ADIABATIC DECOMPOSITION OF THE (-DETERMINANT
AND SCATTERING THEORY.

JINSUNG PARK AND KRZYSZTOF P. WOJCIECHOWSKI

1. INTRODUCTION AND STATEMENT OF THE RESULTS

Let D : C*(M,S) — C*(M,S) be a compatible Dirac operator acting on
sections of a Clifford bundle S over a closed manifold M of dimension n. The
operator D is a self-adjoint operator, with discrete spectrum {A;}xez. The (-
determinant of the Dirac Laplacian D? is given by the formula

(1.1) det;D? = e 02

where (p2(s) is defined as follows:
1 [e.e]

(1.2) (p2(s) = Z (A3)78 = ) / t57H Tr (e*tDQ) —dimkerD | dt .
§)Jo

Ak #£0

This is a holomorphic function of s for R(s) > 0 and has the meromorphic
extension to the complex plane with s = 0 as a regular point.

Let us consider a decomposition of M as My U My, where M; and My are
compact manifolds with boundaries such that

(13) M=MUMy, Y =MNM;=0M =0M,.

In this paper, we study the adiabatic decomposition of the (-determinant of
D2, which describes the contributions in det<D2 coming from the submanifolds
M; and Ms. Throughout the paper, we assume that the manifold M and the
operator D have product structures in a neighborhood of the cutting hypersurface
Y. Hence, there is a bicollar neighborhood N = [-1,1], x Y of Y = {0} x Y in
M such that the Riemannian structure on M and the Hermitian structure on S
are products of the corresponding structures over [—1, 1], and Y when restricted
to N, so that D has the following form,

(1.4) D=G(0,+B) over N .

Here u denotes the normal variable, G : S|y — S|y is a bundle automorphism,
and B is a corresponding Dirac operator on Y. Moreover, G and B do not depend
on u and they satisfy

(15) G'=-G, G*=-1d, B=B" and GB=-BG .

To prove the adiabatic decomposition formula of detCDQ, we follow the original
Douglas-Wojciechowski proof of the decomposition formula for the n-invariant in
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[10]. However, we face two new problems, not present in the case of the 7-
invariant. First, deth2 is a much more non-local invariant than the n-invariant.
This results, for instance, in the fact that the value of detCD2 varies with the
length of the cylinder. Second, the contribution of detCD2 over the cylindrical
part is now non-trivial. We still follow the idea of the paper [10] and we stretch
our manifold M to separate M7, and Ms. For this, let us introduce a manifold
Mp equal to the manifold M with N replaced by Np = [-R,R|, x Y. By
assumption of product structures over IV, we can extend the bundle S to Mp.
Furthermore, using (1.4), we can extend D to the Dirac operator Dr over Mpg.
Now we decompose Mp by the hypersurface {0} x Y into two submanifolds M; g,
M5 r and we obtain Dy g, Do g by restricting Dg to My g, M2 g respectively.
To formulate the decomposition formula for the (-determinant, we have to
describe the invariant on a manifold with boundary which enters the picture
at this point. The tangential operator B has discrete spectrum with infinitely
many positive and infinitely many negative eigenvalues. Let II., II. denote
the Atiyah-Patodi-Singer (APS) spectral projections onto the subspaces spanned
by the eigensections of B corresponding to the positive, negative eigenvalues
respectively. We select two involutions o1, 02 on kernel of B, which satisfy Go; =

—0;G and define m; = 1_2“" the orthogonal projections onto —1 eigenspaces of o;
. We define
(1.6) P=llc+m , PBb=Is+m,

which provides us with the ideal boundary condition introduced by Cheeger in
[6], [7]. The projection P; imposes an elliptic boundary condition for D; p (see
[1]; see [2] for an exposition of the theory of elliptic boundary problems for Dirac
operators). This means that the associated operator

(Di.r)r, = Dig:dom (D;r)p, — L*(M; g, S)

where
dom (D; r)p, = {s € H'(M; r,S) | Pi(s]y) = 0}

is a self-adjoint Fredholm operator with ker(D; r)p, C C*°(M,; g, S) and discrete
spectrum.

The main concern of this paper is to consider the limit of the following ratio
of the {-determinants,

det ¢ D%

1.7
(1.7) det¢(D1,r)p, -detc(D2,r)p,

as R— o0,

which we call as the adiabatic decomposition of the (-determinant of D2,

The eigenvalues of D, fall into three different categories as R — oco. There are
infinitely many large eigenvalues (l-values) bounded away from 0 and infinitely
many small eigenvalues (s-values) of the size O(R™!) . Besides these, there
are finitely many eigenvalues which decay exponentially with R (e-values). The
number hp; of e-values is given by

(1.8) hyr = dimkery2 Dy o + dimkery2 Dy oo +dim Ly N Ly
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where D; , is the operator defined from D in a natural way over the manifold
M; ~ , which is equal to M; with the half infinite cylinder [0, 0c0) xY or (—o0, 0] xY
attached. More precisely, the operator D; = D|j, extends in a natural way to
the manifold M; ~, . It has a unique closed self-adjoint extension in L?(M; ~, S)
, which we denote by D; o, . The subspaces L; C ker B are the spaces of limiting
values of extended L2-solutions of D;,00- The decomposition of the eigenvalues of
the operator Dpg into different classes was discussed by Cappell, Lee and Miller
(see [5]). The corresponding analysis for the operator (D; r)p, was provided by
Miiller (see [17]). The spectrum of the operators (D; r)p, splits in the same way
as the spectrum of Dg . The only difference is that the operators (D; r)p, do not
have nonzero e-values and the dimension of the space of the solutions of (D; r)p,
is equal to

(1.9) h; = dimker(D; r)p, = dimkery2 D; oo + dim L; Nker(o; — 1) .

In the adiabatic limit process, the different types of eigenvalues make their
contribution at different time intervals of the integral representation of (p2(s) in
(1.2). The contribution made by l-values comes from the time interval [0, R?~¢]
, where ¢ is a sufficiently small positive number, and we fix € from now on. More
precisely, it is not difficult to show that the l-values contribution to the adiabatic
limit of (1.7) from the time interval [R?~¢, o] disappears as R — oo (see Section
2). The contribution made by l-values was discussed in [19]. To be more precise,
in [19] we discussed the case of the operator D , such that D; . and B have trivial
kernels. These conditions imply that there are no e-values and s-values. This
allows us to reduce the computation of the quotient in (1.7) to the corresponding
quotient on the cylinder, hence one can show that the limit of (1.7) as R — oo
is equal to 27¢52(9) | Actually, even in the presence of e-values and s-values, we
are able to show that in the adiabatic limit the contribution of l-values comes
only from the time interval [0, R2~¢] so that we can reduce to the cylinder as
in [19]. The method we use to prove this combines Duhamel’s principle and
Finite propagation speed property of the wave operators. Details are presented
in Section 2.

The s-values contribution comes from the time interval [R?~¢, R**¢]. The
computation of the s-values contribution is the main achievement of this paper.
We follow Miiller (see [17]) and use the Scattering theory to get a description of
the s-values. The operators D; o, on M; o, determine scattering matrices C;(\) .
It turned out that the matrix Ci2 = C1(0)oC2(0) on ker BNker(G+1) determines
the contribution of s-values of the operator Dp in the adiabatic limit. Similarly
the finite-dimensional unitary matrix S,, on ker(o; + 1), which is defined by the
scattering matrix C;(0) and the involution o;, determines the contribution of s-
values of the operators (D; g)p,. The exact correspondence is stated in Section
3.

Finally we have to discuss e-values of D . The number of e-values is equal
to hps which, as remarked above, is constant. On the other hand, the set of zero
eigenvalues of Dg, which is a subset of e-values by definition, is very unstable
with respect to R . Hence, without making additional assumptions we are not
able to control the adiabatic limit of the determinant of D% due to the finite
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number of nonzero e-values. Hence, we assume that all the e-values are zero
eigenvalues in order to avoid the technical difficulty of the nonzero e-values. One
of the important examples of such situation is the case of the operator

dp+dy + BQ(M,V,) — B (M, V,)

where V,, denotes the flat vector bundle defined by the unitary representation p
of m (M) (see Proposition 3.9). For the operator L : W — W acting on a finite
dimensional vector space W, we denote by det* L the determinant of the operator
L restricted to the subspace (ker L)*. Now we are ready to formulate the main
result of the paper.

Theorem 1.1. When all the e-values of Dr are zero eigenvalues, the following
formula holds:

det D2
1.10)  lim R~2". (R
( ) R—oco det((,Dl,R)%Dl'detC(,DZ R)2
21d — C ~CL 21d — S, — S; 1\ 7!
— 9Cp2(0)—hy+2hnr Jot* 12 Ti ]
B det Hde 1

where h = hpy — h1 — ho and hy = dimker B .

Remark 1.2. In [12] and [11], the reduced normal operators corresponding to
our operators C12, S,, were introduced in the framework of b-calculus and used
in the analysis of s-values for the analytic surgery of the n-invariant and analytic
torsion.

