak, —(n—k)—ys)
for0<k<n-—1and

Cr(0n, 8) = C (o, —8) C (0, 0),

and
Qu(d,s) =3 (-1 / 2B (i(z — n + k) dz.
k=0 -

Proof. By Theorem 4.15, we have

ZX(O-ka 2d0 - S— k) ZX(O-kH s+ k)_l
B T(do—s—Fk+1) de(x) d(ok) 2y — s — 2k de(x) d(d;k)
S \I(s+k—do+1)

-det C%(op, s — do + k)% det C¥ (o, 0) ™)

- exp (dim x Vol(T'\G) /0

(5.4)

S

s+k—dg S—‘,—k—doA
w(og,iz) dz) exp (2/ Py (iz) dz)
0
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unless d = 2n + 1 and k = n, and the similar functional equation for Z,(o;', s)Z,(0;,,s). By
(5.2) and (5.4),

Ry (—s) Rx(s)_l

B nl[ZX(ak,2n—s—k) Z (0%, —s + k) ]“)’““ {Zx(a;,n—s)ZX(a;,n—s)](1)n+1
= a Zy(ok, s+ k) Zy(og,2n+s—k) Zy(ow,n+8)Zy(on,n+s)

= Yi(d, s)%0) Yy(d, 5)%X) Cy(d, s) exp(—Qy(d, 5)) pa(s)1™ Vx Vol(I\G)

The five functions on the right hand side of the last formula are given as follows.
First rational factor:

Yi(d )fﬁ I's—n+k+1) I(s+n—k+1) (=1)* d(ok)
1(d,s) = MN—s+n—k+1)T(-s—n+k+1)

n—
—g)2 _ _ —
o I'(—s) il s—(n—k)
T s (n— k:))‘l)k“(d’k)
o s—(n—k)

and the index (—1)* a(d, k) is calculated as

k
23" (~1)d(0;) - (~1)*d(oy) = (—1)k{2e(d, k) — d(ak)} — (k2 . ¥ d(op).
7=0

Second rational factor:

n—1

_ (=Dkd(d,k) n—1 B (—1)* d(d,k)
v = T (g 2t ) U (e

2n — 2k — s —s s—2(n—k)
- k=0

Scattering factor:

o B n—1 detC;lz(O'k,n—S—k) detC;Z(o'kj()) (—D)k d(oy)
X( as) —kl;[o detCk(ak,()) detC’;(ok,n+s_k)

detc (Gn) ) (71)nd(gn)
‘ detC”(an,O)

(=1)*d(oy,)
—Hdet{ (o, s—}—n—k‘)C)]Z(ak,—s—n—l—k)}

(=1)" d(om)
det{C (On, — )C;”(Un,O)} :



ZETA FUNCTIONS OF RUELLE AND SELBERG 33

Polynomial factor in the exponential function:

n—1 stk—do n—1 —stk—do
Qy(d,s) = Z(—nk/ 2P, (iz) dz — Z(—l)k/ 2P, (iz) dz
k=0 0 k=0 0
s+n—dg .
+ (—1)”/ 4P, (iz) dz.
0
n—1 s A s .
= (—1)k/ 2P (i(z+k—n))dz + (—1)"/ 2P, (iz) dz.
k=0 =S =S
Plancherel factor:
n s+k—n
eats) = e (S0 [ iz )
k=0 —st+k—n
= exp (2:(—1)’“rl / p(og,i(z —n+k)) dz>.
k=0 -

Then we have
d
% 10g Sod(s) = Fn(s) + Fn(_s)a

where F,(z) is the polynomial defined by

n

Fu(z) =Y (=D pu(op,i(z —n + k).

k=0

By Theorem 4.4 in [3], F,,(s) + F,(—s) is a constant function. By the explicit formula of
wu(og, A), we can see that

n!n! —1)ntk
plog,i(—n+k)) = (2:)"(2'71)‘ Ok (12)k!(2n—k)! 0<k<n-1),
p(op,i(—n+n)) = (Qs;lll(zln)!d(an) n!nl!.