To prove Theorem 1.1, we consider the following relative (-function and its
derivative at s = 0,

1 /oo s—1 —tD? —t(D1,r)? —t(D2,r)?%
7 Tr(e "R —e TP — e TPy — b dt
L'(s) Jo

which we decompose into two parts,

R~ L [T, FYRSNE S
o= [ Ot =g [ e

where ¢ is the fixed sufficiently small positive number. The derivatives of (Z(s)
and (f*(s) at s = 0 give the small and large time contribution in (1.10).

In Section 2 we deal with the small time contribution and prove that this equal
2=¢52(0) which gives the first factor on the right side of (1.10). In Section 3 we
explain some basic description of the small eigenvalues. We follow [17] and use
scattering theory in order to get a description of the s-values of Dr and (D; g)p,
, which allows us to make a comparison of s-values of those operators with the
eigenvalues of certain model operators over S! . This is the central part of this
paper. In Section 4 we use the results of Section 3 to show that, in the adiabatic
limit, the large time contribution to the quotient (1.7) is equal to

_ 2Id — cm— L(21d =S, — S;\ !
2 hy +2hy d t* d i o;
e II T




DECOMPOSITION OF THE ¢(-DETERMINANT AND SCATTERING THEORY 5

This is the second factor on the right side of (1.10). The zero eigenvalues make
their presence via the factor R=2" on the left side of (1.10).

In Section 5 we review the decomposition formula for the n-invariant and offer
a new proof based on the method developed in order to prove Theorem 1.1. This
proof is more complicated than other proofs presented in [4], [9], [12], [18], [23],
[3], [13], [16]. However, it is a nice illustration of the differences we encounter
when we deal with the (-determinant instead of the n-invariant.

Acknowledgments. The authors want to express their gratitude to Werner
Miiller for his helpful comments on the content of this paper and for the more
general remarks on the theory of the (-determinant. A part of this work was
done during the first author’s stay at ICTP and MPI. He wishes to express his
gratitude to ICTP and MPI for their financial support and hospitality.

2. SMALL TIME CONTRIBUTION

In this section we determine the small time contribution, which is done in two
steps. First, we use Duhamel’s principle and Finite propagation speed property
of the wave operator to show that we can reduce the problem to computations
on the cylinder. Then, we perform the explicit calculations on the cylinder. Both
parts are fairly standard. The cylinder contribution has been recently computed
n [19]. Therefore, we only discuss the reduction scheme and refer to [19] for the
explicit computation on the cylinder.

Let Eg(t;x,y) denote the kernel of the operator e~k . We introduce the
specific parametrix for Eg(t;z,y) , which fits our main purpose to localize the
contribution coming from the cylinder [-R, R}, x Y and the interior of Mg .
In fact, the interesting point here is that we use Er(t;x,y) to construct this
parametrix. Let &.(t;z,y) denote the kernel of the operator e~1(=9%+B%) on the
infinite cylinder R x Y . We introduce a smooth, increasing function p(a,b) :
[0,00) — [0,1] equal to 0 for 0 < u < a and equal to 1 for b < u . We use
p(a,b)(u) to define

5 _6
prp=1- P(;R ;R) ., Yir=1—1v2Rr ,
1 2 3._ 4
Y2.R = P(;Ra ;R) , Yo p= ,0(?37 ?R)

We extend these functions to symmetric functions on the whole real line. These
functions are constant outside the interval [—R, R], and we use them to define
the corresponding functions on a manifold Mg, which are denoted by the same
notations. Now, we define Qg (t; z,y) a parametriz for the kernel Eg(t;x,y) by

(21)  Qr(tz,y) = d1,r(@)E(t 2, y)¢1,R(Y) + d2,R(%)ER(E T, y) Y2, R(Y) -
It follows from the Duhamel’s principle that

(2.2) Er(t;r,y) = Qr(t;2,y) + (Er * Cr) (L 2,Y)

where Eg * Cg is the convolution given by

t
(5R*CR)(t;w,y)=/ dS/ dzEr(s;x,2)Cr(t — s12,y)
0 Mp
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and the error term Cr(t;x,y) is given by the formula

Cr(t;z,y) = — 0ppr,r(2) E(t; 2, y) Y1,R(Y) — Ou d1,R(2) Oue(t; 2, y) Y1,R(Y)
— Ond2,r () ER(t;2,y) Y2.r(Y) — Oudba,r(x) BuER(t; T, y) Yo.r(Y) -
The following elementary lemma follows from the construction of Qg(¢;z,vy),

Lemma 2.1. For a fized y, the support of the error term Cr(t; x,y) as a function
of  is a subset of ([—~SR,—1R],U[tR,SR],) x Y . Moreover it is equal to O if
the distance between x and y is smaller than % .

Now, following Cheeger, Gromov and Taylor (see [8]; see also Section 3 of
[4]), we use the Finite propagation speed property for the wave operator. The
technique introduced in [8] allows us to compare the heat kernel of the operator
D?, over My with the heat kernel of the operator —92 4+ B on the cylinder R x Y
. We describe the case we need in our work. Let X; and X5 be Riemannian
manifolds of dimension n and S; be spinors bundle with Dirac operators D;
over X;. Assume that there exists a decomposition X; = K; U U; , where U;
is an open subset of X; . Moreover, we assume that there exists an isometry
h : Uy — U covered by the unitary bundle isomorphism ®; : Si|y, — Sa|u,
which intertwines Dirac operators D |y, and Da|y, . We identify

v=t,=20; ,

so that X7 and X5 have a common open subset U . Let &;(¢; x, y) denote the kernel
of the operator e~'P! . Then we have the following estimate on the difference of

the heat kernels on U as in Lemma 3.6 in [4],

Proposition 2.2. For x,y € U and t > 0, there exist positive constants ci,co
such that

) ) .2
(2.3) 1001tz y) — Ol (b, y)|| < cre™ ™
where 7 = 0,1 and r = min(d(z, K1),d(y, K1)).
In our situation, X; = Mg, Xo =R xY and U = [-R, R],, x Y. Note that the

heat kernel &.(¢;z,y) over R x Y satisfies the standard estimate. More precisely,
for t > 0 we have

) o (u—v)2
(2.4) 10u€e(t; (u, w), (v, 2))|| < erfu —wPt™> e,

where 7 = 0,1, u,v € R and w,z € Y . This follows from the corresponding
estimate for the heat kernel of B? over the closed manifold Y (see Proposition
4.1 in [21]) and explicit form of the heat kernel of —92 over R. We are going to
use (2.3) and (2.4) in the following proposition.

Proposition 2.3. There exist constants c1,co > 0 such that for any t with 0 <
t < R** and ((u,w), (v, 2)) € suppCr(t; -, ),

2 2
(2.5) [|ER(t: (u,w), (v, 2))|| < ere™2T ICR(t; (u,w), (v, 2))|| < cre™ 2T
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Proof. For j = 0,1, we have

105ER(E; (u,w), (v, 2))|| < [105€c(t; (u, w), (v, 2))]
+|04ER(t: (u,w), (v, 2)) = DhEe(t; (u,w), (v, 2)) |

By Lemma 2.1 and (2.3), (2.4), there exist some constants c;, ca > 0 such that for
(u,w), (v, z) € suppCrg(t;-,-), both summands on the right side satisfy the desired
estimate. This estimate for j = 0 (j = 1) implies the first (second) estimate in
(2.5). O

Now we are ready to prove the following technical result,

Proposition 2.4.

d
2.6 li —_
(2.6)  Jm o

1 RQ*E
5~ tdt t t; dr =0 .
=0T (s )/ /MR r(Ep xCr)(t;z,x) de =0

Proof. By Lemma 2.1 and Proposition 2.3,
|[tr (Er % Cr)(t;z,2) | < ||(Er *CR)(t;z, x)||

t
< / ds/ |Er(s;x,2) Cr(t — s52,2)| d=
[-2R,ER],xY

r2 __ R?
< - / ds/ e e s dz
[-2R,S R]u><Y

oy B2 t 40, B2
< c3R- e et S)ds < c3R- s ds < 63R§€ 2%
0

where the last estimate is a consequence of the elementary inequality
t
/ e sds<te t
0
2

(2.7) |tr (Eg*CRr)(t;x,2)| < caRte 't
This allows us to estimate as follows
1 R275 .
5 dt/ tr (Eg *Cr)(t;x, x dx‘
)/ PECITOICER

1 R2—¢ 2
< 06R2"m‘/ ‘tsleicSRT dt .
s)1Jo

As R — oo, the function of s on the right side uniformly converges to zero for s in
any compact set in C. Hence, the derivative at s = 0 of the meromorphic function
on the left side converges to zero as R — oo. This completes the proof. O

Hence we have proved

The corresponding result for the operator (D; R)%Di to Proposition 2.4 can be
carried out in exactly the same manner. First, as for DR over Mp, we can

construct the parametrices for the heat kernels of ¢ HPir)p, using Eg(t; z,y) and
the heat kernels of (G(0, + B));_ over [0,00), XY or (—o0,0], x Y. Second, one
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can obtain the corresponding estimate to (2.3) using the explicit form of the heat
kernel of (G(0,, + B))%' Third, one can also have the corresponding estimate to
Proposition 2.3 for (D;, R)% since the similar estimate as in Proposition 2.2 holds
over the support of the error terms. (see Lemma 3.6 in [4]). All these imply that
the similar estimate to Proposition 2.4 holds for (D; r)3, . Now we are ready to
prove the following main result of this section,

Proposition 2.5.

(2.8) lim (%

R—o00

_ G +h(r+ (2= 2)log B)) = (2(0) - log2 .

Proof. First we observe

4
ds

B <F€LS) /0325 51 dt) =h(y+(2—-¢)logR)

Hence we need to compute the limit as R — oo of the following remaining part
of ¢(s),

d

ds

(2.9)

1

s=0 F(S)

R2~¢
/ tS—lTr (e_tD?% _ e*t(DLR)%Dl . e—t(DQ,R)%Q) dt.
0

By Proposition 2.4 and corresponding results for (D; R)%gi, it is sufficient to con-
sider the limit as R — oo of

d 1 R

— = ts_ldt/t tx,x) — tx,x) — t:z,z))d

ds s:OF(S)/o Mp *(Qti2,3) — Qua(tie,2) — Qap(tiz,2))de
where Q; r(t;,y) denotes the parametrix for ¢ HPir)E; Now, the interior con-

tributions to the different parametrices, all determined by the kernel E(¢; x,y) ,
cancel out and we are left only with the cylinder contribution. Hence we have to
deal with the limit as R — oo of

d

a 1
ds

RQ—E
5 Ldt t (t; x,
it ) Jyp e (it
— 1,rE 1 (t 2, ) — Y1 REe2(t; 2, ) ) dx

(2.10)

where &.;(t; x,y) denotes the heat kernel of (G(9, + B))%Z_ over the half cylinder.
We repeat computations in Section 2 of [19] where we assumed the conditions
that B is invertible and Y is even dimensional. But we can easily derive the same
formula following Section 2 of [19] without these assumptions. So we can show
that for s in a compact subset of C the integral part in (2.10) uniformly converges
to the following function as R — oo ,

5 (FELS) _ FZ;?%))'CB?(S) ‘
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Hence, we obtain

d 1 RQ—E - )
(2.11) P}im s o )/ STy (eftD% e t(D1,r)p, e t(DQ’R)fﬁ) gt
—00 AS Is= S 0
d| 2 (T(s) T(s+3)
T ds s=01'(s) ( 4 45\/g2 )'CB2(3) = (p2(0) -log2 .

Combining (2.9) and (2.11) completes the proof.

3. SMALL EIGENVALUES AND SCATTERING MATRICES

In this section we investigate the relation between the s-values of the operators
Dg, (D;,r)p, and the scattering matrices C;(A) determined by the operators D; o
on M; o for i = 1,2. We refer to Section 4 and Section 8 in [17] for a more detailed
exposition of the elements of Scattering theory that we use in this paper.

Let us recall that Mg has the cylindrical part N = [-R, R], x Y. Hence
My r, Ms g have the cylindrical part [-R, 0], x Y, [0, R], x Y respectively. But,
in order to consider M; r as a submanifold of M; o, which is obtained by attaching
[0,00), XY or (—o0,0],xY to M;, we change the variable by v = u+Rorv =u—R
so that the cylindrical part of M;pr is given by [0,R], x Y or [-R,0], x Y.
Throughout this section, we will use this convention when it is needed.

For any ¢ € ker B and A € C — (—o0, —p1] U [p1, +00) where py denotes the
lowest positive eigenvalue of the tangential operator B, there exists a generalized
eigensection E(1),\) of Dj o over M) o determined by the couple (¢, \) (see
Section 4 in [17] ) in the following sense,

Dl,ooE(l/)a )‘) = )\ E(djv )‘) .

The section E(1, A) has the following form over [0, 00), X Y,
(31 BN =e N —iGY) + e C1A) (@ —iG) + 0(4, A)
where 0 is a square integrable section such that, for each v , (i, A, (v,)) is
orthogonal to ker B. The operator C}(A) : ker B — ker B is regular and unitary
for [A\| < p1 and equals the Scattering matriz such that

Ci(N)Ci (=) =1d, C1(N)G=-GCi(N) ,
which imply

C1(002=1d, C1(0)G =-GC1(0) .

Therefore C;(0) gives a distinguished unitary involution of ker B. In fact, the
space of the limiting values of the extended L?-solutions of D10, L1 C ker B is
equal to the (+1)-eigenspace of C1(0), that is, L1 = ker(C1(0)—1). The following
proposition is a basic tool to deal with E (¢, \),

Proposition 3.1. (Maass-Selberg) The following equality holds,

<E(¢a )‘)’ E(wv )‘)>M1,R
= 4R($,1)y — i{C1(=N)C1(N)(¢ — iG), 1 — iGb)y + O(e™F)
where ¢, € ker B.



10 JINSUNG PARK AND KRZYSZTOF P. WOJCIECHOWSKI

Proof. By Green’s formula, we have
(3:2) h(E(g, A+ h), E(¢, A)) g
= (D1,rE(¢, A+ h), E(, N)my i — (E(9, A+ 1), Dy rE(Y, )My 5
= (GE(¢, A+ M)loa, ) (W, Mo, m))ovnr) -
Using (3.1), the last line has the following form,
ie By —iGp,p —iGY)y
— i e (C1 (N + h)(¢ — iG), CL(N) (¢ — iGY))y + O(e™H)
= ie "By —iGp, Y —iGY)y —i e —iGo, 1 —iGY)y
+ie™HC1 N (6 — iGo), CL(N) (¢ — iG))y
— i e (C1 (N + h)(¢ — iG), CL(N) (¥ — iGY))y + O(e™) .
Now, dividing the right side by h and taking the limit A — 0, we obtain
2R(¢ — iGo, ¢ — iGY)y —i(CL(N)(d — iG), CL(N) (¢ — iG))y + O(e™T)
=4R(d, )y —i{C1(=N)CI(N)(¢ — iGP), (¢ — iG))y + O(e~) .

Comparing this with (3.2) (divided by h) completes the proof.
O

Now we shall analyze the s-values of Dr over Mg. Let us consider a s-value
A = A(R) of Dpg such that

IAM(R)] < R™" for sufficiently large R

where k is a fixed constant with 0 < kK < 1. Let Wi denote a normalized
eigensection of Dy corresponding to s-value A, that is,

Dr¥p=\Vg , |[Tg|=1.

Over the cylindrical part [-R, R], XY in Mg, the eigensection ¥ corresponding
to s-value A of Dg has the following form,

(3.3) Up = e Mapy + My + U

where ), € ker B Nker(G — 1), 1y € ker B Nker(G + i) and Wg is orthogonal to
ker B.

Lemma 3.2. We have the following estimates
I —c2R 3
W Rlfuxy|ly < cie for —JR<us<

where c1,co are positive constants independent of R .

The proof of this lemma is same as the one of Lemma 2.1 in [22]. Now we can
prove

Proposition 3.3. The zero eigenmode e~y + e1)y of the eigensection Ug
of s-value A(R) of Dg is non-trivial.
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Proof. We follow the proof of Theorem 2.2 in [22], so we assume that the zero
eigenmode of Vg is trivial, which will contradict to the fact A(R) is a s-value.
Throughout the proof, we regard M g as a submanifold of M; o, using the change
of variable v = u + R. We define a section ®r on M o by

O — hr(z)¥g(xz) for x€ Mg
= 0 for z € M \ M Rr

where hp is a smooth function on M o, equal to 1 for x € M; U [0, g]v XY
and equal to 0 for z € [2R,00), x Y with \%| < CR™7 for a constant C > 0.