Thus we have

- on\
Fa(0) = () fonsi(on+ ) = (-1 a2 ()

k=0

Finally we have
S

vals) = exp< Fo(2) dz> = exp (2Fn(0)s+cn>

for some constant C,,. Put s = 0 then we have C,, = 0. O

—S

Theorem 5.3. When d = 2n, the Ruelle zeta function R, (s) satisfies the following functional
equation,

Ry (=5) Ry (s)

d dim Vy, E(X7)

= (—1)ndimVy B(Xr) (2 sin(ws)) Y (d, s)%000, (d, 5) exp (—Qy (d, 5)) -
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Here
Y(d,s) :=Yi(d,s) Ya(d, s),

where

with a(d, k) := 2e(d, k) — d(oy) = 252=22d(0},) and

2n—1

n—1

0.9 = 00 ] (w25 3)) (=2 1)

k=0

with a(n) = (—=1)" (2n_3) and

n—2

n—1

Cx(d, 5) = H det (6x(0k, s) >(_1)kd(0k)
k=0
with
Culons) 1= Ch(ows = (n =k =) 4o == (n =k 3))
and

= sHn—k=3)
Qx(d,s) == Z(—l)k/ 2P (iz) dz.

s—(n—k—%

Proof. By Theorem 4.15, we have

ZX(O'k, 2dy — s — k) ZX(Uk7 54 k)fl
(T(do — 5 — k+1)\ 04 194y — 5 — 2k 0 UK
C \I(s+k—do+1)

-det C¥ (o, s — do + k)4 det CF (o, 0)4W)

s+k—doy S-‘rk}—doA
p(og,iz) dz) exp (2/ Py (iz) dz).
0

(5.5) :

- exp ( dim V, Vol(T'\G) /0

By (5.3) and (5.5),

n—1

Ry(—s) Ry(s) = H{

k=0
= Y1(d, 5)%) Vy(d, 5)% 00 det C, (d, 5) exp(—Qy(d, 5)) pq(s)mVx.

ZX(O‘k,QTL —1—s5— k:) ZX(Uk’ n—1+s— k‘):| (=1)k
ZX(Uk7S+k) ZX(Uk,—s+k)

The five functions on the right hand side of the last formula are given as follows.
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First rational factor:

M(—s+n—k+3) D(s+n—k+1) ](1)’%(%)

n—1
Yi(d, s) ::kl_‘[)[ F(S—n+k’+§) F(—s—n+k+§)

1 nE L e
_H[s+2—n+k)(s—2+n—k)g< 2_])(8+2+])”
n—1 (-1)* a(d,k)
. 1 1
— (—1) U<<52+(nk)>(s+2(nk)>>
and the index (—1)* a(d, k) is calculated as
k
2n — 1 — 2k
23 (1P d(oy) — (=1 d(or) = (~1)*{2e(d. k) — d(ow) } = (~)" T 5 d(ow)
7=0
Second rational factor:
n—1 (=1)* d(d,k)
2n—1—s—2k2n—1+s— 2k
Ya(d, s) = H( - — )
k=0
n—1 (—1)% d(d,k)
— 20 [T ((s 14 20n— k)) (s +1-2(n— k)))
k=0
with
n—1 n—1k—1
a(n) ==Y (-DFd(d, k) => Y (~1)d(cy)
k=0 k=1 j=0
n—2
nf2n—3
=S 0t 1= Ry dle) = -0 ()
k=0
Scattering factor:
n—1 1
Cy(d,s) := H [det C];(O'k, s+ 5 n + k) det Cl;(ak, 0)
k=0

1 (=D)* d(or)
- det sz(ak, —s+ 5" + k) det C;z(ak, 0)}

n—1

1 1 (=1 d(ow)
:Hdet{C’];(ak,s—l—z—n+k)C§(0k,—3+2—n+k)} .
k=0
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Polynomial factor in the exponential function:

n—1 s+k—do n—1 —stk—do
Qy(d,s) = Z(—1)k+1/ 2P (iz) dz + Z(—1)k+1/ 2P, (iz) dz
0

k=0 0 k=0
n—1 s+nfk7% N

= Z(—m/ 2P, (iz) dz.
k=0 s—nth+3

Plancherel factor:
n—1
wa(s) =
k=0

Lon(ok, s + k) Do (ok, —s + k) (—1)k+! B(XT)
Ton(ok, —8 + 2n — k) Dop(ok, s + 2n — k)

H [H(rgn n—s—k+0)Ty@n—s—k—1— 1))(1%(;"5)} (-D" B(Xr)

DU +k—1)  Tonls+k+1+1)

' ﬁ [H (I‘gn(Qn +s—k+)Typ(2n+s—k—1— 1))(1)5(,3"@)} (~1)" B(Xr)
Dop(=s+k—1) Top(—s+k+1+1)

—1%(51’@)](‘1)@“”

0 ~¢=0

n—1rk (_1)£(k2lle) (=1)k E(XT)
-H[H(Szn(—s+k—l)32n(—s+k+l+1)) ]

k=0 ~¢=0
d B(Xr)

= (—4 sin? (7T$)> m e

= (—1)"ECT) (2 sin(ws))

For the equalities in the last line, we used the formula of multiple sine functions on p.276 of
[12]. O
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