Let Hl(MLOO, S) denote the first Sobolev space. For any a > 0, we introduce a
closed subspace of H!(Mj ., S) by

H; (MI,OO7 S)
={® € H'(Mi,0,5) | (P(v,-),¢4) =0 for v>a, k=1,....hy}
where ¢1, ..., ¢, denotes an orthonormal basis of ker B. Consider the quadratic
form,

Q(®) = |D®|* for @€ H)(Mi,S)

where D denotes the differential operator over M; o, whose self adjoint extension
is D1,00. Then this quadratic form is represented by a positive self adjoint operator
H, in the closure of H}(Mj «,S) in L?(M; ,S). Then H, has pure point
spectrum near 0 and ker H, = ker;2 D; o for any a > 0 by Proposition 8.7 in
[17]. Following the proof of Proposition 2.4 in [22], we can prove that there exist
positive constants ¢y, co such that

(3-4) (PR, s)| < cre™fs|

for s € ker H,. Now let ®p := &p — ZZ;?(CDR, Sk)Sk where {sk}zlzf’ denotes an
orthonormal basis of ker H, with hy o := dimker H,. Hence, ) Rr is orthogonal
to ker H,, and by (3.4) there is a positive constant C' independent of R such that
| @]l > 2|®g| > C > 0 for sufficiently large R. Noting that dp € dom H,, and
by the mini-max principle, we have

(3.5) (Hy®g, ®g) > 1*C?

where 12 is the smallest nonzero eigenvalue of H,. Now we have

A(R)? = (DRWp, Wp) = / DR ()] de

Mg

2/ |Dr¥R(2)|? dz = / IDr(hr¥R + (1 — hr)Vg)(z)| dz
Mg M r

> / | Hoo () | do — / IDR(1 — h) V()| da -
Ml,oo Ml,R
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By (3.5), the first term has the lower bound v2C? since H,®r = H,®p. For the
second term, we have

/ IDr(1 — hgr)VR(z)|? dx
My r
= /M (1 = hg)(2)DrYR(z) — G(Ouhr)(x)¥r(z)||* dz

<2 /M INR) (L = hg)(@)¥R(@)|® + |G(Buhr) (2)¥R(2)| dz .
1,R
By applying Lemma 3.2 with v = u + R to each term of the last line, we have
/ ||DR(1 — hR)\I/R(:E)||2 dr < 636704R
My r

for positive constants c3, cs. Hence these inequalities imply that A\(R)? > %1/202
for sufficiently large R. This completes the proof.

g

Changing to the variable v = u + R, we regard that the cylindrical part Ng of
Mp, is given by [0,2R], x Y. In particular, we have the new expression for ¥p
from (3.3),

(35 Wn = G} + Vo) + g

where ¢ = eMiahy, pd = e Mighy. Let (ker B), denote the +i eigenspace of
G : ker B — ker B. We need the following lemma,

Lemma 3.4. Let o be an involution over ker B such that Go = —oG. Then for
any element ¢ € (ker B) ., there exists a unique v € Im(o + 1) such that
¢ =9 FiGY.

Proof. For a given ¢ € (ker B) 4, let ¢ := %(1 + 0)¢, which lies in Im(o + 1) by
definition. Then we have

W — G :%((1 —iG)¢ + (0 — iGo)9)

1 1
:5((1 —iG)p + (0 + i0G)p) = 320=9.
This completes the proof for the case of (+) and the other case of (—) can be

proved in the same way. g

By Proposition 3.3, one of ¢1 and ¢3 in (3.6) is nontrivial. First we assume
that ¢} is nontrivial. Now, since L1 = Im(C1(0) + 1) and C;(0) is an involution
over ker B, by Lemma 3.4 we can choose ¢ € L; such that ¢1 =1 —iG. Then

the generalized eigensection E(1), ) over M o associated to ¢ has the following
expression

E(y,A) = ¢ (¢ = iGy) + e C1(A) (¢ — iGY) + 0(3, N)
over [0,00), x Y . Following [17], we introduce
F= \IIR|M1,R - E(ﬂ}v)‘)’Ml,R :
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Green’s formula gives

0= (D1,rE, F)m,  — (F,D1rRE) M, = / (GFla r)s Floou, z)) dy-

O(M1,R)

On the other hand, Lemma 3.2 shows that
/ (GF oty ) Floga, p) dy = =il CLA)¢1 — @3> + O(e=1)
9(My,R)

for some positive constant cs. This produces the estimate
(3.7) 1C1(N)g1 = @3 || < eeF

for a positive constant c. Therefore, for R > 0, if ¢1 is nontrivial, then ¢} is also
nontrivial. In the same way, one can show its inverse. Hence we can conclude
that both ¢1, ¢} in (3.6) are nontrivial for R > 0.

Now we want to get the corresponding estimate involving the scattering matrix
C3(\). For this, we change the variable by v = u — R and regard the cylindrical
part as [—2R, 0], x Y. Then we have the corresponding expression for Up,

Up=e ol 4+ g3 + Up
where ¢? = e~ M)y, ¢2 = e )y, For the given ¢3 € (ker B)_, using Lemma
3.4, we choose 1) € Ly = Im(C3(0) + 1) such that ¢3 = 1) + iG1p. The generalized

eigensection E (1, \) over My o attached to the couple (¢, A) has the following
expression

E(h,\) = e (1) + iGp) + e Co(N) (¥ + iGY) + 0(1h, \)
over (—00,0], X Y. As above, comparing ¥ and E(, \), we obtain
(3.8) 1C2(N)g5 — i || < e™eF
for a positive constant c¢. By definition, we have
(3.9) o1 = Mgl gy =P MGE
Now, combining (3.7), (3.8) and (3.9), we get
(3.10) | *ECL(N) 0 Co(\)dh — 3 || < e

We define the operator Ci2(\) by
Cr2(N) == C1(A) 0o Ca(N)|(ker By : (ker B)_ — (ker B)_ .

The operator Cy2(\) is a unitary operator and is an analytic function of A for
A € (=9,0) for a small 6 > 0 since the unitary operators C1(\), Ca(\) are analytic
functions of A for A € (—¢,0). Furthermore, there exist real analytic functions
aj(A) for 1 <j< hTY of A € (—0,6) such that exp(ia;(\)) are the corresponding
eigenvalues of Ci2(A) and «a;(A) has the following expansion at A = 0,

(3.11) Oéj()\) = a0 + Oéjl)\ + 04]'2/\2 + Oéjg)\?’ + ...

We now introduce

(3.12) QR) :={peR—{0} | det(e*™EC15(p) —1d) =0, |p| <R "} .

The following theorem is a main result of this section,
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Theorem 3.5. Assume that all the e-values of Dgr are zero eigenvalues. Let
A(R) < A2(R) < ... < Ayr)(R) be the nonzero eigenvalues, counted to multi-
plicity, of Dr satisfying |\i(R)| < R™%, and let p1(R) < p2(R) < ... < ppyr)(R)
be the nonzero element , counted to multiplicity, of Q(R). Then there exist Ro
and ¢ > 0, independent of R, such that for R > Ry, p(R) = m(R) and

A(R) — pr(R)| < e for k=1,...,p(R) .
Proof. The proof of this theorem consists of two steps.

Step I: Let A = A(R) be a given s-value with the multiplicity m(A). By Propo-
sition 3.3, we get m(\) linearly independent vectors ¢1, ... s Pm(y) In (ker B) _,
which satisfies (3.10). Since C12()) is unitary, the eigenvalues of e**EC5()\) —Id
have the form e — 1 for § € R. Let 0 < ¢ be the smallest eigenvalue of
(e EC19(N) — 1d) (e*EC19(N) — 1d)*; then

RO () ~ 1)
g€ (ker B) 18]2

Combined with (3.10), this implies that { < e ft. Hence e¥(C}5()\) has an
eigenvalue e satisfying |1 — cosf| < e™°%, and there exists k € Z such that
|27tk — 0] < e “E. Therefore, by definition of a;()), the following holds

(3.13) |4AR + aj(N) — 21k | < e R
for pairwise distinct branches az,. .., ay). Now, let us fix 47 with 0 < 1 <0
and let
/
= (N -
my = | max, oGV
Then the function f(\) = 4AR + «a;(A) is strictly increasing for |A| < d; and
_1
R > mj. Choose R; such that Ry > max(mj,d; *) for any j = 1,...,%“. For
R > Ry and k € Z, there exists at most one solution p; . of
(3.14) ANR + aj(N) =27k, IA| < R7™F .
Let kjmax be the maximal &k for which (3.14) has a solution; then by (3.14),
2 1-k

(3.15) kel < 22 L0 < R

Then, for R > Ry, any element p in Q(R) is given by p = p; ; forsome 1 < j < h—Y,
and |k| < kjmax. Therefore, if R > Ry, for a given A satisfying (3.13) wit
|A] < R7", there is a unique solution pjj of (3.14) such that

(3.16) A= pjul S et

In conclusion, if R > Ry, for a given s-value A = A\(R) of D with the multiplicity
m(A) satisfying |A] < R™", there exist m(\)-number of elements p;;’s in Q(R)
with the relation (3.16), in particular, p(R) < m(R).

Step II: To complete the proof, we need to prove that m(R) < p(R). For k with
1 <k <m(R), we choose 1y, € (ker B)_ with the following properties,

(1) e*PeBCy5(pp)tbe = Yk, |px] < R7"
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(2) When pr, = prr1 = .. = prats Yk, Vkit - -, Vs form an orthonormal
system of vectors of (ker B) .

For a given pair (¢, pr) for some k, we put

(3.17) op = e PO (—pp)ibr,  @F = PRy

Now we consider the generalized eigensection F (gb}c, pr) over Mj oo and E (qbi, Pk)
over My o, which have the following forms,

E(by, pr) = ey + e Cr(pr)dp + O(e™) over [0,00)y x Y C My
E(¢3,pr) = PR + e PV Ch(pr) s 4+ O(e™") over (—00,0], x Y C My .

(Here we use abuse notations for simplicity since the correct notation for E(¢, px,)
is E(¢%, pr) with ¢} = ¢t +(—1)'v/—1G¢} by Lemma 3.4.) Restricting E(¢%, p)
to M; g, we obtain sections over M; g. Let fi r be the restriction to M; r of the
smooth function hr over M o, defined in the proof of Proposition 3.3 and fa r
be a smooth function over Ms r defined in a similar way. These functions have
the obvious extension over Mpg. Denoting by Eg(gbz,, pk) the zero eigenmode of
E(¢i, px) and using (3.17) and e*+RC19(pg)1r = 1k, we have

(3.18)  Eo(¢y, pr) = e Pr e 2PRC) (—pp) oy + € 4y,
= ey + e PR Gy (o1 )by, = Eo(¢7 pi) -

Hence we can see that Eo(éy, pr) and Eo(¢%, pr) define a smooth section over
Np, which we denote by Ey(¢r, pr). Let us define

(3.19) Uy := f1.r(E(k: k) — X[—r0). Eo(Oks 1))
+ fo,r(E(67: k) — X[0,R]u Bo(9F, Pk)) + X[ R, Rju E (ks ok)

where X[, is the characteristic function of the u-variable over [a, bl, X Y C Ng.
By (3.18), ¥}, is a smooth section over Mz. Put ¥y, := ¥,/ ¥ and

\i/k:\I/k—ﬂ'R\I/k, for k:1,...,m(R),

where 7r denote the orthogonal projection of L?(Mg,S) onto ker Dp. Let us
recall that ker Dr equals the space spanned by eigensections of e-values by our
assumption, so that the dimension of this space is constant with respect to R.
Combining this fact and Lemma 3.6, we have

\(\i/k,\ifg> — gl < e for k,4=1,...,m(R) .

From this and (3.15), it follows that { \ifk}zlz(}f’) are linearly independent for R > 0.
Now let 0 < 5\1 < 5\2 <...< ;\p( R) denote the nonzero eigenvalues, counted with
multiplicity, of D%, which are < R72¢. Let ky,.. -y km(r) be a permutation of
{1,...,m(R)} such that 0 < pil <...< pzmm). By the mini-max principle, we
have

% = i |Dro|
¢ = minmax ———-—
gew |||l
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where W runs over all /-dimensional subspaces of L?( Mg, S) which are orthogonal
to ker(Dg). Let W, be the subspace of L?(Mg, S) spanned by Wy, , ..., Uy, Then,
by Lemma 3.6, we have

3 HDR¢”2 2 —cR
Ar < max < 1+Ce°
€= gew, (ol P )

for some constants C,c > 0. Hence, there exists Ry such that m(R) < p(R)
for R > Ry. Putting Ry = max (R, Ry), this completes the proof of Theorem
3.5. O

Lemma 3.6. Assume that all the e-values of Dg are zero eigenvalues. Then
there exist c1,co > 0 such that

(Wr, Up)| < cre™® for k#4, kt=1,...,m(R) ,
(U, U] < cre B for k=1,...,m(R), and U € ker Dg with ||¥|| =1 .
Proof. For a couple (¢, px) and ¢! satisfying (3.17), we put
Ey =E(¢k, p1) My 1 — X[~ 01, Bo(Dh: o) + E(0F, p) M . — X[0,5), B0 (9%, Pk)
Ero =EWk, pr) = X[-r,0). Bo(Ok, px) + X (0,81, Fo (%, k) -
Putting fr = fi1,r + fo,Rr, it is easy to see that 0}, defined in (3.19) has the form
fREkL + X[~ R,R]. Ek,0- Now we have
(U, Wy) = (FER + xEro, fET + xEro)
= (fEi, FE;) + (XEr0, XEeo0)
= (By — (1= N)Ey, By — (1= /)E) + (xEro, XEro)
= (B, Bp) — (B, (1= )E;) — (1= /B, By)
+{(1 = HEi, (1= NHEF) + (xBro, xEeo)
(3:20) = (Bx, Er) — (B, (1= ))E) — (1= f)Ejy, Ef)
+ (1= DB, (1= NE)
where f = fr,X = X[~R,r],- Since supp(1 — fr) C [—%, g]u x Y, where Ei, B}
c

are O(e~°F), the last three terms in (3.20) are O(e~f*). Now we consider the
first term in (3.20), which can be written as

(3'21) <Ek7EK> = <E(¢llc>pk)aE(¢%7pf)>M1,R + <E(¢%7pk)>E(¢?7p€)>M2,R :

When pi # py, as in the proof of Proposition 3.1, we apply Green formula to each
term on the right side of (3.21), then these equal

(pk — po) " HGE(Sk, pi)loans ) E(01 po)loans ) oy )
— (o — pe) " {GE(DF, pr)lo(vs ) B(D7: p0) oM ) )0 (Mo ) -

Now using (3.18), the restrictions of constant terms over d(M; r) cancel each
other out and the remaining terms are O(e~°f?). Hence, in this case, the left side
of (3.21) is O(e=°%), so all the terms in (3.20) are O(e~*). When p;, = py, note
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that ( };, qb@) =0 for ¢ = 1, 2, so applying Proposition 3.1, we can see that all the
terms are O(e~“f) except the following terms,

(3.22) (CL(=pu)C1(pr) D1 1) + (Ca(—pi) Color) Bk 67) -
Using the conditions in (3.17) for ¢, ¢, and the relation

(3.23) PR Cy (o )bk = Cr(—pr)tr , e POy (pr)be = Cr(—pr)t

one can show that the terms in (3.22) equal

(3.24) (PO (i) Colpr )k, o) + (P C1(pk) Copr)vors ) -
Now we choose a family of sections ¥y (t) with 15 (0) = vy for ¢ € (—e,€) such
that
a(t)C1(pr + t)Calpr + t)r(t) = Pi(t)
where a(0) = e*Pkf. Taking the derivative of this at t = 0, we obtain

PO (pr) Ca(pr )tk + PR (pr) Oy (i)
= —a'(0)C1(pr) Calpr) ok — €7 C1 (pr) Ca(pr) 4 (0) + 17,(0) .
Using this, (3.23) and (¢, ¥¢) = 0, we can see that (3.24) equals

(=P 0y (pr) Ca(or)17,(0) + 11,(0), )
= (11(0),1b¢) — (¥ (0), e PR ECy (= pi) C1(—pr)tpe) = 0 .

Hence, in the case of p, = p, all the terms in (3.20) are O(e~“%). This completes
the proof of the first claim recalling W;, = ¥ /||¥y]|.

For the second claim, let us recall that the eigenspaces of the e-values are
spanned by the sections defined by gluing (as in (3.19)) the elements in ker;2 D; o
for i = 1,2 or the extended L%-solutions of D; o, whose limiting values lying in
L1 N Ls. By our assumption, this space is the same as ker Di. For a section
U given by gluing elements in ker;2 D; o, the claim follows easily by applying
Green’s formula as above. For a section ¥ given by gluing the extended L2-
solutions of D; o, whose limiting values lying in L; N Lo, we use Theorem 3.8,
which implies that such a U is actually given by (3.19) for the couple (¢, px)
with pr = 0. Hence, the claim for this case can be proved as in the previous case
of pr. # pe. This completes the proof of the second claim.

0

In general, the map Cia := C12(0) : (ker B)_ — (ker B)_ does not equal the
identity map, but it is not difficult to see that
C1(0) 0o C2(0)p = ¢ if and only if ¢ € (L1 N L2) ® (GL1 NGLy) .
Putting
I. =1+4iG :ker B — (kerB)_
we can see that Iy (L1NLg) and I, (GL1NGLs) are the same subspace in (ker B)_.
Proposition 3.7. The map Cia equals the identity map when restricted to the

subspace 1+ (L1 N Lg) and the multiplicity of the eigenvalue (+1) of the operator
Cha s dim(L1 N Lg) = dim(I+(L1 N Lz))
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Proof. Using the following diagram
LyNLy —— (kerB)_

01(0)002(0)l lCI(O)OCQ(O)

LinLy —2— (kerB)_,

we can easily see that the first claim holds. To complete the proof, it is sufficient
to show that if C'1(0) o C2(0)¢ = ¢, then ¢ € (L1 N La) & (GL1 NGLy). For this,
choose ¢ € Ly, then C1(0) o C2(0)¢p4+ = ¢4 implies ¢4 = C1(0)p4 = C2(0)p4
since C1(0)2 = Id. Hence, this means that ¢, € Lo, so ¢, € Ly N Lo. Repeating
the same argument, if p_ € GL; and C1(0)oC2(0)¢p— = ¢_, then ¢_ € GL1NGLs.
Since ker B = L1 @ G L1, this completes the proof.

O

Now let us consider the eigenvalues A(R) , which correspond to «;(0) = 0 and
k = 0 in the following equality equivalent to (3.13),
ANR + aj(N) = 27k + O(e™°F) .
It is easy to see that such eigenvalues must be e-values. Hence, by Lemma 3.7
this provides another proof of the following result, originally shown in [5].

Theorem 3.8. The space of eigensections corresponding to e-values, which are
not determined by ker;2(D; ) for i = 1,2, is given by the space L1 N Lo.

Now let us consider the following Dirac type operator
(3.25) Dr=dy+d; : &} Q' (Mg, V,) — ®f Q" (Mg,V,)

where V), denotes the flat vector bundle defined by a unitary representation p of
m1(Mpg). The dimension of ker Dp, is constant with respect to R since ker Dp, is the
space of the twisted harmonic forms over Mg and this space is always isomorphic
to de Rham cohomology H*(Mpg,V,) by the Hodge theorem. Moreover, one can
show that all the e-values of the operator Dg in (3.25) are the zero eigenvalues
using the argument in Section 4 of [11].

Proposition 3.9. For the operator Dg in (3.25), all the e-values of Dgr are the
zero eigenvalues.

Proof. First let us observe that D; o, is self adjoint, so kerj2 D; oo = kerj2 Dz o
and L; is also the limiting value of extended L2-solutions of DZ% - Let A be
the restriction of DZ-%OO to Q4(Mg,V,) and

(3.26) hyy = dimker;s Af +dimker;» AS 4 dim LT N L3
where LY is the limiting values of the extended L?-solutions of AJ . Then, it is

sufficient to show that 37 := dim(ker D% N Q4(Mg,V,)) > hi, since 8, < hi, by
definition. For this, we use the following Mayer-Vietoris sequence

(3.27) ... — HTVY(Y) — HY(Mg) — HY(My.g) & HI(Myg) — HI(Y) — ...

where H{(M; r) denotes the absolute cohomology. (Here, for simplicity, the
bundle V, is dropped in the notation.) The space ®p_yHq(M; r) can be identified
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with the kernel of the operator D; p with the absolute boundary condition. In
more detail, the operator Dg = d, + dj, has the following form over Ng,

0 1 0 dy+dp
(3.28) DR—dp—l—dp—<1 O>(6u+<dy+d; ! ))

with respect to
(3.29) Q' (Np) =2 (V)2 (Y)) @ C®°([-R, R]y)-

Here dy, dy, denote the restricted operator to Y of d, and its adjoint respectively.
The operator D; g has the same form near the boundary and with respect to
(3.29). A section W in Q*(M; r) over the cylinder near the boundary Y has the
following form,
U ="+ ¥ Adu

where W; has no factor du. Then the absolute boundary condition for D; g is given
by ¥ = 0. Similarly the relative boundary condition for D; g is given by ¥y = 0.
We denote by Dip, D;p the resulting operators. Now let us recall that the
Cauchy data spaces H(D; r) of D; r are Lagrangian subspaces in Q*(Y") & Q*(Y')

with respect to the symplectic form (G, ) where G = <(§ _01> and (,) are

the inner product over Q*(Y) @ Q*(Y). Then, this implies that Ho(D; r) :=
H(D;r) N (H*(Y) ® H*(Y)) are also Lagrangian subspaces in H*(Y') & H*(Y).
Moreover, the space Ho(D; r) has the following decomposition,
Ho(Dir) = Ai ® R;
where A;, R; the spaces spanned by the boundary values of ker Df , ker Di g
in H*(Y) ® H*(Y). Decomposing A; = EBZ;&A?, R, = @Z:_&Rg where AY, R!
are spaces of ¢-form parts, the Lagrangian subspace property of Ho(D; r) in
H*(Y)® H*(Y) implies
(3.30) HYY) = Al ® R} .
By the exactness of (3.27), we also have
HY(Mp) = Im(H"N(Y) — HY(Mg)) © Im(H*(Mp) — H{(My,r) © Hi(Mo,r))
>~ (Im k% 1)+ @ ker k4
where k7 is the boundary map from Hd(My r) ® Hi (M g) to HI1(Y). Now we
summarize the consequences of the previous considerations. First, by (3.30), we
have
(Im k9Nt = (A7 4+ AT YL =R NRYT .
Second, we note that ker k% contains the harmonic sections whose boundary values
are lying in AY N A% and the harmonic sections that can be extended as L2
solutions of AZOO. Hence,
dimker k7 > dim(A{ N A3) + dimkerz» Af |+ dimker;» AS .
By these facts and the following equality
dim(L¢ N L) = dim(A? N A9) + dim(R? " N RL ),
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we can conclude that 37 > h, recalling (3.26). This completes the proof.
O

Let U be a normalized eigensection of (Dy r)p, , which corresponds to the
s-value A = A(R) with |[A(R)|] < R™" where & is the fixed constant such that
0 < k < 1. Then we have

(3.31) DirVr=AVr , Vg =1, Pi(¥rl{p=ryxy)=0 .
The section W can be represented in the following way on [0, R], x Y C My g
(3.32) Up = e My + iy + Up

where 11 € (ker B) _, 12 € (ker B)_ and U is a smooth L2-section orthogonal
to ker B. The next result corresponds to Proposition 3.3, which can be proved in
the same way as Proposition 8.14 of [17],

Proposition 3.10. The zero-eigenmode e =11 + ey of the eigensection Up
of s-value A(R) of (D1,gr)p, is a non-trivial.
Now we define
Iy =1+iG : ker B — (ker B)
Iyy = I |xer(oy41) : ker(og +1) — (ker B)
P, = %(1 —o01) : ker B — ker(op + 1)
and

Sey(A\) = =P, 0C1(N) oI, s ker(o1 +1) — ker(og +1) .

For 7 in (3.32), by Lemma 3.4, there exists a unique ¢ € ker(o; + 1) such that
Y1 = ¢ —iG¢p. As in the derivation of (3.7), we compare Vi with E(¢, A) and
using Proposition 3.10 we obtain

(3.33) IC1( Ny — o < ™% .
By the boundary condition in (3.31), we have
6_2i)\RPU1 (Y1) = —Fo, (Y2) -
Combining this equation and (3.33), we derive
[e*ES 5, (N)¢p — o] < e
for ¢ € ker(oq +1). We also define
Iyy = It |xer(oo41) : Ker(o2 +1) — (ker B)

1
P,, = 5(1 — 09) : ker B — ker(og + 1)

and
Soy(A) 1= =Py, 0 Co(X) 0 I, : ker(og + 1) — ker(oa + 1)

where Cy(\) is the scattering matrix defined from the generalized eigensection
over Ms . By the same way as above we can derive

1S5, (A)§ — ¢|| < e
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for ¢ € ker(oa + 1) . Now we introduce
(R) :={p € R~ {0} | det(e**"S,,(p) —1d) =0, |p| < R7"}

for i = 1,2. We repeat the argument used in [17] to prove the corresponding
result for s-values of (D; r)p, noting all the argument for the involution C;(0) in
[17] holds for the involution o;, and we obtain

Theorem 3.11. Fori=1,2, let \i(R) < A2(R) < ... < A\yg)(R) be the nonzero
eigenvalues, counted to multiplicity, of (D; r)p, satisfying [A\x(R)| < R™", and let
p1(R) < p2(R) < ... < ppy(r) (R) be the nonzero element , counted to multiplicity,
of Qi(R). Then there exist Ry and ¢ > 0, independent of R, such that for R > Ry,
p(R) = m(R) and

Ae(R) = pe(R)| < e™f for k=1,....,p(R) .
We now have the following proposition

Proposition 3.12. There is a natural isomorphism
ker(D; r)p, = kerp2 Dj oo @ ker(o; —1) N L;
fori=1,2.
Proof. Let ¥ € ker(D; g)p,. Then the section ¥ satisfies G(0,, + B)¥ = 0 on the

cylinder [0, R], x Y, and it has the following representation when restricted to
this cylinder

U = (250 + Z cjefujvqu
p;>0
where (0; — 1)(¢o) = 0 . We use this expansion to extend ¥ to a smooth section
U on M, « satisfying Dl’oo‘il = 0. This means that ¥ belongs to the space of
the extended L2-solutions of D1,. Hence ¢g is an element of L; . Let E(¢o, \)
be the generalized eigensection attached to ¢g. Then U — $E(¢o,0) is square
integrable and D oo (¥ — $E(¢,0)) = 0 , and the map

-1
W (I~ L E(60,0),60)

gives the expected isomorphism. O

The restriction of S,, := S, (0) to ker(o; + 1) Nker(C;(0) + 1) is equal to the
identity map and

dim(ker(o; + 1) Nker(C;(0) + 1)) = dim(ker(o; — 1) Nker(C;(0) — 1)) .

It follows from Proposition 3.12 that the number of (41)—eigenspace of Sy, :=
Ss;(0) is equal to the dimension of the subspace of ker(D; r) p, complementary to

the subspace ker;2 D; o, fori=1,2.
Now we define our model operator. Let C': W — W denote a unitary operator

acting on a d-dimensional vector space W with eigenvalues e’ for j = 1,...,d.
We introduce the operator D(C),

1d
(3.34) D(C) := —i=— : C®(S!, E¢) — C°(S', Ec)

2 du
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where E¢ is the flat vector bundle over S' = R/Z defined by the holonomy C ,
the complex conjugate of C' . The spectrum of D(C) is equal to

1
(3.35) {ﬂ'k—iaj\kEZ,jzl,...,d}.

The operators C1a , Sy, and Sy, are the unitary operators acting on finite di-
mensional vector spaces. Hence we can define self-adjoint, elliptic operators

D(Ch2), D(Ss,), D(Sy,) on St

Theorem 3.13. Assume that all the e-values of Dgr are zero eigenvalues. Let
A(R) < X2 (R) < ... < A\yr)(R) be the nonzero eigenvalues, counted to multiplic-
ity, of Dr satisfying |\, (R)| < R™%, and let \1 < A2 < ... < A\y(p) be the nonzero
eigenvalues, counted to multiplicity, of D(Ch2) satisfying |\i| < 2R'™*. Then
there exist Ry and C > 0, independent of R, such that for R > Ry, p(R) = n(R)

and
2R\t (R) — \g| <CR™™ for k=1,...,p(R) .
The similar statement holds for (D; r)p, and D(Sy,) with the relation
|IRAL(R) — Mg| < CR™™ for k=1,...,pi(R)
where p;(R) is the number of s-values of (D; r)p, with |A\g(R)| < R™".
Proof. First we introduce
Q*(R) :={peR—{0}| det(e¥RCy —1d) =0, |p| <R "} .

By definition, this set consists of the nonzero solution p}f i of

(3.36) 4R+ a;(0) = 2wk with |A| < R™"
where ¢/ for j = 1,...,%’ are the eigenvalues of Cj2 = C12(0). Now, for

an element p;; in Q(R) defined in (3.12), one can show (as near (3.14)) that if
R > 0 there is the corresponding solution p;f’k of

AAR + a;j(0) = 2nk  with [N\ <R "+ R ™"

noting |a;(A) — a;(0)] < ¢cR™" for a positive constant c. Since |pjr — pj ;| <
cR™17% this gives a one to one correspondence from Q(R) to Q*(Rp) with Ry" =
R~ + R™'=% for R>> 0. Now, let us observe that for any pair of p;k + p;f,k/ in
O*(R), ]p;k — p;,7k,\ > aqoR~! for a positive constant ag. Hence, for R > 0, this
implies that Q*(R) = Q*(Rp) with Ry" = R™"+ R~!'7*. In conclusion, there is a
one to one correspondence between Q(R) and Q*(R) for R > 0 with the relation

o — pil < eRTF

where p1 < ... < pp) (7 < .0 < pr(R)) denotes the elements, counted to
multiplicity, of Q(R) (2*(R)). For p* € Q*(R), the map p* — 2Rp* gives a one
to one correspondence from Q*(R) to the subset of the eigenvalues Ay of D(C12)
with [Ax] < 2R'~*. Now, applying Theorem 3.5 completes the proof for s-values
for Dg. The case of (D; r)p, can be proved in the same way.

U
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4. LARGE TIME CONTRIBUTION
In this section, we prove the following proposition

Proposition 4.1.

[e.9]

Rh—{%o . tTr (e PR — ¢ HPLRE e_t(DQ’R)?’Q) — h] dt — h(y —e-log R)
_ % s:OF(ls) /OOO BT (=3 DO _ (=tD(Sm)? _ o=1D(S0)*) _ 1] gy
where h = dim(L; N Ly) — dim(L; Nker(oq — 1)) — dim(La Nker(oz — 1)) .
Recalling
d% SZOCZR(S) _ /I:E 1 Tr (e~*Ph — o HPLR)D e—t(Dz,R)?DQ) —h]adt,

Proposition 4.1 immediately implies that the large time contribution to the adi-
abatic decomposition formula for the (-determinant is equal to

detCiD(Cm)Q
deth(Sgl)Q-deth(S@)Q
We start with the following result,

Proposition 4.2. The following equality holds,
d

: 1 L —t3D(C12)?
lim ( t5HTr (e 'a (Ci2)
R—oo \ds 0

s=0 F(S)

— e tD(S01)* _ otD(Se2)*y _ p] dt + h(y — e log R)) =0 .

Proof. Recalling the definition of D(C') in (3.34), we can see that if £ is one of
D(012)2 N D(Sal)Q, D(So'l)27 then

Tr (e ) ~ \/? hy +O(Vt) near t=0

t 2

since hy = 2dim (ker B)_ = 2dimker(o; + 1). Hence there exists a constant ¢y
such that
(4‘1) |T1" (e—tiD(C’m)2 _ e—tD(Sal)2 _ e_tD(502)2)| < Cl\/{f near t=0 .
This allows us to estimate

d 1 R™F _ 1 2 _ 2 _ 2

‘7 £ 1Ty (e~ 14 D(C12)? _ o =tD(801)” _ o—tD(S03)?) dt‘
dsls=0T'(s) Jo

Combining this with

d

ds

h

R*S
- tS—l — _ . 1
—oT(s) /0 dt = h(y — ¢ -log R)
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completes the proof. O

It follows from Proposition 4.2 that Proposition 4.1 is equivalent to the follow-
ing equation

o0

(4.2) lim £ Tr (e 1Pk — e "Pri)iy _ o~ P2an)byy by g
R—oo JRp2—¢
= Rhm di OF(l) /Oo ts_l[TI‘ (6—tiD(Cl2)2 . e—tD(S(,l)2 . e—tD(SUQ)z) _ h] dt.
—00 AS 5= S —

Now using change variables we obtain

/ t_l[Tr (e_tD%f . e—t(Dl,R)%l _ 6—t(D2,R)2p2) —h]dt
R2—¢

:/Oo t~ [ Tr (e—tRQsz _ T R(PLR)E e_tRQ(DQ’R)%Q) —hldt .

—€

Then the equality (4.2) is equivalent to

oo
(43) lim 7 Tr (e tRPh — ot PLRE R (Dan)hy ) ) g
—o0 JR—¢
_ Rhm di Or(l ) /OO ts_l[TI' (e—tiD(Clz)Q _e—tD(Sg1)2 _e_tD(SD'2)2) _h] dt.
—00 AS |s= S R—¢

Now we split

Tr (e—tRZD% . e—tRQ(DLR)%:l _ e—tRz(DzR)QpQ) _h

into two parts

2p2 —tR2 D —tRQ D 2

TI. ’ (e tR DR ( l,R)p ( QR)PQ)
—_tR2D2 7tR2 D 2 725R2 D 2

TI' 7 (e tR DR e ( I,R)Pl e ( 2,R)P2)

where Tr 7 () (Tr 7 r(-)) is the part of the trace restricted to the eigenvalues of
R?D% | RQ(DLR)%I , RQ(DQ’R)%)Q which are larger (smaller or equal to) than R2.
The next proposition shows that Tr 7 () can be neglected as R — oo,

Proposition 4.3. We have the following estimate

o0 1
- —tR2D?2 —tR?(Dy R)? —tR?(Dy R)? —cyRZE
/ t 1 Tr 7 p(e PR — ¢ (Prr)py _ g R 2’R)P2) dt < cre” 2R

—E&

for some positive constants c1, co.
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Proof. Let )\;.CO(R)2 denote the smallest large eigenvalue of D%i, that is, the small-
est one with A\, (R)? > R™2. We now estimate Tr I,R(e*tmpé) as follows;

_+R2P2 _ 232 _ 2_ 2 )2
Tr 1 p(e tR°PR) = Z o tRANE _ Z o (ERZ=1)AZ =72

A2>R™3 A2>R™3
k k
_(+R2_1))\2 _(+P2_1\)\2
<e (tR*=1)A Z Y <e (tR 1))"“0”[‘1"(@_1)12%)
A2>R™E
k
_3
< b1R67(tR271)R > < hyRe b2tVR
for some positive constants by, by . Hence we have
o0 972 [o¢]
/ 71Ty p(e ' PRY dt < / b, Re~2tVE gy
b 1 o0 i .
< ~R2tE / e Vdv < bye P
ba boR2 ¢

—tR?(D; r)%

The trace Tr 1 r(e i) for i = 1,2 can be estimated in the same way. This

completes the proof.
O

We also split Tr ((ftiD(Cu)2 — ¢ tP(501)* _ =tD(552)*) — h into two parts

Tr I,R(e_t%D(C”)2 — ¢~ tD(5,)? _tD(SUQ)Q)

Tr H,R(«‘f’%D(C”)2 — ¢ tD(5e1)? _ e*tD(SC’?)Q)

—e ,

where Tr 7 (-) (Trr,g(-)) is taken over the nonzero eigenvalues of +D(Ci2)?,

D(S,,)?, D(S,,)? which are larger (smaller or equal to) than R:. The following
proposition corresponds to Proposition 4.3 and its proof is essentially the same
as the proof of Proposition 4.3.

Proposition 4.4. There exist positive constants cq,co such that

—€

o0 1
— ¢l 2 _ 2 _ 2 _ 5—€
/ 1Ty p(e tiD(C12)* _ o=tD(Sm)? _ o~tD(S5,)?) < ¢ o c2R?

By Propositions 4.3 and 4.4, we can see that the equality (4.3) is equivalent to

R—o0 —e

oo
(4.4)  lim (/ t_lTI‘[[,R(e_tan%? . e—tRQ(Dl,R)?nl . e—tRQ(Dz,R)%DQ) dt

_/oo t1TrIIR(€tiD(Cu)?_etD(Sgl)Q_etD(SU2)2)dt) _0.

—€

The equation (4.4) is a consequence of the next result
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Proposition 4.5. For sufficiently large R, there exist positive constants cqi,co
independent of R and t, such that

| Tt 1 m(e tFPR) — Ty gy g(et10(C2) | < ¢tR-Te~cat |
_tR2(D. »)2
| Trprr(e” ™ P WR) — Trppp(e”P)) | < etR G

for any t > 0.

Proof. We use the analysis of s-values developed in Section 3. We fix k = % It

follows from Theorem 3.13 that, for any eigenvalue A(R) of D with |A(R)| < R1
there exists an analytic function () such that

1
RA(R) = A; + 7A(R)a(M(R)) + O(e~°f)
where ); is an eigenvalue of $D(Cy2) with |Aj| < Ri. Therefore, there exist
functions ¢(R),d(R) and a constant C' > 0 such that
R d(R
RPA(R)* = X} + Ajcj(%g) Lo 3) with |¢(R)|<C, [dR)|<C ,
1

2

for any sufficiently large R . We use the elementary inequality |e=* — 1| < |AlelM
to get

]e_tRQ)‘(R)2 _ eft)\? —tA3 (eft[RQ)\(R)Qf)\?] . 1>‘

[ = le

[Xse

3 _)\2_ J RH_M
< (IAJC(R)\ \d(R)|>te (A3 2t C

NIV

3 + R R2 < —te 27
Ra R

Njw

for R > 0. In the last inequality we used the fact that |\;| < R1 . Let us
fix a sufficiently large R. We take the sum over finitely many eigenvalues )\? of

1D(C12)? with A3 < R?, and obtain

Tr 17 (e FPR) = Tr 1 p(e 102 < 0 — e 2Nt
, , .

The operator +D(C}2)? is a Laplace type operator over S! , hence the number
1

of eigenvalues )\JZ of %D(Cu)Q with A? < R% can be estimated by R%. Therefore,

we have
t

C’i1 Z e 2t < cl—lRief%/\%t
2 L R2
A2<R2
J
where )\% denotes the first nonzero eigenvalue of %D(C’lz)2 . Note that ¢; and )\%

are independent of R. This proves the first claim putting cs = %)\% The proof of
the second claim goes in the same way. O

The proof of Proposition 4.1 is now complete.
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Proof of Theorem 1.1: Now Proposition 2.5 and Proposition 4.1 give us the
following equality,

Jim (C(0) + Ay + (2 = £)-Tog R) + ¢ (0) = h(y — e log R) )

=i 1 / T[Ty (e DO _ o Do) _ D)) _ ] gt
dsls=0T'(s) Jo
+ (p2(0) -log2 .
By an elementary computation (for instance, see Proposition 2.2 in [15]), we can
derive

1 2 ohyt2hay . (21d = C1o — O

detc4D(Clg) =2 det < 1 ) R

2Id - S,, — S; !
)

Combining all these equalities provides us with the final formula (1.10) in Theo-
rem 1.1.

(4.5) detcD(S,,)2 = 2" det*(

5. A PROOF OF THE DECOMPOSITION FORMULA OF THE 7)-INVARIANT

In this section we offer a new proof of the decomposition formula for the 7-
invariant. This formula has been proved by several authors (see [4], [9], [12], [18],
[23], [3], [13], [16]) and the proof we discuss in this section is not the simplest
one. Still we believe that it is worthy to present the scattering approach to
the decomposition of the 7n-invariant. The key in our proof is to show that
the scattering data provides us with the contribution given by the boundary
conditions in the decomposition formula for the n-invariant.

Let us remind the reader that the n-function of a Dirac operator D on a closed
manifold M, introduced in [1], is defined as

np(s) = Y sign (Ap)[ M|~

Ap#£0

where the sum is taken over all nonzero eigenvalues of D . The n-function is well-
defined for R(s) large and it has a meromorphic extension to the whole complex
plane and s = 0 is a regular point, hence np(0) is well-defined. Following [1] we
introduce the n-invariant of D as

(5.1) n(D) = %-(17@(0) + dimker D) .

Now, let us assume that we have a decomposition of a closed odd-dimensional
manifold M to M; U Ms in the way described in the introduction. For D; :=
D|u;, we impose the boundary conditions given by the generalized APS spectral
projections P; defined in (1.6). Then the n-function of (D;)p, is also well-defined
and it has the same properties as the n-function of the Dirac operator on a closed
manifold, in particular, the n-function of (D;)p, is regular at s = 0. Hence, we
can define the n-invariant of (D;)p, as in (5.1). The following result was proved
by several authors as we remarked above,
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Theorem 5.1. The following formula holds,

(5:2) n(D) = n((P1)p) +1((D2)p,) +n(D;o1,02)  mod Z

where 1n(D;o1,09) denotes the n-invariant of the operator D = G(9, + B) over
N = [-1,1] xY, subject to the boundary condition Py at u = —1 and P atu = 1.

For the involution o; which defines P; in (1.6), let us observe that
U=o0109:ker B — ker B

is the unitary operator, such that UG = GU, detU =1 and U* = o1Uoy. It
follows that the spectrum of U is invariant under complex conjugation. Moreover,
the maps Us = Ulerp), : (ker B) | — (ker B), are well-defined. The following

result proved in Section 2 of [14] was the key ingredient in the proof of Theorem
5.1.

Proposition 5.2. We have the following formulas
1

(5.3) n(D;o1,09) = —Tlog det(=Uy) modZ .
iy}

One way to prove the decomposition formula (5.2) is to use the adiabatic anal-
ysis we developed in the proof of Theorem 1.1. This analysis easily gives us the
following theorem,

Theorem 5.3. The following formula for the n-invariant holds,
(5.4) (D) —n((D1)p) — n((D2)p,)
= n(D(C12)) = n(D(S5,)) = n(D(Ss,))  mod Z .

Proof. We repeat the corresponding argument to derive Theorem 1.1 for the 7-
invariant to obtain the expected formula

Rli_{féo{??(DR) =n((D1,r)p,) — 1((D2,r)R,) }
=n(D(C12)) = n(D(Ss,)) —n(D(Sy,)) mod Z.

Now, we use the fact that n(Dr), n((D; r)p,) are independent of R modulo integer
(see Proposition 2.16 of [17]) to complete the proof. O

Now we need to show

1(D;o1,02) = n(D(Cr2)) = 1(D(Se,)) = 1(D(Se,))  mod Z .

For this, we observe the followings: The scattering matrix C; = C;(0) can be
represented in the following way,

= 0 C1)- where 7 1) =
C; = (C(i)+ 0 ) h C(i)+C(i)x =1d ,

with respect to the decomposition ker B = (ker B) | @ (ker B)_. We see that
(5.5) Ci2=C(1)+C(2)- : (ker B) _ — (kerB)_
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Similar formulas hold for the involutions o; and we have

S == Fo 0 Cro I = (—al<dl>+ _UI(?_) <C<(1)>+ C%)_> (25(1 8>

(U 3

We can also see that each element of ker(o; + 1) is represented in the form
/ for some f € (ker B), . This allows us to represent the map Sp,
—o(1)+f +

over ker(o; + 1) as

s (o) = (0080 D) (o) = (o)

Therefore, from the spectral point of view, the operator S,, is equal to the oper-
ator
o(1)-C(1)4 : (ker B), — (ker B), ,
or equivalently to the operator
C(1)yo(1l)- : (kerB) _ — (kerB)_ .
The corresponding analysis for the operator Sy, implies that S,, is equivalent to
C(2)-0(2)4 : (kerB), — (ker B), or 0(2);+C(2)-: (ker B)_ — (ker B)_
Combining (5.5) and these, we obtain
det(C12)
det(Sy, ) det(Ss,)
For the operator D(C) on S! defined by a unitary map C in (3.34),

(5.6) = det(o(1)10(2)_) .

1 _
(5.7) n(D(C)) = 9 logdet(—C) mod Z .
T
(see Theorem 2.1 and Lemma 2.3 in [14]). If we combine (5.6) and (5.7), we have
1 -
N(D(C12)) = (D (56,)) = n(D(Ss,)) = —5 —logdet(~0o(1)4+0(2)-) mod Z .

Noting det(—o(1)+0(2)-) = det(—o(1)_0(2)4), this and Proposition 5.2 end the
proof of the following theorem,

Theorem 5.4.
(5.8) n(D;o1,02) =n(D(Cr2)) — n(D(Se,)) — n(D(Ss,)) mod Z .
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